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Abstract:
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1. Introduction

Thepurposeof this review is threefold: to presenta pedagogicalintroductionto the useof Dynkin
diagrams,and especiallytheir applicationto unified modelbuilding; to summarizethe representations,
quantumnumberstructure,andtensorproductsof a numberof simpleLie algebrasthat haveattracted
attention;andto describeseveralproblemsin unified modelbuilding. Table 1 andthe Contentsprovide
a fairly detailedsummaryof the topics covered.The choice of groupswas suggestedprimarily by
researchinto Yang—Mills theories[1,2] basedon simple, local-symmetrygroups that aresupposedto
unify quantumchromodynamics(QCD) with quantumflavor dynamics(QFD). QCD is the candidate
theory of the stronginteractions;it hypothesizesthat the stronginteractionsaredueto the interactions
of eight vectorgluonswith the eight symmetrycurrentsof an SU3 locally-symmetricYang—Mills theory
[3]. This local symmetryis denotedSU~,where “c” means“color” and distinguishesthis use of SU3
from others.The gluonsdo not carry the chargesof the flavor interactions.QFD is also a Yang—Mills
theory with local symmetryG~containingthe SU~x U~’of the electromagneticandweak interactions
[4]; flavor bosonsdo not carry color charge. In addition to those,unified models hypothesizethe
existenceof additionalinteractions.For example,the modelbasedon a local SU5 symmetry,which was
the first examplebasedon a simplegroup, hasadditionalbosonsthat can mediateprotondecay[5].

Section 2 containsa brief review of the “standard model” of electromagnetic,weak,and strong
interactions,basedon the group SU~’x U~’x SU~.It is presentedas backgroundmaterial for readers
from outsideparticlephysics.Somekinematicalfeaturesof the fermion massmatrix arereviewed,and
the main result,summarizedin table2, is the necessarypart of the particlespectrumto be incorporated
in unified models.

The proposalof unification is examinedsomewhatcritically in section 3. It is assumedthat the
standardmodelcan be embeddedin asimplegroupG, as reviewedin ref. [6]. A qualitativereviewof
simple Lie algebras(to be elaboratedin later sections)is given. Section 3 also hasan introductory
descriptionof specific models basedon SU5 [5], SO~[7], and E6 [8], and some notes on group
theoreticalproblemsto be solvedwhen analyzingsuch models.Sections2 and 3 contain “elementary”
material.

Much of the analysisof the SU5 model is easilycarriedout usingtraditional tensortechniques,but
for a group as complicatedas E6, thosetechniquesoften becomequite cumbersome.Thus, thereis a
motivationfor wantinga simpler andmoretransparentnotation.It is the contentionof this reviewthat
the useof Dynkin diagrams[9] is just such a simplification; althoughit is hardly neededfor the SU5
work, it doesmakedetaileddiscussionsof largergroupslike E6 or SO22 quite easy.The Dynkin labels
of the representationvectors,used in conjunctionwith the Dynkin diagram, take the whole group
structureinto account.In contrast,setsof tensorlabelsareeasily madesymmetric,antisymmetric,or
traceless,but further algebraicstructureis oftentimesexpressedratherawkwardly. For example, the
component-by-componentanalysisof the quantumnumbercontentof a representationis trivial using
Dynkin’s techniques;thereevenexist simple computerprogramsthat do the whole job [10] for any
representationof anysimplegroup,althoughtheresultspresentedherewerederivedmostly“by hand”.
Consequentlythe use of Dynkin labels for the statessimplifies the details of many group-theoretical
calculations.Finally, the grouptheoreticalstructureof the symmetrybreakingtakeson a transparent
geometricalcharacter,especiallyin thosecaseswherethe conceptof the “breakingdirection” in weight
spaceis applicable.

Sections4, 5 and 6 are devotedto summarizingthe group-theoreticalresultsthat are neededfor
understandingDynkin’s approachto representationtheory.Readersfamiliar with unified modelsmay
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wish to skip directly to section4. The root systemof a simple Lie algebradescribesthe effect of the
raisingand lowering operatorsof the group’s algebraon the eigenvalues(or quantumnumbers)of the
diagonal generators,and provides a geometrical interpretationof the commutation relations. The
Dynkin diagramis aconvenientmnemonicfor a specialset of roots,calledsimple roots,that carry all
this information. It is thendescribedhow to computethe eigenvaluesof the diagonalizablegenerators,
which form the Cartansubalgebra.

Our informal treatmentof theunderlyinggrouptheory is directedtowardapplications[11].Thus,the
usefulnessof manytheoremsis emphasized,but no proofs arereviewed.Hopefully, this approachwill
supplementthe manyrigorousandmoredetailedtreatmentsof simpleLie algebrasalreadyavailablein
textbook form for many years[12]. The readerwho desiresproof in addition to an intuitive picture
shouldlook therefor derivations.

Section 5 describeshow Dynkin diagramscan be applied to the analysisof the finite-dimensional,
unitary, irreduciblerepresentations(irreps) of simple Lie algebras.Eachrepresentationvector in the
Hubert spaceis labeled by the eigenvaluesof the diagonal generators.It is demonstratedhow to
calculateeasily and quickly the eigenvaluesin any irrep of any simple algebra.As examplesthat are
nontrivial in othernotations,a completeanalysisof the 27 and78 of E6 is given, including a calculation
of the electriccharge,weak charge,and colorchargeof each component.(This calculationis begunin
section5 andcompletedin section6.)

To complete the analysis of standard-modelphysics, as embeddedin a unified model, we study
further the subgroupstructure of the unifying group. Dynkin’s analysisof subgroupsis outlined in
section6; althoughfor manypurposesit is quite adequateto havea list of maximalsubgroups,afew of
the generalresultsgive important insightsinto modelbuilding. Explicit matricesthat project the root
systemof agrouponto the roots andweightsof its subgroupsarederived.The basisindependentresults
usedto establishthe uniqueness(up to an equivalencetransformation)of theseprojectionsarereviewed
hereandin ref. [6]; manyexamplesareprovided.We alsodiscussreflectionsof the generatorsthat can
be usedfor chargeconjugationC andfor CP [13]; theseare associatedwith symmetricsubgroups.

Sections7 and8 havediscussionsof the tablesof irreps,tensorproducts,andbranchingrules.Section
7 is a detailedaccountof E6 and its subgroups.The purposeof the text is to offer commentson the
content,conventions,andapplicationsof the tables.Thena consistentset of projectionmatricesfrom
E6 through all the physical subgroupchains to U~

mX SU~is derived.Thesematrices are helpful for
calculationswhereexplicitly labeledfield operatorsare used.Finally a method for calculatingvector-
coupling coefficientsis outlined andsomeexamplesareworkedout.

Thereis someinterestin usinglargergroups;a sketchof the groupsE
7, E8, SU8, andthe useof the

complexspinorrepresentationsof the SO4,,+6groups[14] is given in section8.
Section 9 covers several topics in the application of group-theoreticaltechniquesto symmetry,

breaking.For the casewherethe breakingis done by a single irreduciblerepresentation,Michel has
conjecturedaclassificationof solutionsto all possible(realistic) breakingmechanisms[15].His solutions
rely on the notion of a “maximal stability group” or “maximal little group”. The breakingin unified
modelsis doneby a reduciblerepresentation;a proposalfor solving thismore complicatedsymmetry-
breakingproblem (without explicitly minimizing complicatedHiggs potentials)is described[16]. Each
candidatelittle groupmay be a minimumfor a rangeof parametersof the Higgs potential, including
radiativecorrections;the minimizationproblemis reducedto a one-dimensionalproblemwherea finite
numberof candidateanswersaresubstitutedinto the (effective)potentialandcompared.We then look
at some specific problems in Yang—Mills theorieswith the field operatorslabeled according to a
convenientbasis; in this context the calculationof the vector-bosonand fermion massmatricesare
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describedin anumber of examples[17]. There are someinterestingexampleswherethe concept of
symmetry-breakingdirection in “weight space” greatly simplifies mass-matrixcalculations. In con-
clusion there are some commentson the possible role of the chargeconjugationreflection of the
unifying groupin symmetrybreaking.

Therearea numberof importanttopicsin unified modelbuilding that arenot coveredin thisreview:
one that hasreceivedmuch attentionis the useof renormalizationgrouptechniquesto calculatethe
proton lifetime (and the massof the bosonsthat mediatethe decay) in terms of the experimentally
measuredstrong and electromagneticcouplings [18—20].There havebeenmany other paperson the
phenomenologyof small effects(“rare” or “forbidden” decays,neutrinomasses,and othereffects not
expectedfrom the standardtheory of electromagnetic,weak,andstronginteractions)predictedat some
level in manyunified models;thesetoo are not discussed.We havealso ignored the developmentsin
computingthe spin ~fermion massratiosat low Q2 in termsof thesymmetryratios.

Many of the resultscontainedherewere derivedin collaborationswith M. Gell-Mann, J. Patera,P.
Ramondand G. Shaw, in our investigationsof unified modelsand Lie algebras.It is a pleasureto
acknowledgetheir contributionsandhelpful conversationswith J. Ginocchio.The drafts of this review
werecheerfully and excellentlytyped by Marian Martinez. R. Roskiesand H. Rueggprovidedmany
helpful commentson the manuscript.

2. The standardmodel

The purposeof this section is to review briefly the standardmodel [3,4] of electromagnetic,weak,
andstrong interactionsbasedon the local symmetry SU’ X U’~X SU~,with focus on someelementary
featuresalso basicto unified models[21]. This section is intendedto providefor thoseoutsideparticle
physics someexplanationof the languageused in later sections:the relationshipsof the vectorbosons,
the adjoint representation,andinteractions[2]; the structureof the representationof all left-handed,
spin ~fermions,including particlesandantiparticlesandthe constructionof thekinetic energyandmass
terms in the Lagrangian; and the symmetry breaking of SU~x U~down to the U~mof quantum
electrodynamics(QED). The group-theoreticallanguagerelied on so heavily in unified modelbuilding
is not meantto hide the physics,as it may appearat first glance,but is intendedto communicatevery
efficiently much of the physical contentof thesetheories;our object here is to set up the physical
languageso that the translationto group-theoreticallanguageis explicit. The particle spectrumto
appearin the Lagrangianof the theory is listed in table 2; the way that spectrumappearsin the
Lagrangiancan be restatedin termsof representationtheory.

A Yang—Mills theory basedon a local symmetry G is a field theory with the symmetry currents
coupledminimally to vector-bosonfields in a form analogousto QED, wherethe coupling of the
photon field A,~(x)to the electromagneticcurrentjm(x) hasthe form, ejm(x)A~’(x);e is the electric
chargeof a particle contributing to the current. The spaceintegrals of the time componentsof the
currentsdefineformally the chargesor generatorsof the Lie group, which, in the caseof QED,is a U

1
or phasesymmetry.Thesegeneratorsarethe elementsof the Lie algebraof 0. Thus eachgeneratorof
G is associatedwith a vectorbosonthat is coupleddirectly to the symmetrycurrent; it is in this fashion
that Yang—Mills theoriesaccountfor the interactionsof Nature.

For the studiesof Yang—Mills theoriesdescribedhere,the propertiesof the Lie algebraof the Lie
groupG areall thatareneeded;the global or topologicalpropertiesof 0 arenot usedat this level of
model building, as they are in “instanton” physics.Thus we may follow the traditional but incorrect
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usage,wherethe term “group” is often usedwhen discussinginfinitesimal transformations,which are
completelydescribedby the Lie algebraof 0, andwherethe samesymbol0 is oftenusedto denotethe
group and its Lie algebra. Perhapsa short, technicaldescriptionof the problem will help the more
demandingreader;othersshouldskip to the nextparagraph.The identification of the groupwith the
algebrais ambiguousbecauseusually thereare severalextensionsof a given Lie algebrato the finite
transformationsof the Lie group; the choice of extensiondependson the choice of discretegroup
elementsfactored out of the centerof the covering group. For example,becauseelectric chargeis
quantizedin ~ units, Qern generatesa U1 andnot its coveringgroup, obtainedif the spectrumof charges
were to cover all real numbers.Similarly, the Lie algebrasof U~

mx SU~and U
3 are the same,but

strictly speaking,thosesymbolsrefer to differentextensionsof the Lie algebrato finite transformations
[22]. In order to refer to the factorsseparately,we call the unbrokenpart of the theory U~

mx SU~,
when,in fact, the extensionfrom the algebrato finite transformationsshould becalled U

3, becauseof
the connectionbetweentriality of colorandelectriccharge.In this reviewwe needthe propertiesof the
Lie algebrafor mostdiscussions,so all namesreally applyto the algebra;similarly heretheterm “group
theoretical” almostalwaysmeans“Lie-algebratheoretical”.Viewed in this way, our notation is not as
sloppy as it first appears.

A bosonfield B(x) hasthe transformationpropertiesof a gaugefield andis coupleddirectly to the
ath symmetrycurrentJ~(x);J~(x)dependson B~(x),so the theoryis nonlinear.The generatorsof the
group, and consequentlythe currents from which the generatorsare constructed,transform as the
adjoint representation.In order for the coupling of the currentsto the vector bosonsto be invariant
underG, the bosonsmustalsotransformas the adjoint irrep, sincegroupsinglets(or invariants)occur
only in the productsof an irrepwith its complexconjugate,andadjoint irreps arealwaysself conjugate.
The vector-bosonfields transformingas the adjoint irrep are a necessarypart of a Yang—Mills theory.

A Yang—Mills theory mayalsohaveotherparticlesin the Lagrangian.For example,the leptonsand
quarks,whicharespin~fermions,areusuallyassumedto befundamentalfields in theLagrangian.(They
may alsobe tightly-boundcompositesthat behavelike fundamentalfields in an effective Lagrangian.)
Eachparticlefield mustbeassignedto an irrep of 0, so that whenthefield is put in the Lagrangian,the
invarianceunder G is kept manifest.Thus an importantstepin understandingthe structureof these
theoriesis to know the irreps and the action of the generatorsof 0 on them. This is the same as
knowing the contributionsof those particlesto the currentsand how thosecurrentsinteractwith the
vectorbosonfields,which explainswhy the group-theoreticallanguageis so powerful.

QCD is an unbrokenSU3-symmetric,Yang—Mills theory. (The meaningof “broken” is discussed
later.)Thevectorbosons(calledgluons)mediatingthe stronginteractionsaregaugeparticlescoupledto
the eightsymmetrycurrentsof SU~,so the gluonstransformunderSU~transformationsas the adjoint
irrep or octet8 of SU~.(In this reviewirreps aredesignatedby their dimensions,with conjugateirreps
markedby an over bar, e.g., 3C, and otherinequivalentirreps of the samedimensionwith primesor
similar markings. Most practitionersfind theseconventionsconvenient,eventhough thereare some
justifiableobjectionsto them.Other labelingsarestudiedheretoo.)Thegluonscarry no flavor charges,
which meansthat theyaresingletsunderanytransformationin the flavor group;statedmoreformally,
thegluonstransformas (1, W) underG~’x SU~.

Severalfeaturesof QCD due to its quantummechanicalstructureshould be noted; they are not
importantfor an elementaryunderstandingof the role of QCD in modelbuilding, but theywill help in
forming a physical picture of it. Isolatedhadronic systemsare compositesof quantacarrying color
chargesandareassumedto becolorsinglets.An individual colorchargecannotbeisolatedin spaceand
time from othercolorcharges;that is, color is believedto beconfinedinside hadrons.(In spiteof much
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effort on theproblem,the confinementconjecturehasbeendifficult to prove in QCD; it is not crucialto
unified modelbuilding asdescribedhere.)As the spatialresolutionof theprobeof hadronicstructureis
shortened,the effectivecouplingof the gluons to the color currentsdecreases,so that the constituents
of hadronsappearto interact more weakly. This behavior is called “asymptotic freedom”, and is
justified by perturbationtheory calculations[23]. As a result, it appearspossibleto view hadronsas
compositesof strongly interactingelementaryquantawith fractional electric charges[24] that gain an
elementaryidentity, not by isolating them,but by probing hadronsat short distances,as is done in
deep-inelasticlepton scattering[25] and high-energyelectron-positronannihilation [26]. Thus quarks
areelementary,not nucleons,pions,kaons,andotherobservedhadrons.The quarksarecoupledto the
gluons throughtheir contributionsto the color currents,so theymust transformas a nontrivial irrep of
SU~:the quarksareassignedto the 3C, the antiquarksto 3C~The representationtheory of SU3is usedto
illustrate moregeneralresultsseveraltimes lateron in this paper.

In Yang—Mills models a centralproblem,both physically and mathematically,is relating particle
statesto representationvectors;eachparticledegreeof freedomis in one-to-onecorrespondencewith
onevectorof arepresentation.Thus onetricolored,four-componentDirac quark of a given momentum
is describedby 3 x 4 = 12 Hubertspacevectors:red,green,or blue(or whateveryour favoritenamesfor
the three colors) times the label, left-handedquark, right-handedquark, left-handedantiquark, or
right-handedantiquark,so the vectorshavethe labels, color, handedness,particle or antiparticle).(In
the limit of zero mass,left-handedmeansthe spin projection is antiparallelto the momentumvector,
andright-handedmeansthe spin projectionis parallelto themomentum;for amassiveparticleat resta
chiral eigenstateis a 50—50 mixture of spin projections.)The fermion field operatort4r that annihilates
(i.e., removes)a particle from the state(,~s~particle)= vacuum))carriesthe same set of labels as the
state, but with signs of appropriatequantum numbersreversed.The reason for using chirality
(handedness)ratherthan somespin componentof the fermion is that the chirality projections~(1±y~)
commutewith the gaugeandproperLorentz transformations;the left-handedfermionstransformingas
fL do not mix with the right-handedfermions in fR under a gaugetransformation,so the set of all
fermion statescannotbelongto an irrep. However, fL (and consequentlyfR) by itself can be an irrep.

Let usexaminein generaltheconstructionof thefermionkinetic energyandthe fermionmassin any
Yang—Mills Lagrangian[2]. Our object is to show that the kinetic energycouplesfL and fR, that fR

transformsas fL (the conjugateof fL), andto discusssomegroup-theoreticalaspectsof theconstruction;
we thenshowthat the massoperatorcouplesfL to fL (and fR to fR), andit transformsas representations
in the symmetricpart of fL X fL Thekinetic energymustbe gaugeinvariant,but it is not necessaryfor
(fL x fL + fR x fR)5 to contain a singlet,sinceall fermionmasscan arisefrom symmetrybreaking.

The usualcovariantkinetic energyhasthe form

~iy”(88. —igBTa)ili, (2.1)

wherei/i is acolumn vectorof real (Majorana)anticommutingfields, ~ = ‘fr~Yo,Ta is an antisymmetric
matrix representationof the group, so that the currentcontribution 1/7M Tale’ is nonzeroandtransforms
as the adjoint irrep, andB(x) arethe vectorbosonfields, alsotransformingasthe adjointirrep. (The
advantagesof beginning with Majorana spinors and constructingDirac spinors later will become
apparent.)Sincethe chirality projections~(1±‘y4,commutewith y0y5~, the kinetic energycan also be
written *1.. ~7 DilL + tl’R iy DilR, where D,. = — igB~Ta and each term by itself is gauge in-
variant.

The field operatoril (and any other operatorin the theory)carriesa definite changeof quantum



8 R. Slansky,Group theory for unified model building

numbers;when .fr actson a state,it changesthe quantumnumbersof that stateby amountA (calledthe
“weight” of il) and a changein angularmomentumfor a field with spin, whether it createsor
annihilatesparticles.The Hermitianconjugateilt mustchangethe quantumn~imbersof a stateby —A,
and alsomakethe oppositechangein spin for il’. Looking at the 114(70y . t9)~i~..piece of the kinetic
energy,we note that the c-numberpiecesin parenthesescannotchangequantumnumbers,and the
combination ~ il~cannot either without destroying the global gauge invarianceof the kinetic
energy.Thus,if ilL~~fL (“—“ means“transformsas”), then ilL—fL, sincea Hermitianconjugatedfield
operatorilt actson the labelsof the dualvector~ in the sameway that il actson the labelsof the
ket . .). Moreover,when1/4.actson the ket •), it changesthe eigenvaluesof all the diagonalizable
generatorsby an amount that is the negativeof the changedueto i/iL, including chirality, so i/iL ~—fR;

theseimportantresultsaresummarizedby

fRfL. (2.2)

The kineticenergycan be written grouptheoreticallyas fR(Op)fL + fL(Op)fR.

The reflection that takes fL to tR includeschangesof the signs of the internal quantumnumbers
(often doneby a chargeconjugationC) and the handedness(often done by parity F). Individually C
and P do not haveto exist in a theory,but CP must, since it is necessaryto havea reflection that
exchangesfL and fR in such away that fL X fR containsa groupinvariant andan adjoint, as neededfor
the gauge-invariantkinetic energy(2.1). As discussedin section6, it happensin manyunified models
whereC exists that C reversesthe signs of only someof the quantumnumbers,with P reversingthe
remainingones.This is becauseC must reflect fL onto itself; if fL is not self conjugate,thenC cannot
reflect the signsof all the quantumnumbers[13].

We can now relate fL to the column of N four-componentspinors i/i in the casewhere fL is
irreducible;notethat if the dimensionof fL is N, then i/i has2N independentcomponents,so theremust
be 2N constraints.The simplest example(N = 1) is a 4 componentMajoranaspinor, wherefL is a
nontrivial one-dimensionalirrep of a U

1, andfR hasthe oppositecharge.A Majoranaspinorhastwo
independentcomponents,so there are two constraintsrelating i/i and i/,~:it is ci’ = Cy0i/i~,which is
called the Majoranacondition. The 4-by-4 matrix C is definedso C, C-1’5 and Cy5-y,. areantisymmetric,
andCy,. and Co~,,aresymmetric.Thus,~lfrTCy Di/, = ~d~ey. Dt/i as in (2.1) is Lorentz andU1 invariant,
andis a suitablekinetic energyfor a Majoranaspinor. It is nonzerobecauseCy . D is antisymmetric
andfermion fields anticommute.

The only casewhere group-theoreticalcomplicationsmight occur is for the irrep fL to be self
conjugate,becausethe matrix partof therelationbetween1/i andilt mustbeable to reversethe signsof
all weights within the irrep fL; thus, it is the matrix part of the unitary operator,~ (~~)il(~P~)t=

C(CP)I/i, wherethe unitarymatrix C actson the spin degreesof freedomand the unitary matrix (CP)
acts on the weights in fL (Obviously, C and (CP) commute.)The simplest generalizationof the
Majorana condition is cut = ilT(CP)Cyo, and the kinetic energy (which is Hermitian) is
~ii/i”(CP)C-y Di/i ~ii/ry Di/i, wherei/i = i/.’

TC(CP)=
1frt70 thelast equality follows from the Majorana

condition.Clearly, (CP) is symmetric.
Thisconstructionis completelyadequatefor realirreps: if fL is real, then (fL X fL)5 containsthesinglet

and (fL X fL)a containsthe adjoint, so (CP), which is the matrix coupling fL to fL to form the singlet,
must be symmetric. Moreover,if fL is not self conjugate,then (CP) is outsidethe groupand can be
definedto be symmetric.However, there is also anotherkind of self conjugateirrep in somesimple
groups: if fL is pseudoreal,then (fL X fL)a containsthe singlet and (fL X fL)5 containsthe adjoint, so the
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(CP)matrix is antisymmetric.In this caseRIJT(CP)Y. Di/i vanishesidentically, so the constructionabove
must be revised. In the pseudorealcase,the kinetic energymust be written ~iilT(CP)Cy5y. Dcli

D~,whichis nonvanishingfor the antisymmetricpartof (CP). (This modification is not available
for spinlessparticles.)The Majoranaconditionshouldnow be written with a y~, = ilT(CP)C757o,so
that i/i = I/,T(CP)CY = l/ityo is again the usual Dirac conjugate.It shouldbe emphasizedthat within a
unified theory of this type,QCD andQEDcan still betransformedinto their usualform [27]. However,
it is not evenpossibleto write down a kinetic energyterm for spinlessbosonsif they transformas a
single,pseudorealirrep, at leastnot without making somedrasticrevisionsin the theory [28].

The fermion massterm hasthe generalform

+ iFys)i/i, (2.3)

where S andP are Hermitian matricesin the group spaceand neednot havegauge-groupsinglets
in aspontaneouslybroken theory.Since this term can be rewrittenas ./i~(S— iP)t/iL + IIIL(S + iP)ilR, it

follows from (2.2) that thefirst termtransformsas fL x fL (since~ fL) andthe secondas its Hermitian
conjugate,fR X fR. Moreover, sinceyo andYoYs behaveantisymmetricallybetweenMajoranafields and
fermion fields anticommute,the massoperatoris in the symmetricpart, (fL X f~+ fR X fR)s.

The massoperatorof a singlequark is a bilinearform on thetwelve quark states.Onemay conclude
that the massmatrix of a single quark is 12-by-12,but of courseit is neverwritten in that form since
symmetryrequiresmostof thecomponentsto be zeroandthe remainderto haveequalmagnitude;the
144parametersarereducedto oneby rotationalinvariance,color conservation,andthephasefreedom
in defining the field operators.The analysisof a single c1uarkmassmatrix is an importantprototypefor
illustratingsomeof the physicsof the choiceof thespin ~fermion representationin unified models.First
of all, since the local symmetry transformationscommutewith 1 ±y~,the mass operator i/it/i =
I/iL*R + 1/iRcI’L breaksup into two six-by-six pieces.Group theoretically,for a single quark,

fL=3c+3c; (2.4)

the mostgeneralquark massmatrix hasthe form,

qR qR qL qL

q~ / 0 0 M11 M12
q~ I 0 0 M~ M~

~ Mt1 Mt1 0 0 ‘ (2.5)
qp \M~ M~ 0 0

wherethe rows andcolumnsof (2.5) arelabeledby statesin such a way that the matrix is manifestly
Hermitianand the M11 are elementsof a symmetric6-by-6 matrix M; the M,, are 3-by-3 matricesin
colorspace.(The formulationhere,which mayappearclumsyfor a single quark,is set up to be trivially
generalizedto an arbitrary spin ~-fermionmassmatrix; somecommentsaboutthe generalcasewill be
made.The labelingof the rows with a verticalcolumn vectoron the left andthe columnsby a row on
top is somewhatunorthodox,but makesit possibleto fit someof the examplesbelow on a page.)The
upperright-handcornerof (2.5) is the massmatrix associatedwith i/fRilL; the lower left-handmatrix is
the Hermitian conjugateMt, since~(*RR/iL)t = ~LilR. The notation in (2.5) is thereforeredundant;we
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need only to considerthe upper right-handcorner.This is especiallyso, since the 6-by-6 symmetric
matrix M with elementsM,1 can be diagonalizedby a unitary transformationof the form UTMU
(transpose,not adjoint).In thecasethat CP is conservedM is real symmetricand U is orthogonal.The
generalizationto the CF violating case,whereM is complexsymmetricevenafter thephasefreedomof
the quarkstatesis used,is basedon a theoremof Schflr [29—31]:thereexistsa unitary matrix U such
that UTMU is real diagonalwith diagonalelementsbeing the positivesquarerootsof the eigenvalues
of the Hermitian matrix, MM* (* is complex conjugate),not det(M — A). (MA,f* is Hermitian and
positivede~1nite.)Thusit is not necessaryto diagonalizethewholematrix in (2.5), but only a “quarterof
it”, evenin the CF violating case,as pointedout in ref. [30].

Next,we imposethe requirementthat thequarkmassbeinvariantunderSU~transformations.Let us
look at M11, which must transformas the irreps in (3C x3c)~= 6c. Thus M11 (andM22 for the same
reason)must be zero, becauseno componentof a 6C (or any other nontrivial SU~irrep) is invariant
under all SU~transformations.The nonzerocomponentsmust be in the singlet parsof (q~X q~)=
3C X 3C= ~C + 8C, which reduces(2.5) to oneparameter.Statedanotherway, i/iL mustannihilatethe same
color stateas 1/iR creates(and vice versa),soonly onecolor stateneedbe analyzedbecausethe masses
of eachcolor mustbe equal(i.e., the massmustbe a color singlet).Thus,we can write themassmatrix
as (2.5) with M12 = M21 nonzeronumbers(times3-by-3 unit matrices). If M12 is written with a phase
m e’°then the phasecan be eliminatedby the transformation,i/i -~ exp(iOy5/2)i/c, which leaves (2.1)
invariant. It should now be obvioushow to combinethe 6 Majoranafields transformingas (2.4) into
threeDirac fields of definite massandcolor.

The strong interactionsare believedto conserveparity; this assumptionis incorporatedin QCD,
which is one reasonfor introducingthe quark as a four-componentDirac spinor. Electric charge
conservationalso prohibits connectingqL with q~with a “Majorana” mass;however,neutral leptons
may haveMajoranamasses,which violate lepton-numberconservation.All quarks appearto have
nonzeromasses,althoughthe “up” quark ultraviolet mass(the massappearingin theQCD Lagrangian)
maybe small, on the orderof an MeV or so. Moreover,parityconservationalso meansthat the color
currentsmust be vector currents.Theserequirementsimply that M12 = M21 = m (times a 3-by-3 unit
matrix) can be definedto be real; the eigenvaluesof (2.5) are+m, +m, —m, —m,just as occursin the
Dirac equation(for the samereasons),wherethe massmatrix is f~m,that is, mi/li/F = ilt(flm)il. These
variousrequirementsarenot so redundantin the generalcase.

We shouldcall attentionto onemorefeatureof this trivial example.It is helpful to be able to relate
the left-handedantiquarkto the left-handedquark by a chargeconjugationoperatorC that complex
conjugatesthe 3C and matchesup theq~with the

4L• If we add C to SU~to form the groupSU~,then
fL = 3~+ ~ is an irrep of SU~.In many unified modelsthereexistsan elementof the gaugegroupG
itself that actsas C, andonly whenit exists,is it possibleto assignfL to an irrep of G.

The quark massesare generallybelievedto be due to the flavor interactions,and thusare merely
parametersin the studyof QCD. However, QFD is alsoincludedin unified models,sooneof the main
topics in the study of unified modelsis the attempt to understandthe origin and magnitudesof the
fermionmassesin the theory.At present,this problemis far from solved.

