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Abstract

The main objective of this thesis is to develop robust sliding mode control strategies for uncertain
systems. More specifically, the aim of this thesis is to develop sliding mode control schemes which are
successful in controlling systems affected by both matched and mismatched types of uncertainty. One
major drawback suffered by conventional sliding mode controllers is the presence of high frequency
oscillations in the control input known as chattering. Because of the discontinuous control action in
sliding mode controllers, chattering becomes an inherent undesired phenomenon. Apart from chatter-
ing, another disadvantage faced by conventional sliding mode controllers is their design prerequisite
of advance knowledge about the upper bound of the system uncertainty. This thesis is an attempt
to provide solution for these two main limitations of conventional first order sliding mode controllers.
The central focus of this thesis is to improve upon the existing sliding mode control techniques with
the prime objective of chattering mitigation. An adaptive gain tuning mechanism which can estimate
the uncertainty adaptively is proposed in this thesis. Hence prior knowledge about the upper bound
of system uncertainty is no longer a necessary requirement in the proposed adaptive sliding mode
controller. The basic idea of the proposed adaptive sliding mode controller is that the discontinuous
sign function is made to act on the time derivative of the control input and the actual control signal
obtained after integration is continuous and hence chattering is removed. The adaptive gain tuning
strategy ensures that the controller gain is not overestimated. Based upon the core idea of adaptive
sliding mode, various classes of sliding mode controllers are proposed in this thesis. In order to ensure
smooth control action throughout the entire operating range, this thesis proposes an adaptive integral
sliding mode controller. The integral sliding mode (ISM) algorithm eliminates the reaching phase.
Therefore, invariance towards matched disturbances can be ensured from the very beginning by using
this method. The proposed adaptive sliding mode control methodology is used to control nonlinear

multiple input multiple output (MIMO) systems which are highly cross-coupled. The proposed con-

vi



troller is used for stabilization as well as trajectory tracking of coupled MIMO systems affected by
both matched and mismatched uncertainty. Experimental studies are conducted on a single degree of
freedom (DOF) vertical take-off and landing (VTOL) aircraft system to study the real time perfor-
mance of the proposed adaptive sliding mode (SM) controller. The design prerequisite of the proposed
controller is complete knowledge about the state vector which is not available in this example. Hence
unavailable states of the 1 DOF VTOL are estimated by using an extended state observer (ESO). It is
a well established fact that finite time convergence of terminal sliding mode (TSM) control exists and
can be proved if a detailed mathematical analysis of its behaviour near the singularities is available.
However, TSM suffers from the drawback of chattering like in conventional first order sliding mode.
The proposed adaptive sliding mode strategy is used to design a terminal sliding mode controller for
linear and nonlinear uncertain systems. To improve the transient performance of uncertain systems,
a nonlinear sliding surface based adaptive chattering free sliding mode controller is proposed. The
nonlinear sliding surface changes the system’s closed loop damping ratio from its initial low value to
a final high value in accordance with the error magnitude. Hence fast initial response and gradually
diminishing overshoot are ensured. This thesis extends the nonlinear sliding surface based integral
sliding mode (ISM) controller to the discrete domain also where the controller consists of a nominal
control and ISM based discontinuous control. The nominal control is designed based on composite
nonlinear feedback (CNF) which varies the damping ratio of the closed loop system to ensure good
transient performance. The discontinuous control component rejects the matched disturbances and
model mismatches. Simulation studies are conducted involving linear and nonlinear, SISO and MIMO
systems affected by both matched and mismatched types of uncertainty and their results demonstrate

the effectiveness of the proposed adaptive chattering free sliding mode controller.
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1. Introduction

1.1 Introduction

In reality, all physical systems are affected by uncertainties occurring due to modeling error, para-
metric variation and external disturbance. Controlling dynamical systems in presence of uncertainties
is extremely difficult as performance of the controller degrades and the system may even be driven to
instability. As such, active research is continuing to develop controllers which can work successfully
in spite of uncertainties. Robust control techniques such as nonlinear adaptive control [9], model
predictive control [10], backstepping [11] and sliding mode control [12,13] have evolved to deal with
uncertainties. These control techniques are capable of achieving the specified control objectives in
spite of modeling errors and parametric uncertainties affecting the controlled system. Beginning in
the late 1970s and continuing till today, the sliding mode control (SMC) [14, 15] methodology has
received wide attention because of its inherent insensitivity to parametric variations and external dis-
turbances. The sliding mode control (SMC) is a particular type of variable structure control system
(VSCS) which uses a discontinuous control input. Recently many successful practical applications of
sliding mode control (SMC) have established the importance of sliding mode theory. Sliding mode
controllers are now-a-days widely used in a variety of application areas like robotics, process control,
aerospace and power electronics [16,17]. The research in this held was initiated by Emel’yanov and
his colleagues [14] and the design paradigm now forms a mature and established approach for robust
control and estimation. The idea of sliding mode control (SMC) was not known to the control com-
munity at large until an article published by Utkin [15] and a book by Itkis [18].

Design of the SMC involves two key steps, viz. (1) the design of a sliding surface in accordance with
the desired closed loop performance and (2) the design of a suitable control law. The sliding surface is
to be designed optimally to satisfy all constraints and required specifications. The initial phase when
the state trajectory is directed towards the sliding surface is called the reaching phase. During the
reaching phase, the system is sensitive to all types of disturbances. However, a control law can be
designed which ensures finite time reaching of the sliding surface even in the presence of uncertain-
ties and disturbances. For eliminating the non-robust reaching phase, an integral sliding mode was
proposed in [19,20] which naturally allowed SMC to be combined with other techniques. The main
advantages of the SMC are the following:

(i) During the sliding mode, the system is insensitive to matched model uncertainties and distur-

bances [21].




1.2 Motivation and purpose

(ii) When the system is on the sliding manifold, it behaves as a reduced order system with respect to
the original plant.

However, in spite of the claimed robustness, implementation of the SMC in real time is handicapped by
a major drawback known as chattering which is the high frequency bang-bang type of control action.
Chattering is caused due to the fast dynamics which are usually neglected in the ideal model of sliding
mode. In the ideal sliding mode, the control is assumed to switch with an infinite frequency. However,
in actual plants, due to the inertia of actuators and sensors as well as the presence of nonlinearities, the
switching occurs with high but finite frequency only. The main consequence is that the sliding mode
takes place in a small neighborhood of the sliding manifold, whose dimension is inversely proportional
to the control switching frequency. In sliding mode, due to the finite switching of control signal, the
states would switch about the sliding surface rather than lie directly on it. This switching can occur
at a high frequency and is called chattering. The effect of chattering is that the high frequency com-
ponents of the control propagate through the system and thereby excite the unmodeled fast dynamics
and give rise to undesired oscillations which affect the system output. This can degrade the system
performance or may even lead to instability. Moreover, the term chattering has been designated to
indicate the bad effect, potentially disruptive, that a switching control can produce on a controlled
mechanical plant. Chattering as well as the necessity of discontinuous control are two main criticisms
against practical realization of sliding mode control scheme. These drawbacks are more prominent
while dealing with mechanical systems since rapidly changing control actions induce stress and wear

in mechanical parts and the system may even suffer breakdown in a short time [22].
1.2 Motivation and purpose

In order to overcome the above mentioned drawbacks, efforts are on to find a continuous control
action which is robust against uncertainties and guarantees the same control objective as offered by the
standard sliding mode approach. Different approaches have been proposed to avoid chattering [21,23].
The main idea of such approaches was to change the dynamics in a small vicinity of the discontinuity
surface in order to avoid real discontinuity and, at the same time, to preserve the main properties
of the whole system. However, the ultimate accuracy and robustness of the sliding mode are par-
tially lost in this process. The commonly used approach is by using continuous approximations of the

sign(-) function (such as the sat(-) function, the tanh(-) function) in the implementation of the control
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law. An interesting approach evolved for elimination of chattering was the higher order sliding mode
methodology introduced by Arie Levant [24-26]. The higher order sliding modes generalize the basic
sliding mode idea by acting directly on the higher order time derivatives of the sliding variable instead
of influencing its first time derivative only as it happens in standard sliding modes. Keeping the
main advantages of the original approach, higher order sliding modes remove the chattering effect and
provide even higher accuracy. A number of higher order sliding mode controllers are proposed in the
literature [12,25-29]. However, the main constraint in implementation of higher order sliding modes
is the increasing information demand. In general, any r-th order sliding mode controller requires the
knowledge of the time derivatives of the sliding variable up to the (r-1)-th order. The only exceptions
are provided by the twisting controller [24], the super twisting controller [24] and the sub-optimal
algorithm. Among higher order sliding mode controllers, second order sliding mode controllers are
the most widely used because of their simplicity and low information demand. In second order sliding
mode methodology, the control action affects directly the sign and the amplitude of the sliding vari-
able and a suitable switching logic guarantees the finite time convergence of the state to the sliding
manifold.

Sliding mode control [30] has been extensively used in control systems perturbed by matched uncer-
tainty which enters the system through the input channel. However, designing sliding mode controllers
for systems perturbed by the mismatched type of uncertainty, which is due to perturbations in the
system parameters, still remains a challenge to the research community. The difficulty lies in the fact
that the dynamics of the uncertain system are affected even after reaching the sliding mode. Active
research is continuing in the control community for developing sliding mode controllers for systems
affected by mismatched type of uncertainty. By designing a sliding mode controller for certain states
of the system which are provided as inputs to a reduced order system can take care of mismatched
uncertainties. However, the disadvantage of this method is that uncertainties should lie in the range
space of certain matrix of the nominal system [30]. A fuzzy logic based sliding mode controller pro-
posed in [31] was successful in achieving quadratic stability for systems with mismatched uncertainty.
Even this method could handle mismatched uncertainty of a certain form only provided its bound was
known apriori [32,33]. By introducing two sets of switching surfaces for the subsystems and hence
reducing the rank of the uncertainty, asymptotic stability was achieved in [34]. Dynamic output feed-

back sliding mode controllers were attempted in [35] and nonlinear integral type sliding surface was
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used to deal with mismatched uncertainties in [36]. All these works required prior knowledge about
the upper bound of the mismatched uncertainty which was in general difficult to obtain. Hence a
strategy to obtain the upper bound of the system uncertainty or a method which does not require this
knowledge is needed. The adaptive sliding mode controller proposed by Cheng at al. [3,37,38] provided
a solution to this problem. However, this adaptive method yielded gains which were overestimated in
many cases giving rise to large control efforts and high chattering [39,40].

Motivated by the above reasons, this thesis attempts to develop suitable sliding mode control strate-
gies which can eliminate chattering. In particular, this thesis aims for designing chattering free sliding
mode controllers which can effectively handle systems with uncertainties of both matched and mis-
matched type, without requiring the prior knowledge about the upper bound of the uncertainty. The
effectiveness of the developed sliding mode control scheme is validated by applying the controller to
important benchmark control problems like the twin rotor MIMO system (TRMS), the vertical take-
off and landing system (VTOL) and the two-link robotic manipulator which are typical examples of

highly nonlinear systems affected by severe uncertainties.

1.3 Contributions of this Thesis

The main contribution of this thesis is the design of a chattering free adaptive sliding mode
controller for systems affected by both matched and mismatched types of uncertainty. The control
law is designed in such a way that the discontinuous sign function acts on the time derivative of the
control input. So the actual control obtained after integration is continuous and hence chattering
is eliminated. Adaptive tuning mechanism is used to estimate the upper bound of the uncertainty,
thereby eliminating the necessity of its prior knowledge. The proposed idea of adaptive chattering
free sliding mode is used to design integral and terminal sliding mode controllers. A nonlinear sliding
surface based adaptive sliding mode controller is proposed for improving transient performances like

overshoot and settling time.

1.4 Organization of the Thesis

This thesis is divided into seven chapters. A brief description about each chapter is presented in

this section.
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e Chapter 2: A few preliminary and basic concepts related to sliding mode control are discussed

in Chapter 2.

e Chapter 3: In this chapter a chattering free adaptive integral sliding mode controller for
uncertain systems is proposed. Instead of a regular control input, the derivative of the control
input is used in the proposed control law. The discontinuous sign function in the controller is
made to act on the time derivative of the control input. The actual control signal obtained by
integrating the derivative control signal is smooth and chattering free. The adaptive tuning law
used in the proposed controller eliminates the need of prior knowledge about the upper bound

of the system uncertainty.

e Chapter 4: In this chapter an adaptive sliding mode controller for coupled multi input multi
output (MIMO) systems affected by both matched and mismatched uncertainties is proposed.
More specifically, the problem of controlling a twin rotor MIMO system (TRMS) in cross-coupled
condition is addressed using adaptive sliding mode control technique. An adaptive mechanism
is embedded in the controller as well as the sliding surface to overcome the perturbations.
The proposed controller with adaptive sliding surface is implemented for a vertical take-off and
landing (VTOL) aircraft system affected by matched and mismatched uncertainties. An adaptive
gain tuning mechanism is used to ensure that the gain is not overestimated with respect to the
actual unknown value of the uncertainty. A case study was conducted on the laboratory set-up
of a 1 degree of freedom VTOL system to investigate the real time performance of the proposed

adaptive sliding mode controller.

e Chapter 5: In this chapter an adaptive chattering free terminal sliding mode controller is
proposed to ensure fast and finite time stabilization of uncertain systems. Instead of the normal
control input, its time derivative is used in the proposed controller. An adaptive tuning method
is utilized to deal with the system uncertainties whose upper bounds are not required to be

known in advance.

e Chapter 6: An adaptive sliding mode controller is proposed in this chapter using nonlinear slid-
ing surface which ensures better transient performance over linear sliding surfaces. One major
benefit is that chattering is completely removed from the control signal. To improve the perfor-

mance of discrete time uncertain systems, an algorithm based on integral sliding mode (ISM)
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and composite nonlinear feedback (CNF) is proposed. The discrete CNF based ISM method

ensures fast rise time and less overshoot as compared to ISM method with linear feedback.

e Chapter 7: In this chapter conclusions from the research work are drawn and the scope for

future research is outlined.
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2.1 Introduction

2.1 Introduction

In this chapter, preliminary concepts relevant to sliding mode control are discussed briefly. The
necessary fundamentals of the sliding mode are explained concisely so that the sliding mode con-
troller design and analysis carried out in the succeeding chapters can be easily followed. Chattering
phenomenon which is an undesired phenomenon occurring in conventional sliding mode controller is
explained and methods devised for chattering mitigation are introduced. Finite time stability which
is an important notion in sliding mode control is described. First and second order sliding modes are

explained to highlight the basic difference between the two.

2.2 Variable Structure System and Sliding Mode

A variable structure system (VSS) [15] is a dynamical system whose structure changes according
to an appropriate switching logic in order to exploit the desirable properties of these structures. To

illustrate, let us consider the following dynamical system

r = f(t,x,u) (2.1)

where © € R™ are the state variables and © € R™ is the control input.

Further,
w = [uy(t, ), us(t, ), ..., um (t, )] (2.2)
where
ul (t,x), if oi(z) >0
ui =19 u(t,x), if oi(z) <0 (2.3)
i=1,2,..m
Here
o(z) = [o1(x) o2(x)....0m(x)]" (2.4)

is the sliding manifold and o;(x) = 0(¢ = 1,2,...m) is the i-th sliding surface. The motion on the
sliding manifold o(z) = 0 is called the sliding mode.

The differential equation (2.1) does not formally satisfy the classical theorem on the existence and
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uniqueness of the solution since it has discontinuous right hand side. Moreover, the right hand side
is usually not defined on the discontinuity surfaces. Thus, it fails to satisfy conventional existence
and uniqueness results of differential equation theory. Nevertheless, an important aspect of sliding
mode control design is the assumption that the system state behaves in a unique way when restricted
to o(z) = 0. Therefore, the problem of existence and uniqueness of differential equations with dis-
continuous right hand sides is of fundamental importance. Various types of existence and uniqueness
theorems are proposed by Utkin [15], Itkis [18], Hajeck [41] and Filippov [42]. The method of Filip-
pov [42] is conceptually straightforward. This method is now briefly recalled to help in understanding
variable structure system behaviour on the switching surface.

Let us now consider an n-th order VSS system with a single input as given below,
Po= f(tau) (2.5)
with the following general control strategy

ut(t,x), if o(z) >0

u”(t,x), if o(x) <0

The system dynamics are not directly defined on the manifold o(x) = 0. It has been shown by Fil-

ippov that the state trajectories of (2.5) with control (2.6) on o(z) = 0 are the solutions of the equation

t=aff+1-a)f =% 0<a<l1 (2.7)

where f+ = f(t,z,u"), f~ = f(t,z,u”) and f¥ is the resulting velocity vector of the state trajectory
while in sliding mode. The term « is a function of the system state and can be specified in such a
way that the average dynamic of fV is tangent to the surface o(x) = 0. The geometric concept is
illustrated in Fig. 2.1.

Therefore it may be concluded that, on the average, the solution to (2.5) with control (2.6) exists and
is uniquely defined on o(x) = 0. This solution is called solution in the Filippov sense. It may be noted

that this technique can be used to determine the behaviour of the plant in a sliding mode.

10
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Figure 2.1: Illustration of Filippov method

2.3 Stability of the Sliding mode

The objective of sliding mode control is to ensure sliding motion in finite time from an arbitrary
initial condition. The system state must approach the sliding surface at least asymptotically. The
largest such neighborhood is called the region of attraction. Stability of the sliding surface requires
to choose a generalized Lyapunov function V' (¢,x) which is positive definite and has a negative time
derivative in the region of attraction. Unfortunately, there are no standard methods to find Lyapunov
functions for arbitrary nonlinear systems.

For all single input systems, a suitable Lyapunov function can be chosen as
L,
V(t,x) = 5 (z) (2.8)

which clearly is globally positive definite.
If

V(t,z) =o(x)o(z) <0 (2.9)

in the domain of attraction, then the state trajectory converges to the sliding surface and is restricted
to the surface for all subsequent time. This latter condition is called the reaching or reachability

condition [12] [22] [30] [43] and it ensures that the sliding manifold is reached asymptotically.

11
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A strong condition for finite time reaching is given as follows

V(t,2) = o(0)5(x) < ~nlo(2)] (2.10)

for some n > 0, known as 7 reachability condition in the literature. For a general m input system, it
is not necessary to ensure sliding mode on each discontinuity surface but sliding mode should exist on
the intersection of all discontinuity surfaces. These conditions ascertain that sliding surfaces remain

attractive.

2.4 Relative Degree in Sliding Mode

Definition 2.1. A smooth autonomous single input single output (SISO) system & = a(t,x) +
b(t, x)u with the control u and output o is said to have the relative degree r, if the Lie derivatives

locally satisfy the conditions [44]
Lyo = Lolyo = ... = L' 2Ly =0, L' 'Lyo #0. (2.11)

It can be shown that the equality of the relative degree to r actually means that o, ¢, ...,0"1 do
not depend on control and can be taken as a part of new local coordinates and o(") linearly depends

on u with the nonzero coefficient L'~ Lo.

2.5 Order of the sliding mode

The standard sliding mode can be implemented only if the relative degree of the sliding variable
is 1, i.e. control has to appear in its first total time derivative &. Another problem of the standard
sliding mode is that the high frequency switching in the control may cause dangerous vibrations called
chattering. The sliding mode order approach [24] addresses both these issues of relative degree restric-
tion and chattering while preserving the features of the sliding mode. The sliding order characterizes

the dynamics smoothness degree in the vicinity of the sliding mode and can be defined as given below:

Definition 2.2. Let us consider a discontinuous differential equation & = f(t,z) understood in
the Filippov sense [42] and o(x) is a smooth function. Then, provided that

1. 0,6,...,0 Y are continuous functions of z,

12
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2. the set
C=0=06= .. = =0 (2.12)

18 a non-empty integral set,

the motion on set (2.12) is said to exist in r-sliding (rth-order sliding) mode [24] [45]. The set
(2.12) is called r-sliding set. It is said that the sliding order is strictly r, if the next derivative o) is

discontinuous or does not exist as a single-valued function of x.

2.6 Finite time stability

The standard sliding mode used in the traditional VSSs is of the first order (o is continuous and &
is discontinuous). The standard sliding mode design suggests choosing a new auxiliary sliding variable
of the first relative degree. That variable is usually a linear combination of the sliding variable ¢ and
its successive total time derivatives [23], which leads to only exponential stabilization of . The finite
time stabilization corresponds to the high order sliding mode (HOSM) approach [24] [27]. Asymptoti-
cally stable HOSMs arise in systems with traditional sliding mode control, if the relative degree of the
sliding variable o is higher than 1. An important property which concerns asymptotic stability is finite
time stability (FTS), i.e. the solutions of a system which reach the equilibrium point in finite time.
Finite time stability is preferable, since it offers higher robustness and higher accuracy in presence
of small sampling noises and delays. The concept of finite time stability corresponding to high order
sliding mode (HOSM) is explicitly discussed in [46] [47] [48] [49] [50] [51]. A simple definition of finite

time stability as given in [47] is stated below:

The main idea of finite time stability lies in assigning infinite eigenvalue to the closed loop system
at the origin and therefore the right hand side of the ordinary differential equation can not be locally
Lipschitz at the origin. Also there exists the settling time function T'(xg) where x( is the initial
condition that determines time for a solution to reach the equilibrium. This settling time function (in

general) depends on the initial condition of a solution.

13
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Let us consider the following example [49] [50] [51]
& = —|z|*sgn(x) x € R", (2.13)

for which the solutions are (a €]0, 1]):

l1—a
S t,JZ‘O ) Zf 0 <t< %

o(t, z0) = (t,20) e (2.14)
0, if > lml

1—a

with s(t, z0) = sgn(zo)(|wol! =% — t(1 — a))ﬁ and they reach the origin in finite time. The time
required for the solutions to reach the equilibrium is called the settling time which depends on the
initial condition of the solution.

Definition 2.3. Finite time stability of continuous autonomous systems [49] [50] [51]

Let us consider the continuous autonomous system
T = f(x), reR" (2.15)
The origin of the system (2.15) is finite time stable (on an open neighbourhood V C R") if [52]:

e there exits a function 7' : V \ {0} — R>¢ such that if zg € V'\ {0} then ®*°(¢) is defined (and in
particular is unique) on [0,7(x¢)), ®*°(¢) € V \ {0} for all ¢t € [0,T(z()) and hTr%l )<I>”"0 (t) = 0.
t—T (xo
The quantity T is called settling time function of system (2.15).
e for all € > 0, there exists a function d(e) > 0, for every z¢ € (6(e)B™ \ {0}) NV, ®*(t) € eB"

for all ¢t € [0, T(x0))

where B is the unit open ball in R™ and ®*°(¢) denotes a solution of system (2.15) starting from
xg € R™ at t = 0.
Definition 2.4. Finite time stability of discontinuous systems [52]

Let us consider the differential inclusion
z € F(x), z € R" (2.16)

where F' is a set valued function on R", & denotes the right derivative of x. The origin of (2.16)

is finite time stable if

14
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e the origin of the system (2.16) is stable : if for all e > 0, there is d(¢) > 0 such that if 29 € 0(¢)B,

then any solution ¢*° starting at z is defined for all ¢ > 0 and ¢™(t) € eB for all t > 0,

e there exists T : S — R>0, such that for all solutions ¢™ € S(xzg), ¢™°(t) = 0 for all t > Ty(¢™).

Ty is the settling time of the solution ¢*°.

Here ¢™(t) represents a solution of system (2.16) starting from xg, S(z¢) is the set of all solutions ¢*°
and space S = |J S(zo).
rgERM
If T(z) = sup To(¢") < 400, then T'(x) is the time for the solution ¢* to reach the origin called
TS (x)
the settling time function of system (2.16).

2.7 Chattering

In real life applications, it is not reasonable to assume that the control signal can switch at infinite
frequency. Due to the presence of inertia in actuators and sensors, surrounding noise and exogenous
disturbances, actually the control signal commutes at a very high though finite frequency. The control
signal’s oscillation frequency turns out to be not only finite but also almost unpredictable. Its main
consequence is that the sliding mode takes place in a small neighbourhood of the sliding manifold
whose width is inversely proportional to the control switching frequency [12] [22] [30].

The notions of ideal and real sliding mode are adopted here to distinguish the sliding motion that
occurs ideally on the sliding manifold (assuming ideal control devices) from a sliding motion that,
due to the non-idealities of the control law implementation, takes place in a vicinity of the sliding
manifold, which is called the boundary layer (illustrated in Fig. 2.2).

The effect of the finite switching frequency of the control is referred in the literature as chatter-
ing [53] [54] [55]. Basically, the high frequency components of the control propagate through the
system, thereby exciting the unmodeled fast dynamics resulting in undesired oscillations which affect
the system output. This phenomenon degrades the system performance or may even lead to insta-
bility. The term chattering has also been designated to indicate the potentially disruptive affect that
a switching control force or torque can produce on a controlled mechanical plant [23] [27] [55] [56].
Chattering and high control activity are the major drawbacks of the sliding mode approach in the
practical realization of sliding mode control schemes. Active research is continuing to realize a contin-

uous control action which can overcome these drawbacks and ensure robustness against uncertainties

15
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Trajectory
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Figure 2.2: The chattering effect

and disturbances and at the same time achieve the same control objective of the standard sliding mode

approach [24] [28] [57].

