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@ In 1946, D. Gabor in "Theory of communication" first introduced time-frequency
analysis frames which known as Gabor frames.

@ In 1952, Hilbert spaces frame were introduced by Duffin and Schaeffer in the
study of non-harmonic Fourier series.

@ 30 years later in 1980, Young in "an introduction to non-harmonic Fourier series"
and in 1986, Daubechies, Grossmann and Meyer in "Painless non-orthonormal
expansions" reintroduce frame and used them as bases in Hilbert spaces
(especially L2(R)).

@ Recent research has shown that frame theory has broad application in
mathematics and engineering to a variety of areas including pure mathematics
([2]), applied mathematics ([5]), sampling theory ([1]), operator theory ([3]),
harmonic analysis, Wavelet theory, etc.
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A family {f;}ic, of elements of a Hilbert space H is called a frame for H if there are
constants 0 < A < B < oo such that

A2 < ST DR < BIAIR forallf € HL. (1)
iel

@ If equation (1) only have right hand inequality then {f;};c; is Bessel sequence
with Bessel bound B.

@ If A= B, we call {f;};c, as A-tight frame.
@ If A= B =1, we call {f;};c; as Parseval frame.

@ [f all the frame elements have the same norm, then we call it as equal norm
frame.

@ [f all the frame elements have the unit norm, then we call it as unit norm frame.

@ The frame is call exact frame if it ceases to be a frame whenever any single
element is deleted from the sequence.

@ The numbers {(f, ;) };c, are call the frame coefficients of f.
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Example:
@ Every orthonormal basis is a tight exact frame with A= B = 1.
@ Every frame is a complete set.
@ A tight frame need not be exact and vice versa.
@ For any Orthonormal basis {€en}nen, {€n/n}nen is not a frame.

A collection of vectors {f;};c, in a Hilbert space H is a Riesz basis for H if it is the
image of an orthonormal basis for H under an invertible linear transformation. i.e., If it
is equivalent to an orthonormal basis.

@ {f;}ic, is a Riesz basis for H if and only if there are constants 0 < A < B such
that for all scalars {a;};c; we have:

A @l < 1S afl? < BY |alP

iel iel iel

@ {fi}ic,is a Riesz basis iff it is frame and w-independent.
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@ Synthesis operator: The operator T : ¢5(/) — H defined by T(e;) = f; for all
i € lis called the synthesis operator.

@ Analysis operator: The adjoint of synthesis operator T* : H — ¢5(/) defined by
T*(f) = >_(f, f;)e; is called analysis operator.

i€l

@ Frame operator: The operator S = TT* : H — H defined by Sf = Z(f, fi)f; is
called the frame operator. <!

® Since (Sf,f) = > [{f, f)|? so {f;}ic, is a frame for H with bound A, B if and only if
A 1<S<B- IIE/

@ If {fi};c, is a frame for H then T is bounded, linear, onto and frame operator S
is positive, self-adjoint and invertible operator.

f=8""sf=S(,()s =3 (f,5'f)f;
icl i€l
The family {S—"f}c, is also frame for H, called the canonical dual frame of

{fiYiei-
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Let Hy be an N-dimensional Hilbert spaces and let {f,-},’.‘i1 be a frame for Hy. Let S be
frame operator and {)\j}jf‘i1 be the eigenvalues for S with respective eigenvectors
{gj}jN:1. Then following properties holds:

N

@ General frame: Z)\, Z IIf:]I2.

@ Equal norm frame: Z)\, M|y ||2.
=

M
@ Tight frame: N- A = Z A= 3I612
j=1 i=1

N M
© Parseval frame: N = 3" \; = 3 ||fi||2.
= i=
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@ Let t,w € RY. The time-frequency shift (¢, w) for functions g on R? is define by
(r(t,w)9) (x) = g(x — H)e?m ),

@ The windowed Fourier transform of f € L?(R9) with respect to g € L2(R9) is
defined by

(Ff)(t, w) = {f, (t,w)g / f(x)g(x — t)e= 2™/t gy, @)

@ Leta, b > 0and g € L?(RY). Then the system {r(na, mb)g : m,n € 29} is
called Gabor system, denoted by (g, a, b) and g is called the window function.

Given a window function g € L2(R%) and a, b > 0. If there exist constants A, B > 0
such that

Alfl5 < >~ |(f,(na,mb)g)|? < B|f|5, Ve L(RY)
n,mezd

then the collection (g, a, b) is called Gabor frame or Weyl-Heisenberg frame for
L2(RY).
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Examples:
@ If ab > 1 then (g, a, b) is not a Gabor frame for L2(R).

@ If ab < 1 then also it is not enough to (g, a, b), to be a Gabor frame for L2(R).
Example if we take a € ($,1), b=1and g = X[, 3 then it s not a frame.
2

9 g= e—** and if ab < 0.994 then (g,a, b) is a frame.