At the time of this writing, five tricolored quarks have been identified by their experimental
manifestations.The u (up) with electric charge ~em = ~ and the d (down) with Qern = — are the
fundamentalconstituentsof neutrons,protons,pions,andso on. The strangequark s was hypothesized
by Gell-Mann [24] to be the carrier of the strangenessquantumnumber. Charm(c) was originally
introducedto explain the suppressionof neutralstrangenesschangingweakcurrents[32],andhasbeen
substantiatedas a fundamentalconstituentof the i/i andcharmedparticles.Finally a third ~ = —
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quark called b (for “bottom” in somepartsof the world) is a constituentof a new set of particles,
including the upsilon Y [33].

Onenoteworthyfeatureis the largenumberof quarks;this proliferationis of fundamentalconcern,
andit is one motivation for this review. Thereare at least 30 3C and3 componentsof 1L requiredby
phenomenology.For example,if all 30 of theseareelementaryand belongto one irrep of a unifying
group,thenthat irrep mustbe quite large.This, amongotherreasons,helpsmotivatethe development
of powerful group-theoreticaltechniques.

The leptonsaresimilar to quarksin that they arebelievedto be fundamentalspin ~fermions.They
do not interactstrongly,which completesthe definition of a lepton; theyareassignedto singlets1C of
SU~.Leptons and quarksboth carry the chargesof the weak interaction,which brings us to an
introductory discussionof QFD.

Oneof the mostsignificant developmentsof the 1970’swas the confirmationthat acertainSU
2x U~

Yang—Mills field theory [4] providesan excellentdescriptionof the combinedelectromagneticandweak
interactions.The vectorbosonsmediatingthe charged-andneutral-currentweak interactionshavenot
yet beenobserved,as their massesareexpectedto be of order80 to 90GeV, beyondthe rangeof the
machinesof the 1970’s. Since SU~’x U~’hasfour generators,thereare four vector bosonsthat are
coupledto four currents.The vacuumis invariant undera subgroupof the SU~’x U~’,namelythe U1
generatedby the electriccharge Qern The electricchargeis a linear combinationof the two diagonal
generatorsof SU~x U~

0ern17+ywI2 (2.6)

where I~ is the neutral componentof the SU’ (wherew standsfor weak, and distinguishesthis
application of SU2 in physics from others) and Y’

5 is the generatorof the U~.The orthogonal
combinationof I~and ~W is aweak interactioncharge,andthe currentassociatedwith it is coupledto
theZ°bosonthat mediatesthe neutralcurrentweakinteractions.That vectorbosonis expectedto have
a massof 90 0eV. (Althoughthe Lagrangianof the Yang—Mills theory possessesthat U

1 symmetry,the
vacuumdoesnot, sothe Z°bosonhasa mass.)Thechargeraising andchargelowering currentsin the
SU~’arecoupledto theW andW~vectorbosons,which mediatethe charge-currentweak interactions.
They are expectedto havemassesof about 80 GeV, which indicatesthat the vacuumcarries all the
weakcharges.

The phenomenonof vectorbosonsbecomingmassivein Yang—Mills theoriesis calledspontaneous
breakingof local symmetry [34].Whenwe talk aboutbrokenlocal symmetries,wedo not meanthat a
symmetrybreakingterm is addedto the Lagrangian.A vectorbosonmasstermby itself is not invariant
underthe local symmetrytransformations.However,a vector bosonmassterm plus someadditional
interactionscan be, and that is what happensin a brokensymmetry. (In this paper,“broken” means
spontaneouslybroken.)The Lagrangianis still invariant under the symmetrytransformations,andthe
current are conserved,or in the languageof quantumfield theory, the Ward identities (exceptfor
anomalies)hold, which is crucial for the perturbativerenormalizabilityof the theory.However, the
chargeof abrokensymmetrydoesnot annihilatethe vacuum,which correspondsto the chargebeing
spreadthrough the vacuum.The mathematicaldescriptionof electromagneticradiationin a plasmais
completely analogousto that of a vector bosonin a broken vacuum[34]. The main point of this
discussionis to emphasizethat evenfor verybadly brokensymmetries,the Lagrangianis still invariant,
and so it is still important to study the invariantsthat can be formed from the fields in the theory.
However, certain “numbers” in the theory, like fermion mass matrix elements,will often have
nontrivial transformationproperties.A completestudy of the symmetrypropertiesis still needed.
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Although the weak vector bosonsof the standardSU~’x U~’theory havenot beenobserved,the
form of thecurrentsof the low-masselementaryparticleshasbeenwell establishedexperimentally[35].
Aside from the photonand the gluons, the only low-massparticles that havebeenaccessiblein the
laboratoryare the quarksand leptons. As we discussedearlier, the left-handedquarks, antiquarks,
leptonsand antileptonsmust be assignedto representationsof the gaugegroup and the right-handed
fermions to the conjugaterepresentations.SU2 has singlets, doublets,triplets, and so on, and the
assignmentthat works is to place the left-handedfermions in SU~’doubletsand the left-handed
antifermions in SU~singlets. This unsymmetricalleft—right assignmentis rather startling, but is
confirmedby a hugequantity of experimentaldata;the maximalparity violation in the chargedcurrent
weak interactionsalreadyprovidedastrong hint over20 yearsago[4] that this is a sensibleassignment
phenomenologically.The choiceof groupsdiscussedin thispaperis stronglyinfluencedby the desireto
maintain theseunsymmetricalassignmentsin a natural fashion. Specifically, only when fL is not self
conjugateis it not requiredfor every left-handeddoubletto be matchedwith a right-handeddoublet.
TheorieswherefL is selfconjugatearecalledvectorlike[36];otherwise,the theory is called flavor chiral
[61.

We now discuss the specific assignmentof the quarks to representationsof SU~x U~.The
left-handedu and d’ quarksform a doublet,wherethe YW values are determinedby (2.6) and the
assignmentthat u hascharge~andd hascharge—~.(Theprime indicatesstatescoupledto thecurrents;
they are linear combinationsof the masseigenstates.)Thus, Y~’= Y~= ~. (All membersof an SU~’
multiplet musthavethe samevalue of Y~W,or elsethe ~VV generatorwill not commutewith the SU~’
generators,andthegroupwill not factor.)The left-handedü andd are SU~singlets,andhavedifferent
valuesof ~W in accordancewith (2.6). TheCPT transformationrelatingthe left-handedfermionsto the
right-handedfermionsjust invertsthis arrangement:u andd areright-handedsingletsandü andd form
aright-handeddoublet.Sincethis is a basicfeatureof all fermion representationsin local field theories,
we only needto discussthe left-handedfermion representationfL

This patternof quarkassignmentsrepeatsitself at leastoncewith the c and s quarks,andis often
presumedto repeatitself againwith thecharge— ~b quark andaconjecturedcharge~t (top) quark.Theb
quark hascharged-currentweakdecays[37],whichis consistentwith anonzeroweakisospinassignment;
however,azeroweak isospinassignmentis not yet ruled out.

Next we briefly indicatethe relationshipsamongtheseassignmentsto a representationof the gauge
group,the currents,andthemasses.For simplicity we considerfirst the charge— ~quark mass,including
just the d ands quarks,and ignoringanymixing with the b quark.Themassmatrix (2.5) connects(the
left-handed)d to the d ands, and this combinationhasdefinite, nontrivial SU~’x U~’transformation
properties,with Ii~I”~= ~ and ~Y’i = 1, so that ~Qern = 0. Thus, the existenceof the quark mass
indicatesalready that SU~’x U~’is brokendown to U~.This also meansthat therecan be mixing
amongall the fermions with the samecolor and electric charge. Thus it is important to distinguish
betweenthe statesconnectedby the currentsandthoseconnectedby the massmatrix. If we call the
masseigenstatesd ands, thenthe charge— ~quarkscoupledto the u andc by the chargedcurrentsof
theweak interactionsarecalled

d’ = coso~d + sin O~s, s’ = —sin6~d + cosO~s (2.7)

wherethe canonicaltransformationthat connectsthe mass eigenstatesto the statescoupled by the
currentsis parameterizedby &. The transformationwith threequarks(e.g., d’, s’ andb’) dependson
fourparameters,includinga CP-violatingphase[30].[Recallthe discussionbelow(2.5).] We summarize
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thisdiscussionin table2, againemphasizingthat thosedesignationssummarizean incredibleamountof
phenomenologyin a powerful way.

Next,we reviewthe leptonsector.Theleft-handedchargedleptonse (me= 0.51100X iO~GeV), the
~z (m~.= 0.10566GeV)andmost likely the ‘r (mr = 1.81 GeV [38])areall I~= —~ membersof weak
isodoublets.To ahigh degreeof accuracy,the masseigenstatesarethe statesin the currents,with the
chargeraisingcurrenttransforminge11 to ~eL, ~ ~ito ~ and(most likely) r~to V~L. If the neutrinosare
massless,but are only coupled to the vector bosonsas in (2.1), then their current eigenstatescan be
definedby convention,andthe chargedleptonscannotmix throughthe neutrinos.If the neutrinoshave
smallmasses,then(2.3) neednot be diagonalin the samebasisas (2.1), andtherecan be mixing; there
hasbeen considerableeffort to searchfor muon-numberviolating processes[39] and neutrino oscil-
lations. The left-handedpositron,~z+ andr~are eachassignedto be weak singlets.The analogywith
the quarkswouldbe completeif thereexistedleft-handedantineutnnos.There is no argumentagainst
them since they would be neutral, JW = 0, and, consequently,YW= 0 particles, and would haveno
electromagnetic,weak, or strong interactions. Thus they would be hard to “see” in presentday
experiments,althoughthey mighthaveleft their mark on the featuresof the universe,as describedby
the big-bangcosmology.A conservativeattitude is that thereare no left-handedantineutrinos,since
theyhavenot beenobserved.For mostunified models,this attitude mustbe relaxed.

The modelof the symmetrybreakingof the standardSU~’x U’~’theory down to the U?
tm symmetryof

QEDis doneby giving certainscalarfieldscarryingthechargesof theweak interactions,but no electric
or color charge,a nonzerovacuumexpectationvalue [40]. This problemcan be studiedin the Higgs
model [41] of symmetrybreaking.Thebosonandfermion massesarethenproportionalto the vacuum
expectedvaluesof the scalarfields, as are theinteractionsinducedby thesymmetrybreaking,at leastin
the classicallimit. There is controversywhetherthe scalarfields doing the breakingof SU~’X U’j” are
fundamentalfields in the Lagrangianof Nature, or are “effective scalars” formed, for example, as
fermion—fermion bound states. In the considerationsin this paper, we often treat the symmetry
breakingin the Higgs model, but withhold judgementon the physical reality or origin of the scalar
fields. A study of the grouptheoreticalstructureof symmetry breakingis useful, no matterwhat the
breakingmechanism.

In the standardmodel, SU~x U~’is brokenby the neutral member of an I” = ~, Y”~’= 1 scalar
doubletçb(x). CPT invariancerequiresaconjugatedoublet~t(x) with Y”~= —1, sotherearefour spin0
degreesof freedom.Thus,up to threevectorbosonscan acquiremasses,usingthe correspondingscalar
fields as the longitudinal degreesof freedom.The fourth scalaris physical and definesthe symmetry
breaking direction. ‘The covariant kinetic energy of the scalarshas the form (D~4i/)tD,4~,with
D,4 = — ig(rJ2)B~(x)4(x)—i(g’I2)B,~~(x)4~(x),whereg’/2 is the couplingof U’~andB,~(x)is the
vector boson coupledto the U~current, andB~(x)(a = 1, 2, 3) are the bosonscoupledto the SU’
currentswith gaugecouplingg; the weak isospinorrepresentationmatricesarer0/2, where~a are the
Pauli matrices. In the unitary gaugethe constantpart of 4, of which only the neutralcomponentis
nonzero,provides(classically)massesto the threeweakbosons,while leavingthe photonmassless.At
thispoint, we leavethecalculation,sincethe detailsarenow consideredstraightforward[21].However,
the discussionsof symmetrybreakingin section9 do rely on a thoroughknowledgeof this well-known
calculation.

In summarywecan saythat the standardmodelhasprovidedan attractiveframeworkfor organizing
huge quantitiesof experimentaldata. Nevertheless,from a theoretical viewpoint it is somewhat
awkward,asdiscussedat the beginning of the nextsection;it doesnot appearto be theultimate theory
of the interactionsin Nature.
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3. Unification

The purposeof this section is to give a brief, but critical introduction to the unification of the
standardmodel into a Yang—Mills theory basedon a simple group. The SU5 example,which is a
prototype,is thendescribed.Finally, the methodof embeddingflavor andcolor into the simplegroup,
ascarriedout in ref. [6], is describedandat thesametime a brief introduction to generalfeaturesof the
simple algebrasis given. (In this review, unified models basedon simple groupsare the only kind
analyzed;at the presentstageof development,this restrictionis physically quite arbitrary,but manyof
the resultsdiscussedhereareapplicableto otherkinds of gaugemodels.)

The “standard” SU~’x U~x SU~Yang—Mills theory of the electromagnetic,weak, and strong
interactionshasprovided a detailedphenomenologicalframework in which to analyzeand correlate
manyexperimentaldata. Although the constraintsof this model appearto be satisfiedexperimentally,
the choiceof symmetrygroup, theassignmentof scalarsandfermionsto representations,andthe values
of many massesand coupling constantsmust be deducedfrom experimentaldata. Aside from being
derivedfrom local symmetries,the threeinteractionsare not relatedto eachotherin anyspecificway,
andeachgaugecouplingfor the factorsSU~’,U~andSU~is a free parameter.Moreover,the standard
model ignoresgravity andit givesno relationshipsamongparticlesof differentspins.Thus,in spiteof its
enormoussuccess,the standardmodelappearsto bepartof a morecompletetheory; it leavestoo much
unsaid. It is an obviousquestion to ask whetherthereare more complete theoriesthat include the
resultsof the standardmodel and also interrelatethe interactionsandcorrelatethe many assignments
and parametersthat are put into the standardmodel by hand. Noneof the unified modelsdiscussed
hereis likely to be the ultimate theory eitherbecausethey only partially solvesomeof the problems
above,but onecan hopethat studyingthem will leadto astepin the right direction.Thesemodelsare
sometimescalled “GrandUnified TheorieS”,but not here.

Early attemptsto find such theorieswere madeby Pati andSalam [42], who arguedthat a theory
with integerchargedquarks[43] (which is not QCD) can be embeddedinto a largertheory,including
newinteractionsthat violatebaryonnumber.Shortly after,GeorgiandGlashow[5] pointedout that the
standardmodel (including QCD) can be embeddedinto the simpleLie groupSU5. This meansthat the
electromagnetic,weak andstrong interactionsare all containedin a larger set of interrelatedinter-
actions.Sucha theory mustincludethecolorandflavor interactionsplus newinteractionsthat mix color
andflavor quantumnumbers.The Pati—Salamand Georgi—Glashowmodelshavedifferentmechanisms
(in detail) for protondecay,but in thesemodelsandotherslike them,proton decaydoesresult from
additionalinteractionsnot in the standardmodel.Suchtheorieshavehelpedto motivatemoresensitive
experimentson the proton lifetime [44] andneutrinomasses[45].

If therewereno spontaneoussymmetrybreaking,all thevectorbosonswould be masslessandall the
vector boson-currentcoupling constantswould be equalor relatedby group-theoreticallydetermined
constants.The symmetrybreakingthendistinguishesbetweenthe different interactions:the leptoquark
bosons,which couplequarksto leptonsandcan mediateproton decay,acquirevery largemasses;the
weak interactionbosonsacquiremuchsmallermasses;andthe photonandgluonsremainmassless.The
separationof the underlying interaction into electromagnetic,weak,strong, andother componentsis
due to the specific pattern of spontaneoussymmetry breaking. It is important to realize that this
hypothesisof unification is very speculative,at leastuntil someexperimentalevidence,such as proton
decay,is found to supportit.

Unification by a simple groupmeansthereis only one gaugecouplingconstant,but it also implies
that the ratio of the strong and electromagneticcoupling constantsis ~ in the limit that spontaneous
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symmetrybreakingcan be ignored[18] (in the SU5 model).Experimentally,however,the ratio of the
strongcouplinga5andfine structureconstantae is very different.At Q2 = 10 GeV

2,the ratio of a
5 to ae

is about 50 (with largetheoreticalandexperimentaluncertainties).As long as a,, anda~aresmall and
the numberof fermions and spinlessbosonshaving color is not too large, this ratio decreasesas a
logarithmof Q2, andapproaches~aroundQ

2 of order(1014GeV)2 in the SU
5 model [19,20]. The new

interactionsimplied by unification aredramatic, but are so weak that very sensitiveexperimentsare
neededto detectthem. Unification doeshavea chanceof beingviable.

Before looking at the general structureof unified models,it may be helpful to describethe SU5
modelproposedby GeorgiandGlashow[5]. The simplegroupSU5 has24 generators,andthereforethe
Yang—Mills theory has24 vectorbosonscoupledto 24 different currents.SU5 containsSU2x U1 x SU3
as a subgroup,and those 12 currents are identified with those of the standardmodel of the
electromagnetic,weak and strong interactions. ‘The other 12 vectorbosonsmediatenew interactions,
but they are very weak becausethe bosonsare expectedto be very massive: they_includea 3~with
electriccharge—~ in aweak isodoubletwith acharge—~ boson,togetherwith their 3C antiparticles.

The assignmentof the fermionsin the SU5 model is fairly complicated.The u, d’, electron,and its
neutrinoare assignedto one family of particles;the c, s’, muon,and its neutrino are assignedto a
secondfamily; andthe b’, conjecturedtop, tau, andits neutrinoare usually assignedto a third family.
Eachfamily itself is assignedto a reduciblerepresentation.

We next go through the stepsof searchingfor an SU5 representationto which a family can be
assigned.Theunifying groupSU5 containsseveralsubgroups,but amongthe SU5 generatorstheremust
be an SU’x U~’x SU~to be identified with the standardmodel. In fact, as we shall discussin great
detail in section6, SU2x Ui x SU3 is a maximal subgroupof SU5. We maycarry out the embeddingby
breakingup the fundamentalfive-dimensional,unitary,irreduciblerepresentation(irrep) of SU5 into
fundamentalrepresentationsof SU2x U1 X SU3 asfollows,

5= (2, 1)(1)+ (1,3)(—2/3); (3.1)

in the entry (x,y), x is an irrep of SU2 and y is an irrep of SU3, and the irreps are denotedby their
dimensions.The secondparenthesiscontainsthe valueof the U1 generatorwhen actingon the statesin
the (x, y). It is normalizedso that it can be identifiedwith Y’

5, if the SU
2is identifiedwith SU~and the

SU3 is identified with SU~.The relative value of the YSV eigenvaluesis determinedfrom the
requirementthat all generatorsof SU5 mustbetraceless.Thecontentsof an irrep of agroupin termsof
the irreps of asubgroup,like (3.1), is called a branchingrule. Knowledgeof branchingrules is crucial
for studyingthe contentof models,so this review containsmanyexamples.(The SU5 branchingrules
are containedin table 30.) There is no other way to fit nontrivial SU2x U1 x SU3 irreps into a five
dimensionalirrep asidefrom conjugatingthe 3, so the choice (3.1) is uniqueoncethe embeddingis
established.(Sincethe 5, 2 and3 arefaithful irreps of SU5, SU2 andSU3, respectively,(3.1) alreadygoes
a long way toward establishingthe embedding.What must be done is to showthat the generatorsof
SU5 containthe generatorsof SU2, U1 andSU3, which can be provenby looking at the branchingrule
for the adjoint. Seebelow.)

The next questionis whetheranyof the knownparticlescan be assignedto the 5, given the above
embeddingof SU~x U~’x SU~in 5U5. From(3.1) it is seenthat the 5 containsa leptonweakdoublet
with electric charges+1 and 0, and a charge —~ quark weak singlet. Such a multiplet may be
appropriatefor the right-handed(e

4~,1e) doublet and the right-handeddown quark, or equivalently,
fL -~fR may contain a 5 with the (v,,,e~doubletandthedL singlet.If thisassignmentis made,thenwe
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must find anotherrepresentationof SU5 for the left-handede~,ü, u andd’. Consequently,thereis use
for a list of irreps of SU5 (or anyothergroupthat is a candidatefor unification),suchas the onein table
28, andthe branchingrules to see if thereexists a suitablecandidate.It is clear that the 10 is such a
candidate.This possibility can be derivedfrom (3.1) andthe tensorproduct,

(5X5)a=10, (3.2)

which can be found in table 29, wheresub a meansthat theirrep is found in the antisymmetricpart of
the product.From(3.1) and(3.2) it follows that

10 = (5x 5)a= [(2, 1C)(1)+ (1, 3’~)(—2I3)]~

= [(2, 1C) x (2, 1~)]~(2) + [(2,1C) x (1 3C)](1/3)+ [(1, 3C) X (1, 3C)]a(_4/3)

= (1, 1c)(2)+ (2, 3C)(1/3)+ (1, jC)(_4/3) (3.3)

wherethe ~ valuesadd, sincethe Y’
5 is a U

1 generator.Thus it is immediatelyfound from (3.3) and
(2.6) that the (1, 1C) is a charge1, singlet lepton, to which the positronmay be assigned;the (2, 3C) is a
quark doublet suitablefor u andd’; and(1, 3C) has charge —~ and is suitablefor the ü singlet.

In summary,the electronfamily with e~,u,,, u, U, d’ andd’ may be assignedto a 5+ 10 of SU5. The
first stepof model buildingconsistsof embeddingQED, SU~’andQCD in the unifying group,andthen
searching for a representationfL that reproducesthe standardmodel. With three families, fL=

5 + 10+ 5+ 10 + 5+ 10, which is not self conjugate,the theory is flavor chiral. We arecertainto recover
the resultsreviewedin section2, as long as the additional interactionsimplied by unification do not
modify the SU~’X U~X SU~interactionstoo much.

Let us makea few commentsconcerningthe “progress”madeby going from the standardmodel to
the SU5 model. (1) The threeindependentgaugecouplingsof the standardmodel are reducedto a
single coupling, and given the experimentalvalue of the QCD and QED coupling, SU5 gives a
reasonableaccountof the relativeamountof the vectorandaxial-vectorweak neutral currents,which
dependson the free parametersin ~ relating the two independentcouplingsin the standardmodel
[18—20].(2) It describesthe chargedcurrent weak interactionscorrectly. (3) If it is assumedthat the
symmetry breakingis lacking certainterms,the neutrinois exactly masslessdueto a conservationlaw in
the theory. In more complicatedmodelsthe neutrinooften acquiresa smallbut finite mass;depending
on future experimentalresults, the prediction of masslessneutrinosmay (not) continue to be an
advantage[45].(4) It qualitatively predictsthe massof the b quark.

This impressivelist of successesshould be comparedwith the ambitions of unification: (1) The
numberof fermion families is not predictedby thetheory noraremostof themasses.(2) The SU5model
and others like it require ratiosof boson massesto be of order 1012. This requirementis difficult to
satisfy with all symmetry breaking done with scalarsappearingin the Lagrangianbecausequantum
correctionstend to obliteratelarge mass ratios unlessvery specialvalues of the couplingsarechosen
[46]. This may be a devastatingcriticism of the usual form of the SU5 model. (3) Gravity has not yet
beenunified with the otherinteractions,althoughmassesof order iO~of the Planckmassare involved.
Of course,therestill remain the questions,why SU5?why families?andwhy thereduciblechoice5 + 10
for each family? (Of course,not everyoneconsidersthe aboveto be requirementsof unification, in
which case,they are not shortcomings.)

Let usdwell for a momenton anotherissue that SU5 andrelatedmodelsdo not face: theydo not
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relateparticlesof different spin. It would seemthat a truly unified model ought to relate the gauge
bosonsto the other fundamentalfields in the theory.Such relationsdo exist in theoriesin which the
symmetry structurehasbeenextendedbeyond that of Lie algebrasto include fermionicgenerators
satisfyinganticommutationrelationswith oneanotherandcommutationrelationswith the membersof
the Lie algebra.Such algebraic systemsare called “gradedLie algebras”or “supersymmetries”,and
model Lagrangianswith global andlocal supersymmetrieshavebeenproposed[47].

Supergravityis perhapsthemost interestingexampleproposedso far, especiallywhenit is basedon
extendedsupersymmetry,wherethe supersymmetrychargescarry an extraindex that rangesfrom 1 to
N. The N = 8 version Lagrangiancontainsexplicitly the following particle spectrum:a single spin 2
graviton is accompaniedby an SO8 octetof spin ~particles,a set of spin 1 particles belongingto the
28-dimensionaladjoint representationof SO8, a set of Majoranaspin ~particlesbelongingto the 56, and
scalarand pseudoscalarmultiplets in two 35-dimensionalrepresentationsof SO8. The SO8 represen-
tation theory is summarizedin tables36 and37. If thisparticle spectrumis identified with what we call
elementaryparticles,then theshortcomingsof supergravityaresevere:SO8is too smallto includecolor
timesa sufficient flavor groupand the 56 of spin ~ fermions cannotincludeall threechargedleptons.
Moreover,thereis a seriousproblemif the SO8 is gauged:measuredvaluesof the gaugecouplingimply
a cosmologicalconstantthat is too largeby a factor 1060. So it is possiblethat this interpretationof the
N = 8 supergravityLagrangianis misleading,and all the particlesnormally considered“elementary”,
suchas thee, j.t, ~‘, etc., arecompositeson distancescalesof orderof the Planckmass[48],andthe SO8
is not gauged.The elementarySO8fields in the Lagrangianmaybetied up in boundstates(exceptthe
graviton),evenat massscalesof order 1015 GeV, wherethe effective Lagrangiancould be locally SU5
symmetric. More will be saidaboutaneffectivetheory “derived” from N = 8 supergravityin section8;
its fate is not yet settled.

One may wish to speculateabout a future unified theory of all interactionsand all elementary
particlesthat would resembleSO8 supergravitybut involve sacrificing someprinciple nowheld sacred,
so that the notion of extendedsupergravitycould be generalized.In such a hypotheticaltheory, an
internalsymmetrygroup0 largerthanSO8 would be gaugedby spin 1 bosons,andboththe spin ~and
spin ~fermionswould be assignedto representationsof G. It is then very natural to supposethat the
spin ~fermionswould belongto somebasicrepresentationof G andwould includeonly color singlets,
tripletsand antitriplets.The spin ~particleswould thenpresumablybe assignedto a morecomplicated
representation.Thesespeculationsarea majormotivationfor this review, astheywere for ref. [6].

Let usdiscussbriefly two otherrathersimplemodels.The simplegroupSO10 containsSU5X U~as a
maximalsubgroup.(The label r on the U1 merelydistinguishesit from otherU1’s.) It is possibleto put
the 5 and 10 of an SU5 family togetherinto an irrep of ~ The 16-dimensionalspinorirrep of SO10
hasa branchingrule into SU5 x U~irreps,

16= 1(—5)+ ~(3)+ 10(—1), (3.4)

as can be found in table 43. There is a (possibly) importantfeatureof (3.4). If a family of left-handed
fermionsis assignedto the 16, then both the antiparticlesandparticlesof a family are assignedto the
sameirrep in fL. In fact, in SO~~thereexistsa groupoperationthat exchangesthe left-handedparticles
and antiparticles: the quarks are reflected with their antiquarks, the electron with positron, and the
left-handedneutrinois exchangedwith the SU5 singlet in (3.4) [13].This chargeconjugationoperation
C mayhavegreatsignificancein (for example)coming to a systematicunderstandingof the symmetry
breaking (and fermion masses).For example, in the SO~~theory, the massmatrix elementconnecting
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the SU5 singlet
1L to the neutrallepton t~L in the~ is evenunderC, but the C operationtransformsthe

diagonalSU
5 singlet massinto the diagonal M’i = 1 neutrinomass.The

1’L masswill be small if the
JW = 0 massviolates C maximally (i.e., it is odd underC), so that the VL — ~L elementis zeroand the

— ~L weak singlet term is huge. This is calleda Majoranamass,sincea iL — ~L massterm violates
lepton number.The C operationin unified modelsis discussedin sections6 and9.

The third model,which we only mentionfor now, is basedon E
6. The fermionsareassignedagainin

families to the fundamental27-dimensionalirrep. In fact, it is onegoal of thisreviewto be able to treat
the E6 representationtheory smoothlyand without undo complication, and so we defer until later
discussionof this example.

In eachof thesemodels,we needalsoto discussthe symmetrybreakingandotherdetails,which will
be examimedlater. Without further example or motivation, we now begin our plunge into the
group-theoreticaldetails that shouldeasethosediscussions.

Thereare,essentially,two methodsfor studyingthe embeddingof color andflavor in a simplegroup
G. Themostdirectmethodis to pick out the generators(or linear combinationsof generators)of G that
may beidentified as the color andflavor generators.This methodcan be complicatedin practice(until
the short cutsarelearned),but it providessomuch knowledgeaboutthe structureof G that it is often
obvioushow to proceedto a studyof symmetry breaking,masses,and so on. It is this method that is
developedin somedetail in sections4—7, inclusive. The othermethod,advocatedin ref. [6], requires
listing the possibleflavor andcolor structureof the fundamentalirrep of G andthen checkingthat the
conjecturedembeddinggives thecorrectbehaviorof the groupgenerators.Embeddingthroughan irrep
is completelygeneraland is easily implemented.Both methodsprovide insightsinto unified models.
The remainderof this section contains an informal restatementof the argumentsand results of
embeddingthrough the fundamentalirrep, andat the sametime, providesan elementaryintroduction
to thesimpleLie algebras.A moreformal andcompletediscussionof thisapproachcan befoundin ref.
[6], in section II andthe Appendixthere.