The most practised approach for chattering mitigation is based on the use of continuous approxi-
mations of the sign() function (such as the sat() function, the tanh()function) in the implementation
of the control law. However, by using this method, the insensitivity feature of sliding mode control is
lost. In this method, the system possesses robustness that is a function of the boundary layer width.
It is pointed out in [23] [58] that this methodology is highly sensitive to the unmodeled fast dynam-
ics and in some cases it may lead to unacceptable performance. An interesting class of smoothing
functions, characterized by time varying parameters, was proposed in [59] while attempting to find
a compromise between chattering mitigation and possible excitation of the unmodeled dynamics. In

summary, continuation approaches eliminate high frequency chattering at the price of losing invariance
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towards uncertainty. One effective approach for chattering elimination is by using the second order

sliding mode methodology [24] [27].
2.8 Summary

In this chapter, basic concepts and properties of sliding modes have been discussed concisely. The
main advantages of the sliding mode control technique are the simplicity in both implementation and
design and the inherent robustness with respect to matched internal and external uncertainties and

disturbances.
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3.1 Introduction

Sliding mode control (SMC), developed from the variable structure system theory, has gained
much more attention for its robustness against parameter variations and external disturbances under
matching conditions [30,43,60]. In sliding mode control (SMC), the system states are moved from
their initial states towards a chosen manifold in the state space, called the sliding surface [30, 43].
After reaching the sliding manifold, the system becomes totally insensitive to parametric uncertainties
and external disturbances. The motion of the trajectory from the initial condition towards the sliding
surface until it hits the sliding surface is called the reaching phase. During the reaching phase, the
system is not robust and even matched uncertainty can affect the system performance. To solve this
problem, an integral sliding mode (ISM) concept was proposed in [19].

In integral sliding mode control method, an integral term was incorporated in the sliding manifold
which guaranteed that the system trajectories would start in the manifold itself from the initial time
and thus the reaching phase was totally eliminated. Hence the system became invariant towards the
matching uncertainty right from the beginning.

Although the ISM controller guarantees robustness against system uncertainty, the crucial part is the
control discontinuity leading to chattering as explained in Chapter 2. Another difficulty faced by the
ISM controller is the necessity of prior knowledge about the upper bound of the system uncertainty.
In real time application it is very difficult to get the upper bound of the uncertainty and often this
bound is overestimated yielding to excessive gain.

For circumventing the above difficulties, this chapter proposes an integral sliding surface based chat-
tering free sliding mode controller which uses an adaptive tuning law. The main attributes of the
proposed controller are robustness and smooth control signal. An adaptive tuning law is used for the
controller to estimate the unknown but bounded system uncertainties. As such the upper bounds of
the system uncertainties are not required to be known in advance. Moreover, the chattering in the
control input is eliminated by using the proposed controller.

The brief outline of this chapter is as follows. Section 3.2 briefly discusses the design problem and
the assumptions made. In Section 3.3, the proposed adaptive integral sliding mode control method is
described. Section 3.4 presents simulation examples to demonstrate the efficiency and advantages of

the proposed controller. A brief summary of the chapter is presented in Section 3.5.
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3.2 Problem Definition

A class of nonlinear dynamic system is considered as follows:

i = f@)+glo)u

y = o) (3.1)

where € R" are the state variables, u € R is the control input and o(z) € R is the measured output
function known as the sliding variable. It is assumed that f(z) and g(z) are smooth functions.

Let the system have a relative degree r with respect to the output variable ¢ which means that Lie
derivatives Lyo; LyLg0;...; L§_2Lga are equal to zero identically in the vicinity of a given point and
L971L90 is not zero at the point. The equality of the relative degree to r means, in a simplified way,
that w first appears explicitly only in the r-th total time derivative of o.

Remark 3.1 For simplicity, the relative degree of the system (3.1) is assumed to be equal to the order
of the sliding surface.

Assumption 3.1 The relative degree r of the system (3.1) is known a priori.

Assumption 3.2 An exact robust differentiator is available for exactly measuring or estimating the
derivative of variables.

The aim of the first order sliding mode control is to force the state trajectories to move along the
sliding manifold o(x) = 0. In the higher order sliding mode control, the purpose is to move the
states along the switching surface o(z) = 0 and to keep its (r — 1) successive time derivatives viz
5,6, ... to zero by using a suitable discontinuous control action [24]. The r-th order derivative

of o(x) satisfies the following equation,
o"(x) = a(z) + b(x)u (3.2)

where 7 is the relative degree, a(z) = L}o(z) and b(z) = L;_nga(x). Here Ly and L, are the Lie
derivatives [25] of the smooth functions in (3.1).
The r-th order sliding mode control of the system (3.1) with respect to the sliding variable o(z) can

be expressed as [61],

Z = Zit1

Zr = a(x)+b(z)u (3.3)
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where 1 <i <r—1and [21, 2, ..., 2| = [0(x),5(z), ..., D(z)]T
Assumption 3.3. Matrices a(z) and b(z) consist of the nominal parts (a(z), b(z)) which are known
apriori and uncertain parts (Aa(z), Ab(x)) which are bounded and unknown [62].

Thus the following can be written,

a(z) = a(zr)+ Aa(z)

b(x) = b(x)+ Ab(x) (3.4)

c"(z) = (a+ Aa)(x)+ (b+ Ab)(z)u

= a(x) +b(z)u + AF(x,t) (3.5)

where AF(z,t) = Aa(z) + Ab(z)u includes all the uncertain parameters and external disturbance.
Using (3.4) and (3.5) with z as the state variable, the r-th order sliding mode control for the system

(3.1) can be written as,

2 = Zip1

Z = a(z) +b(2)u+ AF(z,t) (3.6)
In the regular form, the above can be written as,
2= A(z) + B(z)u+ AF(z,t) (3.7)

where z = [z1 29...2;..2;]7, and A(z), B(z) are matrices with proper dimension. The uncertainties in
the system due to modeling error and parameter variation are denoted by AF(z,t) which is assumed
to be differentiable with respect to time. In this problem, the uncertainties in the system (3.6) are
assumed to meet the matching conditions. Then AF(z,t) € span{B(z)} [30] meaning that AF(z,t)

is a matched uncertainty.

3.3 Design of adaptive integral sliding mode controller

The design procedure for the overall control signal is carried out in two parts, design of the nominal
control Wyem and then design of the overall control law u. At first, the nominal control law wpepm, 1S

designed that guarantees finite time stabilization of the chain of integrators in absence of uncertainties.
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Then the reaching law based overall control law is designed to reject the uncertainties and maintain

the sliding mode.
3.3.1 Finite time stabilization of an integrator chain system

Let us consider the nominal system which is represented by the single input single output (SISO)

integrator chain as described below,

21 = Z2
z9 = Z3
Zr = Wnom (3.8)

The control objective is to drive the states of (3.8) to z = 0 at the fixed finite time [63].
Theorem 3.1. Let ki, ks, ...k, > 0 be such that the polynomial ¢(\) = X" + k, A" 1 + .+ ko X + Ky
is Hurwitz. For the system (3.8), there exists a value € € (0,1) such that for every o; € (1 —¢,1),

i1 =1,2,..n, the origin is a globally stable equilibrium in finite time under the feedback
Wnom (2) = —k1sign(z1)|z1]|“t — kasign(za)|22|*? — ... — kpsign(zp)|zn|* (3.9)

where ayq, ...qu, satisfy

. _ Qi QG411 . N _
Qi1 = got i = 2,...,n with ap+1 =1 [63].

3.3.2 Design of integral sliding mode controller
However, when the system is perturbed or uncertain, the finite time stabilization is not ensured
[63]. In this section a reaching law based discontinuous control law is developed which rejects the

uncertainties of the system and ensures that the control objectives are fulfilled [62].

Let us consider an integral sliding surface,

5(2) = 20 — 2n(0) — / Wnom (2)dt (3.10)

The initial condition of the system is defined by z,(0). The nominal control wye, ensures the conver-

gence of the chain of integrators in finite time as given in Theorem 3.1.
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3.3 Design of adaptive integral sliding mode controller

By taking the time derivative of (3.10), the following is obtained,

5(2) = Zn— Wnom

= a(z) +b(2)u+ AF(z,t) — Wnom (3.11)

Using (3.11) and the constant rate reaching law $(z) = —Gsign(s(z)) [30] such that it satisfies the

reachability condition s(2)s$(z) < —n|s(z)| where 1 being a positive constant yields,

— Gsign(s(z)) = a(z) + b(2)u — wpom (3.12)

Here G is the switching gain. The control law described above ensures finite time stabilization of the
system states and also rejects the uncertainties if G > |AF(z,t)|. Hence the overall control law can

be obtained as [62],
u = b(2) " H{—a(2) + wnom — Gsign(s(z))} (3.13)

However, the high frequency chattering is always present in the control signal.

In order to remove the undesired chattering in the control input, an adaptive integral chattering free
sliding mode controller is developed. In the proposed controller, the time derivative of the control
input, @ would be designed to act on the higher order derivatives of the sliding variable [64,65]. Hence
instead of the actual control u, the time derivative of the control, & would be used as the control
input. The new control v = @ would be designed as a discontinuous signal, but its integral (the actual
control u) would be continuous thereby eliminating the high frequency chattering.

Now taking the first order time derivative of (3.11) yields,
5(2) = Zn — tnom (3.14)

Using (3.2), (3.14) can be written as,

52 = @)+ BEu) — o

= a(2) + b(2)u + b(2)it — tipom

= a(z) + b(2)u + b(2)i — tipom + AF(2,1) (3.15)
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3. Adaptive Integral Sliding Mode Controller

Assuming y; = s(z) and y2 = $(z), the system dynamics can be written as [66,67],

ho= Y

g2 = Pz,u] + ¥[z]v (3.16)
where v = u and ®|[z, u| collects all the uncertain terms not involving u, i.e. ®[z,u] = a(z) + l_)(z)u -
Wnom + AF(2,t) and ¥[z] = b(z). Thus the system (3.16) becomes a chain of integrators controlled
by the input v. So a sliding mode controller for the above system can be designed to keep the system

trajectories on the sliding manifold by using the control input v. To design an SMC for the system

(3.16), the sliding function is considered as,
o =Y+ Ky1 (3.17)

where £ is a positive constant. The derivative of (3.17) is obtained as,

o =Y+ K1 (3.18)
Using (3.18) and (3.15) yields,
G =a(2) + b(2)u + b(2) i — Wnom + AF(2,t) + £(2n — Wnom) (3.19)
Using the p reaching law [68] yields,
o = —psign(o) (3.20)

where p > |AF(z,t)| to satisfy the reaching law condition o0& < —n|o| where 7 is a positive constant

[56]. Using (3.19) and (3.20), the control law is obtained as,

i = —b(2) " Ha(2) + b(2)u — nom + K(Zn — Wnom) + psign(o)} (3.21)
3.3.3 Design of adaptive integral chattering free sliding mode controller
In practice, the upper bound of the system uncertainty is often unknown in advance and hence the

error term |AF(z,t)| is difficult to find. So an adaptive tuning law is proposed to estimate p. Then

the control law (3.21) can be written as

i = —b(2)"M{a@(2) + b(2)u = tnom + K(Zn — Wnom) + T'sign(0)} (3.22)
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3.3 Design of adaptive integral sliding mode controller

where T estimates the value of p. Defining the adaptation error as T = T — T, the parameter T will

be estimated by using the adaptation law [40] [69,70] as given below,
T = v|o| (3.23)

where v is a positive constant. A Lyapunov function V is selected as V = %02 + %'y’f’ 2 whose time

derivative is as follows,

vV = Ud—i-’yff
Using (3.19) yields,

Vo= ofa(z) + b(2)u + b(2)i — thnom + AF(2,) + k(2 — Wnom)] + (T — T)T
Using (3.22) and (3.23) yields,

V = o|AF(z,t) — Tsign(o)] + (T — T)v|o]|
The above equation can be written as

14 < |AF(z,t)||o| = T|o| + T|o| — T|o| +~(T — T)v|o|

(AF(2,8)| = T)lo| — (T — Tlo| ++(F = T)wlo]

—(—|AF(z,8)] + T)lo| - ( = T)(—ywlo| + Jo])

BN NE— /BT —T) 2

where 8, = (T — |AF(z,t)|) and 8, = (|o| — yv|o])

So, V < —min{f,V2, 8,\/2/7}(|0|/V2+T\/7/2)

< —pVi2 (3.24)

A

<
<

where 3 = min{f,v/2, ﬁ,,\/2/7’y} with 3 > 0. The above inequality holds if T =vl|o|, Bs > 0,5, >
0, T > |AF(z,t)| and v < 1. Therefore, finite time convergence to a domain o = 0 is guaranteed from
any initial condition [40,62].
Remark 3.2. Practically, |o| cannot become exactly zero in finite time and thus the adaptive param-
eter Zf’ may increase boundlessly [40]. A simple way of overcoming this disadvantage is to modify the

adaptive tuning law (3.23) by using the dead zone technique [30, 40] as

L[ vlol, ol ze
T = { 0. ol <c (3.25)

where € 1s a small positive constant.
As is evident from (3.22), 4 is discontinuous but integration of « yields a continuous control law w.
Hence the undesired high frequency chattering of the control signal is alleviated. Thus the above

adaptive integral sliding mode control method offers two main advantages. Firstly, the knowledge
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3. Adaptive Integral Sliding Mode Controller

about the upper bound of the system uncertainties is not required. Secondly, the chattering in the

control input is eliminated.
3.4 Simulation Examples

The proposed adaptive integral chattering free sliding mode controller is applied to two examples
of uncertain system. Both the examples are simulated by using ODE 5 solver in the MATLAB -

Simulink platform with a fixed step size of 0.005 sec.

3.4.1 Adaptive integral chattering free sliding mode controller for the triple inte-
grator system

The triple integrator system [62] having parametric uncertainty is described below,

i‘l = X9
ig = I3
i3 = u+p(x), y=x (3.26)

where p(x) = sin(10zx;) is the bounded uncertainty, y is the output and the initial condition of
the system is assumed as x(0) = [I 0 — 1]7. Stabilization of the above system is investigated and
simulation is performed with k; = 1,ky = 1.5,k3 = 1.5 (3.9) and G = 1.5 (3.13). For designing the
adaptive integral SM controller, same controller parameters as used by Defoort et al. [62] are chosen.
The adaptive tuning law (3.23) is designed as 7= 0.8|c| with Tp = 0.5. The sliding manifold coeffi-

cient x (3.17) is selected as 2.

Figs. 3.1 - 3.4 show the states, the control input, the sliding surface and the estimated adaptive gain
obtained by using the proposed controller. It is obvious from Fig.3.1 that the proposed controller
converges the system states quickly to the origin. From Figs. 3.2 - 3.3 it is evident that the control
input is smooth having no chattering and the sliding surface is also chatterless. The convergence of
the estimated adaptive gain T is confirmed in Fig.3.4. Notably, prior knowledge about the upper
bound of the system uncertainty is not a necessary requirement. The proposed controller adaptively
estimates the system uncertainty and hence is suitable for practical applications where the bounds of

uncertainty are difficult to be determined.
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3.4.2 Adaptive integral chattering free sliding mode controller for the single in-

verted pendulum

The dynamic equations of the single inverted pendulum are stated below [13,71],

331:332

gsinxy — (milz? cos x1 sin w1 /m. + m)

cosz1/me +m wt A

T2 = 1[4/3 — (mcos? x1/m. + m)]

y = I

[[4/3 — (mcos? z1/me + m)]
(3.27)

where A is the system perturbation defined by A = 7sin(10x1) + cos zs.

The parameters of the single inverted pendulum are tabulated in Table 3.1.
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3. Adaptive Integral Sliding Mode Controller

Table 3.1: Parameters of the single inverted pendulum

Variable name Description Values
g gravitational constant 9.8ms—2
me mass of the cart 1kg
m mass of the pendulum 0.1kg
1 effective length of the pendulum 0.5m
1 swing angle state
To swing speed state

The objective is to design an adaptive integral sliding mode controller such that the system output
y (3.27) tracks the desired reference trajectory given by x4 = sin(0.57t). The sliding variable is defined
as s = x1 — x4 and the proposed control law (3.22) is used. For our proposed controller (3.22) the
method given by Defoort et al. [62], is chosen with n = 2, ay = 3/4, k1 = 3, ag = 3/5, ka = 2.5,
G = 10 and wpem (3.9) is calculated. The sliding manifold parameter (3.17) is selected as k = 30. The
adaptive tuning law is designed as T = 5.5|0| with Ty = 0. Figs. 3.5 - 3.8 show the system output, the
control input, the sliding manifold and the estimated adaptive gain obtained by using the proposed
controller. It is evident from these figures that apart from ensuring the desired tracking performance,
the proposed control scheme is able to eliminate the undesired high frequency chattering in the control

input.
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Figure 3.5: System output with the proposed control Figure 3.6: Control input with the proposed control
law (3.22) law (3.22)
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3.5 Summary

An adaptive integral chattering free sliding mode controller for uncertain systems is proposed in
this chapter. A tuning rule is designed to deal with the unknown bounded system uncertainty. The
upper bound of the system uncertainty is not required to be known apriori as is the case with most
existing sliding mode controllers. Stabilization of the triple integrator system and tracking control of
the single inverted pendulum are investigated. It is observed that the proposed control law is capable
of achieving the control objective while eliminating the high frequency oscillations in the control input.
Hence the proposed controller promises to be highly suitable for practical applications. The stability of
the controlled system is proved by using Lyapunov stability criterion. Simulation results demonstrate

the efficacy and advantages of the proposed controller.
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4.1 Introduction

4.1 Introduction

It is evident from the discussion so far that the sliding mode control (SMC) is a robust control
strategy which is insensitive to matched uncertainty affecting a dynamic system [43]. However, in
presence of mismatched perturbations, the property of asymptotical stability is, in general, hard to
achieve by using the traditional SMC technique [59]. One significant research finding is that the
stability of the system is guaranteed if the system trajectory is driven to a bounded region [31,72,73].
Hence when the system contains mismatched perturbations, the information about the upper bound
of perturbations is needed in order to achieve asymptotical stability [32,74,75]. A technique was
developed in [38] where asymptotic stability could be achieved without requiring the information about
the upper bound of the system uncertainties. Here adaptive mechanism was embedded in the controller
as well as in the sliding surface, but the control input obtained by using the above-mentioned method
was not smooth and high frequency chattering was present which made the algorithm substantially
difficult to apply practically.

In this chapter, a chattering free sliding mode control scheme for multiple input multiple output
(MIMO) systems with both matched and mismatched uncertainties is proposed. A tuning rule based
sliding mode is used to design the proposed controller in order to mitigate chattering and adaptive
tuning mechanism is employed for estimating the upper bound of the system uncertainty. The twin
rotor multi input multi output system (TRMS), which is a typical example of a coupled MIMO system
with mismatched uncertainty, is considered for design and validation purpose. The TRMS is divided
into a horizontal and a vertical subsystem and an adaptive sliding mode controller is designed for each
of the subsystems. Next the adaptive sliding mode controller is applied for stabilization of the vertical
take-off and landing (VTOL) aircraft system which is affected by both matched and mismatched
types of uncertainty. To show the effectiveness of the proposed control law, experimental studies are
conducted on a single degree of freedom (DOF) vertical take-off and landing (VTOL) aircraft system
to study the real time performance of the proposed adaptive sliding mode (SM) controller. The design
prerequisite of the sliding mode controller is complete knowledge about the state vector which is not
available in this example. Hence unavailable states of the 1 DOF VTOL are estimated by using an
extended state observer (ESO).

The outline of this chapter is as follows. Section 4.2 discusses the design procedure of the adaptive

sliding mode controller. The design strategy is demonstrated by taking the TRMS into consideration
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4. Adaptive Sliding Mode Controller for Multiple Input Multiple Output (MIMO) Systems

in Section 4.3. In Section 4.4, effectiveness of this adaptive sliding mode controller is validated by
applying it for stabilization of the VTOL system. Experimental results obtained by applying the
adaptive sliding mode controller on the laboratory set-up QNET which is the prototype of VI OL
aircraft system are presented in Section 4.5. A brief summary of the chapter is presented in Section

4.6.

4.2 Adaptive sliding mode controller
Let us consider the following uncertain system
&= Az + Bu+ f(x,t) (4.1)

where x € R"™ is the state vector, v € R is the control input and the continuous function f(z,t)
represents matched and mismatched uncertainties together. Let us assume that the above system is

in the regular form requiring no transformation. Thus the system can be written as,

1 = anxi +ars + fulz,t)

&y = anx1 + axnry + Bou+ By f(x,t) (4.2)

where z1 € R"™™, 29 € R™, fu(z,t) is the mismatched perturbation and f,,(x,t) is the matched one.

Let us consider the sliding surface given by

s = CT

= (121 + Cc2x2 (4.3)

where c1, co are matrices with proper dimension.
4.2.1 Stability during the sliding mode

During the sliding mode s = 0 and therefore (4.3) can be written as,

s = cx=cix1+coxyg =0

or,ro = —02_1011‘1 (4.4)
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4.2 Adaptive sliding mode controller

where ¢y is invertible.

Using (4.4) in the state space model (4.2) yields,

. —1
1 = an1x1 —a12¢y c1x1 + fu
—1
= (a11 — ai2¢; c1)x1 + fu

= asx1 + fu (4.5)

where as = (a1 —a12¢; *¢1). Furthermore, f, is the uncertainty satisfying the condition || f,|| < ||a1]|
[8] where X is a bounded positive constant.

Remark 4.1. The above assumption is a limitation on the uncertainties that can be tolerated by the
system. From the work in [74] [76] [77], these assumptions are fundamental and reasonable. The
structural requirement on the interconnection bounds is not essential because it can be easily extended
to a more general case (for example, [78] can be referred to).

It is to be noted that ¢; and co are designed in such a way that the eigenvalues of ag lie in the left

half of the s-plane and there exits a positive definite matrix P [74] such that
P+ Pay,=—R (4.6)

where R is also a positive definite matrix. Let a Lyapunov function for the system be defined as

Vo = xr{le. The time derivative of V5 is obtained as,

Vo = iTPxi+al Piy
= x{aSTle + f,:{le + :L"{Pasxl + xr{Pfu
=27 (al P + Pay)xy + f Py + 21 Pf,

= —aT Ry + 22T Pf, (4.7)
It is known that [74] [75],
a;lTRxl > )\mm(R)alexl = )\mm(R)Hx1H2 (4.8)
where A\, is the minimum eigen value and so,

Vo < =Amin(R)||z1||? + 22T Pf, (4.9)
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If there exists a bounded positive constant A such that A < 0.5\ (R)/||P]|, then
201 Pfu < 2| Pllllz1]? < Amin (R)| |21 ||? (4.10)
and
Va < =Amin(R)||a1||* + 22] Pf, <0 (4.11)

Hence the stability in the sliding mode is proved.
4.2.2 Design of the control law

The time derivative of sliding surface

= ¢(Az + Bu+ f(x,t)) (4.12)
§ = cAi+cBu+cf(x,t)
= A%z 4 cABu + cBu + (cAf(x,t) + cf (z,1)) (4.13)
Assuming s = y1(z) and $ = ya(x), the system dynamics can be written as,

() = ya(x)

go(x) = @[z,ul + Uz (4.14)

where v = @ and @[z, u] collects all the uncertain terms not involving 4. So a sliding mode controller
for the above system can be designed to keep the system trajectories on the sliding manifold using the

control input @ = v. Let the sliding function be considered as,
o = ya(x) + k1 () (4.15)
where £ is a positive constant. Differentiating (4.15) yields,

o = 12(x) + ky1(x) (4.16)
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4.2 Adaptive sliding mode controller

Using (4.12), (4.13) and (4.16) yields,

6 = A%z + cABu+ cBi + (cAf(z,t) + cf (z, 1))
+rc(Ax 4+ Bu + f(z,t))
= A%z + kcAx + (cAB + keB)u + cBu

+e(Af (@, t) + fla,t) + K f(2,1) (4.17)
Using the constant plus proportional reaching law gives rise to,
6 = —kio — kasign(o) (4.18)
Using (4.17) and (4.18), the control law is obtained as,

o = —(cB)"Y((cA? 4 keA)x + (cAB + keB)u

+kio + kasign(o)) (4.19)

where k; > 0 and ky > c¢(Af(z,t)+ f(z,t)+rf(z,t)) = ¢VF = Q to satisfy the reaching law condition
o6 < —nl|o||, where 7 is a positive constant.

Proof : A Lyapunov function is defined as V' = %02 and using the control law it is easy to find that,

V = o6
=0[cVF — kio — kesign(o)]
= 0[Q — k10 — kasign(o)]
< Qllol] = kaflo|| < —nllo]] (4.20)

Clearly, (4.20) implies that if k&3 > 0 and ko > @, control law (4.19) forces the sliding manifold o to

zero in finite time.
4.2.3 Design of the adaptive tuning law

In practice, the uncertain term VF is often difficult to know. Hence an adaptive tuning law is

designed to determine k2. So (4.18) can be written as

& = —kio — T'sign(o) (4.21)
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where T estimates the value of ko.