® 9= o andif ab < 1 then (g, a, b) is a frame.

Sufficient condition for Gabor frame: Given, g € L?(R) and a, b > 0. Suppose that
(i) there are real constant’s A, B such that

0<A<> [g(t—na)P<B, aeteR.
nez

(i) f has compact support with suppg C I where I is an interval of length 1/b.
Then (g, a, b) is a Gabor frame for L2(R) with frame bound b—'A and b—'B.
Necessary condition for Gabor frame: Given, g € L?(R), a, b > 0 and (g, a, b) be a

Gabor frame with frame bound A, B. Then bA < 3" |g(t — na)|? < bB a.e.
nez
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@ If (g, a, b) is Gabor frame then there exists a dual window g € L?(R9) such that
{r(na,mb)g : m,n € 79} is also a Gabor frame for L2(R?) and f can be
represented as
f= > (f,7(na,mb)g)r(na,mb)g = > (f,7(na mb)g)r(na, mb)g, Vf € L3(RY).
n,mezd n,mezd

@ Define d
ab o
Sabgaf = % Z (f, 7(na, mb)g)T(na, mb)g.
9.9 n,mezd

@ Feichtinger’s algebra: Sy(RY) := {g : Fgg € L'(R?%)}
@ Wiener space: A measurable function f belongs to the Wiener space W(R?) if

Flweey == S IF - Texallo < o.
kezd
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9 If a,b € RY then we define Translation by a is Tag(t) = g(t — a) .

@ Q =[0,1)?. A measurable function f belongs to the Wiener amalgam space
W(LP, £9)(RY) (1 < p,q < o0) if

1
q
1l wip,eq)mey == (Z IIf- TkXQ”p) < oo
kezd
o W(LP, P)(RY) = LP(RY),
W(LP, 9)(RY) <= W(LP2,9)(RY)  (p1 < p2)

and
W(LP,9)(RY) — W(LP, t2)(RY) (a1 < q2),

(1 <p1,p2,01,G2 < 00). Thus
W(L>=, ") RY) c LP(RY) ¢ W(L',£=)(RY) (1<p< o).
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@ Afunction w : R — (0, 4+00) is called a weight if it is continuous and symmetric
(i.e. w(x) = w(—x)). A weight w is submultiplicative if

w(x +y) < w(x)w(y), x,y € R

@ Given a submultiplicative weight w, a second weight v : R? — (0, +o0) is called
w-moderate if there exists a constant Cy > 0 such that,

V(x+y) < Cow(x)v(y), x,y€R7. @)

@ A weight w is called admissible if it is submultiplicative, w(0) = 1 and satisfies the
Gelfand-Raikov-Shilov condition,

lim w(kx)"/k =1, x e RY.
k— o0
Example:
@ Fors >0, w(x) = (1 + |x])S is a submultiplicative weight.
@ Consider v(x) = (1 + |x|)}, w(x) = (1 + |x|)S, then v is w-moderate if |t| < s.
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@ Weightd mixed-norm spaces: Let m be a weight function on R29 and let
1 < p, g < co. Then the weighted mixed-norm space L?;9(R29) consists of all
(Lebesgue) measurable functions on R2?, such that the norm
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is finite. If p = oo or g = oo, then the corresponding p-norm or g-norm is
replaced by the essential supremum.
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is finite. If p = oo or g = oo, then the corresponding p-norm or g-norm is
replaced by the essential supremum.

@ Modulation spaces: Given g € S(R?) and 1 < p, g < oo, the Modulation space
Mp,q(R9) consists of all tempered distributions f € S’(RY) such that
Fof € L59(R2%) ie.,

a/p /a
1l = </Rd (/Rd \Fgf(x,w)\pdx) dw) < oo.

@ If p = g, we write M instead M, q. It is known that My (RY) = Lp(RY).



Modulation spaces

MODULATION SPACES

@ Weightd mixed-norm spaces: Let m be a weight function on R29 and let
1 < p, g < co. Then the weighted mixed-norm space L?;9(R29) consists of all
(Lebesgue) measurable functions on R2?, such that the norm

a/p /a
||F||L%,q = (/Rd (/]I;d |F(x, w)|Pm(x, w)ﬁdx) dw>

is finite. If p = oo or g = oo, then the corresponding p-norm or g-norm is
replaced by the essential supremum.

@ Modulation spaces: Given g € S(R?) and 1 < p, g < oo, the Modulation space
Mp,q(R9) consists of all tempered distributions f € S’(RY) such that
Fof € L59(R2%) ie.,

a/p /a
1l = </Rd (/Rd \Fgf(x,w)\pdx) dw) < oo.