Accordingto the Cartanclassification,whichhasbeenprovencompletein numerousways,thereare
four infinite seriesof simpleLie algebras:the algebraA,, generatesthe groupSU,,+1, which is thegroup
of transformationsthat leavesinvariant the scalarproductsof vectorsin an (n + 1)-dimensionalcomplex
vector space;B. generatesSO2,,+1, the group of transformationsleaving invariant scalarproductsof
vectorsin areal (2n + 1)-dimensionalvectorspace;C,, generatesSp2,,, thegroupof transformationsthat
leaves invariant a skew-symmetricquadraticform in a real 2n-dimensionalvector space;and D,,
generatesSO2,,,which is analogousto B,,, but hasadifferentspinorandrootstructure.(Aswarnedearlier
weoftenusethegroupnameevenwhenthealgebraicpropertiesareall thatisneeded.)In additionthereare
five exceptionalalgebras,denotedby the symbols,02, F4, E6, E7 andE8, wherethe subscriptsdenotethe
rank. The exceptionalgroupsleave invariant certainforms with octonions.The Jacobiidentity of Lie
algebrasrequiresthatthecommutationrelations[A, B] = Ccanberealizedby associativematrices,which
meansthat (AB)C= A(BC). Sincematricesof octonionscan be associativeonly in specialcases,the
exceptionalalgebrasare restrictedin number.In building Yang—Mills theories,therepresentationtheory
playsthe centralrole; althoughthe geometricalpropertiesof octonionsarenot requiredfor analyzing
theoriesbasedon exceptionalgroups,theycanbehelpfulforsomecalculationsandmayalsosuggestaway
to transcendthe confinesof Yang—Mills theories[49].

The embeddingthroughthe fundamentalrepresentationis doneas follows. If thereis an embedding
of the form,

GJG~xSU~, (3.5)
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thenthe fundamentalrepresentationof G hasa branchingrule,

(3.6)

where x~is an irrep of G~’and y~is an irrep of SU~.Moreover, the adjoint irrep, which is the
representationof dimensionequalto the order of the group with matrix elementsmadefrom the
structureconstants,is always in the tensorproduct f x f. (This statementis true of any nontrivial
irrep.)

This embeddingprocedurewasworkedout in ref. [6] only for the caseswherethe irreps of SU~in
(3.6) for some irrep are restrictedto the set ~C, 3C and 3’~.If, for example, the spin ~fermions were
restrictedto leptons,quarksandantiquarks,thentherewouldbe at leastonesuchirrep. The discussion
canbe madecomplete,dueto the following theorem:If anyirrep of Ghasa branchingrule (3.6) with y~
restrictedto the set ~C, 3C and3’, thenthe fundamentalirrep mustalsosatisfythe samerestriction.(See
the Appendix of ref. [6] for a formal proof.) Once the color content of the fundamentalirrep is
constructed,the color content of other irreps is found from their branchingrules, which are easily
derivedfrom tensorproducts.Although thereis no direct evidencethat spin ~ fermions other than
quarksand leptonsexist, it may be somewhatartificial to require no other color statesfrom, say,
10 0eV to the unificationmass.In fact, if the knownquarksandleptonsarefit into oneirrep, thenit is
quite usual to expect other color states. (For exceptions,see the SO4,,+6 models in section 8.)
Nevertheless,the procedureof embeddingthis way is quite adequate,becauseembeddingswherethe
fundamentalirrep hashigher color statesseemquite awkward,and little appearsto be gainedby the
new embeddings.A possible exception may be found in models based on E8 [50], where the
fundamentalirrep is the adjoint, which musthavean 8’~.

We nowexaminethe simplegroups,discussingtheir fundamentalirreps,theembeddingof color and
flavor, the calculationof the generators,andanumberof specialfeaturesof the groupsandtheir field
theories.The featuresmentionedherecan all bederivedwith the techniquesdiscussedin section4 to
the end.

Theunitary groups, SU,,. The fundamentalirrep of SU,, (or A,,_1) is the n, which is n dimensional.
The mostgeneralbranchingrule (3.6) with the 1C, 3c 3C colorrestrictionis, obviously, of the form,

n = (n1, 1c)+ (n3, 3’~)+(ni, ~), (3.7)

wherethe a, areirreps of the flavor group,andn = n1 + 3n3+ 3n~.The identificationof theflavor group
requiresastudyof thegroupgenerators.Theflavor groupof anSU,,theoryisnonsemisimplebecauseof the
U1 factor(s).Theadjoint of SU,, is computedfrom the n from the tensorproduct,

nxfl=Adj+1, (3.8)

wherethe adjoint Adj hasdimensionn
2 — 1. It is quitetrivial mathematicallyto work out (3.8) from the

generalform of (3.7),but themost interestingcasesphysically appearto bethosewith n~= 0 andn
3 = 1,

so that n1 = n — 3. Thenthe adjoint hasthe branchingrule of the form,

Adj = [(n—3, 1C)+ (1, 3C)] x ~ r) + (1,~)1— (1, 1C)

= ~ (3.9)
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Theproductn—3 x n—3 shouldcontainflavor generatorsonly, just asthe (1, W) generatorsof QCD are
flavor singlets.Thus n—3 must be the fundamentalirrep of SU,,_3, or else that productwould have
componentsthatdonot transformasflavor-groupgeneratorsandG~wouldnot beaslargeaspossible.The
extrasinglet in n — 3X n— 3 implies a U1 factor, so (leaving U1 valuesimplicit)

SU,,i SU,,_3X U1 X SU~, n = (n —3, 1c)+ (1 3C)

(3.10)
Adj(SU,,)= (Adj(SU,,_3), ic) + (1, 1C) + (1,8’~)+ (n ...3 3c) + (n—3 3C)

Thecolorcontentof theotherirreps of SU,, can bederivedfrom tensorproductsof the n with itself;
this proceduregeneratesall irrepsof SU,,. The “basic” irreps (“basic” has a specialsignificancewhen
the Dynkin labeling of irreps is discussed)areobtainedfrom (n x n X~ X n),. In particular(ii” )a is an
irrep of dimension(~)(a binomial coefficient). It is not difficult to multiply out (n”), with n given in
(3.10)to find that the colorstatesin eachof theseirrepsarerestrictedto the set F, 3C and3C~Any other
irrep must havepiecesin (n’)5, and musthavehigher color terms. For example,(ax n)5 is an irrep of
dimensionn(n + 1)12, containinga piece [(1,3C)x (1,3c)]~= (1, 6c).

The irreps of SU3 fall into threecategories,distinguishedby their triality. The quantumnumbersin
onetriality classnevercoincidewith thoseof anothertriality class.In theEightfoldWay 5U3,theelectric
chargeis a representationvector label. In the triality zeroirreps, suchas the 8, 10, 27, etc., the electric
chargeeigenvalueis an integer;triality oneirrep~,such as the 3, 6, 15, etc., havechargeeigenvalues—

plus an integer; and triality two irreps (3, 6, 15, etc.) havechargeeigenvalues+ ~ plus integer.The
conceptof triality for SU3 generalizesto that of n-ality for SU,,, where it againmeansthat the quantum
numbersof the representationvectors in one class never coincide with those in another class.
As a generalization(but trivial for SU,,), it is possible to distinguish irreps of any group in an
analogousway; it is convenientthen to speakof congruencyclasses[9,51]. The numberof congruency
classesis mentionedin this section,andit is morefully exploitedin section5. Irrepsof SU,, fall into n
congruencyclasses,distinguishedby n-ality.

The Georgi—GlashowSU5model is an exampleof (3.10),with n = 5, 5= (54),, and 10= (5x 5),. The
grouptheoryis oftenimplementedby writing the 10 asanantisymmetrictensorA~with i, j = 1,. . . , 5.This
procedureisperfectlyadequateforSU5, but it shouldbenotedthatthe 10 is abasicirrep,whichmeansthat
theantisymmetricpair, ij, canin asensebereplacedbyasinglelabel.Thiskind of simplificationof thegroup
theory will be emphasizedin the next few sections. The distinction among “basic”, “simple”,
“fundamental”,and “composite”irrepsis madein section5.

Otherexamplesof (3.7),onewith n~= 0 and n3> 1, and finally, n~>0 and n3> 1 are workedout in
ref. [6], andall threeof theseembeddingsof QCD in SU,, arelisted in table3, cases1, 2 and3.

The tensorproduct of the SU,, adjoint irrep with itself contains an adjoint symmetrically; the
existenceof a completely symmetric d~1~symbol that couplesthree identical adjoints (that is, three
vector bosons)into an invariant occursonly for the SU,, (n > 2) groups. (The coupling through the
structureconstantsis completelyantisymmetric. Also note that SO6—~SU4 has a d symbol.) The
existenceof the d1~symbol can be a problem, becausefermions loopscan contributeto the triangle
anomalyand destroythe theory’s renormalizability.If fL is self conjugate,the uncontrollablepieces
cancelout automatically;in that casethe theory is calledvectorlike [36]. If fL is complex, then_it must
be reducibleandof a specialform for the cancelationto takeplace.The SU5 modelwith fL = 5+ 10 is
an examplewherethe anomalyis cancelled.However,it is noteworthythat in SU5, thereis no complex
irrep to which fL maybe assignedwithout parity violation of the strongor electromagneticinteractions
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or the existenceof masslesschargedparticles.More generally,in unified modelsit is not difficult to
avoidthe triangleanomalyproblem.In theorieswherethe C operatorexistsas a groupoperation,there
is neveranydifficulty. In any eventthe SO4,,+6and E6 groups,althoughtheyhavecomplexirreps,do
not havea d,~symbol, so thereis no anomalyproblem;the adjoint occursonly in the antisymmetric
part of adjoint timesadjoint, as is requiredby the commutationrelations.We placemost emphasison
“flavor chiral” models, which are defined by the requirementthat fL is complex and the triangle
anomalyproblemis absent[36].

Theorthogonalgroups. Cartan’sclassificationindicatestwo kinds of orthogonalalgebrasB,,(SO2,,+1)
andD,,(SO2,,).In both cases(SOm,m evenor odd) thedefining or vectorirrep m is m dimensionaland
the adjoint irrep is constructedirreducibly from (m x m)a. However, it is noteworthythatnot all irreps
of SOmcan be obtainedfrom productsof m with itself, but therearespinorirreps,just as fundamental
asthe m, from which all irreps canbe formed.The reasonthat m” cannotcontain aspinor is essentially
thesamereasonthat a 3 cannotbe constructedfrom any numberof 8’s in SU3 the congruenceof irreps
of SOm prohibit it [9,51]. The irreps of B,, fall into two congruenceclasses;the irreps of D,, fall into
four classes.For S02,,+,,spinor times spinor hasordinary irreps only, but spinor timesordinary has
spinor-like irreps only. For D,,, two classesarespinorlike. This classificationis helpful when deriving
tensorproductsandis describedlater in detail.

Themostnotabledifferencein the spinor irreps of B,, andD,, is that B,, hasonly onesimplespinor,
of dimension2~and always self conjugate,but D,, has two inequivalent simple spinors, each of
dimension2”’. When n is odd, the spinorsarecomplex andconjugateto eachother, andwhen n is
even,theyareselfconjugateandinequivalent.Thus 5010,SO14,SO18, . . . all havecomplexspinor irreps
that can be usedfor fL to makea flavor chiral theory.

In carryingout theembeddingof SU~in SO,,,, them playsthe fundamentalrole. If the spinorssatisfy
the colorrestriction,thenso doesm, but the converseis not necessarilytrue.Thus,our procedureis to
embedthroughm andthenconstructthe branchingrule for the spinors.

The m is a self conjugateirrep,which impliesthat the branchingrule mustalsobe self conjugatewith
just as many3~as 3c so it hasthe form,

m = (n1, 1c)+ (n3, 3c)+ (113, 3c) m = n1 + 6n3, (3.11)

wheren1 in (3.11)mustbe selfconjugate.Calculatingthe generatorsfrom (mx m)a,we find easilythat
the flavor groupmust beSO,,, x SU,,,x U1. If n3> 1, then the simplespinor hashighercolor states.The
casethat hasattractedthe most interestis n3 = 1, in which case,

SOmJSOm_6~’<Ui’<SU~

m= (m_6,1c)+(1,3c)+(1,3c) (3.12)

Adj(SOm)= (Adj(SOm-6), F) + (1, 1C) + (1,8~)+ (m—6, 3C) + (m—6, 3~)

Actually (3.12) is not a maximalsubgroup;it is a subgroupof SOm_6x SO6 with m = (m —6, 1)+ (1,6).
Therearegeneralformulasfor varioustensorproductsandbranchingrules for someSO,,. irreps,but

the discussionbecomessimplerwith the Dynkin notationto bedeveloped.Consequently,we deferthat
discussionto section8.

The symplecticgroups. Symplectic groupshave had few applicationsin particle physics, with the
exceptionsof Sp2,which is isomorphicto SU2, andSp.~,which is isomorphicto SO5.Theredoesappear
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to be a deepconnectionbetweenS02,,+1andSp2,, [52], in addition to the fact that they have the same
numberof generators.The symplecticgroupshaveplayed almost no role in model building, but we
mention a few properties.The fundamentalirrep is the 2n, and all other irreps are found in (2n)”,
k = 2, 3 The product (2n x 2n)~gives irreducibly the adjoint, andthe singlet is found in (2nx 2n),.
The embeddingwith the colorrestriction is found in table3, case6. Therearetwo congruenceclasses,
which coincide with “real” and “pseudoreal”.

The exceptionalgroups. The exceptional groups, especially the E series,havereceivedconsiderable
attentionfrom model builders. Perhapsone of the main motivationsis that if oneof the exceptional
groupswerepart of a completetheory, then theremight bea chanceof going beyondthe Yang—Mills
constructionand “explaining” why it is the correct choice of gaugegroup. At present,such hope is
speculation,althoughthe phenomenologyof the E6 modelsbeing studied appears quite adequate.

G2 is not large enoughto contain QCD and any pieceof the flavor group, sinceit is only rank 2.
Moreover, it is not likely to show up as a relevantsubgroupbecausethe fundamental irrep 7 has the
branching rule into SU3 irreps,1+3+3; the adjoint 14 branches to 8+3+3. Thus if G23 SU~,sets of
~C, 3C and3’ are likely to appear with equal flavor quantumnumbers.Since 02 hasself conjugateirreps
only, it is not likely to make a goodflavor groupeither.Nevertheless,it is oftentimeshelpful to refer to
the propertiesof G2 whenstudyinggeneralpropertiesof otheralgebrasandtheir representations.There
is only onecongruenceclassfor 02 irreps.

F4 hasrank 4 and52 generators;its irreps areall self conjugate,so all F4 theoriesarevectorlike.The
embeddingof colorcan be donethroughthe maximalsubgroupSU3X SU~,with the fundamentalirrep
26 branchingto (8, 1C) + (3 3C) + (3 3C); then no other irreps of F4 satisfythe color restriction.Forother
(inequivalent)embeddingsof SU~in F4, there are no irreps of F4 with color statesrestrictedto 1~,

3C and 3C• F4 is investigatedin somedetail later on becauseit is a subgroupof E6. There is only one
congruenceclassfor F4 irreps.

E6 hasrank 6 and 78 generators,and holds a prominent position in this review. It is the only
exceptionalgroup with nonseif conjugateirreps, so it is the only exceptionalgroup for which a
flavor-chiral theory is possible.Moreover,it is a generalizationof SO~~(SO10maybe classifiedas “E5”),
which is itself a generalization of SU5 (SU5 may be classified as “E4”), so the chain of subgroups
E6 3 SO~x U~3 SU5x U~x U~containsmany of the interesting flavor-chiral theories.E6 irreps have
triality.

Theonly maximalsubgroupdecompositionof E6 containingQCD as an explicit factoris E6 3 SU3 X

SU3x SU~, and the_ fundamental 27-dimensional irrep has the branching rule, 27 =

(3,3, 1C)+ (3, 1, 3C) + (1,3, 3C) Of course,dependingon the symmetry breaking hierarchyfrom E6 to
U?

tm x SU~,it may be that other maximal subgroups, such as F
4, SO10x U1, or SU2x SU6, could play a

moresignificant role. Nevertheless,in eachcasethe samegeneratorsof E6 can be chosento generate
SU~,and the samediagonalgeneratorcan be identified with Q~

mit is in this sensethat theseother
subgroupsdo not give a newembeddingof color. In eachcase,the 27 hasthree3’, three3C, and nine 1’,
with the samedistribution of electriccharges.We haveignoredthe embeddingswherethe 27 has one
colorsingletanda coloroctet,sinceobtainingasensiblelooking leptonsectoris awkward.The analysis
of E

6 andits subgroupsis carriedout in greatdetail in sections6—9.
E7 hasrank 7 and 133 generators.All of its irreps are self conjugateand either real or pseudoreal.

The 56 is the only irrep that can have color restricted to ~C, 3C and 3C, and the embedding
E73 SU6x SU~exhibits the embeddingthrough the branchingrule, 56 = (20, ic) + (6,3’) + (6, 3’). Al-
thoughmodelsbasedon E7 havebeensuggested,theyarenot currently popularbecausethosetheories
are vectorlike, so an explanation of the weak neutral current is tangled up with a detailed understanding
of the symmetrybreaking.



R. Slansky, Group theory for unified model building 23

The fundamental irrep of E8, which has rank 8, is its adjoint, so for any embedding of SU~there
must be color statesbeyond ~ 3C and 3C It is the only group for which the adjoint cannot be
constructedfrom somesimpler irrep. The SU3x E6 decomposition of E8 of the 248-dimensionaladjoint
is (8, 1) + (1,78)+ (3, 27) + (3, 27), so the 248 can be arranged to have one 8’, 78 1~, 27 3’ and 27 3c
which is “almost” without higher color states, and it has three families of 27. Again, all E8 theories are
vectorlike,and the irreps of E8 are all in a single congruence class. E7 and E8 will both receivesome
attention in section 8.

4. Dynkin diagrams

There exists much literature describing the theory and application of group theory, and especially Lie
group theory, to problems in physics. Often fairly small Lie groups such as SU2, SU3, SO4or SO5 are of
interest; for these, one may get the impression that deriving the commutation relations, representations
and their content, the subgroup structure, tensorproducts,vector coupling coefficients, recoupling
coefficients, and so on is straightforward, but tedious. However, unified models are based on much
larger groups (rank four or more), so there appears to be cause for anxiety over the algebraic
complexity that must be faced in deriving those results. Our purpose in the next three sectionsis to set
up the analysis of simple groups in such a way that some of the chores encountered in unified model
building arenot as tedious as might be expected.

Simplegroups,their representations,andsubgroupstructurehavebeenstudiedby manymathema-
ticians and physicists, but perhapsthe most convenientapproachfor dissectingYang—Mills theories
basedon largesimplegroupsis the one introducedby Dynkin in the early fifties [9]. Of course,it is
widely understoodthat field theory is an especiallyconvenientformalismfor describingsymmetries,and
putting internal quantumnumber labels on field operatorsin a Yang—Mills theory is conceptually
simple. The reasonwhy Dynkin’s labeling is so useful is that the action of a generator,or a tensor
operator,on astateis designateda little moreconvenientlyfor big groupsthan,say,by tensorlabels;it
is easierto do the bookkeeping.For example,animportantstepin exploringatheory is identifying the
colorandflavor quantumnumbersof a field that transformsas a componentof somerepresentationof
the Yang—Mills group0, andfinding out howit is transformedthroughits interactionswith the vector
bosonsin the theory. This problemis reducedto integerarithmetic, andconstantreferenceto the
commutation relations is not neededexcept through the Dynkin diagram. Our account is brief,
informal, anddescriptive,with emphasison the resultsneededto derivethe manytables.Ratherthan
proving theorems,we useexamplesfor guidance.The mathematicscan be foundelsewhere[9, 11, 12].

The maximum numberof simultaneouslydiagonalizablegeneratorsof a simple Lie algebraG is
called its rank 1; the total numberof linearly independentgeneratorsis called its dimension.A simple
grouphasno invariant subgroups,exceptthewhole groupand the identity; analogously,a simple Lie
algebracontainsno proper ideals.A semi-simplealgebracan be written as a direct sum of simple
algebras.Exceptingthe studyof subalgebras,we discusssimple algebrasonly; U1 is not simple.

In thestandardCartan—Weylanalysis,the generatorsarewritten in a basiswheretheycan bedivided
into two sets.The Cartansubalgebra,which is the maximal Abelian subalgebraof 0, containsthe 1
diagonalizablegeneratorsH,,

[H1,H,]=0, ~,I 1,...,l; (4.1)

andthe remaininggeneratorsarewritten so theysatisfy eigenvalueequationsof the form
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[H,,E,,]a,E,,, i 1,...,!. (4.2)

The numbersa, in (4.2) arestructureconstantsof the algebrain the Cartan—Weylbasis.For each
operatorE,,, there are I numbersa, that can be used to designatea point in an i-dimensional
Euclideanspacecalled root space.Theterm “root” refersto the fact that the root vector (a1,. . . , a,) is
thesolutionto the eigenvalueequation(4.2). A fundamentalproblemof Lie algebratheory is to classify
all possible root systemsfor algebrasof each rank, consistent with the Jacobi identity, simplicity
requirement,andthe antisymmetryof the commutationrelations.The most elegantstatementof the
solutionof that problemis given in termsof Dynkin diagrams,which is the topic of this section.

It is well known from the descriptionof symmetriesin quantummechanics(or from Lie algebra
theory)that the generatorsH, andE,, of the symmetrygroupG arecharacterizedby their actionson
Hilbert spacevectors,which describethe statesof a physicalsystem.A completeset of statesthat are
necessarilyinterconnectedby the E~,forms the basis of an irreduciblerepresentation(irrep) of G.
Again, the solution to the problemof finding all possibleirreps of anysimple group G is statedmost
elegantlyin terms of Dynkin diagrams.Irreps and Hilbert spacesare referredto ratheroften in this
section,sincemostphysiciststhink in termsof representationsratherthanabstractoperators.However,
the completesolution to the problemof enumeratingirreps and their structureswill not be discussed
until section5.

The physicalsignificanceof the diagonalizabilityof the H, is that the Hilbert spacevectors A> in an
irrep can be labeledby the I eigenvalues(quantumnumbers)of H,: I-lIlA> = A,IA>. Note that A is not a
completeset of labels,sincewe needto know which irrep of G the set A belongsto, andin addition,
often thereareseveralHilbert spacevectorsin an irrep labeledby the sameset A, so further labelsof
the Hubertspacevectorsareusuallyneeded.The set A is calledthe weightof therepresentationvector.
The solutionto the problem of finding the completelist of weightsof anirrep will be given in the next
section; for problemsin unified model building, the labeling problemcan be solved by hand, so a
generalsolution is not neededverybadly . . . fortunately,sincethereareunsolvedcasesandcaseswhere
known solutionsarenot easilyused.Thelabeling problemis raisedagainin section7.

The only rank 1 simplealgebrais SU2 it is conventionalto selectJ3 to be diagonal:Jslm)= mim>.
The commutationrelations,[.1~,.1±]= ±J~,havethe samestructureas (4.2), so the root vectorsarethe
one-componentvectors+1 and—1. Thus,from the exampleof angularmomentumtheory,it shouldbe
suggestivethat the E,. are ladder operators:if IA) is an eigenfunctionof the H, with eigenvalues
A, (i = 1~. .., 1), thenaccordingto (4.2),E,,IA) is proportionalto the stateA + a), whichhaseigenvalues
A, + a,, assumingthe proportionalityconstantis nonzero.In detailfrom (4.2),

H,(EaIA))E,xH,IA)+a,EaIA> (A,+a,)(E,,IA)). (4.2a)

Justas in angularmomentumtheory,thepreciseform of the linear relationbetweenE,, A) and IA + a)
dependson phaseand normalizationconventions,andcalculationof the proportionality is donein the
sameway: if (A IA’) =

8AA, thenthenormalizationof $. IA> can be computedin astepwisefashionfrom
(AIE_aEaIA)= (AIEaE_aIA)— (AJ[E,,, E_,,]IA), ignoring further labelson the states,where[E,, E_a] are
further commutation relations that need to be specified, and E~= E_,,. The idea is to start the
calculationwith astatesuch that E,,IA)= 0 for appropriatea. (Theequationfor SU

2 is J+lj,j)= 0.) The
solution to the generalproblemof finding the stateanalogousto ~j,j), which is called the statewith
highestweight,for any irrep of any simple groupis, again,given in termsof Dynkin diagrams!

Let us finish writing down the commutationrelations.If a is a root, thenso is —a. Thecommutator
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of E,, andE_,, is in theCartansubalgebra

[E,,,E_,,] = a’H,, (4.3)

where the componentsa’ are related to the a, by a metric tensor, to be discussed.(In SU2,
[J+,L] = 2.13, so the metric tensoris ~.) Theremainingcommutationrelationshavethe form,

[E,,,E~]N,,~3E,,+~ (a+/3~0), (4.4)

if a + /3 is a root, andN,,,~= 0 if a + /3 is not a root. For example, 2a is never a root. (Although
[E,,,Ea] = 0, it takessomeeffort to prove that 2a is not a root.)

If we knewall possible ladderoperatorsE,, (or more simply, all possibleroot systems)for each I,
then wewould know all possiblesimple Lie algebras,sincethe root vectorsdeterminethe structureof
the Lie algebra.In the Cartan—Weylbasis,the nonzeroroots of a simple algebraare nondegenerate;
thereis only one E,. for eacha. The Cartan subalgebramay be viewed as being associatedwith an
i-fold degeneratezeroroot, by comparing(4.2) and (4.1). The derivation of the root systemsusesthe
commutationrelations(in abstractform), the Jacobi identity, and clever manipulationto derive the
crucialconstraintson the roots, someof which werementionedabove[53].The possibleroot systems
aresummarizedby the Dynkin diagrams.In order to motivate theresultswe reviewSU3, sinceSU2is a
little too trivial.

SU3 hasrank two, so the root vectorsaredefinedin a two dimensionalEuclideanspace.The eight
generatorsof SU3 satisfycommutationrelations[54],

[F,,F,] = if,jkFk, (4.5a)

wherethe structureconstants~ areantisymmetricin the indices;in the Gell-Mann basis,the nonzero
fijk are

1123=1, f147f516f246f257f~5f637~,

— — (4.5b)1458—1678—2 3.

Thestructureconstantsarenormalizedsothat ~ = 38,,.
Equation(4.5)doesnot give the generatorsof SU3 in a Cartan—Weylbasis;aCartan—Weylbasiscan

be chosenas follows: select H1 = F3 and H2 = F8 to be the membersof the Cartansubalgebra,and
= F1 ±iF2, \/2U±= F4±iF5, andV2V±= F6±iF7 to be the E,,. Thetwo componentroot vectors

arederivedfrom (4.5):

[H,, 1±]= ~ a~’= ±(1,0);

[H,, U±]= a~,U±, a~= ±(—~, W3); (4.6)

[H,, V±]= ~ V±, a~= ±(~,~V3).

Thewell-known rootdiagramof SU3 showingthe vectorsa~, a~‘ anda~, is reviewedin table4, because
wewantto referto a numberof featuresof it thatgeneralizeto any simplealgebra.Theaxesof theroot
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diagramare labeledby 13= H1 and Y = (2/V3)H2, but we havefixed the scalesof H1 andH2 to be
equalin accordancewith the normalizationconditionon the structureconstants.(Themetric,or Killing
form, is a unit matrix.) Theladderoperatorsof SU3raiseandlower the valuesof H1 andH2 by the root
vectors,andthe action of H, on a Hubertspacevectoris to measurethe valueof H, for that state,but
not changethe weight.Currentsandfield operatorsin afield theory haveanalogouseffects.

Let usemphasizeseveralfeaturesof table 4: all the nonzeroroots haveequal length (in a simple
algebrathere are nonzeroroots of at most two different lengths); if a is a root so is —a, which is
completelygeneral;the anglebetweenany pair of roots is an integermultiple of 60°.(The angle
betweenanypair of roots in any simplealgebrais greatlyrestricted.)

It is useful to havea basisfor the Euclideanroot space,of course,but this basisshouldbe chosen
with foresight andclevernessor elsethe generaldiscussionof the generatorsandrepresentationtheory
will be amess.Specificallyfor SU3, the choiceof Y and13 is a simplechoiceonly becausethereis no
difficulty in visualizing the changesin thosequantumnumbersdue to the ladderoperators.Thus, the
raising operatorassociatedwith a~ raises13 by ~and Y by 1. The difficulty with this basis is that for
largergroups,the actionof ageneratorusuallycorrespondsto a complicatedchangeof coordinates;of
course this is only a difficulty in practice, but it can be quite nontrivial to deal with it. Even the
orthonormalityof the 13~Y coordinatesystemis no real advantagefor algebrasof rank four or more,
becausevisualizationsmust be replacedby analyticalmethods.A better choiceof basis is rank(G)
specially chosen roots that span the space, becausethen the coordinatechangesdue to ladder
operatorsshould havea simpler description.It is clear from table 4 that it is not possibleto havean
orthonormalbasisfor the rootspaceof SU3 if the basisvectorsarechosenfrom the roots,but thisis not
a practicalproblem.A speciallychosenset of roots,calledsimple roots,containin a simple way all the
information about the otherroots and evenabout the quantumnumberlabelsof the representation
vectors,which can be derivedfrom the Dynkin diagram;a detailedpicture of the i-dimensionalroot
spaceis not needed.

Thesimple roots areidentified as follows. Write therootsin any Cartesianbasis;half of the nonzero
roots arepositive, which is definedby the requirementthat the first nonzerocomponentof a positive
root in that basisis positive.Thenfind the positiveroots that cannotbewritten asa linear combination
with positivecoefficientsof theotherpositiveroots.Thereareonlyrank(G)suchrootsandtheyarelinearly
independent;that definesa set of simple roots.Of course,different selectionsof coordinatesystemswill
leadto adifferentsetof simpleroots;however,themembersof anysetareequivalentto thoseof anyother
in the sensethat thereis a Weyl reflectionof the root diagramthat relatesthetwo sets.A Weyl reflection
doesnot changethe relativelengthsor anglesamongthe roots.

The positiveroots of SU3 from (4.6), if the coordinatesare written as (Y, 13), for example,are
a~vanda~.Sincea~= a~+ a~,the simple roots in thiscoordinatesystemarea~anda~u.The lengths
of a~anda arethesameandtheanglebetweenthemis 120°.Notethatfor anyotherCartesiancoordinate
systemplacedon table4, thesimplerootswill still havethesamelengthsandanangleof 120°betweenthem.
That is a defining featureof the SU3 rootsystem; the lengthand anglerelations amongthe simple roots
completelycharacterizeanysimpleLiealgebra.It will beshownsoonhowto computeall therootsfrom the
simpleroots;theyareobviouslylinearcombinationsof thesimpleroots.Thedifferenceof two simpleroots
is not a root.