Using (4.19) and (4.21), the control law is obtained as,

@ = —(eB) ' (cA*+ kcA)x + (cAB + keB)u

+ki0 4 Tsign(o)) (4.22)

Defining the adaptation error as T = T — T, the parameter T is estimated by using the adaptation
law [39, 69, 79]

2 1
T = —|lo|| (4.23)
Y

where 7y is a positive constant. A Lyapunov function is defined as V = %O’Q + %’yfz and it is easy to

find that,

V = o6+ ’)/TT
= 0[¢VF — kio — Tsign(o)] + (T — T)T

= 0[Q — k1o — T'sign(o)] +~(T = T)T

< Qlloll = Tllol| < —nllo]] (4.24)

The above inequality holds if T = %||0H, n > 0 and T > Q. This ensures the convergence of o and
guarantees that the states converges to equilibrium asymptotically.

Remark 4.2. Practically, ||o|| cannot become exactly zero in finite time and thus the adaptive pa-
rameter T may increase boundlessly. A simple way of overcoming this disadvantage is to modify the

adaptive tuning law (4.23) by using the dead zone technique [30] as

Yioll, ol > €

7= (4.25)

0, loll < e

where € is a small positive constant.

As is evident from (4.19), @ is free from any discontinuous part and so integration of 4 yields a
continuous control law w. Hence the undesired high frequency chattering of the control signal is
eliminated.

Thus the above adaptive SM control method offers two main advantages. Firstly, the knowledge about

36



4.3 The twin rotor MIMO System

the upper bound of the system uncertainties is not required. Secondly, the chattering in the control

input is removed.

4.3 The twin rotor MIMO System

In this section the problem of controlling the twin rotor MIMO system (TRMS), which is the
prototype of a helicopter, is addressed. The above-mentioned control law is used for the TRMS
affected by mismatched uncertainty.

The TRMS has been the object of research for control theorists for many years. The TRMS resembles
a nonlinear system with heavy cross coupling effects. Hence controlling the TRMS is quite challenging
and has gained a lot of research interest [8,80-83]. An evolutionary computation based proportional
integral derivative (PID) controller has been proposed for addressing the tracking control problem in
the TRMS [84]. A fuzzy logic based linear quadratic regulator (LQR) control has been developed
to stabilize the TRMS in presence of high cross coupling [1]. In [1] the phase portrait technique has
been used for rule reduction and obtaining the model. In [85] a robust dead beat controller has been
designed for controlling the TRMS. Here the system was decoupled into two single input single output
(SISO) models and the cross coupling was considered as disturbance for each other.

In this section, a sliding mode (SM) controller is proposed for position control of the TRMS. In
the proposed design methodology, the mathematical model of the TRMS is pseudo decoupled into a
horizontal and a vertical subsystem. The cross coupling effect between the main rotor and the tail
rotor is considered as the uncertainty in the pseudo decoupled TRMS. An adaptive tuning law is
adopted to deal with the system uncertainty. The main benefit offered by this adaptive sliding mode
controller is that apriori knowledge about the upper bound of the system uncertainty is not needed.
A proportional integral (PI) sliding surface is designed for the vertical subsystem to remove the offset
in the pitch angle. Simulation results illustrate that our proposed adaptive sliding mode controller
shows better tracking performance with lesser control effort as compared to PID controllers [84]. Even
the presence of an external disturbance in the horizontal as well as the vertical subsystem does not

degrade the performance of the proposed adaptive sliding mode controller.
4.3.1 TRMS Description

The TRMS is a laboratory setup resembling a flight control system as shown in Fig. 4.1. The

TRMS is a highly coupled nonlinear multi input multi output (MIMO) system. The TRMS consists
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Figure 4.1: The twin rotor MIMO system (TRMS) [1]

of two rotors which are perpendicular to each other and are joined by a beam pivoted on its base in
such a way that it can rotate freely in both the horizontal and the vertical planes. The main rotor
produces a lifting force allowing the beam to rise vertically (pitch angle) while the tail rotor is used
to control the beam to turn to the left or the right (yaw angle). Both the rotors are driven by similar
independent D.C. motors which produce the aerodynamic forces. A counterbalance arm with a weight
at its end is fixed to the beam at the pivot to stabilize the TRMS. Tacho-generators are attached to

the D.C. motors to measure the angular velocities of the two rotors.
4.3.2 System Modeling

Approximate mathematical model of the twin rotor MIMO system is obtained by using Newton’s

second law of motion and is converted into the state space form [8,84] as given below:

.j?lz.ib'g

:i72:$4
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4.3 The twin rotor MIMO System

1

T3 = f[ltSth(wt)Cosxz — kpxs — x3gg4(D — E)sin2x2 B jmrwm($6)x4sin1:2
Jn
o Qwm (@)
+Tm7‘ (uo — w6) o6 cosx2]
iy = 9.1[LnSsFy(wp) — g(0.0099coszg + 0.0168sins2) — k4]
' d
+9.1[—0.025223 sin2xy + %(uh — ) Uiltgs)]
. 1
xr = —(up —
’ Ttr( 4 5)
. 1
T = 7 (uy — g) 126)
mr

With w,(up) being the input voltage of the DC motor for the main (tail) propeller, the armature

current i, (i) can be obtained by solving the following differential equations

di, 1 .

T T, e )

diy, 1 .

Zthe 0 2 — 4.2
o T, (un — in) (4.27)

where x1 = «y, is the yaw angle, zo = «,, is the pitch angle, 3 = €, is the angular velocity around
the horizontal axis, x4 = {2, is the angular velocity around the vertical axis, x5 = 45 is the armature
current of the tail propeller subsystem, x¢ = i, is the armature current of the main propeller subsystem.
Furthermore, l,,(l;) is the main (tail) length of the beam, j,,,(jir) is the moment of inertia for the main
(tail) propeller subsystem, Ty, (T3.) is the time constant of the main (tail) motor-propeller system and
wm(w) is the rotational speed of the main (tail) rotor DC motor. Moreover, ky(kp) is the friction
constant of the main (tail) propeller subsystem, S is the balanced scale and wu,(up) is the control
input for the main (tail) DC motor. The propulsive force to move the joined beam in the vertical
(horizontal) direction is denoted by F,,(F}) which is approximately described by a nonlinear function of
the angular velocity wy,(w;). Gravitational acceleration is symbolized as g and D, E, G are constants.

Furthermore,

in = Dsinzy + Ecos’zy + G
wm(z6) = 90.9928 + 599.73z7 — 129.262§ — 1283.64x] + 63.45x2 4 1283.41x6

wi(zs) = 2020z2 — 194.6925 — 4283.1523 4 262.2722 + 3768.83x;5

39



4. Adaptive Sliding Mode Controller for Multiple Input Multiple Output (MIMO) Systems

Table 4.1 lists the physical parameters of the TRMS and their values.

—3.48 x 107123 4 1.09 x 107 %], 4 4.123 x 1075w3, — 1.632 x 1071w2,

+9.544 x 102wy,

—3 x 1071w) — 1.595 x 107 M} +2.511 x 1077w} — 1.808 x 10~ 4w?

+8.01 x 102wy,

Table 4.1: Physical parameters of the TRMS [8]

Symbol Definition value

Im Length of the main part of the beam 0.236m

I Length of the tail part of the beam 0.25m

ky Friction coefficient of the vertical axis 0.0095

kn Friction coefficient of the horizontal axis 0.0054

Jmr Moment of inertia of the DC motor main propeller | 1.6543 x 10~°kgm?
Jer Moment of inertia of the DC motor tail propeller 2.65 x 10~ °kgm?
Trr Time constant of the main rotor 1.432 sec

Tir Time constant of the tail rotor 0.3842 sec

D Mechanical related constant 1.6065 x 10 3kgm?
E Mechanical related constant 4.90092 x 10~2kgm?
G Mechanical related constant 6.3306 x 10 3kgm?
St Balance scale 8.43318 x 1077

g Gravitational constant 9.81m/s?

The nonlinear state equations of the TRMS in (4.26)-(4.28) can be represented as,

X = f(X,up,uy), where X = [z1,x9, ....

,z6]T, and

f(X7 Uh,uv) = [fl(X7 uhauv)va(Xa uhvuv)--“vfﬁ(X> uhvuv)]T

(4.28)

(4.29)

In order to reduce the complexity of the position controller, the complex TRMS model is divided into

a horizontal subsystem (HS) and a vertical subsystem (VS) following the approach in [1] [8]. While

designing the controller for the subsystem, a linear part is added to and the same is then subtracted

from the nonlinear part for facilitating pseudo-separation whereas the overall system remains the same.

The state equations are then written as,

Ty = flhxh + Bhuh + AF},

&y = Ayzy+ Byuy, + AF,

(4.30)

For the above horizontal and vertical subsystems, the states and parameters are defined as, x; =

[x1, 23, 75)7, AF, = [0, Afn(zh, 2o, uy), 07 and z, = (22,24, 76]7, AF, = [0, Afy(xy, zn,up), 0]7.
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Here,
of  Of1
B @p11  QR12  Qn13 %’fcl g:;:cg
Ap= | an1  anz2  an2s | = | 5 oo
a3 Gns2  An33 gL ok

nT
B; = [ bri1 br21 bp31 ] - [ g%
pT
B, = [ by11 by21 by31 ] = [ gﬁ
B ay1l Ay12 ay13
A, = 21 A22 ay23
ay31 Ay32 ay33
0 1
0 0

1
Afh(l’h, Ly, UU)

+]ﬂ(uv - xG)

Tmr d$6

Afo(xy, xp, up)

—0.025223 sin229 + %ﬁ(uh — T5)

tr

dwp, (z6)

o 0 1 0
afs _ k 301.881;S
873 =10 _EfG E+gt1f (4.31)
872 X—o 0 0 -1,
Ofs Of: — -1
i &;] [0 0 T, ] (4.32)
o) 9 _ _
o =00z ] (43
Ofz 9f2 Ofa
0o 0Ty Jxg
— | 9fa Ofa Ofa
0o 0Ty Jxg
9fe 9fe 9fe
Oxo Oxy Oxg X=0
0
1114.651,, Sy (4.34)

—1
_Tmr

— 1Sy Fp(we)cosza — kpws — x334(D — E)sin2x9 — fmrwim (T6)TasinTs
Jh

COSTo| — Ap21 %1 — AR22T3 — AR23T5

9.1l St Fy(wm) — 9(0.0099cosx2 4+ 0.0168sinxs) — kyxy

dw(x5)
d5L‘5

| = aw2122 — 2224 — 2376 (4.35)

In (4.30), AF}, and AF, are considered as the uncertainty in the TRMS. The system (4.30) can be

partitioned into the regular form,

Z1n

Zon

_ T _ _
where z1p, = [ml $3] y Z2h = X5, A11h =

ap21

az1h = [ah31 ah32]7 a22p = Gp33-

ap11

aiipin + a12nzon + fin

az1n21h + a2nzon + bpziup + fop

ap12

(4.36)

ap13

, A12h = )

ap22

ah23

41



4. Adaptive Sliding Mode Controller for Multiple Input Multiple Output (MIMO) Systems

Here,

0
fin = , fan = 0.
Afp(xh, Ty, uy)

Therefore the state space model of the TRMS-HS can be expressed as,

zin | Z1h 0 AF,
. =A 4.37
[Z%_ h[zzh]Jr[B%}uhjL{ 0 (4.37)
aiip a12p - 0
where Aj, = , Bop, = bpat, AFy, = fi, =
asip,  Goon Afr(Th, Ty, uy)

Similarly the TRMS-VS can be expressed as,

v = 11vZ10 + 120220 + fiv
Zoy = A21pZ1v + 22022y + by31Uy + fo (4.38)
T Gy11 ay12 Ay13
where 21, = [z2 x4]", 220 = T6, Q119 = y 12y = ;
ay21 ay22 ay23

a21v = [au31 @p32], G220 = Ay33.

0
Here, f1, = , fav = 0.
Afv(xhawmuh)

Therefore the state space model of the TRMS-VS can be expressed as,

21u 214 0 AF,
. =A 4.
S n e L Jer [ (29
a11y a12v - 0
where A, = , Boy = bys1, AF, = f1u = . Let the desired
asiy 22 A fo(zy, zp, up)

reference vector be 7, (r1) for ziy(zin), i = 1,2. Then 71, = [rgy 0]7, rop = 0 and r1; = [rzn, 0]7,

rop, = 0. Hence the error vectors e;,(e;,) are obtained as,

€l = Z1v — Tlvy, €20 = 220 — T2

€1h = Z1h — T1hs €2h = Z2h — T2h (4.40)

Without loss of generality the desired vectors are assumed to be zero [8], hence the error state space

42



4.3 The twin rotor MIMO System

model becomes,

E, = A,E,+ Byu, + AF, (4.41)

Eh = ApE + Bpup + AF}, (4.42)
where E,(Ej) € R? is the error state vector and u,(uy) € R' is the control input. Here A,(A) and
By, (Bp,) are known matrices with proper dimensions.

4.3.3 Design of sliding mode controller for the TRMS horizontal subsystem

The main idea behind the proposed sliding mode is to act on the second order derivative of the
sliding variable o(z,t) rather than the first derivative as in standard sliding modes. Besides retaining
the main benefits of the standard sliding modes, the proposed sliding mode offers the additional

advantage of eliminating the chattering effect [64]. Let the sliding surface be chosen as
sp =B (4.43)

where ¢, = [c1p, cop] are real positive constants. For the proposed sliding mode, the first and second

order time derivatives of the sliding surface are obtained as,

d
s = —(chE
5 dt(ch h)
= e, B, = cn(ALE) + Buup + AFy) (4.44)
S, = ChAhEh + cp, Bruy, + ChAFh

= ch Ap(ApEnR + Brup, + AFh) + e Bpuy, + ChAFh

= ChA%LEh + cp Ap Bpuy, + cp Bpty, + (ChAhAFh + ChAFh) (445)

If it is possible to bring s and $p to zero in by using a discontinuous control signal iy, then the actual
input of the system wuy, is the integration of the discontinuous signal. Thus wuy, is continuous, thereby
reducing the undesired high frequency oscillations are always present in the first order sliding mode

control. Assuming y1(Ey) = sp and ya2(E}) = $p, the system dynamics can be written as,

1(En) = y2(Ep)

Y2 (Eh) = F[Eh, uh] + G[Eh, 'Uh] (4.46)
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where v, = 4y, and F[E}p, up] collects all the uncertain terms not involving 4. Thus the horizontal
subsystem (4.30) becomes a chain of integrators controlled by the input 4. So a sliding mode controller
for the above system can be designed to keep the system trajectories in the sliding manifold using the

control input vy. To design a SMC for the system (4.42), the sliding function is considered as,

on = y2(Ep) + £py1 (En) (4.47)
where £y, is a positive constant. Taking the derivative of (4.47) we get,

&n = 92(En) + £pd1(En) (4.48)
From (4.44), (4.45) and (4.46) we have,

U1(En) = cn(AnER + Brup + AFy)

yg(Eh) = ChA%LEh + cp Ap Bruy, + ep Bpiy, + ch ApAFy, + ChAFh (449)
Using (4.48) and (4.49) we have,

op = ChA%LEh + e, ApBruy, + e Bpag, + e AR AFy, + ChAFh + Hh(Ch(AhEh + Bpuyp, + AFh)>
= ChA}QLEh + ke AnEn + (ChAhBh + thChBh)uh + cp Bpp,

+(chARAF, + chAFh) + kpeR Ay, (4.50)
For designing the adaptive part of the control law, we consider
op = —kipop — kapsign(op) (4.51)
Using (4.50) and (4.51), the control law is obtained as,

up, = *(ChBh)_l((ChAi + K}hChAh)Eh + (ChAhBh + ’ihChBh)Uh + kipopn + k:ghsign(ah)) (4.52)

where ki1, > 0 and ko, > cp(ARAF, + AF), + kRAFR) = ¢, VF, = Qp to satisfy the reaching law
onon < —nplon|, where n, > 0 [56]. Let us assume that there exits a bounded positive constant 5\;1

such that, ||V F,|| < N, || Ep|| [8] and Qp, = X, cu||Enl| > 0.
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4.3.4 Design of adaptive tuning law for the horizontal subsystem

In practice the bound of uncertainty is often not known and hence the error term || E}|| is difficult
to know. So an adaptive tuning law is designed to determine kop. Then the time derivative of the

control law (4.52) can be written as
in = —(cnBn) M (ch A}, + kncnAn) En + (chApBy + kncnBr)up + kinon + Thsign(on)]  (4.53)
and consequently the actual control law can be obtained as,
t A
up = —(chBh)_l / [(chAi + IihChAh)Eh + (ChAhBh + IihChBh)uh + kipon + Thsign(ah)]dT (4.54)
0

where ¢p, By, is nonsingular, sign(op,) is the sign function and Th is the unknown bound which will be
estimated adaptively.
Defining the adaptation error as Th = Th — Th, where T}, is the actual gain, the parameter ’fh will be

estimated by using the adaptation law

S 1
Th = —lonl (4.55)
Th

and ~y, > 0 is designed positive constant, T;,(0) is the initial condition. A Lyapunov function is selected

as Vi = %G% + %’yhT,f whose time derivative is as follows,

Vin = onon+wTiTh

A

= oplenVE, — ko — Thsign(on)] + yn(Th — Tn)Th,
= ou[Qn — kinon — Thsign(on)] + v (Th — Tn)Th
< Qnlon| — Thloy|

§ —nh\ah\ (4.56)

The above inequality holds if T}, = ,Yih\ah\, np > 0 and Ty, > Q. Considering (4.55) and (4.56), it is
straightforward to verify that Vi), < —nplon|, where n, > 0. This ensures the convergence of o5, and
guarantees that the states converge to the equilibrium asymptotically.

The adaptive law (4.55) is modified by using dead zone technique [30] as

1
: ==|on|, |on| = €n
Ty, = il ol (4.57)

0) |0h| < €p
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where €y, is a small positive constant.
Initially the adaptation gain parameter 7y, is so chosen that it is smaller than the upper bound of
the system uncertainties. However, this is not really a restriction of the method since one can freely

choose a sufficiently small number.
4.3.5 Stability during the sliding mode
During the sliding mode s, = 0 and therefore (4.43) can be written as,
sn = cpEp = cipern + conean =0
or,ean = —CyjClneln (4.58)

where cgp, is invertible.

Using (4.58) in the error state space model (4.42), we get

€lh = Q11h€1h — a12h05;301h61h + AFy
= (a11n — @12nCyp C1n)ern + AF), = apserp + AR, (4.59)
where aps = (a11p — alghc;hlclh). Furthermore, AF}, is the uncertainty satisfying the condition

I|AFL|| < Anllein|| [8]. It is to be noted that ¢, and ¢y are designed in such a way that the
eigenvalues of (a1, — a12hc2_hlclh) lie in the left half of the s-plane and there exists a positive definite

matrix Py, [74] such that
a} s Pn + Praps = —Ry, (4.60)

where Ry is also a positive definite matrix. Let a Lyapunov function for the system be defined as

Von, = elThPhelh. The time derivative of V5, is obtained as,

: .T T .
Vo = €&, Phein + e Préin
T T nil T T I
= elhahSPhelh + AFh Prein + ethhahselh + ethhAFh

= elTh(a?;SPh =+ Phahs)elh =+ AFhPhelh + e{hPhAFh

= —el, Rperp + 2e1, PLAF), (4.61)
It is known that [74] [75],
elnRrein > Amin(Bn)etnein = Amin(Rn)|le1n] | (4.62)
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where A\, is the minimum eigen value and so,
Vgh < _/\min(Rh)Heth2 -+ Qe?hPhAFh (4.63)

If there exists a bounded positive constant A, such that Ay < 0.5Amin(Rp)/||Psl|, then

2e1y, PhAFy < 2] [Pal[llernl 1> < Ammin(Rp)|lewn| (4.64)
and
Vgh < _)\min(Rh)HethQ + 26{hPhAFh <0 (4.65)

Hence the stability in the sliding mode is proved.
4.3.6 Design of sliding mode controller for the TRMS vertical subsystem

As the gravity force affects the dynamics of the vertical subsystem of the TRMS, it is difficult to
control the pitch angle at a desired reference location. In order to reduce the offset of the pitch angle,
a proportional plus integral sliding surface is designed for the vertical subsystem. Let us consider the

error state space model of the vertical subsystem given by (4.41),

E, = AyE,+ Byu, + AF,

(4.66)

where E, € R? is the error state vector and u, € R' is the control input. Here A, and B, are known

matrices with proper dimensions. A proportional plus integral sliding surface is chosen as,

¢
Sy = Cp By + 63U/ e1,dT (4.67)
0

where ¢, = [c1, c2,] are real positive constants and cs, is also a real positive constant whose selection
criterion is to be discussed in Section 4.3.8. For the proposed sliding mode, the first and second order

time derivatives of s, need to be considered. Thus we have,

d t
Sy = dt(chv—i—c;),v/O e1,dT)

= CUEU + C3vely

= ¢,(AyEy + Byuy + AF,) + cavery (4.68)
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gv = CUA’UE’U + chvuv + C’UAF’U + C3vélv
= CUA’U(A’UE’U + Byuy, + AFv) + cyByty + C’L)AF’U + c3v€1p

= CUA?,Ev + cy Ay Byt + €y Byt + 30610 + ¢y (AL AF, + AFU) (4.69)

By following a similar procedure as described earlier in Section 4.3.3, the following is obtained in the

case of TRMS VS,

oy = (CUA% + KJUCUA”U)EU + (CUAUBU + KUCUBU)UU + ¢y By, + €30€10

+huC30e1n 4 Co(AyAF, + AE,)) + Ky, AF, (4.70)
where £, is a positive constant. For designing the adaptive part of the control law, we consider [68]
Gy = —k1y0y — koysign(oy) (4.71)
Using (4.70) and (4.71), the control law is obtained as,

Uy = —(cva)_l[(ch% + KypCyAy)Ey + (o Ay By + KypCyBy)uy

+C30€10 + KuC3ve1y + K10y + kaSign(OZU)] (472)

where ki, > 0 and kg, > ¢, (A ,AF, + AFU) + Ky AF, = ¢,VF, = @Q, to satisfy the reaching
law 0,0, < —1|0| [56]. Let us assume that there exits a bounded positive constant A such that,

IVE < N[|Eol| [8] and Qu = Aol [ Eu|| > 0.
4.3.7 Design of adaptive tuning law for the vertical subsystem

An adaptive tuning law is designed to determine ko, and so (4.72) can be written as [75]

ly = —(CUBy)il[(CvAzQ; + Ko Ay) By + (CvAva + /ivchv)Uv

+C30€10 + KuC3vely + k1voy + TUSign(Uv)] (473>
where Tv estimates the value of ko,. The actual control is obtained as,

t
Uy = —(chfU)_1 / [(CUA% + Ry Ay) Ey + (cy Ay By + KyCy By)uy
0

+¢34€10 + KuC3veiv + K10y + Tvsign(o'v)]dT (4.74)
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The parameter T}, is estimated as [69] [70]

X 1
T, = 7|U’U| (475)

v

where 7, is a positive constant. A Lyapunov function is chosen as Vi, = %012] + %%Tf whose time

derivative is obtained as,

Vlv = Uvdv+7vTvTv

= oy[cy VE, — k1yoy — Tvsz’gn(av)] + ’yU(TU — TU)TU

= UU[QU — k1y0y — TUSign(UU)] + ’Yv(j_'v - Tv)Tv
< Qv|0v| - Tv‘av‘

< —myloy| (4.76)
The above inequality holds if T = %’Uv’ and T, > Q.
The adaptive law (4.75) is modified using the dead zone technique [30] as

T,=4¢ " - (4.77)

where €, is a small positive constant.