@ If p = g, we write M instead M, q. It is known that My (RY) = Lp(RY).
@ For1 <p; <po<ooand1 < g <g < oowe have:

My (RY) < Mp, g (RY) < Mp, g, (R?) < Moo (RY)
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GABOR FRAME OPERATORS ON W(LP, ¢9)

Forg,g € W(RY) and a, b > 0, define

Gabin(x) = Z g (x — g — ak) J(x — ak), nez.
kezd
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GABOR FRAME OPERATORS ON W(LP, ¢9)

Forg,g € W(RY) and a, b > 0, define

Gabin(x) = Z g (x — g — ak) J(x — ak), nez.
kezd

LEMMA

Forany g,§ € W(RY), we have

1\¢ ~
S IGaeal < (1+73) @+257Iglluaol@luaey vab>0. (&
nezd
and

l | Ga,pinll, = 0.
(awﬁgop) 2: a(|Ga,binllo, =0 (5)
nezd\ {0}
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GABOR FRAME OPERATORS ON W(LP, ¢9)

PROPOSITION (WALNUT’S REPRESENTATION)

Letg,§ € W(RY) and let a, b > 0. Then the operator Sa,b;g,5 €anN be written as

_ 5 w0 (x- )

neZd

(Sabgg )(x) = <

is bounded from W(LP, £9)(R?) to W(LP, £9)(R?), 1 < p, g < oo with operator norm

ad 134 .
1 Sa,6:9,5ll w(Lp, 9y Ry — w(Lp, eayme) < 1.9l (1 + ;) (2 + 2b)7 119l wre) 191l w(rey-
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GABOR FRAME OPERATORS ON W(LP, ¢9)

PROPOSITION (WALNUT’S REPRESENTATION)

Letg,§ € W(RY) and let a, b > 0. Then the operator Sa,b;g,5 €anN be written as

_ 5 w0 (x- )

neZd

(Sabgg )(x) = <

is bounded from W(LP, £9)(R?) to W(LP, £9)(R?), 1 < p, g < oo with operator norm

ad 134 .
1 Sa,6:9,5ll w(Lp, 9y Ry — w(Lp, eayme) < 1.9l (1 + ;) (2 + 2b)7 119l wre) 191l w(rey-

ad

Define Ga(x) := W

> d(x — ak)g(x — ak), x € R
kezd

Ga,b;O(X) = (é g>
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GABOR FRAME OPERATORS ON W(LP, ¢9)

LEMMA

Letg,g € W(R?Y) and1 < p,q < co. Then we have:
(i) Forany f € W(LP, ¢9)(RY),

(a,b)"m(o,O)(”Sa’b;g’gf — Flwwe,eaywey = 1(Ga = Dfllw1p,eayway) = 0

(i)
(ab)| Ik, (”Sabgg N e, eay@dy— w(ep,eayrdy — I1Ga — 1]joc) = 0.
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GABOR FRAME OPERATORS ON W(LP, ¢9)

LEMMA

Letg,g € W(R?Y) and1 < p,q < co. Then we have:
(i) Forany f € W(Lpfq)(Rd)

(a,b)liLn(0,0)(llsa’b;g’gf — Flwwe,eaywey = 1(Ga = Dfllw1p,eayway) = 0

(i
i o, (120.5 = s cayss) - wius, oy — 1Ga = 1lloe) = 0.

THEOREM

| \

Letg,§ € W(RY).Then we have:
@ Foranyfec W(Lp,éq)(Rd), 1<p,g< oo,

(a b) ( ||Sa b.g,5F f||W(Lp,zq)(Rd) =0, (6)

and conclusion true for g = oo but fails if p = oco.

@ Moreover, ifg - g is locally Riemann integrable,then for any1 < p, g < oo,

(a b)la(o 0) Sa ,b:9,§ — IHW LP £9)(RY)— W(LP,£9)(RY) — 0. @)
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GABOR FRAME OPERATORS ON W(LP, ¢9)

Example:
Take some E C [0, 1] such that E is nowhere dense and is of positive measure. Let
g=9=xg. Thenforany a > 0,

{x€[0,1]: Ga(x) >0} = [ J(na+ E)n[o,1]1= |J (na+E)nIo,1].
nez lInlloc <3
[{x € [0,1] : |Ga(x) — 1| = 1}| > |[{x € [0,1] : Ga(x) = 0}] > 0.
Let fo = x[0,1]- Then we have ||(Ga — 1)fllec > 1, Va> 0.

Now
1(Ga = iy oo saymy = 2 I1(Ga = Dxo,11 - Xk 11llde = 1(Ga = Dxo, 1l
kez
That is,
1(Ga — Dollw(Loe,iayw) = 1, Va> 0.
So lm |IS;pggf0 — follwiLee oy > 1-

(a,b)—(0,0)
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