Dynkin has pointed out how the simple roots of any simple Lie algebra can be represented
graphically by a two-dimensionaldiagram(calleda Dynkin diagram).Suchadiagrammust indicatethe
relative lengthsof the simple roots andthe anglebetweeneachpair of simple roots.Eachsimple root is
denotedby a dot on a diagram. In manyalgebras,all nonzerosimple roots havethe samelength, so
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eachroot is designatedby anopendot “0”. No simplealgebrahasnonzerosimple rootswith threeor
moredifferent lengths.In thosecaseswheresimple roots comewith two different lengths, the longer
roots aredenotedby opendots0, andthe shorterrootsby filled-in dots,0.

The anglebetweena pair of simple rootsis denotedby lines connectingthe correspondingdots: no
line meansthe angle is 90°;one line means120°;two lines means135°;and threelines means150°.
Theseare all the possibilities.Moreover, the detailedanalysisshowsthat the ratio of lengthsof two
roots connectedby threelines must be V3, the ratio of lengthsof two rootsconnectedby two lines is
\/2, and the ratio of lengthsof rootsconnectedby oneline is unity. Thereis no constraintif two roots
arenot connectedby lines.Returningto the SU3 example,weseefrom the aboveconventionsthat its
Dynkin diagramis 0—0.

Theroots systemsof all simple Lie algebrasandthe numberingconventionsfor the simple roots are
shown in table 5. For muchof the following analysis,the Dynkin diagramcontainsall the information
we need,sowe do not haveto referbackto the commutationrelations.Any otherdiagramsthan those
in table5 do not give aroot systemof a simpleLie algebra;for example,the Jacobiidentitymay fail for
someset of generators.An algebraicproof that table 5 is an exhaustivelist of all simple root systemsof
simple Lie algebrascan be found in ref. [12].

Thesimple roots do not form an orthonormalbasisfor root space;if a Dynkin diagramhasseveral
piecesthat are completelyunconnected,then the algebrais semisimple,and eachconnectedpiece is
simple.The matrix that keepstrackof the nonorthogonalityis called the Cartanmatrix. It haselements

A,1 = 2(a,,a,)/(a1,a1), (4.7)

where the vector a, is the ith simple root (not componentas in earlier equations),numberedas
indicatedin table5. Thematrix A canbe readoff of the Dynkin diagram; theCartanmatricesof simple
algebrasarelisted in table6. Eachelementof the Cartanmatrix is an integer.The importanceof these
matrices[or the Dynkin diagramthat servesas a mnemonicfor (4.7)] will becomeobvious.TheCartan
matrix is both useful for working out the entire root systemand is indispensiblefor representation
theory.

Accordingto (4.2) the eigenvalueof H, actingon a nonzeroE,,IA> is A, + a,. Since a, is a vector in
root space,it is convenientto supplementthe root spacewith points correspondingto the possible
weightsof the representationvectors.For example,afield operator~t(A) transformsthe vacuum(with
zeroquantumnumbers)to a statewith quantumnumbersA,: 4t(A)I0) ~ IA). Thus the weightA can be
representedas a vector in the sameEuclideanspacewherethe rootvectorslive.

The simple roots form a basisof root space,soeachroot or weightvectorA in root spacecan be
written as alinear combinationof the simple roots a,,

A _~Ai(a,a,)a~~ (4.8)

where(a,, a,) is the length-squaredof the ith simple root. The longer simple roots are normalized
conventionallyto a length-squaredof 2, so for groupswith all simple rootsof the samelength (SU,,,
SO2,,, E,,), the 2/(a,,a,)factor is unity. Otherwiseit simplifies somecrucial formulas later on. The
coordinates[A, . . . , A,] give thevectorA in thedual basis.The Dynkin componentsa, of A (to which
the A, aredual)aredefinedby
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a = 2(A,a,)= ~ A1 2 A11, (4.9)afta,

where the last equality follows from (4.7) and (4.8). Equation (4.9) is one of the most important
formulasin this review.

This selectionof basisis madeworthwhile by thefollowing crucial theorem:for anyweightor root, the
Dynkin labels a, in (4.9) are integers.(Theseintegercoordinateswereknownto Weyl, but it was Dynkin
whofirst exploitedthem for all their worth.)For SU2 A11= 2, so a = 2m is alwaysaninteger;A = ma is
the dualvector,wherem is the magneticquantumnumber.

Weightspaceis an 1-dimensionalEuclideanspacewith a scalarproductthat hasalreadybeenusedin
constructingthe Cartanmatrix. The scalarproductof any two weightscan be written in the dualbasis
(4.8), in a mixed basis (which is extremelyconvenient),or in the Dynkin basis (4.9); writing out the
scalarproductin severalforms,

~A,A’) = (A’, A) = ‘b” (aHa,)(a,,a1) (a1,a1)A1 = ~ (a,,a,)A,JA

= ~ ~Aa, = ~a~G,1a1, (4.10)

whereGq is a symmetricmetric tensorwith elements,

= (A
1),

1 (cr1,a,), (4.11)

which, comparingwith (4.10) or (4.9), showsthat A, = G,1a1. The matricesGfor eachsimple groupcan
be computedfrom the Cartanmatricesin table6, andarelisted in table7.

The membersof the Cartansubalgebrahavezeroroots; any linearcombination0 of the H, is also a
memberof the Cartansubalgebra.The diagonalgenerator0 is characterizedby an axis in root space.
(For SU3, the 13 and Y axesare markedon table 4.) A state IA> with weight A is an eigenstateof
0, QIA> = Q(A )IA>, with eigenvalue0(A),

Q(A)=(Q,A). (4.12)

[Comparewith (4.2).] The 0 axis can be normalizedto suit someset of conventions;for example,for
cern the chargeof the positron is +1. The mostconvenientform for computing(4.12) is to put the 0
axis in the dualbasis with components[4k,. . . , 4,], andthe weightA in the Dynkin basisso that

Q(A)= ~4,a,. (4.13)

Thegeneraltactic for settingup the4, for eachcharge0 in unified modelsis to establishfirst that there
is a Q in the Yang—Mills theory satisfying relevantphysicalproperties(that is physics),completethe
explicit embeddingof 0 by working backwardfor one irrep to get the 4, from (4.13) (choice of
coordinates),and thencompute0(A) for the otherweightsfrom (4.12).
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The electriccharge,1’, andthe two diagonalgeneratorsof SU~are in the Cartansubalgebraof a
unifying group, so finding theseaxesis an importantstepin extractingthe physicalcontentof a theory.
Although the embeddingof SU’ x U~’X SU~in 0 usually must be found before this problemcan be
solved(seesection6), it is easyto understandthe form of its solution from anelementarydiscussionof
the Eightfold Way, wherethe diagonalgeneratorsof SU3 correspondto the third componentof strong
isospinand stronghypercharge.We may selectthe root (2 —1) (in the Dynkin basis)to correspondto
the isospinraisingoperator,as in table4. Recallingthe elementaryresultsof SU3, we know that the 13
valueof (2—1) is +1, of (11) is +~andof (1 —2) is +~. Thusany root or weightA with labels(a1a2)has13
value,

13(a1a2)=T3.A=a1/2, i~=~[i0]. (4.14)

As emphasizedabove, it is convenientto give the axesin the dual basis becauseof the easeof
computing scalar products. In a similar fashion, the hypercharge axis, normalized in the usual way is
V=-~[1 2], with

Y(a1a2)=)‘~fl (4.15)

Finally, the electricchargeQem = 13+ Y12 can be computedby addingaxes,so ~ = 1(1 0] + ~[1 2] =

~[2 1], with Q~”(a1a2)= ~ . A. This trivial example is a prototype for more complicatedones in
section6.

The simple roota, hasDynkin componentsA,3, which is just the ith row of the Cartanmatrix,but it
is perhapseasierto rememberthe Dynkin diagram.For example,the two simple roots of SU3 in the
Dynkin basis are a1 = (2 —1) and a2= (—1 2), as labeled on table 4. The third positive root is
a1+a2(1 1).

Deriving the entireroot systemfrom the simple roots requiresknowingwhich linear combinationsof
simple roots are roots.The following theoremsmakethis exercisesimple. (1) In a Cartan—Weylbasis
the zero root hasa degeneracyequalto the rank of the algebra,andthe remainingnonzeroroots are
nondegenerate.(There is just one generatorper nonzeroroot.) (2) If a is a root, then so is —a. The
roots that can be formed by linear superpositionsof simple roots with nonnegativecoefficients are
positive roots in some basis, so we need list only that half of the nonzero roots, which number
~[dim(G)— rank(G)]. (3) There is a “highestroot” from which the remainingroots maybecomputedby
subtractingsimple roots.The highestroot for eachalgebrais listed in table8, alongwith the numberof
simple rootsthat mustbe subtractedbeforereachingthe simple roots.This procedureis slightly easier
than building up the positiveroots from the simple roots.The root diagramsfor the rank 2 andrank 3
algebrasaregiven in table9, wherethepositiverootsof SU5 and SO10 arealsolisted.We notethat the
algebrasB2 and C2 are isomorphic, as can be seenby comparing their Dynkin diagrams; D2 is
isomorphicto thesemisimplealgebraSU2x SU2(it is not simple); andD3 andA3 havethe sameDynkin
diagrams,so theytoo areisomorphic.

The root systemis the list of eigenvaluesof the Cartansubalgebrawhen actingon the adjoint irrep,
and the rules for working out the root diagramare a specialexampleof the rules neededfor obtaining
the Dynkin labelsweight-by-weightfor any irrep. The readercan figure out the rules for the adjoint
from table9; amoreformal statementwith manyexamplesis found in the nextsection.
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S. Representations

The representationtheory of simple algebrasis summarizedelegantlyin termsof Dynkin diagrams.
The problems(with solutions)to be discussedin this sectionare: (1) enumerationof all the irreps of
eachalgebra;(2) theweightsystemof eachirrep; (3) dimensionalityandindexof eachirrep; and(4) the
computationof tensorproducts.We begin with a few preliminary commentsand a recapitulationof
someresultsof section4.

If thereis an n-dimensionalirrep n ol0, thenthereexistsan n-dimensionalHubertspaceon which
the generatorsof a simple0 act faithfully. The n-by-n matricesrepresentingthe generatorsactingon
thisHubertspacesatisfythecommutationrelationsof the algebra.Eachvector in the Hubertspacemay
be (partially)labeledby the eigenvaluesof the diagonalizedgeneratorsin the Cartansubalgebra.Each
possiblesetof eigenvaluescorrespondsto a point in root space,andis called the weightvectorof the
Hubert spacevector of the irrep. (For example,the vector IJ~m) of the j representationof SU2 has
weightm (A = ma) in the dualbasis,or a = 2(A, a)/(a,a) = 2m in the Dynkin basis.)Thus,a weightis a
vector in an i-dimensionalEuclideanspace[1= rank (0)], andas mentionedin section4, the pointsin
root spacecan be supplementedwith the set of pointsthat can correspondto weightsof the irreps.We
refer to thislatticeof pointsas weightspace.Perhapssomeconfusionwill be avoidedby statingthat it
shouldbeclear from contextwhether“vector” refersto a vectorin Hubertspaceor to the vector in the
weightspacebeingusedto label a Hilbert spacevector.

The structureconstantsf,jk can be madeinto matriceswith elements(J)jk. Thesematricessatisfythe
commutationrelationsof the algebra,whichis provenfrom theJacobiidentity,andform anirrep called
the adjoint (or regular) representationwith dimensionequal to the dimensionof the algebra.Each
ladderoperatoris specifiedby a uniqueroot a, andis representedby a matrix that replacesthe vector
Ir, A) by avector Ir, A + a>, up to normalizationandphase.At the endof section4, it was shownhow to
representthe rootsin termsof theDynkin basis,whichis a set of integercoordinatesin root space,and
the Cartansubalgebraby axesin root space.Thereis a highestrootfrom which theremainingrootsmay
be derivedby subtractingsimple roots.That prescriptionis a specialcaseof thegeneralprescriptionfor
obtainingthe weightsystemof any irrep.

Theproblem is to designateeachirrep of any simple Lie groupandits weightsystemin the Dynkin
basis.The incredibleconvenienceof the Dynkin basisis, as statedbefore,that eachcomponentof any
weightA of any irrepof anysimple algebrais an integer;that is, a, = 2(A, a,)/(a,,a,) is alwaysan integer
if A is a weight.This is the generalizationof the theoremin SU2 theory that 2m is always an integer.

In a given irrep, someweights maybe degenerate,that is, severalvectorsin Hubertspacemayhave
thesameweight,so that distinguishingthem calls for additionallabels.However,therearealwayssome
weights in an irrep that are not degenerateandone of those weights uniquely defines (up to an
equivalencetransformation)the irrep.That weight is called the highestweight A, andit is definedin a
way similar to the way we definedthe highestroot in table8, which is the highestweightof the adjoint
representation.The highestweight is, as anyweight,aset of integerswhenwritten in the Dynkin basis.
Dynkin hasshownthe following crucial theorem[9 andreferencesthere]: Thehighestweightof an irrep
can be selectedso that the Dynkin labels are non-negativeintegers.Moreover, eachand everyirrep is
uniquely identifiedby a setof integers (a1,. . . , a,) (a, � 0), and eachsuchset is a highestweightof one
andonly oneirrep.

The completesetof weights for each irrep can be derivedfrom the highestweight andthe Dynkin
diagram,just as theroot systemwas derivedfrom the highestrootin section4, exceptnowwe shall be
muchmoreexplicit. Oncethe weightsystemis in hand, the Dynkin labelscan then be convertedinto
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theeigenvaluesof aconvenientset of diagonalgeneratorsfrom (4.13), including, for example,fl, Y”,
Qern and the color charges.Needlessto say, having a simple method for extracting the quantum

numbercontent of an irrep is an important technical tool for studying unified models. (Subgroup
designationsare anothersolutionto this problem,andwill be discussedlater.)The irreps listed in the
tablesaredesignatedby their highestweight in the Dynkin basis.As a matterof notation,a commais
not insertedbetweena, anda,+1 whenall a � 9.

The highestweightA hasthe samemeaningas it does in SU2, wherethe Hubert spacevectorwith
highestweight in the j irrep is the onethat is annihilatedby J±:J+jj, j) = 0. In the generalcase,any
ladderoperatorbelonging to a positive root acting on the Hilbert spacevector Ir, A), with highest
weightA in irrep r, annihilatesit. Thevectorswith lower weightsareobtainedby actingon the vector
with highest weight with the lowering operators;in SU2, J_~,j)is proportional to Ij~j— 1), until
£11, —j) = 0. The significanceof the simple roots is that the entire weight system of an irrep can be
obtainedin an orderly fashion. Thereevenexists a generalformula in termsof the highestweight for
themaximum numberof simple roots that can be subtractedfrom the highestweight; in SU2, it is well
knownthat the positiveroot, which is 2 in the Dynkin basis,can be subtracted2j times, giving anirrep
of dimension2j + 1. By now the readershouldnot find it very suprisingthat so manyresults of SU2
theory aregeneralizedto any simplealgebraso trivially.

As anotherimportantexample showing how the well-known SU2 resultsgeneralize,consider the
following calculation. Supposethat Ir, A) has the highest weight of the irrep r; then Ir, A — a> is
proportionalto E_,,Ir, A>, wherefrom (4.3) E_,,Ir, A) hasthe normalization

IE_aIrA >12 = (r, A I[E,,, E_a]Ir, A> = (A, a)(r,AIr, A> = (A, a). (5.1)

This first stepin a stepwisecalculationof the matrix elements(up to a phase)of the ladderoperators
hasmany applications. (The first step has no labeling problems, but subsequentones may.) One
application,discussedin section9, is to the analysisof massmatrices.

We needto knowif aweightA’ belongsto avector (or vectors)in an irrepwith highestweightA. The
relevanttheorems,statedratherinformally here,simplify the procedure,and with a little practicethe
weightsystemsof quite largeirreps can be producedrapidly by hand. Theexamplesshouldbe viewed
as problemsfor practice.

Supposethat the highestweight hascomponentsA = (a1 . . . a,) in the Dynkin basis.Then the ith
simple root can be subtractedfrom A a, times. Thismeanssubtractingthe ith row of the Cartanmatrix
from A a, times, which correspondsto the fact that E_,,, (E_,,,)

2, . . . , (E_,,,)’~’(no sum on i) do not
annihilatethe stateof highestweight,but (E_,,,)’~does.Applying this rule to the (a’) irrep of SU

2,
where the simple root in the Dynkin basis is the vector 2, we find the weight system (a1), (a1 —

2), . . . , (—a1),so we identify a1 = 2j andprove that thedimensionalityis a1 + 1 = 2j + 1, if weignore the
possibility that some of the weights might be degenerate.(Of course the SU2 weights are not
degenerate.)Not manyotherrulesareneededto deal with the generalcase.

The Level of a weight of an irrep is the numberof simple roots that must be subtractedfrom the
highestweight to obtain it; it is a uniquenumber,evenif a weightcan be obtainedby severaldifferent
orderingsof the lowering operators.The generalformula for the highestlevel of an irrep of highest
weightA = (a1.. . a,), which is calledthe height of the irrep, is

(5.2)



32 R. Slansky,Grouptheoryfor unified model building

whereR is the level vector,written in the dualbasisso that taking the scalarproductin (5.2) is a single
sum.The level vectorsfor all the simplealgebrasare listed in table10. The componentsR, aregiven by
R, = 2 ~, (A1)

0 [55].Notethat the level of a weightwith componentsa is ~~ R,(a, — a),wherea, is a
componentof the highestweightof theirrep. The restof the weightdiagramis constructedby repeating
the procedureof the previousparagraphat each level.

A useful theoremfor constructingthe weight systemsby handis Dynkin’s theoremthat the weight
diagrammustbe “spindle shaped”.This meanstwo things:the numberof weights,countingdegenerate
weightsseparately,at the kth level must be equalto the numberof weightsat the (T(A )— k)th level.
(For example,the single weightat the T(A )th level mustbe nondegenerate,since the highestweight at
level zero is.) Moreover, the numberof weights at the (k + 1)th level is greaterthan or equalto the
numberat the kth level, for k < T(A)/2.

For the low-dimensionalirreps, the degeneracyproblemis easily resolvedby imposingthe spindle
shapeon the weight diagram; in the examplesdiscussedbelow this is so. For very large irreps a
computeris helpful in finding the weight system[10], and in that instancethere existsan iterative
formula (the Freudenthalrecursionformula) for computing the degeneracyn,~of a weightA’ in terms
of thedegeneraciesat the lower levelsandthe highestweightA:

[(A+8,A+8)—(A’+ö,A’+8)]nA.=2 ~ nfl+k,~(A+ka,a), (5.3)
positive roots

positive k

where8 = (1, 1, .. ., 1) in the Dynkin basisis half thesumof all positiveroots and~fl+k,, isadegeneracy
alreadycomputed.For example,the degeneracyof the zeroweight of the 8 of SU3 is no[((22), (22))—

((11),(11))] = 2 ~ (a, a)= 12, wherethe sum is over positiveroots,the length-squaredof (22) is 8, and
the length squaredof (11) andthe other positive roots is 2. [Recall (4.10).] Since thereare 3 positive
roots,n0 = 2.

As familiar examples,we constructthe weightdiagramsfor a few SU3 irreps.From (5.2) andtable 10,
we find that the (1 0) hasheight2. The first root can be subtractedfrom (1 0) to give (1 0)— (2 —1) =

(—1 1); then the secondroot (—1 2) can be subtractedfrom (—1 1) to give (0 —1). Since thereareno
morepositiveDynkin labelsandno higher level wasreachedby subtractinga simple root severaltimes,
we are done; (1 0) is the highestweight for the 3. Following the above rules, it is easyto find the
following weightsystems:

(01) (20) (11)
(1 —1) (0 1) (—1 2) (2 —1)
(—1 0) (—2 2) (1 —1) (0 0) (0 0) (5.4)

(—1 0) (1 —2) (—2 1)
(0 —2) (—1 —1),

which the readerwill recognizeas ~, 6 and8, respectively.Theweightsystemof the 8 is, of course,just
the root systemfor SU3 alreadyworkedout in table9. Note that (0 0) is obtainedtwo differentways,
which only placesan upperlimit on thedegeneracy,but it musthavedegeneracytwo, asrequiredby the
spindle-shapetheorem,or the fact that the 8 is the adjoint of a rank 2 group,or by the Freundenthal
recursionrelation.

To show a less trivial example,the weightsof the (0 0 0 0 1) of SO10, which is the 16 dimensional
spinor,andof the (1 0 0 0 0 0) of E6, which is 27 dimensionalandhasheight16, aregiven in table11,
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wherethe simple root subtractedfrom eachweight is referredto explicitly; it is educationalto check
table 11. Note that the 16 and 27 haveno degenerateweights,andif A is a weight, then —A is not,
whichcharacterizesnonself-conjugate(“complex”) irreps.The calculationof the electriccharge,andso
on, is carriedout in section7, althoughwehaveenoughmachineryto do it now.

The weightsystemof an irrep falls into oneof threecategories,calledcomplex,real, or pseudoreal.
These categoriesare characterizedas follows [56]: A nonself-conjugate(which we call, somewhat
loosely,complex) irrep hasthe featurethat the weightsat level k arenot the negativesof thoseat level
T(A ) — k. For example,the 0th and secondlevelsof the 3 of SU3 are (1 0) and (0 —1), respectively,so
the3 is complex.If theDynkin diagramhasa nontrivial symmetryaxis,as do A,,, D,, andE6, thenthere
maybe complexirreps.A necessaryconditionfor (a1 .. . a,) to becomplexis that thehighestweightnot
be invariant under the reorderinginduced by the reflection. In the caseof SU,±1,an.y irrep satisfying
(a1. . . a,)~ (a,. . . a1) is complex, and any E6 irrep satisfying (a1a2a3a4a5a6)~ (asa4a3a2a1a6)is also
complex. In the case of D,,, the condition (a1.. . a,,_2a,,_1a,,)� (a1 . . . a,,~2a~a,,1)is a sufficient
conditiononly for n odd. All irreps of SO4,, areself conjugate.

Self-conjugateirreps haveweight systemssatisfyingthe requirementthat the weights at level k are
thenegativesof thoseat level T(A) — k. If T(A) is eventhenthe representationmatricescan alwaysbe
broughtto realform by a grouptransformationandtheirrep is calledreal. However,if T(A) is odd, but
the irrep is self conjugate, then the irrep cannot be brought to real form and the irrep is called
pseudoreal(but not complex,eventhough it is, in fact, complex). The ~integerspin irreps of SU2 are
pseudoreal.Theseresultsare tabulatedin table12; theycan beconfirmed by comparingthe resultswith
table 10 for the level vectors,andwill be furthercharacterizedwhenwe discusstensorproducts.

As mentionedin section3, the terms“basic”, “simple”, “fundamental”,and “composite”are often
usedto describevariousirreps of simplegroups.(Needlessto say, the choiceof the termthat fits a given
definition tendsto vary with author.)A basicirrep is onewith highestweightsatisfying~ a, = 1; it has
only onenonzeroDynkin label. A simple irrep is a basicirrep wherethe nonzeroa correspondsto an
endpointof the Dynkin diagram.All otherirreps canbe constructedfrom tensorproductsof the simple
ones; thereis one simple irrep from which all otherirreps can be constructed.For example,in the
orthogonalgroupsthe vector and spinorsare both simple. All irreps can be constructedfrom tensor
productsof oneof the spinors,but the spinorscannotbe constructedfrom productsof the vector.The
fundamentalirrep is the simple irrep used to do theembeddingin section3. The compositeirreps are
thosewith highest weight satisfying ~ a, � 2. The simple irreps from which all other irreps can be
constructedby tensorproductsare listed in table13, alongwith their dimensionalitiesandtheir Dynkin
designations.Eachweight of all of those irreps is nondegenerate,with the exceptionsof the twofold
zeroweight of the 26 of F4 andthe eightfold zero weight of the 248 of E8. Note that E8 is the only
simplealgebrafor whichthe adjoint is the fundamentalirrep.

Thenextproblemwe discussis finding thedimensionalityof an irrep from the famousWeyl formula
[12]:

N(A)= j.1 ~8,a) , (5.5)
positive a
roots

where8 = (1, 1,. . . , 1, 1) in the Dynkin basis,A is the highestweight of the irrep, anda is a positive
root. This formula hasa very simple structurewhen the positiveroots are written as sumsof simple
roots. If a= ~ A,a, 2/(a,,a,), wherea, is a simple root, then from (4.8) and (4.10), (8, a)= ~ A and
(A + 8, a)= ~ A,(a,+ 1). It is easyto look at the root diagram(see table9) and immediatelywrite down
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N(A), although for a group with many positive roots, the actual computation by hand can be
cumbersome.(‘Fhus we havelisted the dimensionsin the tables; in many casesthe dimensionsand
indiceswerecopiedfrom ref. [57].)For example,for SU3 the positiverootsare a1, a2 anda1+ a2, so

/ +a,+a2\
N(a,a2)—(1+a1)(1+a2)~ 2 (5.6)

It is quite clear from (5.6) that the Dynkin labels provide a compact summaryof the usual tensor
notation: if symmetrictracelesstensorsareusedfor the representationspace,thena1 is the numberof
upperindices anda2 is the numberof lower indices.

Thepositiveroots in table9 for 02 are, readingfrom right to left, andbottom to top, a2, a1, a1 + a2,
a1+ 2a2, a1+ 3a2, 2a1+ 3a2,which havedualcoordinates~[0 1], [1 0], ~[3 1], ~[3 2], [11] and [2 1],
respectively,so wecan immediatelywrite down the dimensionformula for irreps of G2 as

N(a,a2)= (1 + a2)(1+ ai)(1+ 301 a2)(1+ 3a1+ 2a2)(i+ a1 + a2)(1+ 2a1+a2) (57)

wherethe factorsare in the sameorderas the roots above.
The SU5 formulahas10 factorsandcan bewritten down by keepingin mind the structureof theroot

diagram:

N(a1a2a3a4)= (1 + a1)(1 + a2)(1+ a3)(1 + a4)(1 ~ a2)(1+ a2 + a3)(1+ a3 + a4)

~ (1+at+;2+a3)(i+a2+;3+a4)(i+ai~a2a3+a4). (5.8)

Thus,N(0 1 0 1) is 45 andN(0 0 11) is 40.
The second-orderCasimirinvariant is [58]:

C = f~kf~,X”X’= H,G11H1 + ~ EaE~,,, (5.9)
all

roots

wherefk are structureconstants,X” are generators,and C commuteswith any generatorX,. The
Racahformula for the eigenvalueof C for an irrep is easilyderivedby letting C acton the statewith
highestweightA andmanipulatingthe sum on roots with (4.3):

C(A)=(A,A+26). (5.10)

OftentimesC(A) is not an integer;moreover,in someapplicationssuch asin the renormalizationgroup

equations,anotherquantity called the index is moreuseful:

(5.11)

whereN(adj) is the dimensionof the adjoint irrep (or the orderof the group) and l(A) is alwaysan
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integer.(Do not confusethe index 1(A)of an irrep with 1 = rank(G).)Theindex is closely relatedto the

lengthsof the weightsin the irrep A; (5.11)can bewritten [59]:

l(A)~rank(G)= ~ (A, A) (5.lla)

where(A, A) is the length-squaredof a weight in irrep A, following the conventionsbelow (4.8), andthe
sum is over all weightsin A.

The index gives the oneloop contributionto the ~ dependenceof the couplings,~t dg/d,a = /3(g)
[23]:

/3(g) = ~j-~ [-s-c(vector)— ~ c(Diracfermion)— ~ c(spinless)~g3+.~ (5.12)

where, as derived below, c(...) is the index of the representationto which the (...) particles are
assigned.The factor~ shouldbe replacedby ~ if (two-component)Majoranaspinorsare used.In the
usualnotation,c(.. .) is definedby [23]

c(...)ôab=Tr(TaTb), (5.13)

whereT0 [a = 1,. . . , N(adj)] is theath generatorin the (...) representation.In this samenotation,the

Casimir invariant (5.9) is
C811 = ~(T’~T~),1, (5.14)

where i, j = 1,.. . , N(A); (5.13) and(5.14)provide the identificationc(A)= 1(A).
The index for the SU3 irrep (a1a2) is

l(a1a2)=~N(a1a2)(a~+3a1+a1a2+3a2+a~), (5.15)

so that 1(1 1) = 6 for the S andl(1 0) = 1 for the3. Theseresultsaresubstitutedinto (5.12)to obtainthe
famous QCD formula for the /3 function in the one loop approximation: /3(g) =

—g
3(33— 2n,)I(241T2)+ 0(g5), wheren, is thenumberof quarkflavors.The indicesof theirreps arelisted

in the tables.
Tensorproductsof irreps of a simpleLie algebraarereducibleinto a direct sum of irreps.Thus,the

productR
1 x R2 of the irreps R1 andR2 can be written as

R1 x R2 = ~ R,, (5.16)

whereagiven irrep mayoccurseveraltimesin the sum.
ThetensorproductR1 x R2 can (in principle)becomputedas follows: find eachweightvectora,, of

R1 and b,9 of R2, where a = 1,. . . , N(R1) and /3 = 1,. . . , N(R2) (N is the dimension); form the
N(R,)N(R2)weightsa,, + b~find the highestweight,which is the weighta,, + b~with the largestvalue
R . (a,, + b~)(R in table 10); calculate the weight diagramof the irrep with that highest weight and
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removethoseweightsfrom the set {a,, + b~};find the highestweight in the remainingset; subtractthe
weightsystemof that irrep;... and so forth. This method is cumbersome,evenon a computer,but it
doesillustratethe importantpoint that the reductionof a tensorproductcan be donein weightspace.

The methodsusedfor obtainingthe productsin the tablesarereasonablysystematicandsimple, but
not very illuminating. Nevertheless,it is almost inevitable that the tables will fall just short of your
needs,soa descriptionof the methodsis useful:

(1) Highestweights:The highestweight in (a1 . . . a,)x (b1 . . . b,) is (a1 + b1,.. . , a, + b,). Thereis also
a rule for computingthe irrepof secondhighestweight: subtractfrom thehighestweight in the product
the minimal sum of simple roots that connecttogethera nonzerocomponenta, in the highestweightof
R1 with a nonzerocomponentb3 in the highestweight of R2. As examples:if a1 andb1 are nonzero,
subtractthe first simple root from the highestweight; in E6 (1 0 0 0 0 0) x (0 0 0 0 0 1) hashighest
weight (1 0 0 0 0 1) and the secondhighestweight is obtainedby subtractinga6+ a3+ a2+ a1 from
(1 0 0 0 0 1), which gives (0 0 0 1 0 0). Therearemanycaseswherethisrule gives severalirrepsin a
product; try, for example,8x 8 in SU3.