The above control law (4.74) is free from any discontinuous part and hence chattering is reduced.
4.3.8 Stability of the sliding surface

During the sliding mode s, = 0 and therefore (4.67) can be written as,
t
Sy = Cly€ly 1+ C20€2 + C3U/ e1pdr =0
0
t
or, e, = —cz_vl(clvelv + 03U/ e1,dT) (4.78)
0
Using (4.41), we have
t ~
ély = A110€1y — A120Coy (Clo€1y + C3v/ e1, dr) + AF,
0

t
“1 ~1 =
= (a11v — @120C5, Cly)€10 — A120Coy C3v/ e1p dr + AF,
0

t
= Qys€ly — avt/ el dr + AF, (479)
0
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Aysll Ays12 Gytl1l Ayt12

—1
and a,; = a12,Cq, C1y =
Ays21 Ays22 Qyt21 Ayt22

—1
where Ays = (a11v — A12¢Cy, Clv) =

_ T
Let e1, = [e110 €120]" and

t
/ €120 AT = €11y (4.80)
0

A new state variable y; is defined as x1 = fg €11y d7 and hence x1 = ej1,. Thus (4.79) can be

represented as,

f 0 1 017 .
. AF,
€12v —Gyt21 Ays21 — Aut22 Ays22 €12v
0
= awXt |: AF :| = X + AFvv (481>
v

where AF,, = [0 AF,]”. It is clear that ||AF,,|| = ||AE,||. Here ¢y, ¢, and c3, are designed in
such a way that the eigenvalues of (a1, — algvcgvlch,) lie in the left half of the s-plane and there exits

a positive definite matrix P, such that
al P, + Pyay, = —R, (4.82)

where R, is also a positive definite matrix. In the TRMS -VS, AF,, satisfies ||AF,,|| < S\vHXH with
Ao < 0.5Xmin(Ry)/||Py||. So the TRMS-VS is stable in the sliding mode. Let a Lyapunov function for

the system be selected as Vo, = x! P,x whose time derivative is obtained as,

VZU = XTPUX + XTPUX
= XTaZvPvX + AFg;PvX + XTPUam)X + XTPUAFUU
= XT(agvPvX + PUG’UU)X + AFq?;;PUX + XTP’UAF’UU

= —TRyx + 2xTP,AF,, (4.83)
It is known that [8]
XTRoX = Amin (Ro)XTX = Amin (Ro)[|x|[? (4.84)
and Vay, < —Xmin (Ro)|[x|12 + 2T Py AFyy if Ay < 0.5Amin(Ry)/||Py||, then

2xT PyAFyy < 2X0||Pu[[[X11* < Amin (Ro)IIxII? (4.85)
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Therefore, Va, < —Amin(R)| x| [?+2xT P,AF,, < 0. Hence the stability in the sliding mode is proved.
Remark 4.3. In designing the control law for the horizontal and vertical subsystems, the terms sy,
and $, are needed. However, these derivative terms can neither be directly obtained nor measured.
Direct differentiation on sp(sy) is highly undesirable as practical measurement of sp(sy,) in real time
application will contain high frequency noise. The first/higher order Levant’s exact differentiator [25]

[64] can be used for the estimation of $,(Sy). A first order real time differentiator has the form,

f = —Milzo — sn(sy)|2sign(zo — sn(sv)) + 21

21 = —Aasign(zo — sn(sv)) (4.86)

where A1 > 0 and Ao > 0 are the design parameters and the estimators are designed as $p($y) = z1.
4.3.9 Simulation results

The proposed adaptive sliding mode controller is applied to the TRMS [8] and the performance
of the controlled system is studied by carrying out simulations using MATLAB ODE 4 solver with a

fixed step size of 0.01sec. The parameters used for the TRMS are as listed in Table 4.1.
4.3.10 Control parameters for the horizontal subsystem

In the horizontal subsystem, the sliding surface parameters cp, = [c1), cop] are chosen as ¢1, = [11 7]
and cgp, = [7] to satisfy the condition (4.60). The values of the reaching mode coefficient k;; and
adaptive tuning parameter ~y;, are chosen as 1.0 and 10 respectively (4.51, 4.55) by using the condition
given in Section 4.3.4. The value of kj, (4.47) is chosen as 2.0. The adaptive tuning law is formed as
fh = 0.1]o,| and T3, (0) = 0.7 (4.55). The positive definite matrices P, and Ry, satisfying the stability

condition are selected as

Py =

122.27  27.28 } Ry [ 98.61  7.98 ] (4.87)

27.28 53.24 7.98 78.29

The above values of P, and Ry, are found suitable for the simulation example.
4.3.11 Control parameters for the vertical subsystem

For the vertical subsystem, the PI sliding surface parameters ¢, = [c1, c¢2,] (4.67) are chosen as
c1y = [11 8], 9, = 12 and ¢3, = [7 0.5] to satisfy the condition mentioned in Section 4.3.5. The values

of the reaching mode coefficient ki, and the adaptive tuning parameter -, are selected as 1.3 and 1.25
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respectively (4.71, 4.75). The value of k, is chosen as 2.0. The adaptive tuning law for the TRMS-VS
is formed as T}, = 0.8|0y| and TU(O) = 0.5. The positive definite matrices P, and R, satisfying the

stability condition as explained in Section 4.3.8 are found as

105.10 30.49 59.89 15.50 1.50 8.30
P,=1| 30.49 288.55 28.08 | ,R,=| 1.50 35.60 1.30 (4.88)
99.89 28.08 199.89 8.30 1.30 30.10

The TRMS controlled by using our proposed adaptive sliding mode controller is studied for the
position as well as the tracking control problem. In the position control example, the initial condition
of the TRMS is considered as #(0) = [0 —0.5 0 0 0 0]L. In order to study the performance of the
proposed controller for both the cases of position and tracking control, the simulation is performed by
applying three different reference signals: 1) Step input with 1 rad in the horizontal subsystem and
step input with 0.2 rad in the vertical subsystem; 2) Sine wave having amplitude 0.5 rad and frequency
0.025 Hz for the horizontal subsystem and sine wave having amplitude 0.2 rad and frequency 0.025
Hz for the vertical subsystem; 3) Square wave having amplitude 0.5 rad and frequency 0.025 Hz for
the horizontal subsystem and square wave having amplitude 0.2 rad and frequency 0.025 Hz for the

vertical subsystem.

1.5
1S 1
{@ = system output
?.?) 0.5 = = =reference N
'S ' += = control signal
312 oY\ siememsssssesiesies s s . .- -
o
o
_0.5 | | | | | | | | |
0 5 10 15 20 25 30 35 40 45 50
Time(sec)
l?i -
= Pt
7o ALY
33 A
> — "o 1 |
1 8 O'5i v
Do
i ‘B N m e W e m W E E E E N BB E BN EE NN EE NN &N NN NN NSNS &&= m
;2 o — system output 1
i 5 reference
(5] .
== control signal
_05 | | | | | | | T T
0 5 10 15 20 25 30 35 40 45 50

Time(sec)

Figure 4.2: Step response of the TRMS using the proposed adaptive SM controller
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Figure 4.3: Adaptive gain parameter of proposed adaptive SM controller

The desired and the actual step responses of the TRMS along with the control inputs for both the
horizontal and the vertical subsystems are plotted in Fig.4.2. The adaptive gain parameters 1), and

T, for the step response analysis are shown in Fig.4.3.

Table 4.2: Transient performance of the TRMS for step input

Time response parameters
Reference Rise time (sec) | Settling time (sec) | Peak time (sec) | Peak overshoot %
Step H 3.45 4.60 5.50 0
A% 2.45 2.50 2.95 2

Table 4.2 summarises the transient performance of the TRMS using the proposed adaptive sliding
mode controller for the step input case. It can be observed from Table 4.2 that for both the hori-
zontal and the vertical subsystems, the TRMS settles quickly to the desired position without much
oscillation. In the tracking control example with sine wave, the TRMS settling time is less than 10 sec
which was reported in [84]. The actual and the desired trajectory tracking (square and sine) responses

as well as the control inputs for both the horizontal and the vertical subsystems are plotted in Figs.

4.4-4.5.
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Figure 4.4: Square wave response of the TRMS using the proposed adaptive sliding mode controller
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Figure 4.5: Sine wave response of the TRMS using the proposed adaptive sliding mode controller
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Figure 4.6: Position tracking using the proposed controller subjected to an external disturbance

In order to study the robustness of the adaptive sliding mode controller, an external disturbance

d(t) as given below is applied to the TRMS.

0.2, 20sec <t < 2bsec

d(t) = (4.89)

0, otherwise

Fig. 4.6 illustrates that the TRMS controlled by using the adaptive sliding mode controller stays at
the desired position even in the presence of disturbance and thereby proving its robustness.

Juang et al. in [84] illustrated that the proportional integral differential (PID) control with improved
RGA (modified real-value-type genetic algorithm (M-RGA)) offered superior control performance than
the conventional PID control and conventional realtime GA PID (C-RGA) control. In [84] the perfor-
mances of the PID, C-RGA and M-RGA controllers are compared by computing the error and control
indices which are defined as the sum of their absolute values [8]. In order to study the relative perfor-
mance of our proposed adaptive sliding mode controller against these afore-mentioned control schemes,
the same performance criteria are applied. In our comparison analysis, the error and control indices
are calculated from 0 to 50 sec with a sampling period of 0.05 sec and are tabulated in Tables 4.3

and 4.4. The error index is defined as the sum of the absolute values (i.e., error index of HS TRMS=
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S iy v (k) — 24(k)| and error index of VS TRMS= >"}_, |z2(k) — 24(k)| where n is the number of
sampling data and z1(k), 2¢(k) and x2(k), 24(k) being the actual and desired states of the HS TRMS
and VS TRMS respectively). The control index is defined as the sum of the absolute values of control
actions (i.e., control index of HS TRMS = >}, |us (k)| and control index of VS TRMS=>"}_, |u, (k)|

where wp and wu, are the control inputs for the HS TRMS and VS TRMS respectively.

Table 4.3: Comparison of Error Index among different controllers

Error index
Reference PID [84] | C-RGA [84] | M-RGA [84] | Adaptive sliding mode

Step H 81.2 69.09 54.52 45.23
\Y% 40.11 34.92 27.46 23.08

Sine H 23.21 19.33 20.92 32.33
A% 65.74 51.78 52.61 42.20

Square H | 150.22 141.52 134.03 83.70
V| 112.85 96.36 90.21 45.80

Table 4.4: Comparison of Control Index among different controllers

Control Index
Reference PID [84] | C-RGA [84] | M-RGA [84] | Adaptive sliding mode

Step H 76.71 51.34 40.47 12.45
V| 812.36 701.23 617.10 645.98

Sine H 2741 20.12 18.93 10.68

V| 611.70 500.2 501.78 515.42

Square H 202 171.28 165.32 42.34
V| 656.37 591.65 551.59 487.29

It is evident from these two tables that the proposed adaptive sliding mode controller exhibits
lesser error and requires lesser control action in majority of the cases as compared to the other control

methods [84].

4.4 The vertical take-off and landing (VTOL) aircraft

The vertical take-off and landing (VTOL) aircraft is a highly complex nonlinear system whose
aerodynamic parameters vary considerably during the flight. Fig.4.7 shows the typical coordinate
system for a VI'OL aircraft in the vertical plane. The linearized dynamics of this VIT'OL aircraft in

the vertical plane can be described as,

&= Az + Blu+&(t,z)] + p(t, x) (4.90)
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Figure 4.7: A typical sketch of a VTOL aircraft in the vertical plane [2].

where

= [z o w3 x4)7

= [ur wg]” (4.91)

Here x; is the horizontal velocity (knots), zo is the vertical velocity (knots), x3 is the pitch
rate (degrees per second) and x4 is the pitch angle (degrees). Furthermore, u; is the collective
pitch control which alters the pitch angle (angle of attack with respect to air) of the main rotor
blades collectively to provide the vertical movement. Moreover, us is the longitudinal cyclic pitch
control which tilts the main rotor disc by varying the pitch of the main rotor blades individually to
provide the horizontal movement. However, u; and us have some cross-effect on the horizontal and
vertical velocities, respectively. The matched and mismatched perturbations are £(¢,x) and p(t,x)

respectively [3]. Moreover, A and B are known matrices with proper dimension and B has full rank.
4.4.1 Adaptive sliding mode controller design with PI sliding surface

The sliding surface o is designed as

o= sz (4.92)
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where s € R™" is a constant matrix designed by selecting the eigen values suitably (all negative)

z

to make the system stable [68]. By using the transformation [3] [35] [86] = Mz where the
o
transformation matrix
Wy
M = , Eq.(4.90) can be transformed to
By
2 = WyAWz+ WyABo + Wep(t, x)
6 = BgAWz+ BjABo +u+£(t, x) + sp(t, ) (4.93)

Here s = By and Wy, By satisty ByB = I,,,, BJW =0, W,B = 0, and W,W = I,,_,,,. The matrix
W is chosen in such a way that J = W, AW has the desired eigen values [86] where J is a symmetric

matrix. It can be verified that
M~ =[W B] (4.94)

When the system is in the sliding mode, it satisfies the conditions ¢ = 0 and 6 = 0. Then the
perturbation term in Eq.(4.93) becomes Wyp(t,z) = Wyp(t, Wz) = p,(t,z). Now the reduced order

equation becomes
2=Jz+pr(t 2) (4.95)

If the mismatched perturbation p,(t, z) satisfies ||p.(t, 2)|| < ¢||z|| where ¢, < —Amax(J), Amaz(J)
being the maximum eigen value of the J matrix, then by choosing the Lyapunov function V = %||z!|2,

it can be proved that [3] [38]
V =2TT24 2Tp(t,2) < Amax()]|2]12 4 6212112 = Mmax(J) + é0]V < 0 (4.96)

The above condition means that the system will be asymptotically stable once the sliding mode is
reached. However, it is obvious from the above discussion that the sliding surface design requires the
bounds of the uncertainties to be known apriori [75] which is extremely difficult practically. Hence
the need arises for designing the sliding surface in such a way that prior knowledge about the bounds

of the uncertainties is not required.
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4.4.2 The adaptive PI sliding surface design

Let us consider the sliding surface
o=s(t)r (4.97)
The sliding coefficient matrix s(t) € R"™" can be designed as [3]
s(t)= Bt + N(t)W, (4.98)

where BT = (BT B)~'BT € R™™" is the Moore-Penrose pseudo inverse [20] of B and N(t) € R™" is

designed using adaptive technique to be explained later. Let us consider the transformation
= x=M((t)z (4.99)

Now defining W (t) = W, — BN(t) € R*"=™) and W, = WI'(W,WI)~1 € R™(=™) it can be
verified that

M)~ = [W(t) B] (4.100)

From Eq.s (4.99) and (4.100), it can be observed that

x=W(t)z + Bo (4.101)

So, Eq.(4.90) gets transformed to
¢ = W,AW (t)z + W,ABo + W,p(t, z) (4.102)
&= s(t)AW (t)z + s(t) ABo +u + N(t)z + £(t, ) + s(t)p(t, =) (4.103)

When the system is in the sliding mode, it satisfies the conditions ¢ = 0 and ¢ = 0. Then the per-
turbation term in Eq.(4.102) becomes Wyp(t, z) = Wyp(t, W (t)z) = p(t, z) and Eq.(4.102) transforms

into a reduced order equation as,

2= Az + Bo(t) + p(t, 2) (4.104)
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where A = WyAW,} € Rv=mxn=m) B — W AB € R("=™)*m and v(t) = —N(t)z € R™.

Theorem 4.1. Let us consider the perturbed dynamic equation (4.104) under the assumption that
n < 2m. Suppose that B has full rank and the mismatched perturbations in the domain of interest
satisfy ||p(t, z)|| < ¢2||z||, where ¢ is an unknown positive constant. If the feedback gain N(t) of the

controller is designed as [38]

~ —

N(t) = Kz + [do(t) + p| B (4.105)

where p is a positive constant, Ky = BtA , Bt = BT(BBT)~! € R™("=™) and ¢9(t) is an adaptive
gain given by
t

Ba(t) = . 0]|2[[*dr + da(to) (4.106)
with 6 > 0 being a positive constant and ¢o(to) = 0 being the initial condition, then ¢o(t) is bounded
and the trajectories z (4.104) and state x will be asymptotically stable in the sliding mode.
Proof. Let us consider the Lyapunov function Va(z, ¢) = %[HZHQ + 071 $2(t)?]. Here ¢o(t) is the
estimation error of the adaptive gain given by ¢o(t) = da(t) — d2(t), where ¢o(t) is the estimated

adaptive gain and ¢9(t) is the actual adaptive gain [3]. Then

Va(z,¢9) = 21 Az42TBu+2Tp+ 971(1;25)2
< T Az + 2T Bo + ||2|||17l] + 0~ badr
<2TAz+2"Bu+ ¢52||Z||2 + (ng - ¢2)||Z||2
< 2TAz + 2" Bu + o2

< —pllzl* <0 (4.107)

It is obvious from the above discussion that z € Ly N Lo and ¢9(t) € Loo. Hence from Eq.s (4.104),
(4.105) and the fact that ||p(t,2)|| < ¢2]z|, it can be shown that 2 € L as well as Vo € Loo.
From Barbalat’s lemma [30], it is found that z — 0 as ¢ — oco. The bound of the adaptation law is
0 < ¢2(t) < (|l2(to)||* + ¢3)/p. Moreover, it can be seen from equation (4.105) that N (t) is bounded
since ¢3(t) € Loy and hence the state z(t) = W (t)z = (W, — BN (t)]z becomes asymptotically stable
as the system reaches the sliding mode.

It can be observed in Fig.4.7 that the VT OL weighs asymmetrically as the main propeller is heavier

than the tail propeller, i.e. the horizontal velocity and the vertical velocity would not stay in the
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desired states because of gravity. As such, control performance of the VT'OL tends to be poor. In
order to eliminate the effect of the asymmetrical weight and reduce the offset in control, a proportional

plus integral sliding surface is used in the proposed controller. The sliding surface is chosen as,
t
o' = s(t)r — BT (A+ BK) / xdT (4.108)
0

where z is the state vector and BT = (BT B)~!BT ¢ R™" is the the Moore-Penrose pseudo inverse

of B [20]. Moreover, K is the design matrix € R™*" to satisfy the inequality
Re[Amaz(A+ BK) < 0] (4.109)
Taking the derivative of ¢’ and using (4.103) yields
o' = s(t)AW (t)z + s(t)ABo +u — BT (A+ BK)(W(t)z + Bo) + d(t, x) (4.110)

where,

d(t,z) = N(t)z+&(t x) + s(t)p(t, z)

= 0|W,x|? BY W, + £(t,x) + s(t)p(t, x) (4.111)
The second derivative of ¢’ can be expressed as

G = () AW (t)z + s(t) AW (t)z + s(t) AW (t)2 + 5(t) ABo + s(t) ABG
~BY(A+ BK)(W(t)z + W(t): + Bo) + @+ d(t, ) (4.112)

In the above equation (4.112), d(¢, x) is considered as unknown disturbance or perturbation.
Assumption 4.1.: The disturbance d(t,z) in (4.112) is assumed to be bounded and satisfy the

following condition:

ld(t,2)ll < 3 Billell (4.113)
=0

where B; are unknown bounds, which are not easily obtained due to the complicated structure of the
uncertainties in practical control systems. Furthermore, r is a positive integer determined by the
designer in accordance with the knowledge about the order of the perturbations. For example, if the
perturbations contain a term 3, then one may choose r = 3. However, if x7 exists in the perturbation,

then the inequality might not be satisfied for certain domain of x if one still chooses r = 3 [38].
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Let us define the sliding manifold I(t) such that,
I(t) = ¢ + ko'
i(ty = &' +ro' (4.114)
Using the above equations (4.112), (4.113) and (4.114) yields
i(t) = $(t)AW (t)z + s(t) AW (t)z + s(t)AW () + 5(t)ABo + s(t)ABG
—BY(A+ BE)(W(t)z + W (t)2 4+ B&) + @+ d(t, z) + ko’ (4.115)
The derivative of the sliding manifold [(¢) can be expressed as
i(t) = @t z,u)+p(t, 2)0 (4.116)

where ®(t, z,u) = 5(t)AW (t)245(t) AW (t) z+s(t) AW (t) 2+5(t) ABo+5(t) AB6— Bt (A+BK) (W (t) 2+
W (t)% + B) + d(t, z) + k&' collects all the uncertain terms not involving @ and ¥(t,z) = 1. From

equation (4.115), the equivalent control ., for controlling the nominal system can be designed as

leg = —[5(t)AW (t)z + s(t) AW (t)z + s(t) AW (t)2 + 5(t) ABo
+5(t)AB& — BT (A + BK)(W (t)z + W (t)2 + B&) + k6] it I(t)#0

=0 otherwise (4.117)

In practice, the bounds of the system uncertainty are often unknown in advance and hence the error

term d(t, x) in equation (4.112) is difficult to find. So an adaptive tuning law is proposed to estimate

d(t,z). Now the proposed adaptive controller for tackling the system uncertainty is designed as [87],

oy = = Billell'sign(i(®)) i Ut)#0
=0

=0 otherwise (4.118)
where B: is the adaptive parameter which is tuned using the following adaptive rule,

B; = —0ipiBi+6;|[1t)||||z|]" if I(t) #0

=0 otherwise (4.119)
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where p; and 6; are positive constants, él(O) = 0 is the initial condition, 0 <17 < r.

The switching control law s can be designed as,

us = —7l(t) — nsign(l(t)) it l(t)#0

=0 otherwise (4.120)

where 7 and 7 are positive constants.

Now the control law % can be obtained as,
U = Ueqg + Uadp + Us (4.121)

where 14 is the equivalent control part, 1,4, is the adaptive control part and s is the switching
control.

Theorem 4.2. Let us consider the system (4.90) with the adaptive sliding surface given by (4.98)
and (4.105). The trajectory of the closed loop system (4.90) can be driven onto the sliding manifold

I(t) in finite time by using the controller given by

W = —[5(t)AW (t)z + s(t) AW (t)z + s(t) AW (t)z + 5(t) ABo
+5(t)AB& — BT (A + BK)(W (t)z + W (t)2 + B6) + k']
-> Billz||'sign(i(t)) — Ti(t) — nsign(i(t)) it U(t)#0
=0

= 0 otherwise (4.122)
Proof. Let us define a Lyapunov function Vj as follows [40, 87],

1 T 1 —-1pH2
—— - —1 - 4.12
Vo = 5l(t) Kﬂ+-2;g9@ ; (4.123)

where éz(t) = f?z(t) — B; are the estimation errors of the adaptive gains. The time derivative of V; is

obtained as,

%=MNM+i$®§
=0
= 1()T[$(t) AW (t)z + s(t) AW (t)z + s(t) AW (t)% + 5(t) ABo
+s(t)AB6 — BY(A+ BK)(W(t)z + W(t): + B6) + k6’ + i+ d(t,x)] + > _ 07 'B;
=0
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=1t [5() AW ()2 + s(t)AW(t)z + s(t) AW ()2 + $(t)ABo
(MBd_BﬂA+BKmez+Way+B@+na+u+ﬂa@]

+Ze (Bi(t) — Bi)0i(—piBi + [11(0)]] |]")

Usmg the relations in (4.117-4.120) yields,

Vo <[=D Billalllue)l = Y Billel Fl@)| = 7llit)] = nllio)l
=0 =0

+ > Billel"ILIl + Y Billell"lIUOIN] — pi( B} — BiBy)
1=0 1=0

1

. S 1_ _
< —nl(t)sign((t) = 7I(t)* = pi(Bi = 5 Bi)* + ;piB;
1 -
< i) - 710 + 1B (1124
It is clear that Vo < 0 if I(t) > 476 L or |[I[(t)[| > 477‘5;”, where 7, T are positive design parameters

and §; = piBQ. The decrease of Vjy eventually drives the trajectories of the closed loop system into

It) > 4T — and [|I()|] > Jﬁ. Therefore, the trajectories of the closed loop system are bounded

ultimately as

gy@eow> f?)ﬂ@mm>;?) (4.125)

4 min 4 mwn

which is a small set containing the origin of the closed loop system. In order to guarantee bounded
motion around the sliding surface, the positive parameters n and 7 are chosen to be large enough such
that Vy < 0 when Vj is out of the bounded region which contains an equilibrium point [40]. It can
be observed that V) < 0 is achievable which implies that the sliding manifold I(¢) will approach zero
in finite time. Therefore, the control law given by (4.122) guarantees that the sliding mode will be
reached in finite time and sustained thereafter [87].

Remark 4.4. Once the sliding mode is established, the proposed gain adaptation law (4.119) allows
the gain B: to decrease. Thus it is seen that the proposed gain adaptation law, while maintaining the
sliding mode, keeps the gain f?z at the smallest possible level to ensure accuracy.

Thus the adaptive gain tuning law is modified as,

B; = —0ipiBi+0illUl(t) — pllllzl|" i Ut #0

=0 otherwise (4.126)
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where 0 < ¢ < r and g is a small positive number.

Remark 4.5. The parameter T in the controller (4.122) is very crucial as it is one of the parameters
responsible for determining the convergence rate of the sliding surface. It is clear that a large value of
T will force the system states to converge to the origin at a high speed. Since a high n will require a
very high control input which is not desirable in reality, the parameter n cannot be selected too large.
Hence a compromise has to be made between the response speed and the control input.

Remark 4.6. The parameters py and p1 in (4.126) determine the convergence rate of the estimated
bounds éo and él. Large values of pg and p1 can be chosen so that the estimated bounds éo and El

converge quickly to the actual bounds.
4.4.3 Effectiveness

Let us compare the proposed adaptive sliding mode controller with the adaptive sliding mode

controller (SMC) designed by Wen and Cheng [3] and given below:

U =Uf + Ugdp + Us (4.127)
where
ur = —s(t)AW(t)z —s(t)ABo
T
o . O' .
Uadp = —ZBiHazww if o#0
=0
= 0 otherwise
us = —n——  if o #£0
o]
= 0 otherwise
(4.128)

The adaptive parameter éz is tuned using the following adaptive rule,

Bi = 6Ozl if o#£0
=0 otherwise

(4.129)

where 6; are positive constants, B;(0) = 0 is the initial condition, 0 <14 < r.