(2) The dimensionandindex sum rules:

N(R1xR2) = N(R1)~N(R2)= ~ N(R,), (5.17)

whereN(R,) is the dimensionalityof irrep R,;

l(R, xR2)= 1(R1) N(R2)+ N(R1)1(R2)= ~ l(R,), (5.18)

wherel(R,) is the index (5.11)of R,. The solution to thesesimultaneousDiophantineequationsis very
restrictive.Therealsoexistsa fourth order index sum rule [59]. —

(3) Crossing: If R1 x R2 containsR,, then R1 x P~,containsR2, etc.,where R is the conjugateto R,
which is inequivalentto R only if R is not self conjugate.

(4) R x R alwayscontainsthe singlet and adjoint representations.If R is selfconjugate,then there
aretwo cases,which dependon whether(R x R) containsthesinglet in the symmetricor antisymmetric
part of the product [56]. If (R x R)~contains1, then the adjoint representationis containedin the
antisymmetricpart,and it is possibleto find a basiswherethe representationmatrices arereal. The
defining representationof the orthogonalgroupsare real, as are the adjoint representationsof all
simplegroups.If (R x R)a contains1, thenthe adjointis containedin the symmetricpart,andit is never
possibleto find a basiswherethe matricesare real, so the irrep is pseudoreal.The 2-dimensionalirrep
of SU2 is themost famousexampleof a pseudorealirrep. Thedefining representationsof the symplectic
groupsareall pseudoreal,as is the 56 of E7. Again, seetable 12.

(5) Congruencyconstraints:If R1 andR2 areboth realandnot singlets,the irreps in R1 X R2 arereal
or occur in R_+ R conjugatepairs. If R1 andR2 are pseudoreal,then the irreps in R, X R2 arereal or
occur in R + R conjugatepairs. If nontrivial R1 is real andR2 is pseudoreal,then the irreps in R, X R2

arepseudorealor occur in conjugatepairs. If nontrivial R1 is self conjugateand R2 is complex,thenall
the irreps in R1x R2are complex.Theserulescan begeneralizedto triality for SU3,quadralityfor SU4,
etc., andto triality for E6. All irreps in R1 x R2 havethesametriality (or quadrality,etc.),which is equal
to the sum of that for R, and R2. With theconceptof congruencyclassintroducedin section3, these
constraintscan be madetighter in somecases.If R1 is in congruencyclassc1 andR2 is in c2, thenall
irreps in R1x R2 are in congruencyclassc1 + c2. Thereis only onecongruencyclassfor 02, F4 andE8, so
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congruencygives no constraint.Congruencycoincideswith n-ality for SU,, and is definedby c(R)=

~ka,~(modn), and triality for E6 with c = a1 — a2+ a4—a, (mod3). It correspondsto “spinor” or
“vector” in SO2,,±1soc = a,, (mod 2); andto real or pseudorealin Sp2,, [c = a1 + a3 + a,+ . (mod 2)]
and in E7 [c = a4 + a6+ a7 (mod 2)]. The only casenot discussedbefore is for SO2,,, wherethe con-
gruencyclass is labeledby a two componentvector, (a,,_1+ a,, (mod2), 2a1+ 2a,+~. . + (n — 2)a,,_1+

na,,(mod4)). This alwaysreducesto four classesfor SO2,, [51].
Very rarely aretheserules insufficient for giving a uniquesolutionto theproducts(5.16) neededfor

unified modelbuilding. When theyareinadequate,the confusionis often resolvedby looking at simple
piecesof the product,whichis a form of intelligent guessing.Youngtableauxcanbe usedto solve (5.16)
completelyfor somegroups,but this methodis not describedhere.

Let usillustrate theseprocedureswith an almostnontrivial SU, example.Supposethe tensorproduct
40 x 10 is needed,where40 = (0 0 11) and 10 = (0 1 0 0) from table28. The quintality of 40 x 10 is
—1, andthehighestweight is (0 111). The secondhighestweight is thehighestweightminusa2 minus
a3, or (0 11 1)—(—1 2 —1 0)—(0 —1 2 —1)=(1 0 0 2). Moreover, 10x5 [(0 1 0 0)x(0 0 0 1)]
hasa 5=(1 0 0 0), so (1 0 1 0) is likely to be in the product, and lox 10 hasa (1 0 0 1) and a
(0 0 0 0), so the irreps (1 0 0 2), which is the secondhighestweight,and(0 0 0 1) areexpectedto be
there. These subproductscan be found in table 29. The dimensionalityof (0 111)+ (1 0 1 0)+
(1 0 0 2)+ (0 0 0 1) is 280+45+70+ 5 = 400, which is necessaryfor the correct answer.The result
can then be double checked with the index sum rule: 40 x 10 has index 40 x 3+ 10 X 22 =

340= 266 + 24+49+ 1, wherethe index for each irrep is given in table28.Thus,weconclude,

40 x 10= 5+45+70+280,

wherewe havedefinedall irreps with quintality 1 or 2 without bars andtheir conjugateswith bars. A
further confirmation comesfrom the crossingrelation: since 40 x 10 containsa 5, then 5x 10 must
containa 40 = (1 1 0 0), whichit does.This line of reasoningis easily implementedfor groupsusedfor
unified models;just look at all thosetables.

6. Subgroups

A Yang—Mills theorywith local symmetry0 hasa vectorbosoncoupledto eachcurrentimplied by
0. Since 0 hasN(adj) generators,there are N(adj) vector bosonsin the theory. A fundamental
problemof classifyinganddescribingunified modelsis finding all the waysthat the knowninteractions
can beembeddedin 0. As reviewedin section3, thisrequiresfinding all possiblesubgroupsof G of the
form,

GDG~xSU~ (6.1)

with 0” generatedby the color singlet generatorsof G, including SU’ x U~.The solution to the
embeddingproblemis thespectrumof quantumnumbersof the vectorbosonsandotherparticlesof a
Yang—Mills theory.Thisproblemis solvedexplicitly in ref. [6] (in sectionII andthe Appendix)with the
proviso that the color contentof at leastone irrep,the fundamentalone,of G be no greaterthan 1C, 3C

and~. (Seetable3 andthe discussionfollowing eq. (3.5) for a summary.)
In this section the problem is studied in a slightly different fashion; of course, the answer is
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unchanged.Dynkin hasgiven a method(or a set of methods)for classifyingthe maximalsubalgebrasof
simple algebras.One reasonfor taking this approachis that it provides a detailedpicture of the
geometricalsignificanceof the embeddingin weightspace.

Before starting the rather technical discussion,it may be helpful to look at the answer to the
problem: the maximalsubalgebrasof theclassicalsimplealgebrasof rank 8 or lessarelisted in table14,
andthe maximalsubalgebrasof the exceptionalalgebrasare listed in table 15.

A propersubalgebraG’ of G is denoted03 0’; 0’ is a maximal subalgebraof 0 if there is no
algebra 0* such that 03 0* 3 0’. The problem consideredhere is that of finding all maximal
subalgebrasof 0, since the embeddingof any other algebrain G can thenbe found in a stepwise
fashion,03 G’ 30”... . Tables14 and 15 can beusedto identify all the subgroupchainsof a groupof
rank 8 or lessthat can possibly reduceto U” X SU~.The nontrivialexampleexploredin section7 is a
study of all subgroupchainsof E6 that reduceto U~

mx SU~with QCIfl having —~+ integereigenvalues
on 3C statesandintegereigenvaluesfor leptonstates.

Maximal subalgebrasof a simple algebrafall into two categoriescalled (of course)regular(R) and
special (S). Regularsubalgebrascan be obtainedby looking directly at the root diagram(thereexistsa
very simple algorithmfor finding them);specialsubalgebrasare not so obvious,andarediscoveredby
comparing irreps of G with those of the candidatesubgroups.They can be derivedusing methods
identicalto thosein ref. [6].

Beforegettinginvolved in the intricaciesof the generalcase,a reviewof the subgroupsof SU
3may

serveas a usefulorientation. By explicit examinationof the SU3 commutationrelations(4.6), we can
immediatelyfind two differentsubalgebras.(“Different” meansnot equivalent;“not equivalent”means
that thereis no automorphismof G that relatesthe two embeddings.)The SU2x U1 subalgebrawith
generatorsF1, F2, F3 and F8, which is used in the Eightfold Way classificationof hadrons,hasthe
featurethat its Cartansubalgebra,consistingof F3 andF8, can beidentified with the Cartansubalgebra
of SU3 similarly the rootsof SU2x U1 area subsetof the SU3 roots.Thesefeaturesof theembedding
of the root systemof SU2x U1 in SU3 are characteristicof a regular subalgebra.Note that here the
subalgebraSU2x U1 C SU3 is nonsemisimple:the U1 factor is generatedby an invariant Abelian ideal
of the algebraof SU2x U,. U, factorsare importantin gaugetheories,so nonsemisimplesubalgebrasof
simple algebrasmustnot be ignored.

The othermaximalsubalgebra,which is usedin nuclearphysicsapplicationsof SU3, is of the special
type: it is an SU2 that is generatedby 2F2, 2F5 and 2F7 [or equivalently 2F,, 2F4, 2F,, etc.;see the
structureconstants(4.5b)]. The3 of SU3 is projectedonto the3 of SU2. (SU2irreps arelabeledhereby
their dimensioninsteadof their j value. Sincethe branchingrules areto single-valuedirreps only, the
subgroupis actually SO3, and not the covering group SU2 recall section2, where our useof group
namesfor algebraswas discussed.)

It isoftenusefultorestatetheembeddingin termsof aprojectionmatrixthat takestherootsandweights
of 0 ontothe roots and weightsof G’. This coordinatizationof the weight spaceof 0 requiressome
conventions,since Weyl-reflectedroot diagramsshould give an equivalent embedding,but with a
projectionmatrixwith differententries.Let usstudySU,3 SU2X U1. Sinceboth algebrashaverank two,
we can projectanyroot or weightontoa weightof SU2x U1 by a squarematrix actingas

P(SU33 SU2x U1)(’~)= (~1)~ (6.3)

where (a1a2) is an SU3 weight, (b) is 213, the weight of SU2, and (u) is the eigenvalueof the U1
generator.In the Eightfold Way P is given by
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P(SU33 SU2x U1) = (~~) (6.4)

with the U1 generatornormalizedto threetimesthe hypercharge;(6.4) can be easilyverified from table
4. It is ageneralfeaturethat P is alwaysan integermatrix. This featureis automaticif G’ is semisimple;
if thereis a U1 factor, its generatorcan be normalizedto maintainthis feature.If P(SU33 SU2x U1) is
appliedto the weightsystemof the 3, [(1 0), (—11), (0 —1)], the resultingweightsare(1)(1), (—1)(1) and
(0)(—2), which can be identified as an SU2 doublet with V = ~ anda singlet with V = —~ the result is
summarizedas a branchingrule,

3= 2(1)+ l(—2). (6.5)

This exerciseshouldbe carriedout for otherirreps of SU3.
In the other embedding,SU33 SO3, the subgrouphas rank one, so the projection matrix is a

one-by-twomatrix:

P(SU33 SO3)= (2 2). (6.6)

The 8 of SU3 is projectedto theweights (4), (2), (0), (—2), (—4), (2) (0), (—2), which correspondto a 3+ S
of SU2 the branchingrule for the 3 of SU3 is 3= 3.

There is at least one projection that demonstratesexplicitly an embedding;the existenceof the
projectionmatrix is trivial mathematically,sincesomeof the rootsof G, or linearcombinationsof them,
mustbe identifiedwith the roots of 0’. However, for physicalapplicationsthe projectionmatricescan
be quite useful, for example, for finding the flavor and color quantumnumbersof a field operator
bearinga weight A of the unifying group. The result of applying the projectionP from the unifying
groupto the flavor (or color) subgroupon A is its weightunderflavor (or color); the quantumnumbers
of theoperatorcan thenbe identified asdescribedbelow(4.12). In otherwords,the projectionmatrices
areneeded(at least implicitly) wheneveran explicitly labeledbasisfor the field operatorsis helpful. It is
worthwhile to take a break from the formal development,to assertthat SU2x U1 x SU3 is indeeda
subgroupof SU5, and, as anexample,to apply thesetechniquesto finding the quantumnumbersin the
5— 10.

Oneconventionfor derivingthe projectionmatrix is to requirethat the highestweightof an irrep of
SU5 is projectedontothe highestweightof the SU2x SU3 representation.For example,(1 0 0 0) is the
highestweightof the 5, which branchesto (2, 1) + (1, 3) of SU2X SU3 [recall(3.1)], andthecolor 3 state
of highest weight can be defined to be the highest weight of this representation,so P(1 0 0 0) =

•(0)(1 0). Similarly the highest weight of the 5, (0 0 0 1), projects to (OXO 1). The 10 with highest
weight (0 1 0 0) branchesto (1, 1) + (2,3) + (1, 3), sothe highestweightof the subgroupis (1)(1 0), and
the highestweight of the 10, (0 0 1 0), mustbranchto (1)(0 1). With theseconventionsthe projection
matrix is

/0 1 1 0\
P(SU,3 SU2x SU3) ( 1 1 0 0 (6.7)

\0 0 1 1/

wherethe U1 factor will be analyzedseparately,so (6.7) is a 3-by-4matrix.
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A family of left-handedfermions is assignedto a 5+ 10 of SU,; (6.7) can be used to computethe
SU2x SU3 weightsof those15 states.In the 5, we find

P(0 0 0 1) = (0)(0 1) is a charge~ antiquarksinglet.
P(0 0 1 —1)= (1)(0 0) is a charge0 memberof a leptondoublet.
P(0 1 —1 0)= (0)(1 —1) is a charge~antiquarksinglet. (6.8)
P(1 —1 0 0)= (—1)(0 0) is a charge—1 memberof a leptondoublet.
P(—1 0 0 0) = (0)(—1 0) is a charge~antiquarksinglet.

These15 equationsalso determine(6.7).
The weight diagram of the S is quickly derivedfollowing the rules of section5, and keepingthe

Dynkin diagramin mind.Thediagonalquantumnumbers1’, Y” and~emaredescribedby axes,with their
values for anyweight given by scalarproducts; ~SW generatesthe U1 factor in the subgroup.We can
concludeimmediatelyfrom the aboveassignmentsthat

= ~[0 11 0] or 13 = ~(—111 —1)

= ~[—21 —1 2] or Y” = ~(—1 1 —11) (6.9)

cern = + Y~w/2= ~[—1 2 11] or Q~
m= ~(—4 4 —11),

where the dual basis (useful for taking scalar products)and the Dynkin basis coordinatizationsare
given. The simple color roots are (11 —1 0) and (0 —111), as is found easily by applying the
projection(6.7) to the SU

5 rootsin table9.
We maynow calculatethe weightsandquantumnumbersof the 10. Of course,the contentof any

otherirrep of SU, can be analyzedin a similar fashion.

P(0 1 0 0)=(1)(1 0) is the u quark with Qem=~andI~=~

P(1 —11 0) = (0)(0 1) is ü with 0 = —~and1~= 0

P(—1 0 1 0)=(1)(—1 1)isu with Q=~and I~’=~

P(1 0 —1 1)=(—1)(1 0)isdwith 0= —~andI~=—~

P(—1 1 —11) = (0)(0 0) is e~with 0 = 1 andI~= 0 (6.10)

P(1 0 0 —1) = (0)(1 —1) is u with 0 = —~ and1’ = 0

P(—1 1 0 —1)=(1)(0 —1) isu with Q=~andI~’=~

P(0 —1 0 1)=(—1)(—1 1)isdwith Q=—~andI’=—~

P(0 —11 —1)=(O)(—1 0)is U with 0= —~ and1’=O

P(0 0 —1 0)= (—1XO —1) is d with 0= —~and1’ =

Note the easewith which the quantumnumberstructureis analyzedfrom scratchin this notation.Of
course, it is not very difficult to use the tensornotation to work out theseresults either, and it is
worthwhile comparingmethods.For a groupas complicatedas E6, however,the Dynkin analysisdoes
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not increase in difficulty. The projections and axes for E6 and its subgroupsare worked out in
section7.

The solution to the problem of classifyingall maximal subalgebrasof a simple algebrais somewhat
messy,althoughthe regularsubalgebrasareeasilyfound. We only summarizethe solution; detailscan
befound in Dynkin [9].

We first find all the maximalregularsubalgebras,whicharenow defined: let G’ bea subalgebraof G
and write G’ in any Cartan—Weylbasis with its Cartansubalgebrabeing the set {H} and its ladder
operatorsbeingthe set {E~,}.If thereexistsa basisof 0 suchthat {H,} 3 {H~}and{E,,} 3 {E,}, thenG’ is
a regularsubalgebraof G.

Dynkin hasderiveda cleverway to find all maximalregularsubalgebras.Theregularsubalgebrasfall
into two categories:nonsemisimpleand semisimple.Each maximal nonsemisimplesubgroupis a U1
factor timesa semisimplefactorobtainedby removingonedot from the Dynkin diagram(table 5) for
0. Clearly, thereare at most 1 = rank(G)possibilities;usuallytherearefewer independentcases.

The maximal regularsemisimplesubalgebrasareconstructedin a similar fashion,by removingadot
from the extendedDynkin diagram.The extendeddiagram is constructedby making a simple root
systemthat satisfiesall the requirementsof the simple root systemsof the Dynkin diagram,exceptfor
linear independence.It is possibleto add only one root to the set of simple roots that satisfies the
requirementthat the differenceof two roots in the extendedset is not a root: it is the negativeof the
root of highestweight [55].The extendeddiagramsarelisted in table 16, with the new root markedby
an “x”. The extendeddiagramwith a dot removedis guaranteedto be the diagramof a semisimpleLie
algebra.

Therearea few caseswherethe methodis trivial or breaksdown; for example,removinga dot from
the SU,, extendeddiagram gives back SU,,, so SU,, hasno regular maximal semisimplesubalgebras.
(Note that the rank of G is the sameas the rank of its regularmaximal subalgebras.)Thereare five
casesfor the exceptionalalgebraswherethe subalgebraderivedby removing a dot from the extended
diagramis not maximal [60].

F4: 3 removedis containedin the subgroupwith 4 removed(SO93 SU2 X SU4)
E7: 3 removedis a subgroupof the subgroupwith 1 or 5 removed(SU2x SO,23 SU2x SU4x SU4)
E8: 2 removedis asubgroupof thatwith 7removed;3 removedis asubgroupof thatwith6removed;

and5 removedis a subgroupof that with 1 removed.(SU2x E73 SU2x SU8 SU3x E6 3 SU3x
SU2 x SU6 andSO163 SU4x SO10, respectively.)

The extended Dynkin diagrams have other interesting applications,so these exceptions do not
detracttoo muchfrom the beautyof this procedure.

Table 14 is alist of themaximalsubalgebrasof the classicalsimplealgebrasof rank 8 or less;thesets
marked (R) are regular maximal subalgebras,derived from the analysis of the root diagram just
discussed.Weshould makea numberof commentson table14.

For smallrank, someDynkin diagramsfrom different seriesbecomeequivalent.For example,

A1 — B, -~ C,(SU2— SO3 Sp2)

all havethe sameroot diagram,a single dot;

C2 B2(Sp4— SO5)
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(Sp4ratherthan SO5 is usedin discussingsubgroups);and

A3— D3(SU4— SO6)

(we useSU4 insteadof SO6 in labeling subgroups).MoreoverD2 A1 X A~is semisimple.The symbol
“—“ means“isomorphic to”.

Often a maximal nonsemisimplesubgroupis strictly a subgroupof a seinisimpleone; nonmaximal
subgroupsare not listed. It also sometimeshappensthat amaximalsubgroupcontainsas a subgroup
just the semisimplepart of a nonsemisimplesubgroup,but not the U, part. It is bestto go againstthe
customof dropping thesenonsemisimplesubgroupsfrom the list of maximal subgroups.They are
maximal,andin modelbuilding it is possibleto blunderratherseriouslyif thelist of maximalsubgroups
is left incompletein this way. SU4 hasa subgroupof this type; it containsSU2X SU2X U, andSp4 as
maximal subgroups,whereSp4itself containsan SU2x SU2, which is embeddedin SU4in the sameway
that the SU2x SU2 portion of the nonsemisimplesubgroupis. Table 14 includesSU2x SU2x U1 as a
regularmaximalsubgroupof SU4.Perhapsa moresubtleexampleis the list of regularsubgroupsof Sp4.
Thebranchingrule of the4 of Sp4to irrepsof theregularmaximalsubgroupSU2X SU2 is 4= (2, 1) + (1,
2). This subgroupcontains a subgroupSU2X U1 with 4= 2(0)+ 1(1)+ l(— 1), which is a maximal
nonsemisimplesubgroupobtainedby removingoneof the dotsfrom theSp4Dynkin diagram.However,
thereis anotherSU2x U, obtainedby removing the other dot with 4 2(1)+ 2(— 1). The semisimple
part SU2 is embeddedin Sp4 as the sum of the SU2 generatorsof the SU2 X SU2 subgroup.The
additionalU1 is not containedin the SU2X SU2subgroup,so this SU2X U1 is maximal,while the other
oneis not.

We nowturn to theproblemof enumeratingthe specialsubalgebras.Sincethe Cartansubalgebraof
0’ is constructedfrom the ladderoperatorsof 03 0’, it is clear that an analysisof the root diagramis
not likely to beveryconvenient.Thesituationcan begreatlysimplifiedby lookingat therepresentations
andanalyzingthe possiblebranchingrules,

R=~R~, (6.11)

whereR is an irrep of 0 andR~areirreps of 0’ C 0. This is just the procedurediscussedin section3
andin ref. [6].

The analysisof maximal special subalgebrasof a classicalalgebrahasthe significant featurethat
makesthe discussionsimple, that the branchingrule for at leastoneof the simple representationsof 0
into irreps of 0’ C0 hasonly one term. (Do not forget that the vectorandspinorsof SOm areboth
simple.) In other words, thereis a branchingrule of the form r = r’. (This is not always so for the
exceptionalgroups.)Thuswelook for arepresentationof G’ with thesedimensions,andthencheckthat
we recover the generatorsof 0. For example, consider0= SO7. The groupswith less than 21
generators,with rank threeor less,and with a 7-dimensionalirrep areSU2 and02. The generatorsof
SO7 aregiven irreducibly as(7x 7)a. In SU2, (7 X 7)a= 3+7+ 11, whichcontainsthe SU2adjoint, so SU2
is asubgroup.However it is not maximal: in 02, (7 X 7)~= 7+ 14, so 02 containsSU2 as a maximal
subgroupwith 7=7 and14=3+ 11. Thus 02 is the only maximalspecialsubgroupof SO7.

This approachcan be usedto recoverthe resultslisted in table 14. The diligent readerwho derives
table 14 will note severalpatternsemerge;thereare somecorrespondingtheoremsthat simplify the
procedurewhen going beyondrank 8 (seeref. [9]), but thereare a few exceptionsand caveats.The
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discussiongiven above is completeenough for unified model building as now practiced, but is not
exhaustive.

Finally, the specialsubgroupsfor the exceptionalgroupsare listed in table 15. In this case,the
branchingrules for the simple irreps aremorecomplicatedthanin the classicalcase.The derivationof
thoseresultsis a major topic of ref. [9]; no furtherdiscussionis given here,sincea fairly potentway to
proceedis to guesssystematically.

In applicationsto unified modelbuilding, the list of subgroupsis needed,but it is mostconveniently
expressedin termsof branchingrules. To derive the branchingrules it remainssimply to project the
weights of r of G onto the weight spaceof 0’ by P(G3 0’), andthen pick out (by highestweight
method)the irreps of G’. Powerfulcomputerprogramshavebeenwritten thatimplementthisprocedure
[10, 57]. Another approach,which is very convenientfor handcalculation, relieson a knowledgeof
tensorproductsof R, of 0 and r1 of 0’. If R1 = ~ r,,, R2 = ~ r2, and R1 x R2 = ~, Rj,, then ~ R, =

r1, X r21. A constructiveapproachstartingwith simple irreps for R, is usuallyquite fast;manyof the
branchingrules in the tableswere derivedthis way. A useful check is the index sum rule: for our
normalizationof the index (5.11), the index of R in (6.11)is the sum of the indicesof the R~.Also see
[57].Exceptfor workingout manyexamples(seesections7 and8) thiscompletesthe discussionof the
embeddingof colorandflavor in simplegroups.

Let usanalyzethe possibility of defining a charge-conjugationoperator[13, 61] that carrieseach
particle into its antiparticle within fL and representationsof other kinds of particles. The charge
conjugationoperatorC must anticommutewith electricchargeand with the first, third, fourth, sixth
andeighthgeneratorsof SU~,while commutingwith thesecond,fifth andseventhgeneratorsof SU~in
the Gell-Mannbasis[54],which generatean SO3subgroupof SU~.

For eachsimple group0 of interest,a candidatefor C maybe eitheran elementof the group(inner
automorphism)or not (outerautomorphism).It anticommuteswith a set A of Hermitiangeneratorsof
G [C(A) = —A] and commuteswith the remaining set S [C(S)= S], which generatea symmetric
subgroupOsC 0. The commutationrulesevidentlymustexhibit the behaviorthat definesa symmetric
subgroup:

[5,5] C S, [5, A] CA and [A, A] C 5, (6.12)

so that C leavesthe commutationrelationsunchanged.
When the candidatefor C is inner, it carriesevery irrep of the groupinto itself. Conversely,if C

carrieseveryirrep into itself, thenthe phasechangesunderchargeconjugationcan be arrangedso that
C is inner. When C is outer, therearetwo possibilities:

(1) For 0 = SU,,, S04,,+2andE6, eachcomplexirrep is carried into its complexconjugate.
(2) For 0= SO4,,,which hasonly real andpseudorealrepresentations,thereare candidateC’s that

carry representationsinto reflectedonesthat arein manycasesinequivalent;for example,SO,2hastwo
inequivalent32-dimensionalspinor irreps,32 and32’, which could be carriedinto each other,while the
12-dimensionalvector irrep could be takeninto itself.

The mathematicsof the variouscandidatesfor C is well-known [12]for all simplegroupsandwe list
the possibilitiesin table17, giving the simple group0, the symmetricsubgroupOs left invariantby the
candidateC, the number“rank(A)” of the generatorsof the Cartansubalgebraof G that anticommute
with C, andthe resultof the actionof C on anirrep R of 0, whetherit reflectsR into itself, into R, or
into R’. We haveincluded,for completeness,casesin which 0 is too small to containcolorandflavor
andcasesin whichrank(A) is lessthan three.
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We haveassumedthat thereis a C that carriesfL into itself. Let us breakup fL into irreps of the
group0* formedby 0 andC. When C is inner, 0* = G andeachirrep of 0 is an irrep of G*. If C is
outer,but carriesR into R, thenany selfconjugateirrep of 0 is an irrep of 0* and the otherirreps of
G* are of the form R + R. If C is outer, but carriesR into R’, then anyself-reflectedirrep of G is an
irrep of 0* andthe otherirrepsof G* areof the form R + R’.

In thosecaseswhereCcarriesR into R andR is complex,thenthe irrep of 0*, alsoan irrepof 0, is
complex. In all othercases,the irrep of 0* is self conjugate.If we assignthe left-handedfermions fL to
a self conjugateirrep of G* or a direct sumof such irreps,thenthe theoryis “vectorlike”; otherwise,it
is “flavor chiral”. The simplestflavor-chiral case,is, of course,the assignmentof fL to a single complex
irrep of G, with C carryingevery irrep into itself.

It is useful to turn at this point to anotherautomorphismof 0, namelythe unitary operatorCP that
exchangesfL and fR In a Yang—Mills theory basedon 0, thereis no freedomin the choiceof CP. The
kinetic energyoperatorhasa part that createsfL andfR togetherand anotherpart that destroysthem
together;since the kinetic energyis a singlet under G, fL and fR musthaveoppositevaluesof all the
operatorsin the Cartansubalgebraof 0. Thus CP, for each0, is the uniqueoperatorin table 17 that
changesthe sign of the wholeCartansubalgebra,with rank(A)= rank(G).For each case,that operator
carriesR into R when therearecomplexrepresentations,andR into R whenthereare not. Recall the
discussionbelow(2.2).

The componentsof fL maybe listed in termsof Majoranaspinors,or elsepairsof Majoranaspinors
may be classedas Dirac spinors.A Dirac spinor can be madeout of a pair of Majoranaspinorswith
oppositebehaviorunderC. In manycases,however,it turns out thattherearesomeunpairedMajorana
fermionsleft over, anumberIn÷— n_I, wheren.,. and n_ are the numberof + and — (or +i and —i)
eigenvaluesof the group theoreticalpart of C applied to a given representationof G. As a familiar
example~of the matrix part of C, recall the Dirac theory of the electron, wherethe matrix part is
proportionalto o~when actingon ~/l~ or *R. LeftoverMajoranaspinorsthat cannotbe pairedto make.
Dirac spinors can occur only in the caseof electrical neutrality, of course. Below, when specific
examplesare considered,In+ — n_I is computedfor a numberof representationsof various simple
groups0 andchoicesof C.

Now, just as the fermion kinetic energyoperatorinvolves fL (operator)fR, so the fermion effective
ultraviolet massoperatorinvolvesthesymmetrizedpartsof (fj2 and(fR)2. If the effectivemassoperator
hasthe mostgeneralpossiblebehaviorunderC andG, thenstudyingthe transformationof fL under C
is not very rewarding.For example,the electricallyneutralcolorsingletscanjust be treatedas a set of
Majoranafermions,with an arbitrary mass matrix. However, it may be that the C-conservingand
C-violating partsof the massoperatorhavespecialgrouptheoreticalproperties.In that case,theremay
be important restrictions on fermion masses,particularly for neutral leptons, but also for other
fermions.

Let us now proceedto study someexamples.We look at the assignmentof fL to an itreducible
complexrepresentationof G. If 0 is small,we maybe picking out only one “family” of fermionshere;
if G is sufficiently large, we can accommodateall the known and suspectedfamilies, alongwith other
fermions.Thesimplestinterestingexampleof aflavor-chiralassignmentconsistsof puttinga singlefamily
of left-handedfermionsinto the 16of S0~c~,while fR goes,of course,into the16. Sinceweareassumingthe
existenceof a C operator(which takesfL into itself), we can see from table 17 that thereis only one
candidatethat works.The onethat leavesinvariant thesymmetricsubgroupSO

4x SO6of SO,0we note
thatSO4x SO6hasthesamealgebraasSU2x SU2x SU4.Theothercandidateseithertake16into 16orelse
flip thesignsof too few generatorsof the Cartansubalgebra.Thus CP, which doestake 16into 16, leaves.
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invariant SO, x SO5 thereare candidatesthat leaveinvariant SO3x SO7andSO9respectively,but they
alsotake 16 into 16; therearetwo morecandidatesthat take 16 into 16, the onethat leavesSU,x U1
invariantandtheonethat leavesSO2x SO8invariant,but theybothflip the signsof only two commuting
generatorsof 0, not enoughto cover thechargeconjugationof color andelectromagnetism.

It is important to note that the C-iM’ariant symmetricsubgroupSO4 x SO6 is embeddedin SO10
differently from the SO4X SO6 subgroupthat classifiesflavor and color. Using the SU2X SU2 X SU4
notation,wewould normallyput 16 (2, 1, 4)+ (1, 2, 4),where4= 3C + 1C and~ = + ic; thefirst SU2 is
chosento be SU~’.We thushavein (2, 1, 4) a left-handedelectronandneutrinoand u and d quarks,
while in (1, 2, 4) we havethe correspondingleft-handedantiparticles,including (~e)L.The symmetric
subgroupSO4X SO6 (also treatedas SU2X SU2x SU4) alsobreaks16 into (2, 1, 4)+ (1, 2, 4), but with a
totally differentbasis.The commongeneratorsof thetwo different SO4x SO6 subgroupsform the group
SU2x SU2 andtheyconsistof ~ ~ 2F0

10T, I~+ I~,I~— I~andI~— 1~,where
1L generates

SU~’and 1R generatesthe other SU2. We see that, in the physical SU2x SU2x SU4 notation, C
interchangesthe first two SU2’s, as well as conjugatingthem in the usual way, and also complex
conjugatestherepresentationsof SU4.TheC-invariantSU2x SU2x SU4is, by definition,left unalteredby
C.

We now show how to calculate In+ — n_j. Eachirrep of the C-invariant subgroupSU2x SU2x SU4
carries a + ora —. For the 16 we have(2, 1, 4)+ (1, 2, 4), giving eight +‘s and eight —‘s, so that

I n+ — n_I = 0. The neutralfermionsin the 16 arePL and(i)L only, andthe conditionIn±— n_I = 0 tells us
only that thesecan be pairedto form a Diracspinor;notethat In+ — n_I = 2 for the 10, so the result for
the 16 is not completelytrivial. The massmatrix in Nature,however,if the 16 representationof SO,0is
to berelevant,mustsupplya hugeMajoranamassto (i~)L, so that theeffectivemassof VL comesout to
be m~/mMajor~,,a(~)L, wheremD is the Dirac massconnecting~L and(i’)L. This is discussedfurther in
section9.

In termsof SO,~,andrememberingthat weare treatingjust onefamily, the massmatrix mustfit into
the symmetric part of 16X 16, which gives 10 + 126, where under SU2 x SU2x SU4 we have 10=

(2, 2, 1) + (1, 1, 6) and 126= (3, 1, 10)+ (1,3, 10)+ (2,2, 15)+ (1, 1, 6). We notethat the 1, 10, 10 and 15
of SU4 eachcontain onecolor singlet component,and6 containsnone, so that in termsof SU2 x SU2
the massmatrix belongingto 10 actslike (2,2) while that belonging to 126 actslike (3, 1), (1,3) and
(2, 2).We do not want alargetermthat violatesV by I~rI= 1, so weareleft with possiblefermionmass
termswith (2,2) from 10 and/or126 and(1,3) from 126. The electricallyneutralcomponentof the (1, 3)
from 126is just the term that gives a Majoranamassto (1)L; if the (3, 1) termis set to zero,theI~VI= 0

massviolates C maximally. The electrically neutralcomponentsof the (2,2) from 10 and 126 are all
C-conservingandmerely give Dirac massesto e, v, u andd. Thus an attempt to fit a single family of
fermionsto the 16 of SO10 leadsto the resultthat all the C-violation in the massmatrix must lie in the
(1, 3, 10) partof the 126 representationof SO,0 and that thispieceof the massmatrix just givesa huge
Majoranamassto (i)L. This term is alsothe onethat breaksSO,~down to SU5, giving 16= 10+5+ 1,
where(1)L is preciselythe singletunderSU5.

For a less trivial example we study briefly the assignmentof fL to the complex 27 of F6 [8], still
keepingjust one family. In the usualcolor-flavor decompositionto SU3x SU3x SU~,whereSU~’is in
thefirst SU3, the 27 contains(3, 3, 1”) + (3 1 3C) + (1 3 3C) We seefrom table17 thatthe only candidate
for C leavesthe symmetricsubgroupSU2x SU6 invariant,andthat SU2x 5U6containstwo generators
from the Cartansubalgebraof E6. The 27 has(2,6)+ (1,1~)of SU2x SU6, so the neutralleptonsin the
27 consist of a pair that may be joined together to form a Dirac spinor, and three unmatched
Majoranaspinors,which are eigenstatesof C. Under SO10, the 27 contains16+ 10+ 1; as is obvious
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from the previousexample,thethreeneutralleptonsin 10+ 1 arethe unmatchedMajoranaspinors,and
the two neutralleptonsin the 16 areconnectedby C.

The massmatrix, containedin the symmetricpart of 27 X 27, haspartstransformingas 27 and351’;
both E6 irreps have both C-violating and C-conservingterms. The charge ~ quark has only a
C-conservingmass.The remainingmassmatrices(charge—~quarks,chargedandneutralleptons)have
both C-violating and C-conservingI~rI= 0 contributions in the E6 model. Of course, physically
realistic conjecturesabout the C behaviorof the mass matrix dependon the choice of G and fL.

Nevertheless,it may be useful to study this behaviorin models;the 27 of E6 is investigatedfurther in
section9, whereit is shownthat if the JW = 0 massviolatesC maximally (that is, ther = 0 massis C
odd),thenit leavesa 5+ 10 family of SU, out of the 27 of E6 massless.If the I” = 0 massis C even,a
1+5+10is.left massless.

7. E~andsubgroups

The first topic of this section is a descriptionof the tablesof irreps, tensorproducts,andbranching
rulesof E6 andits subgroups,SU3, SU4, SU,, SU6, SO7, SOS,SO9,SO~~andF4 (tables 18—49). After the
choice of subgroupsis explainedand the tablesare described,a consistentset of projectionmatrices
[recall (6.4) and (6.7)] through the different subgroupchains is derived; the matrices follow the
conventionthat the Qem axis and the QCD roots in E6 are fixed and do not dependon the subgroup
chain. This is possiblebecausethere is only oneembeddingof color and electric chargein E6, as
discussednear the end of section 3. The final topic is an outline of a method for calculating
vector-couplingcoefficients.The methodis particularlyeffectivefor analyzingproductsof basicirreps,
which aretypically all that arerequiredin unified modelbuilding today. Its simplicity is dueto the use
of simple roots to relatestatesatdifferent levels.The labelingproblemmustbemoredirectly addressed
for productsof compositesirreps [62].

The choice of E6 as a starting point is basedon a conjecturethat an E6 (or a subgroupof E6)
Yang—Mills theory might somedaybe part of a realistic theory.There is little reasonat present(aside
from the more-or-lesssuccessfulphenomenology)to feel such acommitmentvery strongly, andother
groups(SO4,,+6, n = 2, 3, 4, SU8, E7 and E8) are describedbriefly in section8. At best, this kind of
surveywill aid in the searchfor moresatisfactorytheories.[Seesection3.]

With the exceptionof SU3 itself, only the simplesubgroupsof E6 largeenoughto containU~x SU~,
at leastin one subgroupchain,areanalyzed.In table 18, the maximalsubgroupsof E6 aredivided into
“satisfactory” and “unsatisfactory”. (Comparetable 18 with tables 14 and 15.) Each satisfactory
subgroupis then listed in the left-handcolumn, and its maximal subgroupsare classifiedin a similar
fashion; all the maximalsubgroupchainsthat arephysically acceptablefor the symmetrybreakingof E6
(or oneof its subgroups)canthen be listed.

The subgroupsthat do not contain U?
tm x SU~are calledunsatisfactory;thereare threewaysfor a

subgroupto beunsatisfactory:
(1) If the maximal subgroupis rank two or less, it cannot contain U? X SU~.For example, E

6
contains02 andSU3 as maximalsubgroups.If thesesubgroupscontainSU~,then therecan be no U,
left over for electromagnetism.

(2) It maynot be possibleto guaranteetheusualchargeassignmentswith fractionallychargedquarks
andintegrallychargedleptons.Consider,for example,the maximalsubgroupSU3x 02 of E6. The27 of
E6 branchesto (3,7) + (6, 1) of SU3X 02. If SU3 werecolorwith UT” in 02, thenthe (6c, 1) stateswould
be neutral. Since ~ has the same triality as 3”, it would be impossibleto maintain the usual quark
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charges.If SU~were in G2, therewould againbequarksandleptonswith thesameelectriccharge,since
the 7 of G2 branchesinto 1+3~+ 3C and a U?

tm from the SU
3 factor cannot distinguishthese.Thus,

SU3 x 02 is anunsatisfactorymaximalsubgroupfor E6 to breakdown to.
(3) SP8is anotherunsatisfactorysubgroupof E6, eventhoughit is possibleto arrangefor thecorrect

spectrum of electric chargeeigenvalues.The problem is the difficulty of obtaining a satisfactory
phenomenology:evenif fL were a 351 plus any numberof 27’s, therewould be room for only two
chargedleptons.This is seenas follows: The 27 of E6 branchesto the 27 of Sp8. The only maximal
subgroupsof SP8that could contain U?

tm X SU~are SU
4X U, and SU2X SP6. In both casesthe color

contentof the 27 is 1~+ 3 . 3” + 3 . ~“ +8”, wherethe 1C is neutral.The 351 thenhas9 colorsinglet states;
2 havecharge+1 andtwo havecharge—1. In a flavor chiral assignment,this could correspondto the e
and~z,but therewouldbe no room for the i-. Thus,we list the Sp8subgroupas unsatisfactory,although
in fact it is merelyawkward,andindicatethis difficulty in table18 by puttingitin squarebrackets.(The
colorcontentof the27 of £6 for thesatisfactorysubgroupsis 9~1” + 3 . 3C+ 3 . 3”) With thesecomments
in mind, the restof table 18 is easilyderived.

The explicit coordinatizationof the E6 weight spaceis summarizedin tables19, 20 and21, which
correspondto (6.8)—(6.10)for SU,. Table 19 showsa choiceof thecolor rootsandthe flavor axes,both
in the Dynkin anddual bases.It is this choice that setsmost of the conventionsfor the projection
matricesfor the subgroupslisted in table 18. Table 20 lists the nonzeroroots of E6 andtheir flavor and
color content.Table 21 providessimilar information for the 27 of E6 both tableswill be discussed
further.

We now describethe contentsand conventionsof the tables; table 22 showsthe labeling of the
Dynkin diagramsusedin the next31 tablesin theorder thealgebrasareanalyzed.Therearerankof the
groupindependentCasimirinvariants;(5.9) is the secondorder invariant.The ordersof a completeset
with the lowestpossibleorders,as derivedby Racah[58],arealso listed in table22.

Table 23.SU3Irrepsof DimensionLessThan65. The conventionthat triality oneirreps [c = a, + 2a2
(mod3), “c” for congruenceclass]areunbarredandthe conjugatewith Dynkin designation(a2a,)with
triality two is barred is followed with one exception:the symmetrictensorin 3x 3, [(1 0)x (1 0)]. =

(2 0) with triality two, is called6, not 6; that conventionhasbeenfollowed for too manyyearsto switch
now. In othertablesweadvocateconventionsbasedon congruenceclasses,so a few traditional,but not
souniversalconventionsin the largergroupshavebeenswitched.The index is computedfrom (5.15).
The last two columnslist the numberof SU2 (or SU2x U1) singletsin embedding(6.4), andSO3 singlets
in embedding(6.6).

Table 24.SU3 TensorProducts.A tableof SU3 tensorproductshardlyneedsany explanation,and is
includedherefor convenience.The irrepson theright-handside of the productsareeither all of triality
zeroor all of triality one.An irrep in the symmetricpart of the productRX R carriesa subscripts, and
an irrep in the antisymmetricpartof R x R hasa sub-a.

Table 25. SU4 Irreps of Dimension less than 180. SU4 irreps (a, a2a3) havequadrality,definedas
c = a1+2a2+3a3(mod 4). Each quadrality three irrep (a1 a2 a3) is conjugateto (a3 a2 a1) with
quadralityone.The conjugateof a quadralityzero(or two) irrep alsohasquadralityzero(or two). The
conventionsareobviousfrom the table.The existenceof four congruenceclassesis in accordwith the
numberfor SO6-~ SU4. Thenumberof SU3 singletsin the irrep is listed in the last column; an asterisk
(1*) indicates that the SU3 singlet is also neutral (has no phase change)under the U1 in the
decompositionSU43 SU3 x U1. (Also seetable27.)

Table 26.SU4TensorProducts.Quadralityconventionsanalogousto the triality conventionsof table
24 arefollowed.

Table 27. SU4 BranchingRulesfor SU4~ SU3x U1. The eigenvalueof the U1 generatorin SU43
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SU3x U, is given in parentheses_and is normalizedto correspondwith the usual electric-charge
eigenvalues.Again, notethat the3, 6 and15 of SU3aredefinedto havetriality one,sotheyhaveelectric
chargesin the sequence—~plus integer.

Table 28. SU5 Irreps of Dimension less than 800. The quintality of a SU, irrep (a, a2 a3 a4) is
definedas a1+ 2a2+ 3a3+ 4a4 (mod 5). An irrep with quintality 4 (or 3) is conjugateof an irrep with
quintality 1 (or 2). For dimensiongreaterthan 800, we list only thoseirreps with sum of the Dynkin
labels less than 5. In the “SU4 singlet” column an asteriskon 1* meansthe singlet is an SU4x U1
singlet; similarly in the last column, 1* meansan SU2X SU3X U1 singlet.

Table 29. SU,TensorProducts.All productsbetweenirreps with the sum of Dynkin labelsless than
or equalto two areincluded.

Table 30. BranchingRulesfor SU5. The valuesof the U1 generatorareincludedin the parentheses.
The normalizationconventionfor the U, generatorZ = 3YW in SU53 SU2x SU3 x U1 is such that
QCIfl = 13 + Z/6 in the SU, model.

Table 31. SU6 Irreps of Dimensionless than 1000. Sextality is definedas a,+2a2+3a3+4a4+5a,
(mod 6), andself-conjugateirreps canhavesextalityzeroor three.Sextalityfour andfive irreps are not
listed, as they areconjugateto sextality two andoneirreps, respectively,that are listed. All irreps of
dimensionlessthan 1000 aregiven, as are the irreps with sum of Dynkin labelslessthan5. The three
maximalsubgroupsthat are analyzedareall nonsemisimple;if the singlet in the compactpart carries
no chargeof the U1 factor, it is markedby an asterisk.

Table 32. SU6TensorProducts.
Table 33. SU6 BranchingRules.The eigenvaluesof the U1 generatorare normalizedaccordingto

the branchingrule for the 6.
Table34. SO7 Irrepsof Dimensionlessthan650 andBranchingRulesfor S073SU4.TheSO7 irreps

are all real, and self-conjugate.The weights in irreps with a3 odd (spinor irreps) are in a different
congruenceclassthan theirreps with a3 even.

Table 35. SO7TensorProducts.
Table 36. SO8Irrepsof Dimensionlessthan 1300 andthe BranchingRulesinto SO.,Irreps.SO8 (and

any SO2,,,n > 1) irreps fall into oneof four congruenceclasses.For SOS,thefour classesareexemplified
by the threeeightsandthe adjoint, andcan be definedby [a3+ a4 (mod2), a, + a3 (mod2)] [51]. (The
congruencyclassof anySO4,,irrepis asimilartwo-componentvector.)We havefollowed theconventionof
markingirreps in class(0, 1) by sub-v for “vector”, in (1,0) with sub-sfor “spinor”, in (1, 1) with sub-cfor
“conjugate”,andin (0,0) with no subscript.Thereis oneexception:therearesome(0,0) irrepsthat also
comein setsof threes,suchasthe35’s,294’s,567’s,etc.Theconventionfor thev, c, s labelisobvious.Oneof
theS’sbranchesto 1+7of SO7,andtheothertwobranchto the8of SO7thisarbitrarinessis dueto thehigh
symmetryof theSO8Dynkindiagram.If weselecttheconventionthatthe16of SO9branchestothe8.+ S~,
andthe16 of SO~containsthesamecolorsandelectricchargesasthe16 of SO9,thenit is aphysicalchoice
to selectthe8. to branchto the1+7 of SO7.We follow thoseconventionsinderivingtheexplicit projection
matricesbelow.TheSU4x U, branchingrulesarenot listedbecausethesemisimplepart is trivially derived
from theembeddingsS083SO7JSU4. Thebranchingrulesfor thesimple SO8irrepto 5U4x U~irreps,
following the conventionsof the v, c ands labelsjust mentioned,are

= 4(1)+~(—1)

S. = ~(1)+4(—1)

S~=1(2)+ 1(—2)+6(0)
28= 1(0)+ 6(2)+ 6(—2)+ 15(0),

wherethe generatorof the U, is in parentheses.
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Table 37. SO8TensorProducts.The subscriptsi, j, k, takeon values,v, s andc, as definedin table36.
Table 38. SO9 Irrepsof Dimensionless than 5100.
Table 39. SO9TensorProducts.
Table 40. SO9 Branching Rules. Note conventions discussed under table 36. To examine the

SO93SO7X U1 embedding,we needto look forward to the SO,~3 SO9branchingrule, 16= 16. The
branchingrules for SO9JSO7X U, are

9= 1(2)+1(—2)+7(0)
16= 8(1)+8(—1)
36= 1(0)+ 7(2)+ 7(—2)+ 21(0).

If we require that the 16 of SO9 contain the electricchargeand color spectrumof a family, then the
S093SO7x U, embeddingis irrelevant.

Table 41. SOT,, Irreps of Dimensionless than 12000. The irreps of SO10 fall into four congruency
classes,definedby2a,+ 2a3— a4+ a, (mod4). (Thecongruencyclassof anSO4,,±2irrepis asinglenumber.)
The adjoint is in the0 class,the spinorin 1, theconjugatespinorsin —1, andthevectorandbispinors(126
and126)arebothin the 2class.Thisexplainswhy the 10 andbispinorshaveno zeroweights.Thus,wecall
(1 0 0 1 0) the144,not 144,aswouldbenaturalfrom atensorproductconstructionfrom 10x 16. TheSU,
singletsmarkedwith an asteriskareSU5x U1 singlets.

Table 42. SO,0TensorProducts[63].Note that the congruencyconventionsarefollowed.
Table 43. BranchingRulesfor SO,0.The U1 generator,normalizedby the branchingrule for the 10

for SO~~3 SU, X U’~,is given in parenthesis;this conventionis usedin table 19. The SO103 SO8x U,
embeddingis definedby the branchingrules

10 = 1(2)+ 1(—2) + 8~(0)
16= SJ(1)+8k(—1)
16= SJ(—1)+8k(1)

45= 1(0)+ 8(2)+ 8.(—2) + 28(0)
(i~j~k�i, i=c,vors).

Note the discussionsfor tables36 and 40; specifically, in SO,o3 SU2x SO73 SO7~the 16= 8+ 8, not
1+7+8.

Table 44. F4 Irreps of Dimension less than 100000. All irreps of F4 are real and fall into one
congruencyclass.

Table 45. F4 TensorProducts.
Table 46. F4 BranchingRules.Thereare27 SU3X SU3irreps in the 1053, 19 in the 1053’, and 29 in

the 1274; the lengthy lists arequickly derivedif needed[57].
Table 47. E6 Irreps of Dimension less than 100000. Congruencyreducesto triality, defined as

a1 — a2 + a4 — a5 (mod3). Following the kind of conventionsas before,the triality two irreps aremarked
with a bar,so 27=(0 0 0 0 1 0) and351 = (0 1 0 0 0 0), sinceboth havetriality two.

Table 48. £6 TensorProducts.
Table 49. E6 BranchingRules.
It is not necessaryto havea basisfor weightspacein orderto derive the resultsin the tablesabove;

for manypurposesthe coordinate-independentstatementof the embeddingis sufficient. However,for
practicalcalculationsof symmetrybreaking,massmatrices,and otherdetailsof Yang—Mills theories,it
is often convenientto havea labeledbasis.Someexamplesare consideredin section9. It hasalready
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beenarguedthat thereis only oneembeddingof U?”’ x SU~(upto Weyl reflections)in £6 that is likely
to be relevantfor modelbuilding; it is the onewherethe 27 hasnine1~,three3” andthree3”, with the
electricchargespectrumof thethree3C being~, —~, —~. Theprojectionmatricesthat projectaweightof E6
down throughtheweightsof anysubgroupchainto aweightof U?

tmx SU~canthenbechosensothattheE
6

roots andaxesthat coincidewith the SU~rootsandQCtm axisare independentof thesubgroupchain.It is
convenientin applicationstounifiedmodelsto follow thisconvention,ratherthanthestandardconvention,
thatof projectinghighestweightsof anirrepontothehighestweightsof thesubgrouprepresentations[10].

We shall follow the conventionof projectinghighestweightsonto highestweightsfor the subgroup
chain,

E6 3 SO,~x U’1 3 SU5x U~x U’1 3 SU’ x SU~x U~x U~x U’1, (7.1)

which is a conventionfor picking out the E6 roots to be identified with I~and the color changing
operators.Sinceit is relatedto any otherchoiceby a Weyl reflection,the resultsof calculationsbased
on this basis are completelygeneral.The projectionmatricesfor the subgroupchain in (7.1) are [10]:

/0 1 1 1 0 0
1000001

P,(E63 SO10)= ( 0 0 1 0 0 0 ; (7.2)
\o 00110
\i 1 0 0 0 0

/1 1 0 0 0\

P2(S010~SU,) ( 0 0 1 0 1 ); (7.3)

1 1 0 0/

/0 1 1 0\ J
P3(SU,3 SU~x SU3)= (1 1 0 0 ). I’ (7.4)

\o 0 1 1/
[also(6.7)]

The elementsare always nonnegativeintegerswhen following the highestweight to highest weight
convention.TheU, factorsarein theCartansubalgebraof E6,andthereforecorrespondto axesin theroot
space.Thoseaxesareidentified in table19,alongwith thecolorrootsandtheweak isospinroot. Tables20
and21 containthecolorandflavor contentof the78 adjointirrepandthe27.Thecalculationis thesameas
wedid forSU, andSU3in section6,exceptin addition,moreattentionis paidto thesubgroupstructure.As
an exampleconsidertheroot (1 —11 —11 0), which is projectedonto(—1 0 1 0 0) by (7.2),whichis a
root in the45of SO,~,andcanthenbeprojectedby (7.3)to theSU5weight(—11 0 1),whichis aroot in the
adjoint24.Finally (7.4)projects(—1 1 0 1)to(1)(0 1)ofSU2xSU3,whichidentifiesthe(1—11 —11 0)
rootof E6 asa coloranti-triplet with I~= ~ it is thecharge~,SU, antilepto-diquarkthat mediatesproton
decay.It is asimplecomputationto constructtherestof table20for the78,andalsoto workoutthe27 of E6,
as donein table21.

With theidentificationof thecolorandweakinteractionsof (7.1) andtheconventionsof (7.2), (7.3)and
(7.4),it ispossibleto identify thecolorandweakinteractionquantumnumbersin £6 directlyby computing
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the matrix product,P(E63 SU’ x SU~)= P(SU53 SU~’x SU~)x P(SO,03 SU,)X P(E6 3 SO10). Thus,
theDynkin labels(a?,a~)of SU?anda” of SU~’for an £6 weight(a, a2 a3 a4 a, a6)are, respectively,

a? = a1+2a2+2a3+a4+ a6

a~=a3+a4+a,+a6 (7.5)

a”’= a,+ a2+ a3+ a4+ a,.

The electric charge axis (recorded in table 19) is cern = ~(3 —2 3 —3 2 —2) for E6, is ~em =
~(—2—2 3 —11) for SO,~,and is QC~~= ~(—4 4 —11) for SU,. The correspondingdual axes are,
respectively,QCrn = ~[2 1 2 0 1 0] for E6, 0”” = ~[— 1 0 3 1 2] for~ andQem= ~[— 1 2 11] forSU,.

Therearenumerousothersubgroupchainsfrom E6to U?”’ x SU~,ascanbeseenfrom table18.We now
list the correspondingprojectionmatricesandmakeafew commentson the derivations.

ThemaximalsubgroupSU~’x SU3x SU~is orderedsothat thefirst SU~’containsSU7;electriccharge
hascontributionsfrom the Cartansubalgebrasof both of the SU~’andSU3,

1 1 1 1 10

P4~63SUxSU3xSU?)=(~-~ ~ ~ -~ ~). (7.6)

As anexampleof aconstrainton (7.6), recallfrom theexampleabove(7.5)thattheprojectionmatrixmust
carrythe(1—11 —11 0)rootto(1 0)(1 0)(0 1)ofSU3xSU3xSU~,sincethisroothasI~=~,Qem=~,
andis anantilepto-diquark.Sincethe78 branchesto (5, 1, 1) + (1, 8, 1)+ (1, 1, 8)+ (3, 3, 3) + (3, 3, 3), it is
easyto continuethis procedureand derive(7.6) uniquely.

The othersubgroupprojectionsmustbe consistentwith the two above;however,thereis still some
freedom.A guideto thenumberingof theprojectionmatricesis givenin table50,whereall thesubgroup
chainsareshown.Let usbuild up to thelargersubgroupsof E6, startingfrom SU43 SU~x U,. Depending
on thesubgroupchainin table50, thegeneratorof the U1 factor is sometimesQern, sometimesY”’, and
sometimesjustapart of ~ A convenientchoiceof projectionmatrix is

PS(SU4i SU?)= (~¶~ ~), (7.7)

sothe QCD Dynkin labelsare a, anda2, when SU~is containedin an SU4. Thus,the weights(1 0 0),
(—1 1 0) and(0 —11)give a3” in the4, wherethebottomweight(0 0 —1) is the 1C. In thecasethat QC

generatesthe U, factor, theelectric chargeaxis in SU4is

Qern = —~(00 4), or ~em = —~[1 2 3],

so the4hasaquark of charge—~andachargeonelepton,andthe 6hasacharge~quark andacharge—~
antiquark.The chain SO9JSO83SO73SU4is now studied;here, ~ is requiredto be a generatorin
eachsubgroup.
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The branchingrule for theSO7 7 into a 1 + 6 of SU4 mustgive a neutralleptonfor thesinglet; the 8
branchesto 4+4,andthechargesof the 15 statesin 7+8mustcoincidewith thoseof a family. Subgroup
chainswith SO7may be relevantfor analyzingsymmetrybreaking.A convenientprojectionis

010

P6(S073 SU4) = 1 0 0 (7.8)
011

andthe electricchargeis

cern = —~(00 4) or ~em= —~[2 4 3].

The deviationof P(SO83 SO7) requiresthe sameforesightmentionedfor table 36; if the 16 of SO9
branchesto the8. +8~of SO8,thenthe8. (or8~)mustbranchto 1 +7of SO7, sothe 16 of SO9 branchesto
1+ 7+ 8. The choiceof projectionis

/0 0 0 1\
P7(SO83 SO7)= ( 0 1 0 0 ), (7.9)

\1 0 1 0/

with

oem=_~(20 20), or Oem_~1[343 2].

The projectionfor S093SO8 can then bechosenas

/1 0 0 o\
P8(S093 SO8)= ( ~ ? )~ (7.10)

\o 0 1 0/

with

~em= —~(20 0 2) or ~em= —~[3 4 5 3].

Thecolorweightsof SU?,givenin termsof theSO9weights(a, a2 a3 a4), arederivedfrom theproductof
projectionsPS(SU43 SU~)x P6(S073 5U4x P7(S083 SOT)x P8(S093 SOS) to be, simply, a? = a2 and

= a3.
We maynow derive the projectionsfor E6 3 F43 SO9andF43 SU3x SU~,which mustbe consistent

with theprojectionfor SO,~3 SO9.TheprojectionmatrixP(E6J F4) (with thebranchingrule 27= 1 + 26)
annihilatesthreeweightsof the27 in giving the singletandthetwo zeroweightsof the26. Thoseweights
mustbeamongthecolorsinglet,electricallyneutralweightsasidentified in table21. Sincethe 16 of SO,~
branchesto the 16 of SO9, which has no zero weights, P(E63 F4) must annihilate (1 —10 1 —1 0),
(—101—100)and (01—1010).

There are additional constraintsin this derivation: the consistencyrelationsP(E63 SU3X SU?)=
P(F43 SU3x SU~)x p(E63 F4) and P(E6 3 SO9)= P(F43 SO9) X P(E63 F4) = P(SO103 SO9)X
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P(E6 3 SO,~), and the conventionthat the generatorsof the first SU3 in the chain E6 3 F43 SU3x
SU~arethe sumsof the correspondingSU’x SU3 generatorsin P4. We may then orient thecolor in F4
accordingto [10]:

/0 0 1 1\

P9(F43 SU3)< SU~)= ~ (7.11)

1110

P,O(E63F4)= (~¶~ ~ ~). (7.12)

Thus,thecolorandflavor contentof the F4weightscanbeidentified andP(F4 3 SO9)can be obtainedby
matchingup the correspondingweights:

P,,(F43 SO9)=(i~~~ (7.13)

FromF,, P4, andthe quantumnumbersof the SO9weights, it follows that

/—i —1 —2 —1 —1\

P12(S0103 SO9)= ( ~j ~ ~). (7.14)

\ 0 —2 —2 —1 —1

The Dynkin labelsfor SU~3 F4 are

a? = a,+2a2+a3+ a4
(7.15)

a”2 = a1+ a2+ a3,

andtheelectric chargeaxis in F4 is

~em = ~(—2 —2 4 2) or c”” = ~[0 2 3 2].