Implementation of the adaptive SMC (4.127-4.129) is limited by the obvious drawback of the gain fil
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being susceptible to overestimation and thereby increasing the chattering in the system. Furthermore,
this approach is not directly applicable to real systems but requires modifications involving the sign
function which needs replacement by a saturation function. However, the width of the boundary layer
in the saturation function affects accuracy and robustness of the SMC. Furthermore, no methodology

for tuning the boundary layer width is provided in [3].
4.4.4 Simulation Results

The typical load and flight conditions for the VT OL aircraft are considered at the nominal airspeed
of 135 knots [3]. The linearized dynamics of this VTOL aircraft in the vertical plane can be described
by (4.90 - 4.91) where,

[ —0.0366  0.0271  0.0188  —0.4555 —0.4422 0.1761
A = 0.0482 —1.0100 0.0024 —4.0208 _ 3.5446  —7.5922
0.1002  0.3681 —0.7070 1.4200 |’ —5.52 4.49
0 0 1 0 0 0

sin(0.1z2)(0.1z3 + 0.724)
[ —5sin(0.5¢) + x3 B —0.324 cos(0.3x4t)
str) = | 2cos(0.2z1)z2 +3 |’ p(t, ) = —221 — 0.322 (4.130)

(0.2z1 + 0.424) sin(0.4x3)

The simulation is carried out in MATLAB Simulink platform by using ODE 4 solver with a fixed
step size of 0.001sec. The reference vector is chosen as x4 = [0 0 0 0]” since all the states are to be
driven to zero. For comparison purpose, the associated design parameters of the proposed adaptive

sliding mode controller are chosen following [3]. As such W, is selected as,

0.0666 0.0076 0.0102  0.72
W, = (4.131)
0.8879 0.1010 0.136 —0.028

Hence WyB = 0 [86]. Next the pseudo control input, the adaptive controller and the adaptive gains
are designed in accordance with equations (4.105), (4.106), (4.119) and (4.126) where 6 = 0.1474,
0y = 0.1271, 6; = 0.1251, p = 0.1971, n = 2, 7 = 1, k = diag(1.25,1.25), p = 0.1519 and K is so
chosen that the eigen values are placed at —0.5,—0.7, —15, —25 [20]. The initial state is assumed as
z(0)=]2 -2 1 1)
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The adaptive tuning laws used for stabilization are given by,

g2 = 02|
By = —0.151B1+ 61 |[I(t) — o|| |||
By = —0.151By+ 6o ||I(t) — ||

The initial values of ngbg, él and é() are chosen as 0,1, 1 respectively. The small positive constant @ is
chosen as p = 0.01.

The adaptive first order sliding mode controller proposed by Wen and Cheng [3] (4.127 - 4.129) is
applied to the VTOL aircraft system (4.90 - 4.91). The design parameters are chosen as § = 0.3,
0o = 0.21, 6; = 0.27, n = 4 and p = 1. The initial state is assumed as x(0) = [2 -2 1 1]7.
From simulation results obtained in Figs. 4.8 - 4.9 it can be observed that although the system states

converge to the equilibrium, the control inputs are not smooth and contain excessive chattering.

3 : :
—_—Xg i Xy e Xy e X

System states
L

Time(sec)

Figure 4.8: State responses with the method proposed by Wen and Cheng [3]

The simulation results obtained by using the proposed adaptive sliding mode controller to the VTOL
aircraft system are shown in Figs. 4.10 - 4.13. It is observed from Fig. 4.10 that all the states converge
to the origin quickly. Moreover, comparison of Fig. 4.10 with Fig. 4.8 reveals that in the proposed

method, the states converge in lesser time as compared to Wen and Cheng [3]. From Fig. 4.9 and Fig.
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Control inputs

Time(sec)

Figure 4.9: Control inputs with the method proposed by Wen and Cheng [3]
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Figure 4.10: State responses using the proposed adaptive sliding mode controller

4.11 it is evident that chattering present in the control inputs obtained by using the proposed adaptive
sliding mode controller is significantly lesser as compared to that in [3]. The bounded convergence of
the adaptive gains éo, él and g%g are confirmed in Fig. 4.12. From Fig. 4.13 it can be observed that

the proportional plus integral sliding surface ¢’ and the sliding manifold I(¢) are smooth and both

approach zero quickly.
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Figure 4.11: Control inputs using the proposed adaptive sliding mode controller
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Figure 4.12: Estimated parameters using the proposed adaptive sliding mode controller
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Figure 4.13: Sliding surface and sliding manifold using the proposed adaptive sliding mode controller

4.5 Case study on 1 degree of freedom (DOF) vertical take-off and
landing (VTOL) aircraft system

The 1 DOF VTOL system moves vertically up and down about its axis and this motion is called
pitch motion. Real world examples of the VTOL aircraft system are aerospace vehicles which comprise
of helicopters, rockets, balloons and harrier jets. All aerospace vehicles are difficult to model due to
their changing aerodynamic parameters and environmental behavior during flight. Hence VTOL
aircraft system is a suitable example of uncertain systems. The vertical take-off and landing (VTOL)
system [88] with one degree of freedom (pitch motion) is considered here for practical demonstration
of the proposed adaptive sliding mode controller. The modelling of 1 DOF VTOL system is presented
in the Appendix A. The design prerequisite of the sliding mode controller is the complete knowledge
about the state vector which is practically difficult to get. Hence unavailable states of the VTOL are
estimated by using the extended state observer (ESO) [89]. The ESO can estimate the uncertainties
along with the states of the system. Unlike traditional (linear or nonmlinear) observers, the ESO
estimates the uncertainties, unmodeled dynamics and external disturbances as extended states of the

original system [90].
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system
4.5.1 Linear extended state observer (LESO) design
The idea of LESO is explained in the following single input single output (SISO) system,
2(6) = fa0@), 2072 (@), . w(t),d(1), ) + bult)
y = z(t) (4.132)

where z(t) is the nth order state vector, y is the output, u is the input, b is a constant, d(¢) is the
external disturbance, f(-) is an unknown function which can be viewed as the total uncertainties or
disturbances, both internal and external, acting on the system. Now v = % is introduced such that if

the function f is nonsmooth, v denotes the generalized derivative of f(-). Treating the uncertainty f

as an extended state of the system (4.132), Eq. (4.132) can be written in the state space form as,

#1(t) = x2(t)
ao(t) = x3(t)
In_1(t) = wp(t)
Tn(t) = xp1(t) + bou
Tnr1(t) = v(v) (4.133)

where X = [z1,x9, ..., Tp, xn+1]T € R"*! represents the state of the system and by is best estimate
of b(4.132). Now, LESO for estimating both the states and the extended state for the uncertain system

(4.132) can be obtained as follows [91]

2:’1 = Z9 — (5161
2:'2 = Z3 — 5261
Zn—1 = 2p — Op—1€1
Zn = Zny1 — Oper +bou
Zn—i—l = _6n+l€1 (4134)

where Z = [21, 29, ..., Zn, 2nt1)? € R™1 €1 = 21 — 21 and 6;(i € n + 1) are the states of LESO,
the observation error and observer gains, respectively. LESO (4.134) is designed to have the property,

Zi(t) — a;z(t)(z en—+ 1).
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Writing the extended order system (4.133) in the state space form gives rise to,

X = AX + Bu + Ev (4.135)

where X = [z, 22, ..., Tn, xn+1]T is the state vector of the extended order system. Here A, B and

FE matrices are given by,

[0 1 0 0] [0 [0 ]
00 1 0 0 0
A= |~ ,B=| | ,BE=|" (4.136)
00 0 .. 1 bo 0
(00 0 ... 0] 0 | 1]

So (4.134) represents LESO for the system (4.135). The state space model of the LESO dynamics

can be written as
Z=AZ+ Bu+ Ly — CZ) (4.137)

where L = [§1 2.0, 0n41]7 is the observer gain vector, y is output vector and C' = [1 0 0.....0] is
the output matrix.

The parameters are chosen in a special way as s" 14+ 815"+ ...+ 6,11 = (s+wp)" !, where wy denotes
the bandwidth of the LESO (4.134) [92]. It is proved that if f is differentiable with respect to ¢ and
v = f is bounded, then the LESO (4.134) can estimate f(¢) with bounded error and also estimates
the unknown states.

Remark 4.7. In the control law (4.22), the derivative term $ is needed. However, in real time
implementation, direct differentiation will lead to erroneous result as the measurements are often
noisy. There are three methods to resolve this issue, namely, the derivative estimator, the suboptimal
algorithm and the twisting algorithm. In experimental study of the VTOL system, the first method is

utilized. A derivative estimator is designed using the method in [25] [64] and is given below,

1/2

20 = —Ailzo — s/ “sign(zo — s) + 21

21 = —Xasign(zo — s) (4.138)

where A\1 > 0 and Ay > 0 are the design parameters and the estimators are designed as $ = z1.
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system

4.5.2 Experimental Results

Experiments are conducted on the laboratory set-up QNET VTOL which was controlled by ap-

plying the adaptive sliding mode controller. Figure 4.14 shows the experimental board QNET VTOL

trainer on ELVIS II which basically consists of a variable speed fan with a safety guard mounted on an

arm. An adjustable counterweight is attached to the other end of the arm. This counterweight allows

position of the weight to be changed which in turn affects the system dynamics. A rotary encoder

shaft to measure the VITOL pitch position is attached to an arm assembly.

The nominal values of the VTOL parameters are given in the QNET manual [88] as,

Figure 4.14: QNET VTOL trainer on ELVIS II

Table 4.5: Parameters of IDOF VTOL system

Variable name Description Values
L., Motor inductance 53.8 mh
R, Motor resistance 30
ki Torque thrust constant 0.0108 Nm/A
j Moment of inertia 0.00347 kg — m?
by Viscous damping 0.002 Nms/rad
k Stiffness constant 0.0373 Nm/rad

Experiments are carried out on the QNET VTOL EIVIS II board using LABVIEW software for
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interfacing. Furthermore, Runge Kutta 4 algorithm with step size of 0.1 ms is used in a PC with 2.50

GHz Core 1I-7 processor having 4GB memory for simulation purpose.

Using the parameter values given above, the transfer function for the 1 DOF VTOL [88] (A.1.12)

is obtained as,

_0(s) 57.78
Vin(s) 24 0.576s + 10.7

(4.139)

where 6 is the pitch angle and V;, is the motor voltage. Accordingly, the state space model for the

above system (A.1.13) in presence of matched uncertainty can be described as,

T 0 1 T 0 0
= + u—+ fm(z,t) (4.140)
To —10.7 —0.576 To 57.78 57.78

and the output matrix C' = [1 0]. Here x; is the pitch angle and x is the angular velocity. The

uncertainty is chosen as,
fm(x,t) = 0.25s8in(0.121) (4.141)

The control law (4.22) is applied to the above system where, kK = 0.25, ky =5,y =2 and c =[5 1].

The LESO observer gain parameter is

T
L=1195 126.75 274.625 (4.142)

considering wg = 6.5.

The initial condition for the VTOL system is chosen as [—0.45 0] and the initial condition for the
observer is also selected as [—0.45 0]T.

The adaptive tuning law is designed as T = 0.5|0| with Ty = 0. Boundary layer € is chosen as 0.05.
The parameters of the derivative estimator in (4.138) are A\; = 100 and A2 = 200.

The desired trajectory x4(t) to be tracked is chosen as z4(t) = 0, i.e the VT'OL system will have to
position itself to the horizontal plane. The control signal is applied to the VTOL lab module through
QNET’s interfacing hardware board. The experimental results obtained are shown in Fig.s 4.15 - 4.19.
In Fig. 4.15, the tracking performance is presented from where it can be observed that the VTOL
tracks the reference accurately.

The angular velocity (z2), sliding surface (s), and control input (u) are shown in Fig.s 4.16 - 4.18.
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From Fig 4.18 it is clearly observed that the proposed control law is smooth and chattering free. The

convergence of the adaptive gain is confirmed in Fig. 4.19.
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Figure 4.15: Angular position (z1) obtained by using the proposed adaptive sliding mode controller
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Figure 4.16: Angular velocity (x2) obtained by using the proposed adaptive sliding mode controller
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Figure 4.17: Sliding surface s obtained by using the proposed adaptive sliding mode controller
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Figure 4.18: Control input u obtained by using the proposed adaptive sliding mode controller
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Figure 4.19: Adaptive gain (T) obtained by using the proposed adaptive sliding mode controller
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Figure 4.20: Experimental results using the proposed method when parameters are changed by 25%

7T



4. Adaptive Sliding Mode Controller for Multiple Input Multiple Output (MIMO) Systems

In order to check the robustness of the proposed adaptive sliding mode controller, the plant param-
eter matrices are perturbed by 25%. In Fig. 4.20, the experimental results are shown with A=1254
and B = 1.25B. It is observed from Fig. 4.20 that the proposed adaptive sliding mode controller
integrated with LESO observer still works reliably demonstrating the robustness of the proposed con-

troller - observer pair.

4.6 Summary

This chapter proposes an adaptive sliding mode (SM) controller for multi-input multi-output
(MIMO) systems. The proposed controller is applied to the twin rotor MIMO system (TRMS) which
is an example of a highly coupled nonlinear system perturbed by mismatched uncertainty. The cross-
coupling between the main and the tail rotor of the TRMS is considered as an uncertainty. An
adaptive tuning rule is designed to deal with the unknown but bounded uncertainty. However, the
upper bound of the system uncertainty is not required to be known apriori as is the case with most
sliding mode controllers. A proportional plus integral sliding surface is used to eliminate the offset
present in the pitch angle. Simulation results show that the proposed adaptive sliding mode controller
demonstrates satisfactory tracking performance and is robust to cross-coupling effect and external
disturbances. Moreover, the proposed adaptive sliding mode controller shows, in general, lesser error
with lower control effort than the PID controllers [84] reported in the literature for the TRMS.
Next, the proposed controller is applied for stabilizing a vertical take-off and landing (VTOL) aircraft
system affected by both matched and mismatched kind of uncertainties. The proposed sliding mode
controller uses a proportional plus integral sliding surface and an adaptive gain tuning law. Prior
knowledge about the upper bound of the system uncertainty, which is the design prerequisite of most
sliding mode controllers, is eliminated by using this adaptive method. Moreover, the adaptive gain
tuning mechanism also ensures that the gain is not overestimated with respect to the actual unknown
value of the uncertainty. Simulation is performed by applying the adaptive sliding mode controller to
the linearized model of the VTOL aircraft. From simulation results, the proposed controller is found
to be superior in chattering mitigation than some already existing similar kind of adaptive sliding
mode controller. Also, the states show faster convergence in the case of the proposed adaptive sliding

mode controller. For application to uncertain systems affected by severe matched and mismatched
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uncertainties like the VTOL aircraft, the proposed adaptive sliding mode control strategy promises
to be a suitable method. Real time experiments conducted on a 1 DOF VTOL system using its
laboratory prototype QNET VTOL are described. The proposed adaptive sliding mode controller
is applied to the 1 DOF VTOL system for tracking a desired reference trajectory and experimental
performance is studied. In the experimental set-up, pitch velocity of the VTOL is the unavailable
state which is required for designing the controller. So a linear extended state observer (LESO) is
combined with the adaptive sliding mode controller to estimate pitch velocity. Experimental results
obtained confirm that the proposed controller is successful in achieving faithful trajectory tracking
for the 1 DOF VTOL. Moreover, chattering in the control input is found to be reduced substantially

corroborating the fact observed earlier in theoretical simulation studies.
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5.1 Introduction

5.1 Introduction

It is well recognized that, conventional switching manifolds are usually linear hyper planes which
guarantee asymptotic stability. However, for nonlinear systems, nonlinear sliding surface can also be
selected [12]. In linear sliding mode (LSM), error dynamics cannot converge to zero in finite time
although the parameters can be adjusted to make the convergence arbitrarily fast. However, this
will, in turn, increase the control gain, which may cause severe chattering on the sliding surface and,
therefore, deteriorate the system performance. To tackle the problems of globally asymptotic stabi-
lization, terminal sliding mode (TSM) control scheme has been developed [5,93-97] to achieve finite
time stabilization. Unfortunately, the terminal sliding mode control features the same drawback of
chattering [30] as in the case of conventional sliding mode control. In [98] a second order sliding mode
controller was developed for multivariable linear systems using the nonsingular terminal sliding man-
ifold. The major disadvantage of this method is that the application is restricted to linear uncertain
systems only and the upper bound of the system uncertainty must be known in advance. In [5,94]
a continuous finite time control scheme for rigid robotic manipulators affected by uncertainty and
external disturbance was proposed using a new form of terminal sliding mode. In both these methods,
the bound of the uncertainty must be known in advance. Moreover, in these methods a boundary layer
technique is used to replace the discontinuous control action by a saturating continuous approximation
to reduce the chattering. However, its consequence is that invariance property of the SMC is lost.

In this chapter, a chattering free adaptive terminal sliding mode (TSM) controller is proposed to
achieve fast and finite time convergence. In the proposed controller, a nonsingular terminal sliding
manifold is used to design the control law. The time derivative of the control signal is used as the
control input instead of the actual control. The derivative control law is a discontinuous signal because
of the presence of the sign function. However, its integral which is the actual control, is continuous
and hence the chattering is eliminated. An adaptive tuning law is used here to estimate the unknown
uncertainties. This adaptive tuning method does not require prior knowledge about the upper bound
of the system uncertainty for designing the terminal sliding mode controller as was the case with the
terminal sliding mode controllers developed so far [5,64,93,94,97-99].

The outline of this chapter is as follows. In Section 5.2, the proposed chattering free adaptive terminal
sliding mode (TSM) control strategy is derived. In Section 5.3 the proposed adaptive TSM controller

is applied to stabilize a triple integrator system and the performance is studied. Trajectory tracking
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problem of a robotic manipulator is considered in Section 5.4 to investigate the efficacy of the proposed

adaptive TSM controller. Summary is drawn in Section 5.5.

5.2 Design of chattering free adaptive terminal sliding mode con-
troller

Let us consider a class of nonlinear system
t = f(z)+ Af(x) +d(t) + Bu (5.1)

where = [z 2 z3....x,)7 € R" is the state vector. Furthermore, Af(x) € R" is an uncertain term
representing the unmodelled dynamics or structural variation of the system (5.1) and d(t) € R™ is an
external disturbance. Moreover, © € R™ is the input and B is a known matrix of order n x m. The
uncertainties of the system (5.1) are assumed to be bounded and matched such that Af(z) and d(¢)
€ span B. The control objective is to track a given reference signal z4 in finite time from any initial
state.

Let the desired state vector be x4 = [x14 Z2q4 xgd....wnd]T. The tracking error is defined as,

e=r—xq = [($1 —x1q) (w2 —2q) ... (n — l’nd)]T

= [e1,e2,...... en]T. (5.2)

The goal is to design a chattering free adaptive terminal sliding mode controller for a given target z4

such that the resulting tracking error satisfies

lim ||e|| = lim ||z — z4]| — 0 (5.3)
t—00 t—o0
where || - || denotes the Euclidean norm of a vector.

The controller is designed in two steps. At first, a linear sliding surface is defined and then using
the sliding surface, a terminal sliding manifold is obtained so that the derivative of the control input
occurs at the first derivative of the terminal sliding manifold. The actual control input is obtained
by integrating the derivative of the control signal which contains the discontinuous function and thus
eliminates the chattering [27,65,66]. The uncertainty is estimated by using an adaptive tuning law.

A set of sliding surfaces is defined in the error space passing through the origin to represent a sliding
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manifold as follows:

T T

s = [81,82, .y Sm] = le= [c1 2 .ciep] e

Clnen + C1(n—1)€n—1 + ... - C11€1

Conen + Co(n—1)€n—-1 + ... + C21€1

= (5.4)
Cin€n + Ci(n—1)€n-1 1 ... + Ci1€1
| Cmn€n + Cm(n—1)n—1 T ... + Cm1€1 |
and ¢; = [Cin Cj(n—1)----Ci1] be such that all roots of the polynomial
B(A(€;)) = cin A"+ i) A"TE A+ o+ A (5.5)

are in the open left half-plane [100], i = 1,2, ..,m. The choice of ¢ determines the convergence rate to

the sliding surface. Let us consider (5.4), where e = & — 4. The first time derivative of (5.4) yields

§ = cle
= (i — iyg) (5.6)
Using (5.1) and (5.6) yields,
§=cl(f(z) + Af(x) +d(t) + Bu — i4) (5.7)

Taking the derivative of (5.7) gives rise to

= T+ LAS@) +d() + Bi - i)

= (f(x) + Af(z) +d(t) + Bi— ig) (5.8)
A nonsingular terminal sliding mode manifold is first designed as
o =5+ P51 (5.9)

Here 5 = diag(f1, 52, ..., On) is a positive constant and p/q (p and q are positive odd integers) is chosen
in such a way that the condition 1 < % < 2 holds [94]. The linear sliding surface s is combined with

the nonsingular terminal sliding manifold ¢ to realize the terminal sliding mode control. As ¢ reaches
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zero in finite time, both s and $ are bound to reach zero. Then, the tracking error e asymptotically
converges to zero.

Taking the time derivative of (5.9) yields,

o = s+85)s "%
q

= BT D) (5.10)

Assumption 5.1. The first time derivative of the uncertain term, Af(ac) and the first time derivative

of the disturbance, d(t) are assumed to be bounded and satisfy the following condition:
" (Af(x) +d@®)]] <> Bill||’ r=0,1,.n (5.11)
i=0

where B; are unknown positive constants, which are not easily obtained due to the complicated structure
of the uncertainties in practical control systems. The number of adaptive rules r is determined by the
designer in accordance with the knowledge of the relative order of perturbation that the system might
encounter. For designing the traditional sliding mode controller, one usually assumes that the upper
bound of lumped perturbations satisfies certain conditions. For example, if r = 0, then the nature of
the disturbance is periodic and it is well represented by a known constant value. If we choose r = 1,
it covers more area in the range space rather than when r = 0 is considered. Thus rest of the control
law s designed by considering r = 1.

It will be proven in Theorem 5.1 that since the derivative of the control input contains the discon-
tinuous term, the actual control signal which will be obtained after the integration operation will not
contain any high frequency switching component. Thus the proposed terminal sliding mode controller
will be free from the chattering phenomenon. Moreover, the controller does not need prior knowledge
about the upper bound of the disturbance. Instead, the upper bound is obtained by designing an
adaptive tuning law.

Theorem 5.1. Considering the uncertain system (5.1), the tracking error dynamics (5.6) can asymp-
totically converge to zero if the nonsingular terminal sliding manifold is chosen as (5.9) and the control

law is obtained as follows:

p

U= —(cTB)_l[ch(m) + ﬂ_l(g)_1$2_(5) + (Bo + Bi1l|z|])sign(o) + Ko — cTa'éd] (5.12)
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where (¢"'B)™1 is nonsingular, By , By and KT = diag(KI....KJn) > 0 are the designed parameters.
In practice the bounds of the uncertain term (By + Bi||z||) in (5.12) is often difficult to know. Hence

an adaptive tuning law is designed to determine By and B;. So the control law is represented as,

P IS

v = —(cI'B)7! /t[ch(a;)dT + 571(5)715-}27(5) + (Bo + éﬂ\m“)sign(a) + K'o — ¢T'ig)df5.13)
0

where By and B estimate the bounds of uncertainty, i.e. ¢! (||Af(z)+d(t)|]) < Bo+ Bil|z||. Defining
the adaptation error as éo = éo — By and él = él — By, the parameter éo and él are to be estimated

by using the adaptation law
2 1 p .(B)—1
By =—())IAll 15 ]| (5.14)
Vo q
and
£ 1 p .(B)—1
By =—)18I] 115 o] ||l (5.15)
V1 q

where vy and v; are the positive tuning parameters.

Proof : Let us consider the following Lyapunov function

1 1 ~ 1 ~
V(t) = 50% + 5uoBg + §Vle (5.16)

Using (5.8 - 5.15), the time derivative of the Lyapunov function V' (¢) is obtained as,

V(t) = ol5+ Voégéo + Vlélél

A

= ﬂ(g)é(g)_lgip(g + 5_1(2)_152_(5)) +v9(By — Bo)f?o + V1<§1 - 31)§1

- /B(Iq))é(g)_lo'T[CT((jtf(-r) + %Af(:r) +d(t) + Bi— #q) + 5—1(5)_18.2_(5)]

2 _ p (PYy_ 2 — p (PY—
+(Bo = Bo) ()13 155 || + (B = BO(IIsl 155 o[ |||

P (PY_— — — ~ A .
< \IBH(;)IIS(“ 'oT|| [Bo + Bi||z|| — K'||o|| — (Bo + Bi||z||)sign(o)]
2 _ p NeAE 2~ — p (P
+(Bo = Bo)( )15 155 o || + (B = BO()IIsl 155 o[ |||
< —K'|jo|| (5.17)

S Py_ S (P)—
The above inequality holds if By = %(%)HﬂH Hé(q) 'o|| and By = V—ll(g)HﬂH Hs(q) Yo ||z]]. Moreover,

1z
B)—l

Hé(g)_lH > 0 for any $ # 0 and 5@)71 = 0 only when § = 0. Therefore, the convergence to a domain

o = 0 is guaranteed from any initial condition [30].
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Suppose that t, is the time when o reaches zero from ¢(0) # 0 , i.e. o = 0 for all ¢ > ¢,. Once o
reaches zero, it will stay at zero using the control law (5.12). Thus the sliding surface s will converge
to zero in finite time ¢;. The total time from o (0) # 0 to s;s can be calculated by using the equation
5+ 55(5) =0 (5.9) from which the time taken from s;. to s;s [94] is obtained as,

()

-1

tr=tr+ B s O (5.18)

Hence the error (5.2) asymptotically converges to zero and the system reaches the equilibrium. This
completes the proof.