Theprojectionfrom SO,~to SU~X SU2X SU4 can nowbeidentified from the quantumnumbersfrom
the otherSO,~subgroupchain andP,:

/0 0 1 11
10 0 1 00

P,3(SO,03 SU~’x SU2x SU4)= ( 1 1 1 0 1 . (7.16)
\ 0 1 1 10
\—i —1 —1 —1 0
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If the generatorsof theSU2in S093SU2x SU4areidentified asthesumof the SU2generatorsin P13,we
obtain

P14(SO93 SU~x SU4)=(~~~ (7.17)

The lastof theSO10 subgroupsis SU2x SO7,whereweassumethattheSU2is generatedby thesumof the
SU~X SU2generatorsin P,3. FromP, andP6 we thenobtain

P15(S0103 SU2x SO.,)=( ? ~ j), (7.18)

wheretheSO7containsapieceof Y”’. Notethat sincethe10 of SO,~branchesto (3, 1) + (1,7)of SU2X SO7,
the 7 hasa charge—~ quark,andconsequentlycern cannotbecompletelycontainedin SO7the SU2is
generatedby the sumof the correspondingSU2generatorsin SO~~3 SU’ X SU2X SU4.

Finally, weexaminethe subgroupchainsbeginningwith E63 SU2x SU6.TheSU~’maybetheexplicit
SU2,or it maybeburiedin theSU6.In theformercasethe SU6containsSU?andtheisoscalarpartof QCtm;

thenthe SU? maybe embeddedin SU6 so that the colorDynkin labelsare a? = a, and a = a2, with
6= 1C + 1~+ ~C + 3C of SU~.Then27= (2,6) + (1,15)is theappropriatebranchingrule sinceit contains(2,3C)

for (u, d)L, andnot (2, 3C):

1 1 1 1 1 0

P~6(E63SU~xSU6)=( ~ ~ ~). (7.19)

The weakhyperchargegeneratesa U, in SU6 with axis Y”’ = ~[12 3 0 3]. It is alsopossiblethat SU6
containsSU, (with 6= 1+5), where SU, containsSU~x U~’x SU~as embeddedbefore. Then the
branchingrule shouldhavetheform 27=(2,6) + (1,15)soit contains5+ 10; theprojectionmatrixcanbe
chosento be

0 0 —1 —1 0 0
—1 —1 —1 —1 0 —1

0 1 1 1 0 1
P16(E63~SU2x SU6)= 1 1 1 0 0 0 ‘ (7.20)

0 0 0 1 1 0
0 0 1 0 0 1

wherethe projectionof SU6to the standardSU, basisis
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/0 1 0 0 0

P17(SU63 SU,)= ( ~
0 0 0 1 (7.21)

The E6 3 SU2X SU6branchingrule in table49 is basedon the convention,27= (2, ~) + (1, 15).
In the embeddingE6 3 SU2X SU6 with the SU~X U’~X SU~containedentirely in the SU6, SU6 can

breakdownto colorby two differentsubgroupchainsbesides(7.21): SU63 SU~’x U, x SU4, whereSU4
containscolor;andSU63 SU’ x U~’x SU~,whereSU~isthesameSU~identifiedin P4(E63 SU’ X SU3X

SU~).The projectionmatricesare

/0 0 1 1 0

P SUW SU” —

18 6 2 4 — (7.22)

/0 0 1 10
W U”—’ —

19 6 3 3 ~J ? (7.23)

Finally, SU, containsSU4, andmaintainingconsistencywith P,(SU43 SU~),weidentify

/1 1 0 0\
P~(SU53 SU~)= ( 0 0 1 1 7 24

\o —1 —1 —1/

whereSU~containsU?
tm.

Thiscompletesall theconnectionsof thesubgroupdiagramshownin table50.Someapplicationsof these
projectionsareconsideredin section9.

It is instructiveto checkexplicitly the effect of theseprojectionson the weightsof an irrep of E
6.

Althoughthereisonly oneembeddingof U?
tm X SU?in £6, therecanbeseveralinequivalentembeddingsof

somesubgroupsbetweenthem.For example,the 10 of SO,~breaksup into 1+ 1+1+7 of SO
7 in

SO,03 SU2x SO7, but is brokenup into 1+1+8 in the chainSO,~3 SO93 SO83 SO7,anddescribedby
the productP7P8P12.The differencein the branchingrules indicatestwo inequivalentembeddings.As
anotherexample SU4 can be embeddedin SO9 with 9= 1+4+4 (SO93 SO83S073SU~)or as
9= 1+ 1+1+6 (SO93 SU2 x SU43 SU4).Thelatteris aregularsubgroup,but the formeris special.The
maximalgroup-subgrouppairs inside E6 aremarkedexplicitly in table50.

Let us beat this problem to death with an example (insisted on by somebody).Considerthe
(1 0 0 0 0 0)weightof E6,whichprojectsto (0 0 0 0 1) of the16of SO~oby F1, to (0 1 0 0)of the 10 of
SU, by P2, andto (1)(1 0) of SU~’X SU~by P3. Thus,the (1 0 0 0 0 0) is uniquelyidentified as the E6
weightof acharge~quarkwith 17= ~andcolor (1 0). This is consistentwith P4 (by construction),which
gives (1 0)(0 0)(1 0) of SU7x SU3x SU~,whereP(SU73 SU7)= (1 0). The F4 weight from P,0 is
(0 0 0 1) in the26,whichgives(1 OX1 0)of SU3x SU~,and(—11 0 —1) of the16of SO9by eitherF,,or
P,2. In theSO93 SU2x SU4 projectionP,4 acting on (—11 0 —1) gives(1X1 0 0), consistentwith the
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branchingrule, 16= (2,4)+ (2,4). In the other subgroupchain that goes through SO9, P8 acting on
(—11 0 —1) becomesthe(—11 —1 0) of the8, of SO8P.,on (—11 —1 0)becomesthe(0 1 —2) of the7
of SO7, whichby P6 becomesthe (1 0 —1) weightof the6 of SU4.

Returningto the(0 0 0 0 1)SO,~weight,wefind it projectedto (1)(0 1 —1) of SU2x SO7byPi,,where
(0 1 —1) projectsto (1 0 0)of SU4by P6,which is requiredby theconsistencyconditionP,~,P12 = P6P,,. By
F13, (0 0 0 0 1) is projectedto (1)(0)(1 0 0) of SU7x SU2x SU4, consistentwith the SU2 in SU2x SO,
being generatedby the sum of the correspondingSU7x SU2 generatorsin SU7x SU2x SU4. The
projectionof the (0 1 0 0) of SU, onto an SU~weight by F,.,, gives (1 0 —1), which is in the 6. (The
SU~C SU,coincideswith theSO,~3 SO93SO8J S073SU~chainsince5+ 10= 1+6+4+4 of SU4thus
wehavechosentheF, sothatP,.,,P2= PJ’7P8P,2.FinallyP6 on (1 0 0 0 0 0) is (1X1 0 0 0 0) andP,6on
(1 0 0 0 0 0) is (OX—i 0 1 0 0),with (—1 0 1 0 0)giving (0 1 0 0)of SU,,(IX1 0 0)of 5U7x SU4,and
(1 0)(1 0) of SU7x SU?. Let’s go on to anothertopic.

Thissectionconcludeswith an outline of amethodforcalculatingthevector-coupling(VC) coefficients
for groupsas large asthoserequiredfor unification [62].The VC coefficientsarematrix elementsof the
unitarytransformationbetweenthe Hubert-spacebasis r,A,) r,.A2) of the direct productr, X r2 andthe
vectors r,A,) of the irreps occurring in the reduction of the product, r, x r,. = ~, r1 each spaceis
dim(r,)x dim(r2) dimensional,so the weightA implicitly carrieslabelsneededto distinguishdifferent
vectorswith thesameweight.Otherlabelsare neededif a given irrep occursseveraltimesin r, X r2,but
thosetoo areleft implicit. The VC coefficientsaredefinedby the transformation,

r3A,)= ~ r,A,)Ir2A2Xr,A,; r,.A2Ir3A3), (7.25)
A1A2

where(r,A1 r2A2Ir3A3) is nonzeroonly if r3 is in thetensorproductr1 X r2 andif A3 = A, + A2.Sincethisis a
unitarytransformation,the VC coefficientssatisfythe orthonormalityconditions,

~ (rAjr,A1 r,.A,.)(r,A,; r2A2lr’A’) =
A A2

~ (r,A,; r2A2JrAXrAXrAIr1A; r2A~)= ÔAIA8A2A2, (7.26)

wherer andr’ are in r1 X r,. andA is aweight in r. Theright-handsidesof (7.26) shouldbe multiplied by
functionsof the additionallabels,which areoften chosento be deltafunctions.

There are methodsin the literature for computingthe VC coefficients.For example,Wybourne’s
“building up principle” involvesworking backandforth betweenthe 6-j symbolsof H andthe isoscalar
factorsof 03 H [11],startingatSU2or SU3andbuildingup to somelargegroupof interest;building upto
E6 throughaphysicalsequenceof maximalsubgroupscan betedious.Sometimes,especiallyif the particle
statesareidentifieddirectly in termsof weightsof therepresentationof thelargegroup(asdonein section
6), it is theVC coefficientthatis desired(that is, theproductof theisoscalarfactors)andnot the individual
isoscalarfactorsthroughsomesubgroupchain.Anyhow,theisoscalarfactorsfor 03 H can becomputed
by “dividing” theVC coefficientsof 0 by thoseof H. Thatrelationshipis often useful,soweinterruptthe
main discussionfor a momentto reviewit.

ThecrucialtheoremrelatingtheVC coefficientsof 0 andH(G3 H) to theisoscalarfactorsis theRacah
factorizationlemma[64],which follows from the Wigner—Eckharttheorem.Let g, be an irrep of 0 with
weightsA; the VC coefficient to befactoredis (g,A,; g2AzIg3A3). The branchingrule for g into irrepsh, of
H C 0 is g = ~, h, so a stateIgA) can berelabeledas Jh,(g)FA),whereP P(G3 H) is the weight-space
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projectionmatrixsoFAisaweightin theirreph of H,andforsimplicity, theembeddingisarrangedsoh,(g)
is justoneirrepin thebranchingrule.In caseswhereagivenirrepoccursseveraltimesin thebranchingrule,
this choice of basis for degenerateprojectedweights is not always possible,which meansthat the
factorizationis not alwayscomplete.The Racahfactorizationlemmastatesthat

(g,A,; g2A,.Ig3A3>= ~ (h,(g1); h,.(g2)~h3(~g3)Xh,PA,;h2PA2jh3PA3), (7.27)
deg

wherethesumon “deg” isoverthedegeneracyof h3 in thebranchingrule g3 = ~, h,,, (h,(g1);h2(g,.)1h3(g3))is
the isoscalarfactor, and(h, PA,; h,. FA2Ih3 PA3) is aVC coefficientfor H. It shouldnowbeclearhowthe
isoscalarfactorsarecomputedby “dividing” aVC coefficientfor g, x g23 g3 by onefor h1 x h2 3 h3 for an
appropriateweight.

ThemethodforcomputingtheVC coefficientsdescribedhereis a“trivial generalization”of thestandard
methodusedfor SU2, wherethe loweringoperatorJ_ = J1_ + J2_ is appliedagainandagainto the states,
beginningwith thestateof highestweight IJ~+ 12,11+12) = L/,, 1~)12, 12), whichisuniqueupto aphasechosen
to be +1. Thematrix elementsof J_, which areneededfor this procedure,arewell known:

(j,m —1IL[/,m)=+[(j+m)(j—m +1)11/2;

the conventionthat all the matrix elementsfor any irrep of .L arenonnegativeshouldbe noted.The
calculationthen relies on the fact that the generatorsof a groupdo not mix irreps. of course,so it
immediately follows that LIj, + 12, j, + 12) = +(2j1 + 212)1/211,+ 12,1, + 12— 1), and the VC coefficients
(j1, Ii — 1; 12, 121/i + /2, j, + 12— 1) = fj,/(j, + j~)]’~ and soon, follow completewith normalization.Since
therearetwo linearlyindependentvectorswith weightj1+ 12~1, thereisan orthogonalvectorbelongingto
the highestweight of anotherirrep, the Ii + 12— 1 irrep in the product j, X J~.Thus, anotherphase
conventionis needed;in the Condon—Shortleyphaseconvention,the minussign is attachedto

(11,),— 1;12,12111+12- 1,j, +J~—1) = —[121(11+12)],

whichthensetsall thephasesfor therestof the/1+/2— 1 statesin j’ X j,.. Thenextlevelis reachedby acting
againwith J_; if thedimensionalityof theproductspaceof someweight increases,anewirrep enters,and
thephaseconventionsareagainneeded.Wignerwasableto sumtheiterationsof all theseformulasforSU2
andgive a general(but complicated)formula for the VC coefficients.

Preciselythe sameprocedurecouldbe usedfor largersimplegroups,if we only knewwhich lowering
operatorsE_,. touse,hadaphaseconventionfor (r, A — aIE_aIrA), andcouldsetup thephaseconventions
when irrepsof the tensorproductof r, X r2 appearin E_,,(Ir,A1)Ir2A2))that arenot in Ir,Ai)Ir2A2). In fact,
someof thesegeneralizationscan be madequitesimply.

The weightdiagramof an irrep is systematicallyobtainedby subtractingfrom the highestweight the
linearly independentsimple rootsin the mannerprescribedin section6; thusthe VC coefficientscan be
calculatedusingonly the matrix elementsof E, = ~ wherea is a simpleroot. Moreover,it is not self
contradictoryto definethephasesof all nonzerovaluesof (r, A — a, IE, IrA) to bepositivefor all irrepsof G
[65]; eq. (4.3) determinesthe matrix elementsof E, actingon a stateof weight A in termsof the scalar
productof a, andA, whichis simplythe ith Dynkin label of A, a,, andthematrix elementof E, at thenext
lower level:

(r, A — a,IE,JrA)= +[a, + (r, AIE,Ir, A + a~)
2]”2. (7.28)
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(This expressionis not adequatewhen thereare degenerateweights; also a, should be replacedby
a1(a,,a.)/2whentherearebothlongandshortsimpleroots.Equation(7.28)shouldbeviewedasschematic
[62].)Asafirst trivial applicationof (7.28),notethatthematrixelementsof theloweringoperatorsdenoted
by their simplerootsandarrowsin table11 forboththe16 of SO10andthe27of E6areall + 1.Theremaining
phaseconventionsconcerntheappearanceof thehighestweightof anewirrepaftertheapplicationof E, at
somelevel; it iseasilyputinby handin theexamplesbelow.Foranextensivecalculationin alabeledbasisof
VC coefficientsof SU3, see [66],andfor SU4, see [67].

Thefirst exampleis familiar, can bedonein full detail,but is not completelytrivial. It is tocomputethe
VC coefficientsfor 6x 3=8+ 10 of SU3.Thematrix elementsof theloweringoperatorsin the3,6,8and10
irrepsareshownin table51,wheretheloweringoperatorof thefirst simpleroot(2 —1) is denotedE1 and
theloweringoperatorassociatedwith the secondsimpleroot (—1 2) is denotedby E2on theleft-handside
of theline of the statesconnectedby E,, and the matrixelementcomputedfrom (7.28)is placedon the
right-handsideof the line. It is not alwaysnecessaryto work out theweightdiagramsfor theirreps in the
reductionof r, X r,., but theyareconvenientforobtainingthenormalization(andtherebycheckingtherest
of the calculation),for keepingtrackof whichE, do not annihilateagiven state,for labelingdegenerate
weights,andsometimesfor computingspecific VC coefficientswithout reproducingthewhole table.The
stateswith zeroweightin theoctet,definedasE11(2 —1)) = ‘121(0 0),) andE21(—1 2)) = ‘121(0 0)2) arenot
orthonormal(seebelow).

Considerthe couplingof the highestweights

110(3 O))+16(2 0); 3(1 0)). (7.29)

Thenextweightin the 10 is obtainedby actingon bothsidesof (7.29)with E1 readingthematrixelements
from table51,

V~I10(11)) = ‘1216(0 1); 3(1 0))+ 116(2 0); 3( 11)). (7.30)

Thevectorwith highestweightof the8 is orthogonalto 110(1 1)), whichcompletelydetermines18(1 1)) up
to anoverall phase:

\/318(1 1)) = 1J6(0 1); 3(1 0))— V~I6(20); 3(— 11)).

This is the lastphaseconventionneededfor the6 x 3 calculation.Occasionallyit is helpful to beautifythe
resultsinto a table; for example,a traditional formatis

(01) (20) 6
6x3 (11) (1 0) (—1 1) 3

(7.31)
10 i/Vi
8 iiV~ -V~7~

but we shall not botherwith suchnicetieshere.
The nextlevel of VC coefficientsareobtainedby applyingE1 andE2,respectively,first to 110(1 1)) and

then to 18(1 1)):
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V~I10(—12)) = 16(—2 2); 3(1 0))+‘1216(0 1); 3(1 1))

\‘3110(2 —1))\/216(1 —1); 3(1 0))+116(2 0); 3(0 —1)) (732)

\/318(—1 2))= \/216(2 2); 3(1 0))— 116(0 1); 3(—1 1))

v’~I8(2—1)) = 116(1 —1); 3(1 0))— v’~I6(20); 3(0 —1))

Orthonormalityprovidesa goodcheckon this arithmetic.Fromtable51, thelowering operationsto the
nextlevel are:E, andE2canacton I10(—1 2)), andE2 I10(—1 2)) mustagreewith E,l10(2 —1)), sincethere
is onlyonevectorwith (0 0)weightin the10;accordingtothe$weightdiagramE218(—1 2)) andE,18(2 —1))
lead to zero-weightvectorsthat arelinearly independent.Thesefour statesare, respectively,

Ii0(—3 3)) = 6(—2 2); 3(—i 1))

v’~I10(O0)) = 16(—1 0); 3(1 0))+ 16(1 —1); 3(—1 1))+ 6(0 1); 3(0 —1))
(7.33)

V~I8(00)2) = 216(—1 0); 3(1 0))— 6(1 —1); 3(—1 1))— 6(0 1); 3(0 —1))

V~I8(00),)= 6(—1 0); 3(1 0))+ 16(1 —1); 3(—1 1))— 216(0 1); 3(0 —1)).

Thereasonfor pushingthecalculationthisfar (besidesemphasizingits simplicity) is to makeexplicit the
fact that the simple root subtractionproceduredoesnot alwaysleavethe VC coefficientsfor degenerate
weights orthogonal to one another, since the simple roots are often not orthogonal. In the 8,
(8(0 O),18(0 0)2) = ~.However,thiswouldseemto beasmallpricefor theadvantagethattheVCcoefficients
canbecalculatedin termsof the Dynkin labeledstatesfor any simplegroup,withoutan explicit choiceof
basisthrough somesubgroupchain.The exampleof 27 x 27 in £6 will exemplify this point.

It shouldbe notedthat, whentherearemanyroutesin the weightdiagramthat leadto a degenerate
weight,as happensin compositeirreps,theweightdiagramis not trivially lifted to Hilbert space,because
thereisambiguityaboutthebestroutesto labelthedegenerateweights.(Thismaybeahelpfulrestatement
of thelabelingproblem.)Thesimplestexamplewherethisproblemcanbefoundis in thecalculationof the
SU3 VC coefficients for 6X 3= 15+3 in the Dynkin basis. (Of course the calculation of theseVC
coefficientsistrivial usingthe SU2X U1 labeling,butthewholeobjectof thismethodis to avoidadetailed
selectionof subgroupstructurefor the labeling.)
— Asa final examplethat alsodoesnot involve the labelingproblem,considerthe VC coefficientsfor
27X 27 27,+ 351~+ 351aof E6thiscalculationwasdonein asingleafternoonby J. Paterainourfirsteffort
to applythe abovetechniques.Thehighestweight is in the351’, so all VC coefficientscoupling27x 27 to
351’ arepositive.If the351’ weighthas±2and0 entriesonly, VC = 1; if themultiplicity of the351’ weightis
greaterthan1, whichmeansthe_multiplicity is 4 andtheweighthasthesameentriesasaweightin the27,
VC = ~ andotherwiseit is 1/V2,including manycaseswherethe weightincludes0, ±2.and±1.TheVC
coefficientsfor the351 are±~if the351weightmultiplicity is greaterthanone(i.e., it is 5 whentheweight
coincideswith onein the27), andotherwiseit is ±iiV~ thesignsaresuchthat351is antisymmetricin the
27x27basis.TheVC coefficientsof the27 arearrangedsymmetricallyin 27x 27,andareall of magnitude
iiVio. Computationof theremainingphaseis left asanexercise[62].Displayingtheansweris notastrivial
as it is for small irreps of SU2, SU3 or SU4.
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8. Largergroups

Section7 is a guideto E6 andits subgroupsthat arelargeenoughto containU? x SU~.A numberof
modelsbasedon largergroupshavebeensuggested;thissectioncontainsabriefintroductionto theirreps
andtensorproductsof E7,£8, SU8,SO,4,SO18andSO22,andsomeaspectsof andquestionsabouttheories
basedon thesegroups.

Themaximalsubgroupsof theexceptionalgroupsE,andE8 arelisted in table15.A short list of irreps,
tensorproducts,andbranchingrules for E~is foundin table52 andfor £8 in table53. The notationis the
sameas followed in section7. The irreps of E7 fall into two congruenceclasses,dependingon whether
a4+ a6 + a7 isodd(pseudoreal)oreven(real);thereisonly onecongruenceclassfor theirrepsof E8.(Recall
table 12.)

Amajorobjectionto £7 andE8is thattheyhaveself-conjugateirrepsonly, soit appearsto takeadetailed
analysisof thesymmetrybreakingto determinewhethertheflavor-chiralcharacterof theweakinteractions
is recoveredin the low-energylimit. As an example,supposea single family of left-handedfermions is
assignedto a 56 of E1 [56= (0 0 0 0 0 1 0)]. Thefermionmassof a singlefamily is symmetrybreaking,
since(56 X 56),hasno E., singlet.TheE6 X U1 contentof the56is 27+27+ 1+ 1. If thelow-massfermions
arein the27,thenthecorrespondingstatesin the27mustac~iremuchlargermasses,atleast17 0eVfrom
thee~eresults,butnot toolargesincethosemassesiii 27 x 27musthaveI~I”’I= ~components,andmasses
aboveafewTeVwouldindicatestrongcontributionstotheweakinteractions[68].(Seeref. [69]for moreon
E7 models.)

Separatingthemassesof suchconjugatepairsis aproblemin anyvectorliketheory.Sofar,thelargermass
of the“wrong-handed”doubletsandsingletshasbeenblamedon thedetailsof thesymmetrybreaking,but
it is not clearatthis timewhat requirementsmustbesatisfiedfor a vectorliketheory to reduceto a chiral
weak-interactiontheory at low energies.A nice solution to this problemwould open Pandora’sbox,
becausemanymoregroupswould becomelikely candidatesfor unification.For example,apositiveresult
wouldmakeit conceivablethattheLiealgebrapartof somefuture attractivetheoryis vectorlike.Sincethe
generalizationof Yang—Mills theorieswill probablybeapproachedin aconstructivefashion,thisproblem
deservesmoreanalysis.

Perhapssomeinsight will be gottenfrom a careful analysisof E~.Not only is E8 mathematically
intriguing, but it hassomepossiblephysical interest,sinceits fundamentalirrep 248 is alsoits adjoint
(fermionsare assignedto adjointsin someYang—Mills theorieswith global supersymmetries[70])and,
moreover,thereis anembeddingof colorandflavorwherethe248canaccommodatethreeor fourfamilies
of quarksandleptons[50].Thebranchingrulesof the248to irrepsof themaximalsubgroupsSU3x £6 and
SO,6aregivenin tables15 and53.[Whenanirrephasnotappearedin aprevioustable,it is listedas(Dynkin
highestweight)r.] Thesesubgroupscontain a commonrank 8 subgroupSU3X U, X SO,~,which is a
maximalnonsemisimplesubgroupof E8derivedby removingtheappropriatedotfromtheDynkin diagram.
Eithergoing through SU3x E6 or SU4x SO,~,the branchingrule to SU3x SO,oX U, irreps is

248= (1, 16)(3)+ (3, 16)(—i)+ (1, ii)(—3) + (3, 16)(1)+ (3, 10)(2)

+(~,10)(—2)+ (3, 1X—4) + (3, 1)(4)+ (8, 1)(O)+ (1,45)(0)+ (1, 1)(O), (8.1)

wheretheU, generatoris in parenthesisandcolorandflavor areembeddedin SO,,,asdescribedinsection
6; the explicit SU3is a family groupin this example.

In orderfor the248to beflavorchiral atlow energies,boththefermionsandtheir antifermions(whenthe
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antiparticleexistsatlow energy)areassignedto the(3,16) + (1, 16). It maybehelpfultostudyCandCP for
E8, following the formalismof section6, in formulatingthe massproblem.

The CF operationin £8 is thereflection of thegroupgenerationsthat leavesan SO,6CE8 invariant.As
always,CF reversesthe signsof all weights,andin this case,it is an innerautomorphism.Fromtable 17,
SO1,, and SU2X E7 are the only two symmetricsubgroupsof E,,, and the reflection leaving SU2X E~
invariant flips the signs of just four elements of the Cartan subalgebra of E,,. Thus
therearejust two candidateschemesfor defining C andP; in termsof the(3, 16)fermionicsectorof (8.1),
theyare:

C, —

(3, 16)L )(3, 16)L (3, 16)L

~ L ~ cP:i_ 1 (8.2)

(3, 16),, (3, 16),,

Scheme1 Scheme2

whereC’ leavestheSO,6invariantandCleavesSU2x E7invariant.ThusP’ in scheme1 simplyexchangesL
andR, but P in scheme2 exchangesL andR andhasanontrivial actionon theE8weights.(C andP each
leavean SU2 x E~invariant,but the productCP leavesSO,,, invariant.)

Themorephysicalcandidatefor C appearsto bescheme2, whereCcommuteswith theSU3,U1 andone
of the SO10 Cartansubalgebrageneratorsof SU3x U1 X SO,~C£7, and anticommuteswith the same
membersof theSO10Cartansubalgebraasthe C for SO,,,describedin section6. PerhapsCor C’ playsan
importantrole in classifyingand analyzingthe possiblesymmetry breakingpatterns.For example,C’
conservingmassesmatch(3, 16) to (3, 16) (andso on) in avectorlikefashion,while C conservingmasses
match(3, 16)to itself (andsoon). C conservationatsomelevel seemsto helpobtainaflavor chiralbreaking
pattern.The analysisdoesnot endhere,sincethe neutrinomassproblemalsoneedsconsideration;the
JW = 0 andI~I~vl= ~breakingtermsmayalsohavedefiniteCproperties.TheC in (8.2) iscloselyrelatedto C
in the£7 flavor chiral models,which is discussedin moredetail in section9.

Thereis anotheraspectof C propertiesthat deservescomment.Often researchersmakeup rulesfor
giving fermionmassesat variousstagesof thespontaneousbreaking:the mostpopularis that at a given
stageall singlet combinationsget masses.Thismaybesensiblein chiral theories,but it is adisasterin E8,
wherealready(248x 248),hasasinglet.Therulesmustbemodifiedforvectorliketheories,perhapstostate
thatthe nonzeromassesareonly thosesingletsthatconserve(or violate)the Cpropertiesin a particular
way. The E8 singlet violates C of (8.2),while conservingC’. Thesefragmentarycommentswill have to
sufficehere.

Somehopesandshortcomingsof extendedsupergravitywerebriefly describedin section3. (Alsosee[47]
for a review.) In the traditional interpretation,the elementaryfields of N = 8 extendedsupergravity
transformas representationsof SO~andareidentifiedwith the elementaryparticles.The helicity 2 field
transformsas an SO8 singlet,andis identified with the graviton;helicity ~as8~= (1 0 0 0), helicity 1 as
28= (0 1 0 0),helicity~as56,., = (0 0 11),helicity0 as35.+ 35~= (0 0 0 2)+ (0 0 2 0),andthenegative
helicitiesastheappropriateconjugates.Tables36and37reviewtheirrepsandtensorproductsof SO8.If the
SO8is gauged(thevectorbosonsdotransformcorrectly)andif SU?iscontainedin thisSO8,thenthelargest
possibleflavor groupis U, x U1, andthe chargedweak interactionscannotbe mediatedby elementary
gaugeparticles.Theelementaryfermionsectoralsohasproblems:besidesbeingvectorlike,thereis room
for only two charge—1 leptons;the e, ~ andT cannotall betreatedas elementary.A gaugecoupling of
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about 1/50 implies a cosmologicalconstantsohugethat the universeshouldbe 10~°cm in diameter,a
predictionneedingchangeor reinterpretation.EitherN = 8extendedsupergravityappearsirrelevantasa
physical theory, or this interpretationis wrong. The theory is attractiveenough to attempt other
interpretations[48].Speculationsaboutthe interpretationarebasedon hiddensymmetriesof the global
N = 8 Lagrangian;CremmerandJulia foundit to havea hiddenSU8 local symmetry[71].

The crucialconjectureis that the kinetic energytermsfor the vectorbosonsassociatedwith a formal,
local symmetryaregenerateddynamically.For example,in certaintwo-dimensionalfield theorieswith
hiddensymmetries,thepropagatorsof the currentsof thosesymmetries,which areatleastbilinearin the
fundamentalfields, do acquire poles in the quantumfield theory [72]. Thus, the currentsbecome
dynamically generated,compositegauge particles. The generalizationto the N = 8 supersymmetry
currents,whereall particlesshouldbegaugeparticles,wasconjecturedin ref. [48];thecompositeparticles
areidentifiedwith the supercurrents.The compositeparticlesof eachhelicity fall into representationsof
SU8. Thehelicity —~ statestransformas a8 = (0 0 0 0 0 0 1), the helicity —1 as63= (1 0 0 0 0 0 1),
helicity —~ as 216=(O 1 00 0 0 1), helicity 0 as 420=(00 1 0 0 0 1), helicity ~ as 504=
(000 1 00 1), helicity las 378=(O000 1 0 1), helicity ~ as 168=(00000 11), helicity 2 as
36 = (0 0 0 0 0 0 2), andhelicity~as8 = (0 0 0 0 0 0 1), plus CPTconjugates.Thisspectrumisoverly
chiralandleadsto anomaliesandothernonrenormalizablediseases.Thus,SU8mustbebrokenat, say,the
Planckmassto somethingsmaller,for example,SU, or SU,x SU3. Some speculationson the symmetry
breakdownandtheeffortsto makesenseout of thisspectrumarefoundin ref. [48];theSU8representation
theory, tensorproducts,andbranchingrulesarelisted in table 54.