Remark 5.1. Practically, ||o|| cannot become exactly zero in finite time and thus the adaptive pa-
rameter B: may increase boundlessly. A simple way of overcoming this disadvantage is to use the dead

zone technique [30] and modify the adaptive tuning law (5.14 - 5.15) as,

B Lyp §0) 1y , ol|>e¢
i | E@IBED ol > 10
0, ol <e
and
B L®yp Do (12 , ol|>¢
PO I L TR e T 50
0, o] <e

where € is a small positive constant.

Remark 5.2. The parameter € in controller (5.13) is very important and it is one of the parameters
determining the convergence rate of the sliding surface. It is clear that a large € will force the system
states to converge to the origin with a high speed. However, a very large value of € will require a very
high control input but in reality it is always bounded. Thus the parameter ¢ cannot be selected to be
too large. In practice, a compromise has to be made between the response speed and the control input.
Remark 5.3.The parameters vy and vy in (5.14 - 5.15) determine the convergence rate of the esti-
mated bounds ég and B:. Large values of vy and vy can be chosen to force the estimated bounds ég
and él to rapidly converge to the actual bounds.

Remark 5.4. An exact robust differentiator is available for accurately measuring or estimating the

derivative of variables.
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5.3 Stabilization of a triple integrator system

5.3 Stabilization of a triple integrator system

The adaptive terminal sliding mode controller proposed above is applied to a triple integrator

system with uncertainty as described below [62],

T = T2
Tg = w3
T3 = u-+ p(ﬂ;)
y = m (5.21)

where p(z) = 7sin(10zx;) is the bounded uncertainty, y is the output and the initial condition of
the system is assumed as x(0) = [1 0 — 1]7 [61]. The desired state is zq = [0 0 0] as it is a
stabilization problem. Hence in this case the error and state are equivalent i.e, e = x — x4 = x.
The third order sliding mode controller presented by Defoort et al. [4] using twisting sliding modes
to achieve finite time control is compared with the proposed adaptive TSM controller. As explained

in [61] and [62], the control for the system given by (5.21) can be obtained as [4],
U = Unom T Udisk (522)

Let k1, ka, ..., k, > 0 be such that the polynomial A™ 4+ k, A"~ + ... + koA + k1 is Hurwitz. The system

(5.21) can be stabilized to the origin using the feedback control law given in [4,61,62] as

Unom = —k1sign(zy)|z1|** — kasign(zo)|ze|*?... — kpsign(xy,)|x,|*" (5.23)

Q41

where ag,...,q, satisfy «o;_1 = for i=2 ...,n with apt1 =1 (5.24)

20441 — o
With n =3, k1 = 1,ks = k3 = 1.5 and a3 = 3/4, the control law (5.22) can be expressed as [4],
. 1 : 3 . 3
Unom = —sign(x1)|x1|2 — 1.5sign(ze)|z2|s — 1.5sign(xs)|xs|4

Udisk = Udisk,1 + Udisk,2 (5.25)

where the sliding surface 0 = x3 — fg UnomdT and ug;sk is given by [4],

t
Udisk,1 = —C/ sign(o)T
0

1
Udiske = —V|o|zsign(o) (5.26)
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5. Adaptive Terminal Sliding Mode Controller

where ¢ and ¥ are chosen as 100 and 5 respectively.
Fig. 5.1 shows the system trajectories and the control input obtained by using the third order sliding
mode controller proposed by Defoort et al. [4]. Though the twisting control law reduces the chattering,

still the control signal is not smooth as is observed in Fig. 5.1.
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Figure 5.1: State response and control input with the controller proposed in [4]

In the proposed adaptive TSM controller (5.13), the parameters are selected as ¢! = [3 2 1], 3 =
1, % = 5/3, and K = 15. Hence the adaptive tuning laws for the triple integrator system are found

as,

By = 151|577 o]

B = 171|797 o] ||2|]

The initial conditions of éo and él are chosen as 0, 0 respectively.

The state trajectory and the control input obtained by using the proposed adaptive TSM controller
are shown in Fig. 5.2. From Fig. 5.2 it is clear that the system states converge quickly to the origin in
spite of the uncertainty and disturbance and the undesired chattering in the control input is eliminated

effectively. The corresponding estimated parameters are shown in Fig. 5.3.
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Figure 5.2: State response and control input with the proposed adaptive TSM controller
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Figure 5.3: Estimated parameters éo, él with the proposed adaptive TSM controller
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5.4 Tracking control of a robotic manipulator
The dynamics of an n-link robotic manipulator can be expressed as [5],
M(q)g+C(q,4)q+G(q) =T+ 74 (5.27)

where q, ¢, G € R represent the position, velocity and acceleration of the joints respectively,

M(q) = My(q) + AM(q) € R™*™ stands for the inertia matrix, C(q,q) = Co(q,q) + AC(q,q) € R™*"
is the centripetal Coriolis matrix, G(q) = Go(q) + AG(q) € R" is the gravitational vector, 7 € R" is
the joint torque vector and 74 € R"™ is the disturbance torque vector. Here My(q), Co(q, ¢), Go(q) are
the nominal terms and AM (q), AC(q,¢), AG(q) represent the perturbations in the system matrices.

Then the dynamic model of the robotic manipulator can be written as,

Mo(q)G + Co(g; d)q + Go(q) = T + 7a + F (g, ¢, §) (5.28)

where F(q,q,4) = —AM(q) — AC(q,q) — AG(q) € R™ is the lumped system uncertainty which is

bounded by the following function

1E(a, 4, )l < po + prllall + p2ldll? (5.29)

where pg, p1 and ps are positive constants.
Suppose the control objective is to make the robotic manipulator track a reference trajectory. Let gq
and ¢ be the desired and actual position vectors. The tracking error and its derivatives are defined as

e=q—qq, ¢ =q—qq and é = § — {q. Using (5.28),

&= My (q)[T + 14+ F(q.4.4) — Co(q,9)q — Go(q)] — da (5.30)

The time derivative of (5.30) yields,

d

96 = Mg @ +7a+ Fla,.0) — S(Cola,d)i + Cola))
d

+My ™ (q)[r + T2+ F(q.4,d) — Co(q,d)d — Golq)] — 7
= My (gl — %(Co(q, §)d + Go(@))] + Mg (@) — Colg, d)d — Gola)] — i

dt
+My ) g+ My ) E(q, 4, §) + My (q)ma + My (a)F(q, 4, d)
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5.4 Tracking control of a robotic manipulator

# 2 (Colg, )i+ Gola))

@l — Cola. i — Gola)] — i + Fla.d.) (5.31)

= My'(9)]

where F(q,d,4) = My (q)74 + My (9)F(g, 4, d) + My ' (q)ma + My (9)F(q, ¢, )

such that,
F(g,4,§) < Bo+ Billql| + Bal|d||? (5.32)

Here By, B; and Bs are positive constants.

Remark 5.5. The assumptions in the above inequalities are valid as the input disturbance T4 is
assumed to be bounded, i.e. ||T4|| < x where x is a positive constant. Furthermore, the modeling
uncertainty F(q,q,q) is also bounded by the assumption ||F(q,q,q)|| < po + p1llal| + p2|ld]|*

Let us consider the linear sliding surface as,
s=é+ce (5.33)

where ¢ = diag(cy, ..., ¢y) is a design matrix. The first and second derivative of (5.33) can be obtained

as,

§ = é-4cé

d d
o 4L doL . 34
§ i dt<q a) + cé (5.34)

The nonsingular terminal sliding manifold (NTSM) for an n-link robotic manipulator is chosen as
oc=s+ ﬂép/q (535)

where Here § = diag(f1, B2, -..., On) is a design matrix.
Taking the derivative of (5.35) yields

6 = i+ B(p/q)sPIs

= Blp/q)s% 07 (5 + (q/p)p~ s W/D) (5.36)

For an n-link robotic manipulator (5.27), if the NTSM manifold is chosen as (5.35), then the tracking

error e will converge to zero if the time derivative of the control input is selected as,
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5. Adaptive Terminal Sliding Mode Controller

where
o = Mola) s+ H1Cola, )i+ Gola)] — ((a/p)3~ Mo #/0)) — chiye
— MMy~ (7 = Colq, d)q — Golq)) (5.38)
in = —K'Mo(q)o — Mo(a)(Bo + Bullall + Ballil 2)sign(o) (5.39)

Here KT = diag(k];..k;rl) is a positive matrix.
Defining the adaptation error as EO = éo — By, él = él — B; and ég = Eg — By, the parameters éo,

f)’l and _§2 are to be estimated by using the adaptation law

2 1 p .(2)—1
= — (= S aq o 540
o = (NI I (5.40)
2 1 p (Py_
Bi = —() 1811115 o] llal| (5.41)
1 4
2 1.p ()= .
By = — () 1181 1189 o] l1gl” (5.42)
2 g

where v, v1 and 15 are the positive tuning parameters.

The dead zone technique [30] is used to modify the adaptive tuning law as

. J(BY—1

A B O 1112 [ B o] >
0, o]l < &

. J(BY=1

A= L S®UBIIE el el loll > e
0, o] < &

. (2y—1 .

B o= b @Bl dlP, ol >e (5.43)
0, o] <

where ¢ is a small positive constant.

Now the adaptive terminal sliding mode control law for the robotic manipulator is obtained as,
i = —K'Mo(q)o — Mo(q)(Bo + Bullgl| + Balldl1*)sign(o) (5.44)

Using Lyapunov stability criterion as discussed earlier in Section 5.2, the NTSM manifold o in (5.35)
can be shown to possess finite time reachability to zero which ensures that the tracking error of the

robotic manipulator e = ¢ — g4 converges to zero in finite time.
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5.4 Tracking control of a robotic manipulator

5.4.1 Effectiveness

Let us compare the proposed adaptive terminal sliding mode (TSM) controller with the NTSM

controller designed by Feng et al. [5] described by:

7= Colq,4)q + Go(q) + Mo(q)da + ua + up (5.45)
where
u = —Lap(q)pte N
P
p [sT8 diag(eP/ T My~ (q))]"
U, = —=
’ q||sT B diag(ér/=1 My (q))]]
x[lIsl| 118 diag(s*/1~ 1My~ (q) [/(po + prldll + p2lldl1)] (5.46)

Here pg, p1 and ps are supposed to be known parameters, that means ||F(q,q,q)|| (5.29) must be
known. It is obvious that implementation of the NTSM controller (5.45 - 5.46) is highly complicated
as it involves computation of the nominal model of the robotic manipulator accompanied by the
difficult compulsion of knowing ||F'(q, ¢, §)|| apriori. Both these requirements are difficult enough to
discourage practical implementation of the NTSM controller. Moreover, if the switching control uy
is not approximated by the saturation function, the NTSM controller exhibits high chattering in the
control signal. On the other hand, the proposed adaptive TSM controller has the major advantage
that prior knowledge about the bounds ||F(q,q,q)|| (5.32) are not required as these are adaptively
estimated. Again, since the actual control is obtained by integrating the discontinuous switching
function, the control signal is smoother and chatterless as compared to the NTSM controller proposed

in [5].
5.4.2 Simulation Studies
The proposed chattering free adaptive terminal sliding mode (TSM) controller is applied for tra-

jectory tracking of a two-link rigid robotic manipulator shown in Fig.5.4.

For the above two-link manipulator, the dynamic equation (5.27) has the following parameters,

M(g) (m1 + m2)I3 + mal3 + 2malilacos(q2) + J1 mal3 + malilacos(qz)
q =

mgl% + malilacos(g2) mglg + Jy
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5. Adaptive Terminal Sliding Mode Controller

—malilasin(qz)3 — 2malilesin(qz)d1de

malilasin(ga)ds

(m1 + ma)ligcos(q1) + malagcos(qr + q2)
Gla) = (5.47

malageos(q1 + q2)

Figure 5.4: Configuration of a two-link robotic manipulator

Here q(t) = [q1(t), g2(t)]” is the angular position vector where g;(¢) and ¢2(t) are the angular positions
of joints 1 and 2, M(q) is the inertia matrix, C(q,q) is the centripetal Coriolis matrix, G(gq) is the
gravity vector and 7 = [r1,72]7 is the applied torque. The two-link robotic manipulator has four inner
states z1(t) = q1(t), z2(t) = qi(t), x3(t) = q2(t), za(t) = ¢2(?), two output states y1(¢) = ¢i(t) and
y2(t) = g2(t) and two inputs ui(t) = 71 and ua(t) = 79. Friction terms are ignored. Table 5.1 lists the

physical parameters of the two-link robotic manipulator considered in the simulation study [5]. The

Table 5.1: Physical parameters of the two-link robotic manipulator [5]

Symbol Definition value
1y Length of the first link 1m

lo Length of the second link 0.85m
Ji Moment of inertia of the D.C. motor 1 | 5kg —m
J Moment of inertia of the D.C. motor 2 | 5bkg —m
my Mass of the link 1 0.5kg
mo Mass of link 2 1.5kg
mi Nominal Mass of link 1 0.4kg
Mo Nominal Mass of link 2 1.2kg
g Gravitational constant 9.81m/s?

reference signals are gq; = 1.25 — (7/5)e™" + (7/20)e™* and qqo = 1.25 + e~* — (1/4)e~*. The initial
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5.4 Tracking control of a robotic manipulator

states are selected as ¢1(0) = 0, ¢2(0) = 2.5, ¢1(0) = 0 and ¢2(0) = 0. The external disturbances
considered are 741 = 2sint + 0.55in2007t and 7459 = cos2t + 0.5sin2007t [94]. The parameters of
the proposed controller are selected as p = 5, ¢ = 3, 8 = diag(0.023,0.023), ¢ = diag(45,45) and
KT = diag(60, 60).

The choice of the design parameters v, v1 and v» is influenced by the convergence rate of the estimated

bounded parameters EO, él and ég and the adaptation update laws used are given by

By = 174||8]| |54

2 (B)_

B = 1458 159 | |lql
A (PY_ .
Bo = 3308 159 o] (4]

respectively with initial conditions EO(O) =1, B (0) =1 and ég(O) =1
The simulations are carried out in the MATLAB - Simulink platform by using ODE 4 solver with a
fixed step size of 0.005 sec.

The tracking response and the control input obtained by using the NTSM controller (5.45 - 5.46)
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Figure 5.5: Output tracking response of joint 1 and joint 2 with the controller proposed in [5]

proposed by Feng et al. [5] are shown in Fig. 5.5 and Fig. 5.6 respectively. It is observed from
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5. Adaptive Terminal Sliding Mode Controller

these figures that although the tracking performance is satisfactory, the major drawback of the NTSM
controller is the high frequency chattering present in the control input. Moreover, another design
constraint the NTSM controller suffers from is that the parameters pg, p1 and po, i.e. ||F(q,q,q)||

(5.29) are needed to be known apriori.
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Time(sec)

Control input of joint-1 (1)

_20 | | | | |

0 1 2 3 4 5 6 7 8 9 10
Time(sec)

Control input of joint-2 (72)

Figure 5.6: Control input of joint 1 and joint 2 with the controller proposed in [5]

Simulation results obtained by applying the proposed adaptive TSM control laws (5.38) and (5.44)
are shown in Fig. 5.7 - Fig. 5.10. It is observed from Fig. 5.7 that both the joints 1 and 2 track the
reference trajectory faithfully. The control inputs applied to both the joints show no chattering as is
evident in Fig. 5.8. The convergence plots of the estimated parameters éo, El and ég are shown in
Fig. 5.9. The sliding surfaces and the sliding manifolds are plotted in Fig. 5.10 which confirms that
these converge to zero quickly.

For comparison purpose, another class of sliding mode controller is considered in the simulation

study. The third order sliding mode controller developed by Defoort et al. [4] is now applied to the
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Figure 5.8: Control input of joint 1 and joint 2 using the proposed controller
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Figure 5.9: Estimated parameters éo, él and §2 using the proposed adaptive tuning method
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Figure 5.10: Sliding surfaces and sliding manifolds using the proposed controller
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robotic manipulator example. The sliding mode function is chosen as [4]

t
s = é—/unode
0

Unom = —k1|e]a13ign(e)—kg\é|a2sign(é)

with control parameters k; = 401, ko = 171 and oy = 3/5,a9 = 3/4. The control law proposed by
Defoort et al. [4] is given by 7 = My(q, ¢)dq + Cog + Go + Mo(q, §)tnom + Mo(q, ¢)ugisk where ug;sk
is obtained by using the twisting algorithm given by ugisx = —C fg sign(s)dr — 9|s|'/%sign(s). The
design parameters ( and ¢ are are chosen as 151 and 17 respectively.

The tracking performance and the control inputs with the same initial conditions as in the previous
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Figure 5.11: Output tracking response of joint 1 and joint 2 with the controller proposed by Defoort et al. [4]

examples are plotted in Fig. 5.11 and Fig. 5.12. It is observed from these figures that although the
control law proposed by Defoort et al. [4] assures fast convergence of the states to the reference, the
transient response is highly oscillatory at start. In addition, the controller proposed by Defoort et
al. [4] is affected by the chattering phenomenon. Moreover, the variation seen in the control input
in [4] is quite high which is undesirable as a high input variation can damage the actuator or it may

get saturated. In contrast the proposed adaptive TSM controller input is smooth and chattering free.
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Figure 5.12: Control input of joint 1 and joint 2 with the controller proposed by Defoort et al. [4]

Output Per formance: To evaluate the output performance, the integrated absolute error (IAE)
of the output is computed. The TAE is defined as the sum of the absolute values, i.e., IAE of joint-1
=> p_1 |lq1(k) — qa1 (k)| and IAE of joint-2 = >"}'_; |g2(k) — g42 (k)| where n is the number of sampling
instants and gq1 (k) and gg2(k) are the desired positions of joint-1 and joint-2 respectively at the k-th
sampling instant.

Input Performance : To evaluate the manipulated input usage, the total variation (TV) [101]
of the input u(t), which is sum of all its moves up and down is computed. It is is difficult to de-
fine TV compactly for a continuous signal, but if the input signal is discretized as a sequence, i.e

UL, U2, US, ...y Ugy ... Uy, then TV can be defined as

n
TV = |uit1 — ugl (5.48)
i=1

The total variation is a good measure of the smoothness of a signal. TV is desired to have a small value
because a large value of TV means more excessive input usage or a more complicated controller [101].
Energy of the input is calculated by using the 2-norm method. The control energy is expected to be

as small as possible. The output and input performances are calculated for the period from 0 to 10s
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with a sampling time of 0.05s.

Table 5.2: Comparison of controller performance

Controller performance

Types of controller TAE | Total variation (TV) | 2-norm of input
Feng et al. [5] Joint-1 | 14.85 205.01 72.22
g et al jont-2 | 7.22 127.92 207.79
Joint-1 | 7.03 523.10 581.98
Defoort ef al. [4] jomt-2 | 5.01 563.44 146.85
. joint-1 7.01 114.29 114.61
Proposed adaptive TSM controller jomt-2 | 4.05 =100 110.03

The output and input performances of the proposed adaptive TSM controller as well as the con-
trollers designed by Feng et al. [5] and Defoort et al. [4] for the two-link robotic manipulator are
tabulated in Table 5.2. It is noted that the proposed adaptive TSM controller offers comparable
tracking performance by applying a smoother control input having minimal total variation as com-
pared to the controllers designed by Feng et al. [5] and Defoort et al. [4]. Moreover, the overall control
energy spent in the case of the proposed adaptive TSM controller is not more than those in the other

two methods.

5.5 Summary

A chattering free adaptive terminal sliding mode controller for uncertain systems is proposed in this
chapter. The nonsingular terminal sliding manifold guarantees fast and finite time convergence. The
controller acts on the first derivative of the control input which contains the switching term involving
the sign function. The actual control law is obtained by integrating the discontinuous derivative
control signal and hence it is continuous. The requirement of prior knowledge about the uncertainty
bounds for designing terminal sliding mode controllers is not a necessary requirement in the proposed
controller. The proposed adaptive TSM controller is successfully applied for stabilization of a triple
integrator system affected by uncertainty. Trajectory tracking of a two-link robotic manipulator
which is a nonlinear system with mismatched uncertainty is also considered in our simulation study.
Simulation results demonstrate that the proposed control strategy is successful in eliminating the
undesired chattering in the control input while ensuring satisfactory stabilization as well as tracking

performances. Hence the proposed controller is suitable for practical applications.
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6.1 Introduction

6.1 Introduction

In the previous chapters, stabilization and tracking problems of linear as well as nonlinear uncertain
systems were considered and attempts were made for their improvement using chattering free adaptive
sliding mode control which employed a linear sliding surface. In general, fast settling time and small
overshoot are the two important requirements in most of the design problems. However, it is well
known that quick response produces a large overshoot which is not at all desirable in many practical
electromechanical applications [102]. On the other hand, a low overshoot can be achieved at the cost
of a high settling time. However, a short settling time is also necessary for a quick response, but it
increases the overshoot. Thus the user has to choose between fast response and low overshoot and
most of the design problems make a trade-off between these two transient indices keeping the damping
ratio fixed.

This particular problem can be solved by using the composite nonlinear feedback (CNF) technique
[103-105]. CNF method uses a variable damping ratio to achieve high transient performance. Initially,
the damping ratio is chosen as a very low value to ensure quick response and as the output approaches
the reference, the damping ratio is increased to reduce the overshoot.In [6,67,106,107], the CNF
method was used to design a nonlinear sliding surface which increased the damping ratio from its
initial low value as the output approached the set point. This resulted in a fast response at the
beginning and gradually as the output approached the set point, the effect was to reduce the settling
time and overshoot.

This chapter focuses to improve the transient performance of an uncertain system by developing a
chattering free sliding mode controller which uses a nonlinear sliding surface. Here a proportional
plus constant reaching law based chattering free sliding mode controller is proposed using nonlinear
sliding surface to improve the transient performance. An adaptive tuning law is used to deal with
unknown but bounded system uncertainties. Further, a discrete integral sliding mode controller based
on nonlinear sliding surface is designed to investigate the performance in the discrete domain.

This chapter is organized as follows:

The proposed adaptive sliding mode (SM) controller using nonlinear sliding surface is discussed in
Section 6.2. Section 6.3 discusses about nonlinear sliding surface based discrete integral sliding mode

controller for uncertain systems. A brief summary is presented in Section 6.4.
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6. Nonlinear Sliding Surface based Adaptive Sliding Mode Controller

6.2 Adaptive chattering free sliding mode (SM) controller using
nonlinear sliding surface

A class of dynamic system is considered as follows,

= f(z)+g(@)u
y = o) (6.1)
where x € R™ is the state variable, u € R™ is the control input, y € R is the output and o(z) € R

is the measured output function known as the sliding variable. Moreover, f(z) and g(z) are smooth

functions.

Using appropriate transformation, the above nonlinear system (6.1) can be transformed into the

following Brunowsky canonical form [106],

jfi = Ti+1 i:1,...,(n—1)

Ty = QpiZ1 + anaZao + ... + apn®n + Bpu + By f (2, ) (6.2)
The above system can be expressed as,

&t = Az + B(u+ fm(x,t))
n = Cix (6.3)
where z € R" is the state vector, u € R™ is the control input, y; is the output and f,,(z,t) € R™ rep-

resents parametric perturbation and external disturbances and is assumed to be matched. Here A, B

and C] are known matrices with proper dimensions and n, m are also known. The system (6.3) can be

transformed into regular form by using a transformation matrix 7, [106], such that z = T,x = [21 29]7.
Then the following transformed system is obtained,

Z1 = anz+ a2z

Zo = agz1 + axzs + Bou + Bafp(2,1)

o= C=z (6.4)
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6.2 Adaptive chattering free sliding mode (SM) controller using nonlinear sliding surface

Here, z;1 € R* !, 2z € Rand C = O((T}) L.

From (6.4) the following can be written,
2 = Apegz+ Bu+ Bfn(2,1) (6.5)

where f,,(2,t) contains all the uncertain terms along with disturbances and A,., can be expressed as,

. ail a2
Areg = [ a1 a ]
B = [0 By (6.6)

The nonlinear sliding surface is selected as [106],
c'(t) =[F = T(r,y)ai,P 1] (6.7)

where Y(r,y) is a negative nonlinear function and F is a real matrix. Then

s = c(t)e
= [F—"Y(r,y)al,P 1]e (6.8)

where e = [e1 es]T = [21— 214 22— 224]7 and 24 = [214 204" is the desired state. Here F is chosen
such that (a17 — a12F") has stable poles and the dominant poles have low damping ratio. Furthermore,
Y(r,y) is a negative nonlinear function which raises its value starting with zero such that the damping
ratio for the overall system increases from an initial low value to higher ones [67,106]. Moreover, P is

a positive definite matrix which can be found by solving the Lyapunov criterion given by,
(a11 — algF)TP + P(a11 — (I12F) =—R (6.9)
where R is also a positive definite matrix.

6.2.1 Stability in sliding mode

During the sliding mode, s = 0 and hence from (6.8)

eg = —Fey + Y(r,y)alyPe; (6.10)
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6. Nonlinear Sliding Surface based Adaptive Sliding Mode Controller

Using (6.5) and (6.10) yields
é1 = (a1 — a12F + a12Y(r,y)ajPer + h (6.11)

where h = a11214 + a12224 — 214. Suppose that the desired trajectory zy is consistently generated by

using the system model. Then there exists some control u such that

Z1a = 11214 + 12224
Zad = G2121d 1 a22224 + Bou (6.12)
Using (6.11) and (6.12) yields,
é1 = (a11 — a12F + a12Y(r,y)ajyP)ey (6.13)

To prove the stability in the sliding mode, let us consider the following Lyapunov function,

i = e{Pel
Taking its derivative and using (6.13) yields
Vi = é{Pei+efPé

= e (a11 — a12F)" Pey + €] P(ay; — a1aF)ey + 2e] Paya Y (r,y)alyPe

= el [(a11 — a12F)"P + P(a1y — a1oF)]er + 2e{ PaioY(r,y)aiyPey
= ef [(a11 — a12F)" P + P(ayy — a12F) + 2Pa12 Y (r,y)aiy Ple;
_ T T
= e [~R+2PaY(r,y)ajyPles
Let there exist a matrix Q = elTPalg. Thus V; can be simplified as,
Vi = —efRe1+2QY(r,y)Q"
Since R > 0 and Y(r,y) < 0,

Vi <0 (6.14)

Thus stability in sliding mode is proved. Taking first derivative of s and using (6.8) and (6.5), the

following is obtained:

§ = W)z —é"(W)zg— T (t)2a + T (1) (Aregz + Bu+ Bfp(z,1)) (6.15)
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6.2 Adaptive chattering free sliding mode (SM) controller using nonlinear sliding surface

Taking the second derivative of s yields

§ = W2+ )24 (1) Apegs + ¢T (1) Apegz + ¢ (t) Bi + ¢ (t) Bu

4T () Bfm(z,1) + () Bfm(z,t) — %(c’T(t)zd + T ()24)

= ()AL gz + 26T (1) Aregz + & (t)2 + T (t) Areg Bu

+2¢T () Bu 4 T () Bote — & (t)2g — ¢T (t) 24 — T (t)3q

—T()zq + T () Apeg Bfm (2, 1) 4+ 267 (#) B fin(2,t) + ¢ () B (2, 1) (6.16)

Let all the uncertainties be norm bounded and
(¢ () Areg B (2 1) + 267 (8) Bfm(2,1) + T () Bm(2,8)) = AF(2,1).

Assuming y;(z) = s and y2(z) = $, the system dynamics can be written as,

n(z) = u(2)

Y2(z) = @(z,u) + V(z)v (6.17)

where v = 4 and ®(z,u) collects all the uncertain terms not involving %. Thus the systems (6.15) and
(6.16) are now controlled by the input v. A sliding mode controller can be designed for the above
system using the control input v to keep the system trajectories in the sliding manifold.

Let the sliding manifold be considered as,
o =1y2(2) + ky1(z) (6.18)

where k is a positive constant.

Taking the derivative of (6.18) yields,
o = 12(2) + ky1(2) (6.19)
Using (6.15) and (6.16), the following is obtained,

o = CT(t)Aaegz + 26 (1) Apegz + ET ()2 + T (t) Ayeg Bu

+ 2" (t)Bu + T (t) B — & (t)2q — ¢ (t)2q — T (t)2q

— ¢()2g+ kS + AF(2,1) (6.20)
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6. Nonlinear Sliding Surface based Adaptive Sliding Mode Controller

Using the constant plus proportional reaching law yields,
0 = —kio — kasign(o) (6.21)
Using (6.20) and (6.21), the control law is obtained as,

i = —(c"(t)B) e () Afyz + 26T (1) Aregz + & (t)2
+ () ApegBu 4 2T (1) Bu — &7 (t)2g — 1 (t) 20 — T (1) 34

— ()24 + k10 + kasign(o) + k] (6.22)

where ki > 0 and ko > {|(cT (t)Aveg B fin(z,t) + 2¢7(#) B fn(z,t) + T (#) Bfm(z,1))| = |AF(2,1)|} to
satisfy the reaching law condition o6 < —n|o| for some n > 0.

In practice, the upper bound of the system uncertainty is often unknown in advance and hence the
error term |AF(z,t)| is difficult to find. An adaptive tuning law is proposed to estimate ko using

which the control law (6.22) can be written as

i = —(c"(t)B) e (1) Afyz + 26T (1) AregBz + T ()2
+ () ApegBu 4 2T (1) Bu — &7 (t)2g — ¢ (t) 2q — T (1) 34

— )24+ kro + Tsign(o) + ksl (6.23)

where T estimates the value of ks. Defining the adaptation error as T = T — T, the parameter T is

estimated by using the adaptation law as in (4.57) [40,69,70,108] and given below,
T = vlo| (6.24)

where v is a positive constant. A Lyapunov function V5 is selected as V5 = %02 + %'ﬂ?? whose time

derivative is as follows,

VQ = 00+ ’YTT
Using (6.20) yields,
olch () A% 2 + 26T (8) Apegz + ET ()2 + T (t) Aveg Bu

reg

Vo
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6.2 Adaptive chattering free sliding mode (SM) controller using nonlinear sliding surface

+ 27 Bu+ T (t)Bt— T (t)zg — ¢ (t)2q — T (t)2q — ¢T (t) 24
4 Ré+ AF(z,0)] + (T - T)T
Using (6.23) and (6.24) yields,
Vo = o|AF(z,t) — Tsign(o) — ko] +~v(T = T)v|o]|
Since k1 > 0, the above equation can be written as
Vo <| AF(z,t) | |o| = Tlo| + T|o| - T|o| + (T — T)v|o|
< (JAF(z,8)| = T)|o| = (T = T)lo| + 1(T = T)vlo]
< —(=|AF(z,t)| + T)|o| — (T = T)(—yvlo| + |o])
< —BoV2(0/V2| = B/7/2T = T)/\/~/2
where 8, = (T — |AF(z,t)|) and 8, = (lo| —yv|o])
So, Vo < —min{B,v2, B,v/2/7} (o /V2| + T\/7/2)
< —BV;/? (6.25)

AN

where 3 = min{f,v/2, ﬁl,\/m} with 8 > 0. The above inequality holds if T =vlol|, Bo > 0,0, >
0, T > |AF(z,t)] and v < % Therefore, finite time convergence to a domain o = 0 is guaranteed
from any initial condition [40,62]. The adaptive tuning law (6.24) is modified by using the dead zone
technique.
It is evident from (6.23) that @ is discontinuous but integration of % yields a continuous control law
u. Hence the undesired high frequency chattering of the control signal is eliminated. Thus the above
adaptive SM control with nonlinear sliding surface offers following advantages. Firstly, an improved
transient performance can be obtained without the knowledge about the upper bound of the system
uncertainties. Secondly, the chattering in the control input is eliminated.
Assumption 6.1. An exact robust differentiator is available for exactly measuring or estimating the

derivative of variables.
6.2.2 Choice of nonlinear function Y(r,y)

The nonlinear function Y(r,y) is used to change the system’s damping ratio as the output y

approaches the reference position r [104] [67]. It possesses the properties mentioned below:
e When the output is far from the reference value, Y(r,y) equals to zero (or a very small value).
e As the output approaches its final desired value, Y (7, y) value gradually becomes highly negative.

e The nonlinear function Y(r,y) should be continuous, differentiable and its higher derivatives

must exist.
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6. Nonlinear Sliding Surface based Adaptive Sliding Mode Controller

The choice of Y(r,y) is not unique. Some examples of Y(r,y) used in literature are discussed below

[102].
T(r,y) = —ge V") (6.26)

where r and y are the reference input and the system output respectively. Here o > 0, ¥ > 0 are
the tuning parameters. It is observed that the nonlinear function decreases its value from 0 to —p as
the value of error (y — r) decreases from infinity (very high value) to zero. Another type of nonlinear

function Y(r,y) used is given by,
Y(r,y) = —e V7" (6.27)

The value of Y(r,y) changes from 0 to —p as the error (y —r) approaches zero [109] from a high value.

Y (r,y) can assume the following form also,

T(ry) = -5 _96_1 (e~ (1= (w=20)/(—w0))* _ =1y (6.28)

where 7 is the reference input, yo = y(0) is the initial state and ¢ is the tuning parameter. The

function Y(r,y) changes its value from 0 to —p as the error (y — r) approaches zero from a high value.
6.2.3 Simulation Results

The proposed controller is simulated in MATLAB-Simulink by using ODE 8 solver with a fixed

step size of 0.005 sec.
6.2.3.1 Time response of second order process with time delay

The proposed adaptive SM controller is applied to a second order uncertain system with time delay.
The performance of the proposed adaptive SM controller using nonlinear sliding surface is compared
with that obtained by using adaptive SM controller with different linear sliding surfaces. The second

order process with time delay is given by [9]

0.05¢70-58
G(s) = 6.29
)= T 010 19 (6:29)
which can be simplified to the following form using Padé approximation,
0.05
G(s) = (6.30)

(140.55)(140.1s)(1 + s)
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6.2 Adaptive chattering free sliding mode (SM) controller using nonlinear sliding surface

The state space model given by Eq.(6.3) is obtained with

0 1 0 0
A = 0 0 1 |,B=|o|,c0=[10 0] (6.31)
—20 -32 -—13 1

The matched uncertainty considered here is fy,(z,t) = 0.5sin(10¢).
Since the system is already in the regular form, the following submatrices can be written,

21 = [z1 x2]7, 22 = x3 and coefficient matrices

Jo 1 Jo
ailr = 0 0 ,A12 = 1

ag1=1[-20 =32 ],a;2=-13, Bo=1, C=C (6.32)
e Design of nonlinear sliding surface:

The nonlinear sliding surface consists of a linear and a nonlinear term. Initially, the nonlinear term
has a very low value and as the system gradually approaches its desired position, the nonlinear term
decreases its value to a high negative value and thereby changes the value of the damping ratio. As a

result, the system response has low overshoot and small settling time. Let us recall,
') =[F -=Y(r,y)al,P 1] (6.33)

Here the gain matrix F' is designed for low damping ratio and high setting time. Moreover, F' can be
designed by using pole placement technique. Let initially the system have damping ratio &1 and settling
time ¢51. The closed loop poles are located at (—&wy, + /(€7 — 1)wy) and (—&1w, — /(€2 — Dwy).

The natural frequency of oscillations w;,, is given by,

4
gltsl

(6.34)

Wn

Let us choose the initial damping ratio &; = 0.4 and settling time t5; = 3.5. Using (6.34), the poles
can be found to be located at —1.1429 + 2.6186%, —1.1429 — 2.6186¢. Thus F' can be calculated using

pole placement technique as F' = [8.1633 2.2857]. Solution of the Lyapunov equation (6.9) yields,

P

_ [ 02144 0.0061 0.1 0} (6.35)

~ | 0.0061 0.0246} SIS R_{ 0 01
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6. Nonlinear Sliding Surface based Adaptive Sliding Mode Controller

The nonlinear function Y(r,y) is designed as,
Y(r,y) = —215.04¢ Y7’ (6.36)
where ¥ = 10,r = 1.
e Design of control law

Using nonlinear sliding surface, the overall SM control law is obtained from (6.22) choosing k = 15,
k1 = 10. The adaptive tuning law is designed as T = 0.015|c| with Tp = 0. Here A,q4, B are obtained
by using the equations (6.6) and (6.32). The nonlinear sliding surface ¢’ (t) is designed as explained

earlier.
6.2.3.2 Comparison with adaptive SM controller using linear sliding surface

Transient Performance of the nonlinear sliding surface based adaptive SM controller is compared
against the adaptive SM controller using linear sliding surface. Following three different linear sliding
surfaces are chosen for our comparison:

1. Linear sliding surface 1 with £ = 0.4, t; = 3.5sec
2. Linear sliding surface 2 with £ = 0.5, t; = 3.0sec
3. Linear sliding surface 3 with £ = 0.7, t; = 2.5sec

The adaptive SM control law with linear sliding surface is obtained from (6.22), given by

o= —(CT(t)B)_l[CT(t)AzegZ + () Bu + k$ + kio + T'sign(o)

—cT'(t)z4] (6.37)

The output which is the angular position is plotted in Fig. 6.1 for the nonlinear sliding surface based
as well as linear sliding surface based adaptive SM controllers. From Fig. 6.1 it is clearly observed that
the peak overshoot and settling time both improve significantly in the case of the nonlinear sliding
surface based adaptive SM controller. A detailed comparison of transient performances between these

two types of adaptive SM controllers is presented in Table 6.1.

The convergence of adaptive gains 7' for different sliding surfaces are confirmed in Fig. 6.2. Notably,

the knowledge of the upper bounds on the uncertainties is not a required prerequisite for designing

the SM controller.
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Figure 6.1: Output response of adaptive SM controller with different sliding surfaces

Table 6.1: Transient response indices for different values of £ and ¢,

Type of sliding Peak (%) Settling
surface overshoot time (sec)
Linear sliding surface with £ = 0.4, t;,=3.5 sec 24 3.5
Linear sliding surface with £ = 0.5, t3=3.0 sec 8 3.0
Linear sliding surface with £ = 0.7, t;=2.5 sec 5 2.5
Proposed controller with nonlinear sliding surface 0 1.1

6.2.4 Stabilization of an uncertain system

The problem of ship roll stabilization is taken up now and the performance of the proposed con-

troller is compared with that of Fulwani et al. [6]. The state space representation of the ship roll

model is given by Equation (6.3) with [6],

0 1 0
A= |0 0 1 |.,B=
—2  —27 -7 1

Ci = [1 0 0]

The uncertainty is considered as fp,(z,t) = sin(10¢).

(6.38)

(6.39)
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Figure 6.2: Adaptive gains of SM controller with different sliding surfaces

The objective is to stabilize the output quickly to the equlibrium. The parameters for designing
the controller are chosen as F' = [25 4], k = 30, k; = 20 and the initial condition is assumed as

2(0) = [0.1 0 0]7 [6]. By solving the Lyapunov equation (6.9), P is obtained as,

0.0071 —0.0170 1 0
= | 00170 01105 | Where R=034 [ 0 1 } (6.40)
The nonlinear function Y(r,y) is selected as [6],
T(y) = —50e~10%" (6.41)

The adaptive tuning law is designed as T = 4|o| with Tp = 0.

Fig. 6.3 shows the system output and the control input using the control law proposed by Fulwani
et al. [6]. From Fig. 6.3 it is observed that the output converges fast to the reference without any
overshoot. However, it is clear that the control input is not smooth and contains excessive chattering.

Moreover, the start-up control input is also very high.
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The simulation results obtained by using the proposed adaptive SM controller are plotted in Fig. 6.4.
It is noticed that the system output has no overshoot and reaches the origin in the same time as in the
method of Fulwani et al. [6]. Furthermore, the proposed controller produces a chattering free control
input. Also, the proposed method reduces the start-up control input considerably. Convergence of
the sliding surface, the sliding manifold and the adaptive gain obtained by using the proposed method

are shown in Fig. 6.5.
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Figure 6.5: Adaptive gain, sliding manifold and sliding surface using the proposed controller

Input Performance : Although good transient performance is the primary aim of the controller,
large variation in the control input to achieve the same is undesirable. For rating the controller
performance, an index to measure the total variation (TV) in the control input v has been proposed
in literature [101] as
n
TV = |uis1 — uil (6.42)
i=1
which is desired to have a small value. The total variation is a good measure of the smoothness of a
signal. A large value of TV means more input usage or a more complicated controller [101]. Also, input
energy is another important index for the controller and is calculated by using the 2-norm method.
The control energy is expected to be as small as possible. The input performance of the proposed

controller is computed in terms of TV and 2-norm energy for the period from 0 to 5s with a sampling
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time of 0.01s. The input performance of the proposed controller and that of Fulwani et al. [6] are

tabulated in Table 6.2.

Table 6.2: Input performance comparison

Type of Total Control

Controller Variation (TV) Energy
Fulwani et al.’s method [6] 137.31 86.72
Proposed controller 8.35 52.18

It is noted from Table 6.2 that the proposed controller offers comparable output performance
by applying a smoother control input having minimal total variation as compared to the controller
designed by Fulwani et al. [6]. Furthermore, the control effort spent is much lower in the case of the

proposed controller than in [6].
6.2.5 Performance comparison with third order sliding mode controller

The performance of the proposed adaptive sliding mode (SM) controller is now compared with the
third order sliding mode controller developed by Defoort et al. using twisting algorithm [4,62]. For
the sake of comparison, stabilization of the triple integrator system described in [62] and discussed

earlier in Section 5.3 is reconsidered as given below,

i?l = T2
.1"2 = I3
i3 = u+p(x), y=a1 (6.43)

where p(z) = sin(10x1) is the bounded uncertainty, y is the output and the initial condition of the
system is assumed as 2(0) = [IL 0 —1]7 [62]. The system trajectory and the control input obtained by
using Defoort et al.’s method are shown in Fig. 6.6. It is observed from Fig. 6.6 that the third order
sliding mode controller using twisting algorithm is not able to reduce the chattering in the control

input completely.
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Figure 6.6: System output and control input using the control law [4]

The proposed adaptive SM controller using a nonlinear sliding surface is now applied to the triple
integrator system. The parameters in the control law (6.22) are chosen as kK = 3, ki = 5 and
the nonlinear function is selected as Y(y) = —60.07¢~ 109", The adaptive tuning law is designed as
f = 0.1|o| with Top = 0. The nonlinear sliding surface is designed by choosing the damping ratio
¢ = 0.3 and settling time t; = 5 sec [61,62]. The positive definite matrix P obtained by solving the
Lyapunov equation (6.9) is given as,

p_ 0.2674  0.0070 ] sing R = [ 0.1000  0.0000

~ 1 0.0070  0.0356 0.0000  0.1000 (6.44)

The system states and the control input for the triple integrator system using the proposed con-
troller are plotted in Fig. 6.7. It is evident from Fig. 6.7 that the proposed adaptive SM controller
produces faster convergence of the system states to equilibrium and smoother chattering free control
input as compared to the method proposed by [4].

Convergence of the adaptive gain, the sliding manifold and the sliding surface by using the proposed

controller is shown in Fig. 6.8.
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Figure 6.8: Adaptive gain, sliding manifold and sliding surface using the proposed controller

System output obtained by using the proposed adaptive SM controller employing both nonlinear
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and linear sliding surfaces is compared with that obtained by using Defoort et al.’s method [4] in Fig.
6.9. From Fig. 6.9 it is clearly observed that the best transient performance is demonstrated by the
proposed controller using nonlinear sliding surface. A detailed comparison of the transient as well
as input performance between the proposed controller and Defoort et al.’s method [4] is tabulated in
Table 6.3. From Table 6.3 it is evident that the proposed controller produces zero overshoot, faster
settling time, lesser input variation and lower control action than those obtained by using the con-
troller proposed by Defoort et al. [4]. The input performance is calculated for the period from 0 to

20s with a sampling time of 0.01s.
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I I
----- reference
—_proposed control law with
nonlinear sliding surface |
== Defoort et al's control law
_ _ _proposed control law with
linear surface

System output

7 8 9 10

Time(sec)

Figure 6.9: System outputs produced by the proposed adaptive SM controller and [4]

Table 6.3: Transient response indices and input performance for the triple integrator system

Type of Over Settling Total Control

Controller -shoot (%) time (sec) variation (TV) energy
Defoort et al.’s method [4] 12 7.5 642.05 41.79
Proposed controller 0 2 35.61 41.07

120



6.3 Composite nonlinear feedback based discrete integral sliding mode controller

6.3 Composite nonlinear feedback based discrete integral sliding
mode controller

The use of digital computers and samplers in the control circuitry in the recent years has made
the use of discrete time system representation more justifiable for controller design than continuous
time representation. As such study and research on discrete sliding mode has received wide attention
[57] [110] [111] [112] [113] [114]. To analyze the effect of sampling time, discrete time sliding mode
control (DSMC) is well studied in the literature [7] [115] [116] [117] [118]. In this section, a nonlinear
feedback based discrete integral sliding mode controller is proposed for uncertain systems with matched
uncertainty.

The main idea behind the integral sliding mode (ISM) controller is to design the control law as a
sum of a nominal control and a discontinuous control. Nominal control takes care of the nominal
plant dynamics and the discontinuous ISM control rejects disturbances. Here the composite nonlinear
feedback (CNF) controller, which is based on variable damping ratio, is used as the nominal controller
to achieve good transient performance and the discrete integral sliding mode (ISM) controller is

combined to ensure invariance against disturbances [114].
6.3.1 Discrete ISM controller for linear system with matched uncertainty

Let us consider a continuous time linear uncertain system as given below,

&t = Az + B(u+ fm(x,t))

y = Cz (6.45)

where x € R" is the state vector, u € R™ is the control input and y € RP is the output vector. The
matrices A, B, C' and dimensions n, m, p are known apriori. Furthermore, f,,(x,t) is the matched
uncertainty caused by unmodeled dynamics and external disturbance.

Let the above continuous system be sampled at 7 samples per second, assuming that the distur-

bance is slowly varying. The discrete equivalent of the above plant (6.45) is then given by [119],

zk+1) = ¢ra(k)+Tru(k) + d(k)

y(k) = Cux(k) (6.46)
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where the matrices ¢, I';, C are of appropriate dimensions and J(kz) is the matched uncertainty.

The above matrices are defined as follows [119],

Or = eAT
r, = M Bdt
/
dk) = / eMBf((k+1)7 —t)dt (6.47)
0

For a smooth bounded disturbance f,(t) [7],

T

dk) = [ eMBfu((k+1)7 —t)dt
/
= (k) + 5 Trum(R)7 +O(r%)
= Td(k) (6.48)

where d(k) = fm (k) + $vm (k)T and O(73) is the error. Here vy, (t) = 4 f,,(t), vp (k) = vy (k7). To
see the details of the above expressions [7] can be referred to. It should be noted that the disturbance
d(k) is bounded and slowly varying, thus 0 < |d(k)| < d,(k), where d,, (k) is the maximum value of
the bounded disturbance [7].

Using (6.48), (6.46) can be written as,

z(k+1) = ¢ra(k)+Tru(k)+Trd(k)

y(k) = Cx(k) (6.49)
A discrete integral sliding surface o(k) is defined as follows [119]:
o(k) = Gz(k) — Gz(0) + h(k) (6.50)

where o(k) € R", h(k) € R™ and x(0) is the initial condition of the system. The value of G € R"™*"
is to be chosen later [20].

Then h(k) is calculated as,

h(k) = h(k — 1) — (GTruc(k — 1) + Gora(k — 1)) (6.51)
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where ¢, € R"*" 'y € R™"™ and u.(k) is the control signal. In the case of discrete ISM controller
uc.(k) = Kx(k), where K is the state feedback matrix designed by using pole placement technique.
For discrete CNF-ISM controller, u.(k) will be designed by using CNF method to be explained in
Subsection 6.3.2.

From (6.49), (6.50) and(6.51), the following is obtained,

ok+1) = Ga(k+1)—Gz(0) + h(k + 1)

= Gorx(k) + G (u(k) +d(k)) — Gz(0) + h(k) — GTyuc(k) — Gorz(k)  (6.52)
where u(k) is given by [119,120],
uw(k) = uc(k) + ueq(k) (6.53)

Here ucq(k) is the equivalent control [119]. For designing u.(k), the procedure explained in Section

6.3 will be followed. Using the above relation (6.53) in (6.52) yields
o(k +1) = GTrueq(k) + GT1d(k) + h(k) — Gz(0) (6.54)

The equivalent control ueq(k) is found by solving o(k + 1) = 0 and is given by,

Ueq(k) = (GT'7) (G2 (0) — GTrd(k) — h(k)) (6.55)

The above control law (6.55) is realizable if and only if GT'; is a nonsingular square matrix so that
its inverse (GT';)~! exists.

The actual disturbance signal d(k) can be estimated as the previous instant’s disturbance signal
(d(k) = d(k —1)) if the disturbance is bounded and slowly varying [7]. Hence the estimated equivalent

control uey(k) law can be expressed as,

ueq (k) = (GT,) ™ (G(0) — GT,d(k) — h(k)) (6.56)

Using (6.53) the discrete ISM controller is obtained as,
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~

u(k) = uc(k) + (GT,) 1 (Gz(0) — GT,d(k) — h(k)) (6.57)
Let us consider the sliding dynamics given by (6.52),
o(k+1) = Gora(k) + G (u(k) + d(k)) — Gz (0) + h(k) — GTru(k) — Gpra(k)  (6.58)
Using (k) = ue(k) + tieq(k) in equation (6.58) yields
ok + 1) = GT (ueg (k) + d(k)) — Gz(0) + h(k) (6.59)
Using (6.56) in (6.59) yields
o(k+1) = GId(k) — GT.d(k) = G, (d(k) — d(k — 1)) = O(7?) (6.60)

The above equation (6.60) is based on [7,121] which establishes that the sliding surface is bounded
by the rate of change of disturbance. Taking into account the availability of high speed Digital Signal
Processing (DSP) tools and microcontrollers, the sampling time can be chosen to be suitably small
which leads to very small boundary layer thickness [107]. The above equation (6.60) also describes
the stability of the sliding surface as discrete ISM control keeps the sliding surface within the limit of

O(7?) as mentioned in [7].
6.3.2 Composite nonlinear feedback (CNF) based controller design

Fig. 6.10 shows the block diagram of the proposed composite nonlinear feedback (CNF) based
discrete integral sliding mode controller (ISM). The CNF controller is based upon the method proposed
in [103,104,109,122]. The purpose of using the CNF controller is to track the reference input quickly
without producing large overshoot. This has been made possible by combining a discrete linear
feedback controller with small damping ratio and a nonlinear feedback controller. The nonlinear
feedback law initially has zero gain and the gain increases when the system reaches closer to the
reference input, thereby enhancing the damping of the system. Hence the controller guarantees low

overshoot and faster rise. The overall CNF control law u.(k) can be expressed as,

uc(k) = ur(k) +un (k) (6.61)
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Figure 6.10: Block diagram of CNF based Discrete ISM controller

where up (k) symbolizes the linear state feedback control and uy (k) is the nonlinear feedback law.

The followings are the steps involved in the design of the composite controller:

e A linear state feedback control law is given by,
ur (k) = Kx(k) + Lr (6.62)

where r is the reference input and L is a matrix of an appropriate dimension [102]. The value
of K is so chosen such that the overall closed loop system meets the specific design criterion.
The damping ratio £ and the settling time ¢4 define the specific location of the poles. Pole
placement technique is used to find the state feedback gain matrix K [106,122]. In designing the

CNF based ISM controller, = 0 is assumed since the output is to be regulated at zero. Hence

ur (k) = Kz (k).
e The nonlinear feedback law can be expressed as,

un (k) = Y(r,y)TT P(¢+ T K)a(k) (6.63)

where ¢ = ¢, + ', (GT;)~1G is obtained from the closed loop behavior of the overall system, to

be explained in Subsection 6.3.3. Here, Y(r,y) is a locally Lipschitz function in y having values
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from zero to negative. Furthermore, Y(r,y) is used to change the damping ratio of the closed
loop system as the output approaches the reference input. Then P > 0 is the solution of the

following Lyapunov equation,

P=(p+T,K)TP(p+T,K)+R (6.64)
where R is a positive definite matrix.

e The linear and nonlinear feedback control laws expressed in (6.62) and (6.63) can be combined

to get the overall expression for the CNF controller as

uc(k) = Ka(k) + Y(r,y) I P(¢ + I, K)x(k) (6.65)

Using (6.53), (6.56) and (6.65), the overall discrete CNF-ISM control law can be expressed as

u(k) = Ka(k)+Y(r,y)ITP(¢+ T, K)x(k) + (GT,) " (Gz(0) — GT,d(k) — h(k))  (6.66)
6.3.3 Closed loop behavior and stability of the overall system

Using (6.49), the discrete state equation can be written as,
z(k+1) = ¢rax(k)+Tru(k)+Trd(k) (6.67)

where u(k) = uc(k) + ueq(k) is the overall control input.
Using (6.53) and (6.67) yields,

zk+1) = ¢rx(k)+Tr(uc(k) 4+ ueq(k)) +I'7d(k) (6.68)
Using (6.56), (6.68) can be expressed as,

w(k+1) = ¢ra(k) + Drue(k) + T (d(k) — d(k))

4T, (GT,)1Gz(0) — I (GT,) " th(k) (6.69)
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Using (6.50) and (6.65), (6.69) can be expressed as,

2(k+1) = dra(k) + Do (Ka(k) + T(r,y)ITP(6+ T K)a(k))

T, (d(k) — d(k)) = D,(GT,) " (o (k) — Gar(k)) (6.70)
Using (6.60), o(k) is obtained as,
o(k) = GT(d(k — 1) — d(k — 2)) (6.71)
Using (6.71), (6.70) can be obtained as,

2(k+1) = ra(k) + Do (Ka(k) + T(r,y)ITP(¢ + T K)a(k))

+T,(d(k) — 2d(k — 1) + d(k — 2)) + ' (GT;) " *Gxz(k) (6.72)

Remark 6.2. The proposed method uses the bound of the variation/difference of the disturbance,
d(k—1)—d(k—2) where k =0,1,2,,,,. It is clear that disturbance decreases as the sampling frequency
increases. The magnitude of the ultimate bound of the state x(k) can be made very small if the
disturbance d(k) varies slowly or the sampling period is set very short and hence more accurate results
can be obtained.

Remark 6.3. Here Y(r,y) is a nonlinear function which has values varying from zero to a high
negative value. Initially it is assumed that Y(r,y) = 0, which later assumes a high negative value.

When Y(r,y) = 0 is considered, (6.72) becomes,
z(k+1) = (¢r +T-(GT) G+ T, K)z(k) + T [d(k) — 2d(k — 1) + d(k — 2)] (6.73)
Thus the boundary layer thickness is given by [7],
O(13) = T, [d(k) — 2d(k — 1) + d(k — 2)] (6.74)

From (6.73 - 6.74) it can be observed that z(k) will stay in the neighborhood of the reference
state within a boundary of O(73) [7]. It is noteworthy that by using the discrete integral sliding mode
controller, disturbance can be better compensated with smaller steady state boundary and higher

accuracy.

Let us assume that d(k) is bounded as given by —M < T';[d(k) — 2d(k — 1) +d(k — 2)] = w(k) < M
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with 0 < M < 0.

Then the closed loop dynamics (6.73) can be expressed as,
z(k+1) = (¢ + (GG 4T K)x(k) + w(k) (6.75)
Accordingly

T (B)z(k+1) —x(k)] = 2T (k)(¢r +T-(GT,) G+ K — Da(k) + 27 (k)w(k)
< pmac” (K)z(k) + [T (k)w(k)||
< Pmac|[2(B)||* + (2" (k) M| (6.76)
where ppnq: represents the largest negative eigenvalue of the square matrix (¢, + I'r(GT';)~1G +

'K — I). In order to achieve better stability of the closed loop system, larger the M value, more

negative ppq, must be and the condition to be satisfied by M and pmag is ||M|| < ||pmaz|| [119].
6.3.4 Simulation Results

In this section, two examples are illustrated to show the effectiveness of the proposed discrete CNF-
ISM controller. At first, a linear single input single output (SISO) sytem with matched uncertainty
[119] is considered. Then, a linear multi-input multi-output (MIMO) system with matched uncertainty
is illustrated [7]. Both these examples are simulated on the MATLAB-Simulink platform by using the

fixed step discrete solver.
6.3.4.1 Single input single output (SISO) system

Let us consider a SISO system with matched uncertainty as given in [119],

& = Axz+ Bu+ Bfp(z,t)

y = Cx (6.77)
where
10 15 13 0
A=| -20 -10 17 | ,B=| =3 |, C=[1 0 O] (6.78)
0 15 15 5

The matched uncertainty is considered as fi,(x,t) = 0.3sin(27t) [119]. It is assumed that the
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initial state is #(0) = [-1 1 1]7. The system is sampled with a sampling time 7 = 0.01 sec. The

discretized model (6.49) of the above plant can then be expressed as [119],

zk+1) = ¢ra(k)+Tru(k)+Trd(k)

y(k) = Cux(k) (6.79)
where
1.0890 0.1604 0.1606 0.0014
or = | —0.2002 —-0.9022 0.1609 | ,I'; = [ —0.0244 (6.80)
—0.0158 0.1541 1.1748 0.0519

The discretized disturbance d(k) has the following expression,
d(k) = 0.3sin(0.027k) 4+ 0.009co0s(0.027k) (6.81)

The objective is to design a discrete CNF-ISM controller for the system (6.79 - 6.80) to stabilize the
system at zero quickly without any overshoot.

The design procedure is described below:

The damping ratio £ should be so chosen such that the overshoot lies within 20% acceptable norm [106].
For the above example, the value of ¢ is chosen as 0.57 and accordingly the settling time ¢ is obtained
as 0.42 sec as the natural frequency of the system wy,, is known apriori as 16.8rad/sec. Correspondingly
the discrete dominant poles of the system are placed at 0.9000—0.12507,0.9000+0.1250¢ and the other
pole exists far from the dominant poles, at 0.1. Using pole placement technique, the value of the state

feedback gain matrix K is obtained as,
K = —[9.9668 11.5170 48.8051] (6.82)
For designing the nonlinear part for the CNF controller, the nonlinear function is chosen as,
T(r,y) = —oe™ (6.83)

Here Y(r,y) is not a function of r because the reference input r is assumed as zero, since the output is
to be regulated at zero. For the above example, ¢ = 20.50 and = 9 are chosen. Lyapunov equation

(6.64) is solved to obtain
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426.0891  116.4046  93.5674 10.00  0.000  0.000
P = 116.4046 129.6438 90.8654 using R= | 0.000 10.00  0.000 (6.84)
93.5674 90.8654 79.2154 0.000  0.000  10.00

So, the composite nonlinear feedback (CNF) controller (6.65) designed for the above system yields

the following control law,
uc(k) = —[9.9668 11.5170 48.8051]z(k) + Y(r,y)[1.8311 1.0123 0.8646]x(k) (6.85)

For designing the equivalent control of the integral sliding mode controller (i.e.ueq(k)), G is chosen

as [20],
G = (rir,)~rt (6.86)
Using (6.80) and (6.86) yields,
G =1[0.4254 —7.4143 15.7706] (6.87)

Using (6.80) and (6.87), the equivalent control law (6.56) is found as,

~

Ueq(k) = —d(k)—h(k)+[0.4254 —7.4143 15.7706]z(0) (6.88)
The overall control law of the proposed discrete CNF-ISM controller (6.66) can be expressed as,

u(k) = —[9.9668 11.5170 48.8051]z(k) + Y (r,y)[1.8311 1.0123 0.8646]x(k)

~

—d(k) — h(k) +[0.4254 —7.4143 15.7706]z(0) (6.89)

Fig. 6.11 shows the state x1 obtained by using the proposed discrete CNF-ISM control scheme for the
SISO system given by (6.79 - 6.80) and is compared with the results obtained by using the discrete ISM
controller (6.57). It is noticed that the proposed discrete CNF-ISM control scheme achieves superior
performance having zero overshoot and lower settling time. However, the rise time is almost the same
in both the cases.

Figs. 6.12 - 6.13 show the states x2 and x3 obtained by using the proposed discrete CNF-ISM controller
as well as the discrete ISM controller (6.57). It is observed that with the proposed discrete CNF-ISM
controller, the closed loop system settles more quickly with no overshoot as compared against the

discrete ISM controller.
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Fig. 6.14 compares the the control inputs obtained for the proposed discrete CNF-ISM controller

against the discrete ISM controller (6.57). The energy norm of the input for the proposed discrete

CNF-ISM controller is 43.65 and that of the discrete ISM controller is 43.44. The proposed discrete

CNF-ISM controller uses 0.5% more energy in comparison to the discrete ISM controller.
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Figure 6.13: System state x3 ; solid line with proposed discrete CNF-ISM controller and broken line with
discrete ISM Controller

_107 . B -

3 -201] b

_25 H . N -

-30H

proposed discrete CNF-ISM controller
= = =discrete ISM controller

-35H

—45 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time (sec)

Figure 6.14: Control input for the closed loop system; solid line with proposed discrete CNF-ISM controller
and broken line with discrete ISM controller

6.3.4.2 Comparison of the proposed discrete CNF-ISM controller with different discrete
ISM controllers

The output responses obtained by using the proposed discrete CNF-ISM controller as well as dif-
ferent discrete ISM controllers designed by varying the damping ratio £ and the settling time ¢, are

shown in Fig. 6.15. The proposed discrete CNF-ISM controller shows superior performance with zero
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Figure 6.15: System output for the closed loop system for different values of £ and ¢, , solid line with proposed
discrete CNF-ISM controller and broken line with discrete ISM controller

overshoot and lower settling time as compared to the discrete ISM controllers. Detailed comparison
of these controllers as regards the transient performance is summarized in Table 6.4. It is noticed
from Table 6.4 that the proposed discrete CNF-ISM controller produces significant reduction in the
peak overshoot and settling time over those in the case of the discrete ISM controllers. As noticed in
Fig.6.14, the control effort in the proposed discrete CNF-ISM controller is slightly higher than that in
the discrete ISM controller. Hence, a trade-off between the level of transient performance and amount

of control effort will have to be chosen in practical design considerations.

Table 6.4: Transient response indices for different values of £ and ¢,

Damping Ratio(¢) and Settling Time (¢5(sec)) Peak Overshoot (%) Settling Time (sec)

Discrete ISM controller with £ = 0.57, t;=0.42 20 0.42
Discrete ISM controller with £ = 0.60, t,=0.40 17 0.37
Discrete ISM controller with £ = 0.65, t;=0.37 13 0.34
Proposed discrete CNF-ISM controller 1 0.12

6.3.4.3 Multiple-input multiple-output (MIMO) system

Let us consider a MIMO system with matched uncertainty given in [7] described below,

t = Az + B(u+ fim(z,t)) (6.90)
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where

1 -2 3 1 -2
A=| -4 5 —6|,B=|-3 4 ,fm(:n,t):[
7 -8 9 5 6

0.3sin(4mt) } (6.91)

0.3cos(4mt)

The initial state is at #(0) = [1 1 — 1]7. The system is sampled at a time interval of 7 = 0.001
sec. A suitable nonlinear function Y(r,y) is used that has a very low value at the initial stage and has
a relatively higher value when the system approaches its final state [109]. Here the chosen nonlinear

function is,

Y(r,y) = —57.3871e %Y’ (6.92)

For a system, overshoot less than 20% is acceptable [102,106] and hence the poles are selected by
choosing the damping ratio £ = 0.7 and accordingly the settling time ¢4 is 0.5 sec. Accordingly, the
dominant poles are found as 0.9510-+0.1520i and 0.9510-0.1520i while the other pole is placed far away

at 0.1 [123]. Using pole placement technique, the state feedback gain matrix can be calculated as,

| 769.1649 42.8508 126.9456

K= 129.9735  312.7895  108.7556

(6.93)

In order to find the the CNF control law from (6.65), Lyapunov equation (6.64)is solved to obtain

397.5233  167.4345  20.2155 0.100  0.000  0.000
P =] 167.4345 70.7267 8.0097 using R= | 0.000 0.100  0.000 (6.94)
20.2155 8.0097 4.1436 0.000  0.000  0.100

The Matrix G is chosen as [7],

0.2621 —0.3108 —0.0385

G=1| 34268 24432 1.1787

(6.95)

Fig.6.16 shows the state x; obtained by using the proposed discrete CNF-ISM controller and is
compared with that obtained by using the discrete ISM control scheme by Abidi et al. [7]. It shows
clearly that both the rise time and the settling time can be minimized simultaneously by using the
proposed discrete CNF-ISM controller. Transient performance indices evaluated by using both these
controllers are compared in Table 6.5. It is noted from Table 6.5 that the proposed controller shows

superior transient performance by reducing the rise time and settling time by about 63% from those
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Figure 6.16: System state z; ; solid line with proposed discrete CNF-ISM method and broken line with Abidi
et al.’s method [7]

obtained by using the discrete ISM controller of Abidi et al. [7].

Table 6.5: Transient performance comparison

Type of Rise Time Peak Settling
Controller (sec) Overshoot (%) Time (sec)
Discrete ISM controller (Abidi et al.) [7] 0.48 0.0 0.80
Proposed discrete CNF-ISM controller 0.23 0.0 0.35

Figs. 6.17 - 6.18 show the control inputs w1, us obtained by using the proposed discrete CNF-ISM
controller and those obtained by using the discrete ISM controller proposed by Abidi et al. [7]. The
energy norms of the input for the proposed discrete CNF-ISM controller and Abidi et al.’s discrete
ISM controller are 205.17 and 203.76 respectively. The proposed discrete CNF-ISM controller uses
0.7% more energy in comparison to the controller proposed by Abidi et al. [7]. However, the proposed
discrete CNF-ISM controller driven closed loop system settles at 0.35 sec whereas with Abidi et al.’s

controller, the settling time is 0.8 sec.
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Figure 6.17: Control law u; ; solid line with proposed discrete CNF-ISM method and broken line with Abidi
et al.’s method [7]
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Figure 6.18: Control law us ; solid line with proposed discrete CNF-ISM method and broken line with Abidi
et al.’s method [7]

6.4 Summary

In this chapter, an adaptive chattering free sliding mode (SM) controller based on nonlinear sliding
surface is proposed to enhance the transient performance of uncertain systems. An adaptive tuning

rule is developed to measure the unknown bounded uncertainty. The upper bound of the uncertainty
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6.4 Summary

is required to be known in most of the sliding mode controllers, whereas the proposed method adap-
tively estimates the uncertainty. The nonlinear sliding surface introduces a variable damping ratio
which adapts its value in accordance with the system response to ensure quicker settling time and
lesser overshoot. A major benefit offered by the proposed controller is the reduction of chattering in
the control input. Simulation results show that the proposed adaptive SM controller provides smooth
control action, can converge fast and has low sensitivity to parameter variations. Next, a compos-
ite nonlinear feedback (CNF') based integral sliding mode (ISM) controller for uncertain systems is
proposed in the discrete domain. The developed controller has the property of integral sliding mode
that has invariance against uncertainty in the whole operating range. The proposed controller uses a
state feedback law which has a low value of damping ratio initially thereby ensuring a fast response.
The nonlinear control law used in the controller enhances the damping ratio as the system response
approaches the reference input. The increased damping ratio guarantees faster settling time and
lesser overshoot while maintaining the stability of the closed loop system. The illustrative examples
demonstrate the effectiveness of the proposed controller for both single input single output (SISO)

and multi-input multi-output (MIMO) uncertain systems.
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7.1 Conclusions

This thesis attempts to design sliding mode controllers for uncertain systems having both matched
and mismatched types of uncertainty. In conventional first order sliding mode controllers, chattering in
the control input is the major disadvantage. Of late, second and higher order sliding mode controllers
have evolved promising better chattering mitigation. This thesis attempts to design chattering free
sliding mode (SM) controllers to overcome the shortcomings of conventional first order sliding mode
controllers. The basic philosophy of the proposed control scheme is that instead of the normal con-
trol input, its time derivative is used for designing the controller. The discontinuous sign function
is contained in the derivative control and the actual control is obtained by integrating the discontin-
uous sign function and hence it is continuous and smooth. This strategy is the core idea which is
followed in this thesis to develop sliding mode controllers of different types. Another limitation of the
conventional sliding mode controllers is the design prerequisite of knowing the upper bound of the
system uncertainty apriori which is practically difficult to realize. The proposed controller attempts
to overcome this difficulty by using an adaptive gain tuning methodology.

An adaptive integral sliding mode controller using chattering free sliding mode technique is proposed
in this thesis. Reaching phase is totally eliminated in the integral sliding mode and hence the system
becomes invariant towards the matching uncertainty right from the beginning. Application of the
proposed controller to both stabilization and tracking problems of single input single output (SISO)
system demonstrates the efficacy of the proposed control strategy.

An adaptive chattering free sliding mode control scheme is proposed for a class of dynamic systems with
matched and mismatched perturbations. The controller is used to stabilize the twin rotor MIMO sys-
tem (TRMS) in significant cross-couplings to reach a desired position and accurately track a specified
trajectory. The TRMS model is divided into a horizontal and a vertical subsystem. The cross-coupling
existing between the two subsystems is considered as the system uncertainty. The major advantage
offered by this adaptive sliding mode controller is that advance knowledge about the upper bound of
the system uncertainty is not a necessary requirement and the control input is smooth. The problem
of controlling of a vertical take-off and landing (VTOL) aircraft system affected by both types of
uncertainties, matched and mismatched, is also addressed by applying the proposed control scheme.
A proportional plus integral sliding surface is used in the proposed control technique. An adaptive

gain tuning mechanism is used to ensure that the switching gain is not overestimated with respect to
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the actual unknown value of the uncertainty.

Experimental studies conducted on the laboratory set-up of 1 degree of freedom VTOL system validate
the efficacy of the proposed controller.

An adaptive terminal sliding mode (TSM) controller is proposed where the nonsingular terminal slid-
ing manifold guarantees fast and finite time convergence. The proposed adaptive TSM controller is
successfully applied for stabilization of a triple integrator system affected by uncertainty. Trajectory
tracking of a two-link robotic manipulator which is a nonlinear system with mismatched uncertainty
is considered which demonstrates the efficiency of the proposed control strategy.

A nonlinear sliding surface based chattering free adaptive sliding mode controller is proposed to im-
prove the transient performance of an uncertain system. The basic philosophy of the proposed scheme
is that using a nonlinear sliding surface, the damping ratio of a system can be changed from its initial
low value to a final high value. The initial low value of damping ratio results in a quick response
and the later high damping avoids overshoot. To improve the transient performance in discrete time
uncertain systems, an integral sliding mode is used with composite nonlinear feedback (CNF).

The control strategies developed in this thesis using the chattering free adaptive sliding mode show
robust performance even in presence of matched and mismatched uncertainties. The controllers de-
veloped ensure high transient performance while preserving the robustness property of conventional
sliding mode controllers but successfully overcoming their inherent chattering disadvantage. As such,
the proposed control strategies promise high application potential in many important fields like elec-
tric drives, robotics, power electronics, servo applications and aerospace where performance needs to

be guaranteed consistently despite being challenged by an uncertain environment.

7.2 Scope for future work

Future possible directions of research based on the design methods developed in this thesis are

outlined below:

e A natural extension of this work may be to design discrete sliding mode algorithms with adap-
tive techniques which will enhance the flexibility in implementation. Now-a-days, a large class
of continuous systems are controlled by digital signal processors (DSPs) and high end micro
controllers. Hence discrete SM controller will be easier and effective from implementation point

of view.
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Another possible extension of this work may be the incorporation of an optimal sliding mode

controller to optimize the control effort.

Nonlinear sliding surface based adaptive sliding mode controller may be extended to improve

the transient performance of general references, such as sinusoidal and other periodic signals.

The proposed design method may be extended by using intelligent controllers based on fuzzy

logic and neural network to incorporate flexibility and intelligence.

The extension of these techniques with constraints on system states is also an avenue worth

exploring.

The high performance requirement of many practical applications like electric drives, electro-
pneumatics, power system stabilizers and robotics may be addressed by using the proposed

techniques.
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A.1 Modeling of 1 DOF VTOL Aircraft System

A.1 Modeling of 1 DOF VTOL Aircraft System

The free body diagram of a 1-DOF VTOL aircraft system that pivots about the pitch axis is shown
in Fig. A.1.

Figure A.1: Free body diagram of 1 DOF VTOL aircraft system

where,

mq = propeller mass,

mg = counterweight mass,

myp, = VI'OL body mass,

l1 = length from pivot to propeller center,

lo = length from pivot to center of counterweight mass,
L;, = total length of VTOL body.

0 = pitch angle

Torque (1) equation for the VTOL rigid body is given by,
T + mag cos(0(t))la — migcos(0(t))l; — %mhg cos(0(t))Ly, =0 (A.1.1)
Current-torque relationship is given by,
7 = kyim (A.1.2)

where k; is the current-torque constant. So with respect to current, the torque equation can be

written as,

Etim + magcos(0(t))la — mygcos(6(t))l1 — %mhg cos(0(t))Ly, =0 (A.1.3)
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In equilibrium condition i.e. when 6 = 0, %,, becomes i., and torque equation becomes,
. 1
kiicq + magls — mygly — §mthh =0 (A.14)

Angular (pitch) motion with respect to thrust torque 7 is given by,

F0(t) 4 buB(t) + kO(t) = T = ki (A.1.5)

Here b, is the viscous damping, k is the stiffness and j is the equivalent moment of inertia acting

about the pitch axis, which is given by,

j=Y_ m} (A.1.6)
i=1

where for object i, m; is its mass and r; is the perpendicular distance between the axis of rotation

and the object. So the transfer function for the VT OL system can be obtained as,

o

0(s +
G(s) = Inf(z) e s (A.L.7)

By comparing the denominator of (A.1.7) with the characteristic equation of a second order system,
§2 + 20wps + w2 (A.1.8)

the damping ratio ¢ and natural frequency w,, can be easily found out.

Voltage-current equation for the VTOL motor is given by,
VU (t) = Rinim (t) + Lyt (t) (A.1.9)

where R,,, is the motor resistance and L,, is the motor inductance. So the transfer function of the

VTOL motor is obtained as,

Vin(s) R + Lims (A-1.10)

The output-input relationship of the VI'OL needs to be obtained as position-voltage relationship
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which is given by,

=
55

0(s) I, (s) 0(s) 1

S |~

S

<

Vi (s) Vin(3)  Im(s)  Rom+ Lms - s2 1
1 ;

X
Ly, X (Ryy/Lpy + 8) 32+%+§

The value of the VTOL motor

S

(A.1.11)

inductance (L,,) is very small practically, so the pole contributed

by (Rm/Lm + s) is located far away from the dominant poles of the system and can be neglected.

Therefore the overall transfer function (A.1.11) can be approximated by,

Zi‘l 0 1 X1 0
- k b * k

[ _rE  _ 0y t

T2 i T2 FLm

T
y—[l 0]
)

where 7 is the pitch angle and x5 is the angular velocity.

(A.1.12)

(A.1.13)

(A.1.14)
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