We concludethis sectionwith a brief introductionto yet anotherclassof models,intendedto unify
the family structurewith color andflavor, in which fL is assignedto a simplecomplexspinorof SO4fl+6
(n is numberof low-massfamilies): SO14 hastwo families in the 64-dimensionalspinor; SO,8hasthree
families in the 256, andSO22hasfour familiesin the 1024.The vectorbosonsin. SO4,,+6aredivided into
the setsin SO~_4x SO,0, where the SO,~is generatedby color and flavor and SO4~4containsa
gaugedSU~family group[14],andthebosonsthatmix family with color andflavor. The grouptheory of
SO~4is reviewedin table55, of SO,8 in table56,andof SO22 in table57.Therearemanyregularitiesin
the tablesthat shouldnot haveto be mentionedexplicitly.

Even if such ungainlygroupsappearfar fetched,the systematicsof the massesandmixing anglesof
the families could havewide generality.In order to give anotherexample of the power of Dynkin
diagrams(and raisesomemore questions),we showthe initial stepsin setting up the massmatrix for
SO,8.

Let usbreakup SO183 SO8x SOS,,,whereSO,,,containsthe usualcolorandflavor SU7X U~x SU~.
If it is supposedthat SO18is brokento SO,,x SU7x U7 x SU~at somelargemassscale,andthe SO8 is
brokento its maximal subgroupSU~x Sp’~at somesmallerscale,then it is conceivablethat the Sp~,if
unbroken,may be confining andhavea scaleparametermuch largerthan the onein QCD; Sp’~is the
extendedcolor group(or “color prime” or “technicolor”) in this theory.Thenit is usuallyassumedthat
00 boundstates,whereQis a fermion carryingthe Sp,charge,do the weakbreakingin thesekindsof
theories[73].(We shouldnot lean too heavily on thisbreakingscenario,becauseevenif it doessurvive
certain criticisms [74],we haveno simple exampleto support it.) We assumethat the fermions with
nonzero Sp~chargesare much heavier than the ordinary quarksand leptons.Most of the important
physicsissuesstill needto be faced, evenwith theseassumptions,andwe don’t faceanyof them here.
The discussionbelow is intendedas examplesin manipulationthe Dynkin notation.

The 256 of SO18 has the SO,,x SO,~branchingrule 256= (8,, 16) + (8~,16); the nine-by-nineSO8X
SO~~projection matrix can beselectedas



R. Slansky, Group theory for uniflcd model building 63

100000000
010000000
001000000
001222211

P(SO,83 SO8x SO,0)= 0 0 0 0 1 0 0 0 0 (8.3)
000001000
000000100
000000010
000000001

which is derivedfrom the branchingrule, 18 = (8,, 1)+ (1, 10) andthe conventionsof section7. This is a
regularsubgroupembedding.

The embeddingof SU~x Sp~in the SO,, can be derived from the branching rules, 8, = (2,4),
8, = (2,4), or 8, = (3, 1) + (1,5). The choice that 8, hasthe “different” branchingrule is analogousto
similar conventionsmadein section7. The projectionmatrix is

/1 2 1 0\
P(S083 SU~X S~4)= (1 0 1 0 ). (8.4)

\o 1 0 1.1

The weightdiagram of the 4 of SP4 is (1 0), (—11), (1 —1), (—1 0) andthe 5, which is the vector of
SO5 Sp4, is (0 1), (2 —1), (0 0), (—2 1), (0 —1). SU2x Sp~,is a specialsubgroupof SO,,.Therearetwo
weightsin the8. that projectto the sameSU2X Sp4weight.Specifically,onelinearcombinationof states
with weights(—1 0 1 0) and(1 0 —1 0) of 8, is thezeroweightin (3, 1) andthe orthogonalcombination
is the zero weight in (1,5). Clearly, the full analysisof the massmatrix requirescomputingsome
vector-couplingcoefficientsusing,for example,the techniquesin section7; the I’, = 0 family in the 256
is a linear combinationof stateswith differentweights.For example,the (0 0 0 0 1) SON, quark is a
linear combinationof the stateswith weights(—1 0 1 —1 0 0 0 0 1) and(1 0 —1 0 0 0 0 0 1).

This situationdoesnot occur in the SO14 model,but it is too small for phenomenologyanyhow.In
the embeddingSO,43 SU~x SU~,.x 5010, which is a regularsubgroup,the 64 branchesto (2, 1, 16)+
(1,2, 16). It doeshappenin SO22, wherethe embeddingof SU~x Sp~in SO1,.is special.Thespinor 32’
for SO12 is arrangedto branchto (3,6)+ (1, 14’) [14’= (0 0 1)], so that the 16’s of SO,,,,which occurin
1024 as (32,16) + (32’, 16), all carry extendedcolor. The 32 thenbranchesto (4, 1) + (2,14) [the weight
systemof the 14 is (0 1 0), (1 —11), (—1 0 1), (11 —1), (—2 2 —1), (2 —1 0), (0 0 0), (0 0 0), and
the negativesof the 6 nonzeroweights] and the (±1)(O0 0) weights occur in both of the SU~x Sp~,
irreps in the branchingrule of the 32.

Fromtheprojectionmatricesfor SO~~andSO,0, it is easyto derive the dualcoordinatesof the roots
andaxes.They are

2I~=[121000O00] -c
a~=[lOlO00O0O] a2=[00000111O]
ã~=[0 11 2222 ii] 21’=[O 00000 111] (8.5)
ã~=[0000 111 0 1] 3Qem=[0 000 —1 0 3 1 2].

Thus,the quantumnumbersof an SO,8weightcan be immediatelyidentified.
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Writing down the 256 weightsof 256 is tedious,but the calculationcan be focusedon the 64 weights
that arerelevantfor the low-massfermions.Theordinary low-massquarksandleptonsarecontainedin
the (3, 1, 16) of SU~x Sp~x SO10 andthe heavyextendedcoloredobjectedarein (1,5, 16) and(2,4, 16).
If Sp~x SU~x U~

mis conserved,each extendedcolor, color, andelectric chargesector is decoupled
from the othersin the mass matrix, and the (3, 1, 16) can be analyzedby itself. This then requires
extractingthe 48 states,andfor that, we needto find the relevant64 weights.

Let us find the four SO,,,weightsthat contributeto the Sp’~singlet,charge~quarkswith SO
10 weight

(0 0 0 0 1). EachSO,,,weight thenhasthe form (a b c d 0 0 0 0 1), so the SO,,X SO1,, weight from
(8.3) is (a,b,c,c+2d+1)(0 000 1), andtheSU~xSp’4weightfrom(8.4)is(a+2b+c)(a+c,b+c+
2d + 1). The SP4weightmustbe(0 0), so c = —aand2d = a — b — 1; thus,I~= b. The I~valuesare+1,
0 and —1. For b = 1, a = 0, sincean SO2,, spinorneverhasa weightwith Dynkin label ±2.Theweight
of this state is (0 1 0 —1 0 0 0 0 1). The I~= —1 statehasweight (0 —l 0 0 0 0 0 0 1), and the
weightsfor the I~= 0 statesare(1 0 —l 0 0 0 0 0 1) and(—1 0 1 —1 0 0 0 0 1), theformer giving
the (1 0 —1 0) andthe latter giving the (—1 0 1 0) weightof the 8, of SO,,.

Let uscomparethiswith the traditionalway of computingthe weightdiagram.From(5.2), andwith
R = [16,30,42,52,60,66,70,36,36](table 10), we find the level of (0 1 0 —1 0 0 0 0 1) to be 11 (it is,
with this information, easy to see that the simple roots subtractedfrom the highest weight are
a9+a8+2a7+2a6+2a,+2a4+a3),of (0 —1 0 0 0 0 0 0 1) is 15, of (1 0 —1 0 0 0 0 0 1) is 13,
andof (—1 0 1 —1 0 0 0 0 1) is also 13; sincethe 256 is quite broadby level 15, it takessomewriting
to obtain all thoseweights.The restof thecalculationis simply amatterof subtractingthe SO,0weights,
with a, = (0 0 0 —1 2 —1 0 0 0), a,.= (0 0 0 0 —1 2 —1 0 0), etc.,wherethe only changefrom the
procedurein table 11 is the first S

0~osimple roots,which affectsa
3. The projectionworkedout in table

21 showsthat the charge —~ antiquarkswith SU~Dynkin labels (—1 0) are (0 1 0 1 0 0 —11 0),
(0 —1 0 1 0 0 —11 0) and the I~=0 weights are (1 0 —11 0 0 —11 0) and (—1 0 1 0 00
—11 0).

This procedurecan becarriedout for otherstatesof the 16. The weightsof the massmatrix elements
can then be derived and their transformationpropertiesanalyzed,but such analysesrequire more
knowledgeaboutthe symmetrybreakingthanwe havehere.

9. Symmetrybreaking

Our purposein this section is to analyzeYang—Mills theorieswith a representationof (effective)
spinlessfields *~(r),transformingas r, with componentsthat acquirevacuumexpectationvalues (4(r))
that break the symmetry group 0 to a subgroupH. We then give somesimple applicationsto the
analysisof variousmassmatrices.Let us beginwith somegeneralcomments.

Since Yang—Mills theoriesareconstructedon Lie groupsandrely in essentialwayson the structure
of Lie groups [2], it might be possible to classify the candidatesymmetry breaking directionsin the
Hilbert spacefor r without detailedstudy of specific symmetry breakingmechanisms.This would be
fortunate,becausethe origin and determinationof (4(r)) (given r) is not completely specifiedin the
Yang—Mills formalism(exceptfor very specialchoicesof r). If, for example,the symmetry breakingis
doneby the Higgs mechanism,then (4(r)) dependson the arbitraryparametersin the Higgs potential,
andthe symmetry breakingpatterndoesalso; in presenttheoriesthey areevaluatedphenomenologic-
ally. The Higgs potentialis a fourth order,invariant polynomialin 4(r) (although radiativecorrections
bring in higher-orderinvariants)that hasits absoluteminimumat a non-zerovalueof (~(r)).The usual
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approachto symmetry breakinghasbeento minimize the Higgs potential (or an effectivepotential),
that is, solve for (4i(r)) in termsof thoseparameters,thenfind the subgroupsthat leave(i~(r))invariant
for various values of the parameters.Finally the desiredsubgroupis selected,which usually leaves
(4~(r))invariant for a rangeof parameters,and theparametersareadjustedwithin that rangeso various
massesagreeas well as possiblewith experiment [75,76]. When ambiguities arise, they are often
resolvedby looking at the radiativecorrections[77,78]. If accuraterelationsamongthe parametersare
neededphenomenologically,it is importantto checkwhetherradiativecorrectionsmodify them [46].In
any event, the ultimate goal of the calculation is to determine(~(r))and the subgroupH C0 that
leaves(~(r))invariant,where(q5(r)) minimizesthe Higgs potential.

Let usdwell on the Higgs problema moment longer.The minimafor manyclassicalpotentialshave
beenfound. L.-F. Li alreadystudiedmanycaseswith r irreduciblein 1973 [75].His approachwas to set
up a canonical form for 43(r) (which reducesthe numberof variables,but often requiresforesight),
substituteit into V(43(r)),andthenexplicitly minimizeit. Thisapproachwasextendedby Rueggandhis
collaboratorsto anumberof caseswherer is reducible[76]. The algebraiccomplexityof thisprogram
grows rapidly with the complexity of the representations,since essentially, it requiresminimizing a
function in a dim(r)-dimensionalspace,but it doeshavethe advantageof beingterribly explicit. It is
alsoadequatelypowerful for somecasesof physicalinterest.However,therearedifficulties that suggest
“explicit Higgsism” may not account for all the symmetry breaking. For example, consider the
minimum of the Higgs potentialfor the 5+5+24 breakingof SU5. The parameterscan be chosenso
(43(24)) breaks SU5 to SU’ x U~’x SU~_in order to agree with experiment, (43(24)) must have
magnitude of order l0’~GeV. The 5+ 5 breaks SU~x U~’to U?”, where (43(5)) is of order
3000eV. This breaking pattern holds for a range of parameters,but, unfortunately, the huge
ratio l(43(24))I/I(43(5))I is maintainedover a tiny range of parametersonly; it requires that the
renormalizedcoefficient of the (43t(5) 43(5))(43t(24) 43(24)) term is tiny, evenmuch smaller than the
several ioop radiative corrections.Thus, the radiative corrections to the parametersin the Higgs
potential tend to obliterate huge mass ratios, unless that coefficient is carefully chosen (in an
“unnatural”fashion)so its renormalizedvalueis nearly zero.This predicamentis called the “hierarchy
problem” [46].

The technical problemsand dilemmasof explicit Higgsism will not be discussedfurther here;
dynamicalsymmetry-breakingmechanismsthat can resolvesomeof thesedifficulties are not discussed
either.Instead,we give an introductorygroup theoreticaldiscussionof the possiblebreakingdirections
that ageneralclassof breakingmechanismscan give. Of coursewe areguidedby the Higgs problem,
where(43(r)) is determinedby minimizing an invariant function of 43(r). Becauseof the parameter
dependenceof the minimum, the most generalansweris a list of subgroupsH for the (43(r)) that can
minimize someclassof invariant functionsof 43(r). Specifically, we expectthat any realistic breaking
mechanismis determinedby a symmetry breaking direction that minimizes a nontrivial invariant
function of 43(r). Let usrestatethe problemmoreformally.

For agroup0 andrepresentationr of 0, we want to find the componentsof r that can extremize
nontrivial invariant functionsof r, and then to find the subgroupsof 0 that leave each of these
componentsinvariant. If we can do so, then finding the breaking direction is reducedto a one-
dimensionalproblem, which can be solved by substituting each candidateanswerinto the specific
function to minimized, andselectingthe minimum.

L. Michel hasconjectureda solutionto this problemin thecasethat thefunction is a Higgspotential
andr is real andirreducible,or r = r’ + F’ wherethe irrepr’ is complex[15].Thepresentationhereof his
resultsis intuitive andnot quite as generalmathematicallyas is possible;the readershouldrefer to [15]
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and[79]for referencesandproofs.His conjecturedoesnot coverthe breakingof thegroupof aunified
model, which mustbe done by a reduciblerepresentation.However, thereis reasonto speculatethat
Michel’s conjecturecan be formulatedto coverall possible“realistic” breakingschemes.An algebraic
(or geometrical)solution to the symmetrybreakingproblemwould be attractive.Unfortunately,some
conditions(not necessarilysatisfiedfor an arbitrary Higgs potential) should be satisfiedbefore such
solutionscan be guaranteed.

The Michel—Radicatitheoremson symmetry breakingmotivatethe aboveconjectures[80]. They are
restatedherein asomewhatrestrictedform in termsof a Yang—Mills theory basedon the simplegroup
o with a representationof (effective) spinlessfields 43(r) that breaks0 to H by an effective Higgs
mechanism,in the simple case that r is a real irrep or a self-conjugatepair of complex irreps.
(Irreducibility is not an essentialrequirement of the theorems,but it is essential for Michel’s
conjecture.) The vacuum value (43(r)) is a point (or ray) in the Hubert space of r, which is a
dim(r)-dimensionalspace.The Michel—Radicatitheoremsconnectpropertiesof the spaceof (43(r)) to
the subgroupsH leaving (43(r)> invariant,andto theexistenceof stationarypointsof invariant functions
of 43(r), suchas a Higgs potential.Specifically, their theoremsrelatea subsetof thosesubgroupsto the
existenceof stationarypointsof thefunctions. (Of coursethe realproblem is to relatestationarypoints,
or more specifically the extrema, of the function to the subgroups,which is the converseof the
theorems.)Let us first statethe theorems,completewith new jargon,andthendefinethe new termsin
detail.

(1) If H C 0 is a maximal liffle group of r, then the (43(r)) that are invariant under the trans-
formationsin H arein a closedstratumof the dim(r) space.

(2) If (43(r)) is in aclosedstratumof the dim(r) space,then (43(r)) is a stationarypoint of some(or in
somecases,all) smoothreal invariant functionsof 43(r). (This theorem will be restatedbelow more
completely.)

The largestsubgroupof 0 that leavesa nonzero(43(r)) invariant is calledthe little group(or stability
group)of (43(r)), H; the generatorsin 0/H do not annihilate(43(r)>. As (43(r)) goesthroughall possible
directionsin the dim(r) space,the correspondinglittle groupsgo overa subsetof the subgroupsof 0.
For eachlittle group,the branchingrule of r into irreps of H musthaveat leastonesinglet: r= 1+
H is a maximal little group if thereis no (43(r)) in the dim(r) spacewith little group H* satisfying
03 H* 3 H, where, of course,H and H* both havebranchingrules of the form r = 1 ~ In this
problemwe hold the length l(43(r)>I fixed, andvary its direction only.

It is worthwhilerepeatingan elementarybut importantpoint: the embeddingof the little groupsof r
in G can be specifiedby the branchingrule for H C0 as r = 1+ ~ or the branchingrule for some
other faithful irrep of 0. Just as for the maximal subgroups,a little group of a given namein some
instancescan haveseveralinequivalentembeddingsin G. For example,E8 hasthreeinequivalentSU2
maximalsubgroups;therearelessacademicexamplesin symmetrybreakingproblems.

The total list of little groupsoften includesmany of the subgroupsof 0, rangingfrom maximal or
nearly maximal subgroupsdown to nothing. Of coursesomeof thesebreaking patternsmay not be
possiblefor a given irrep in aYang—Mills theory: if r doesnot haveenoughdegreesof freedomto give
massesto all thebosonsin 0/H, thenthatbreakingis excluded;andmoretrivially, if r hasno singletsin
some(nearly) maximal subgroup,that subgroupis never the unbrokenYang—Mills theory after the
symmetry breaking.The group theoreticalsolutionto the symmetry breakingproblemkeepstrack of
bothof thesefeaturesof a Yang—Mills field theory.

Next, we examinethe relation of the little groupsto the regionsin the dim(r) spaceof the (43(r)).
SupposeH is the little group of (43(r)>. The subgroupconstructedfrom gHg’, whereg is a trans-
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formation in 0, is isomorphicto H; since the gaugefreedom of G allows (43(r)) to be transformedto
4(g~43(r)>(4(g) is the matrix representationof g on r), this transformationmakesno changein the
physicalcontentof thetheory.The“line” tracedout in thedim(r) spaceby 4(g)(43(r)>for all g iscalledthe
orbit of (43(r)). Exceptin afewspecialcases,theorbit coversonly partof thedim(r) space.(Recall(43(r)) is
of fixed length.)

Next we gathertogethersetsof orbits into strata.Let us examinethe little groupof a point in the
dim(r) spacethat is an infinitesimal distanceaway from the orbit of (43(r)), askingwhetherthe little
grouphaschanged;if it hasnot changedup to aconjugationof the little group,that orbit belongsto the
samestratum as (43(r)). Thus, the dim(r) spacecan be divided into strata,which are distinguishedby
their little groups.

Oneof the most interestingcharacterisiicsof a stratumis the natureof its “edge”, whetherit is open
or closed in the topological sense.An orbit is in a generic stratum if thereis an orbit within every
infinitesimal distanceof eachorbit (that is, the stratumis open),so the boundaryis itself in a different
stratum,which is closed.Actually, the boundaryorbit of agenericstratumis in a stratumwith a larger
little group. This statementcan be tightenedup considerably:if the little groupof (43(r)) is a maximal
little group, then (43(r)) is in a closedstratum,which is the first theoremabove.

It may be helpful to usethis languageon a trivial situation. Let the little group be the set of
reflectionsx+a+~—x+athat leavesV(x)=x2 invariant.For a�0 the little groupis “nothing”; the
intervals (strata)a� 0 are open. At the boundarypoint a = 0, which is a “closed stratum”,thereis a
twofold reflection symmetry x4-*—x. This illustratesthe first theorem.The featurethat V(x) is also
minimum at a = x = 0 correspondsto the secondtheorem.The featurethat thereare no otherminima
correspondsto the Michel conjecture.

The secondtheoremrelatesthetopologicalcharacteristicsof the edgeof thestratato theexistenceof
stationarypointsof invariant functionsof 43(r). Theorem2 abovecan bebrokendown into severalcases
[80]. Let the magnitudeof (43(r)), which is the second-orderinvariant of r, be fixed. Michel and
Radicattithen prove that:

(1) No higher-orderinvariant of r hasan extremumon an orbit in a genericstratum.(However,
functionsof invariantsmay have extremain genericstratawithout the individual invariantsbeing
extreme.)

(2) If thereis only oneorbit in a closedstratum(calleda critical orbit), then all realsmoothfunctions
of the invariants of r are stationary(i.e., dV(43(r))= 0 for any V(43) at 43(r)= (43(r))). Orbits small
distancesaway from a critical orbit havesmallerlittle groups.

(3) If thereis morethan oneorbit in a closedstratum,any function of the invariantsis stationaryon
at leasttwo orbits (a relativeminimumandmaximum),andfor any given orbit thereis somefunction of
the invariantsthat is stationaryon it.

Let ussummarizethe line of argumentjust followed: H is amaximal little groupimplies (43(r)) is in a
closedstratum,which in turn, implies that V(43(r)) is stationaryfor (43(r)> on someorbit in that stratum.
This line of argumentis converseto the oneneededfor minimizing theHiggs potential,wherethe little
groupsshould be determinedby minimizing V(çb(r)). Michel shows [15] for a specialcasethat the
converseis, indeed,true: If V(43(r)) is a 4th orderHiggs potentialandr is an irrep or a conjugatepair
of complex irreps, then the little group of any (43(r)) � 0 that minimizes V(43) is maximal. When
extendedto includeradiativecorrections,we call this the Michel conjecture.

Thisconjectureis probablynot obviousto manymodelbuilders,becausetherearesomepopular,but
trivial counterexamples.If the Higgs potentialdependsonly on the secondorder invariant 43~43,then
(43(r)) of fixed magnitudemayhavenonmaximallittle groups.For example,octetbreakingof SU

3 with
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a reflectionsymmetry84-* —8 classicallybreaksSU3to SU,.x U, or U1 x U,. Evenwithout thereflection
symmetrythe adjoint 78 can breakE,, in the classicalHiggs problemdown to (U1)

6. However,the value
of theminimumof V((43(r))) is thesamefor all subgroups(afterall, V(43(r)) dependsonly on (43(r))!, so
it is constant),and it is necessaryto examinethe radiative correctionsto makea choice.After the
quantumcorrectionsarecompleted,the only remainingstationarypointsdo havemaximal little groups.
(Theconcernthat V(43(r))may haveadditionalminima can beseenfrom studyingan SU

3invariantsixth
order functionof the8 of theform (82_ a)

2 + (8~— b)2 theratio of c
3/c2atthe minimumdependson the

coefficients,andsoit is arbitrary. (c, is the ith order invariant.)Only for aspecialvalueof the ratio is the
little groupSU2x U,; otherwiseit is thenonmaximallittle groupU, x U1 [81].)Ofcourse,renormalizability
restrictsthepotentialto 4th order,so thisexampleis academic.However,it makesit clearthat theMichel
conjecturecouldbewrong: extremevaluesof V(43)canbedueto extremizingthefunctionor to extremizing
theinvariants.Theevidenceis that,for aHiggspotentialplusradiativecorrections,the extremevaluesof
V(43) resultsfrom extremizingthe invariants(not thefunction), so Michel’s conjectureholdsfor casesof
physicalinterest.

The symmetrybreakingpatternsderivedfrom Michel’s conjecturecoincidewith thepatternsderived
by explicitly minimizing Higgs potentialswith radiative corrections.Thus, the list of maximal little
groupsgives a completelist of possibleminima of the Higgs potential.This list gives as completean
answer as possible, at least until thereis a theory for the arbitrary parametersin the (effective)
potential.Whenthereis, theminimumcan befoundbysubstitution.It mustbenoted,however,thatthere
may besomemaximal little groupsof (43) that cannotminimize a Higgs potential.For example,adjoint
breakingof SO2~±,yieldsSO,.,,_,x U, or SU,, x U, only, dependingon parameters[75],wheretheother
maximal little groupsaremerelystationarypoints.

A few examplesof the aboveprocedurewill establishits simplicity in applications;the answersto
well-known problems and many new ones can be obtained with essentially no work.
Oneof the prettiestexamplesis single adjoint breaking;it is easyto verify the following rule [82]:each
maximal little groupof the adjoint irrep of 0 is foundby removingonedot from the Dynkin diagram;
the group of the resulting Dynkin diagram times a U, factor is a maximal little group. [Recall the
discussionbelow (6.10).] (To get a completelist of maximal stability groupsthis procedureshould be
repeatedfor each dot in the Dynkin diagram of 0.) Thus the 78 of £6 can break it to SO,oX U,,
SU2x SU5x U1, SU,.x SU3x SU3 x U,, or SU6x U1. As mentioned before, in the Higgs problem
without radiativecorrections,thepotentialdependson the invariant 43t(7$) 43(78) only, so the minimum
doesnot dependon direction; the symmetrygroupof V(43) is SO783 E6 until quantumcorrectionsare
included.However,theone-loopcorrectionsbringin higher-orderinvariants;for amodelwith adjointsof
scalarsandvectors,SO,0x U, is the stability groupof the absoluteminimum[78].

As anotherexample, SU,, can be broken by n+ ii to SU,,_, only, since n hasno singletsin other
subgroupsof SU~that arenot alsosubgroupsof SU,,_,.Similarly, n breaksSO,, to SO,,_,.Thebreaking
of SO,,,by 16+16is a quite nontrivial Higgs problem.The singlet of the 16 in SU5 is alreadyfamiliar,
where16 = 1 +5+ 10 and 10 = 5+ ~.There is anothermaximal little group, which can be foundby the
chainSO,,,3S093S083SO7with 16= 1+7+8ofSO7andlO=1+ 1+8.ClearlySO7withrank3isnota
subgroupof SU5:eitherlook attable14or notethattherearenocandidatebranchingrulesof the5of SU5to
irreps of SO7. The numericsof otherconceivablebranchingrules of the form, 16= 1+~~., of other
maximallittle groupsareclearlyimpossible,ascanbeseenfrom table14 andarudimentaryknowledgeof
theirrepsof thosesubgroupsof SO,~or their subgroups.Sothecompletelist of maximallittle groupsof the
16+ 16 of SO,0areSU5 andSO7. Michel’s conjectureyields the samelist of breakingpatternsas explicit
Higgsism [76]. —

Finally, considersome£6 examples.The maximal stability groupsof 27 + 27 are SO,0 and F4 all
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othersingletsof 27 are in subgroupsof SO,0and F4. The 351’+ 351’ [351’= (0 0 0 0 2 0)] hasmore
maximalstability groups:SO,o,F4, Sp,,, SU3, SU2x SU4, and 02. This examplemakesit clear that all
the maximal subgroupsare of interestfor a completeanalysisof symmetry breaking, so the more
lengthy tablesof ref. [57] are indispensable.The shortcomingof our tables, that they are restricted
mainly to physicalembeddingsof colorandflavor, is partially rectified in table58, wherethe branching
rules to the irreps of all the maximalsubgroupsof the first few irreps of eachsimplegroupup to rank 6
are listed.The readershould enjoy finding little groupsof otherirreps; a long list will appearin [16].

Therearea numberof candidateextensionsof Michel’s conjectureto reduciblerepresentations,but
without a statementof the physical constraintson the symmetrybreakingin unified models,they may
appear rather ad hoc. Without some restrictions any little group appearspossible, including
nothing. As anotherexample,if a strictly maximal little group is requiredso that the singletsof the
different irreps are“lined up” as well as possible,then£7 andSO,0cannotbe brokento just QCD and
QED. BesidestherearemanyHiggs-modelcounterexamplesto sucha stringentrequirement.(Seeref.
[76],or considerthe algebraicallytrivial exampleof 3+3+8breakingof SU3 with 8*-~—8 symmetry,up
to dimension4 terms,andnonzerovacuumvaluesof (3,3) and(8,8). SU3 is then brokento either SU2
or U,, dependingon the sign of the 3(82),3invariant,where(82), is coupledto the 8 in 3 x 3. Apparently,
proper attention must be paid to the “mixed” invariants, made from different irreps in the Higgs
problem,soattentionto this is requiredin general.)

A possiblemethodfor finding the little group in the reduciblecasecan be physically motivatedas
follows. Considera two representationproblemwith r, + r2 (or fields 43(r,) and43(r2)), wherer, andr2
are eachreal irreps or complex-conjugatepairs of irreps of 0. (Generalizationto moreirreps will be
obvious.) Since it is likely that the breakings (43(r1)> and (43(r2)) are due to different physical
mechanisms,thereis no reasona priori to believe that the vacuum valueshave the sameorder of
magnitude.(Themasshierachiesrequiredfor unified modelsto beviablesupport thisviewpoint.)Thus,
the symmetrybreakingshouldbe treatedsequentially,not simultaneously,with (4,(r,))>(43(r2)).

The first breaking can be analyzedby Michel’s conjecture:(43(r,)) breaks0 to H,, whereH, is a
maximal little groupof r,; r2 is brokeninto a sumof irrepsZ r,., of H1, whereeach r2, is areal irrep of
H, or a complex-conjugatepair. At first sight, the sequentialpicture doesnot seemto help, sincethe
nextproblem, that of breakingH, to H,. by the reduciblerepresentation~, r21, looks like the original
problem.However,at massscalesmuchbelow (43(r,)) the effectiveLagrangianwith symmetryH, and
spinlessbosons~.,43(r21)in aneffectiveHiggs potentialstill knowsaboutthesymmetry0. For example,
the invariantsof r2 breakup into specific sumsof the invariantsof H,. In many cases,the nonzero
componentof (43(r2)) is in only one r,., of H,, so that H,. is a maximallittle group of r,.1. This proposal
correctly reproducesthe symmetry breakingpatternsof the Higgs potentialsthat havebeen solved;
however,(43(r,)) can be movedfrom its orbit in an H2 invariant direction,so althoughthe groupH,. may
be correct, (43(r,)) is no longer invariant under H,. Thus, the feature that the subgroupswork out
correctly could bea coincidence[83].

A simpleexamplewill illustrate the conjectureand its difficulties. Reconsiderthe 3+ 3+8 of SU3
problem. If the 3 breakingis first, its maximal little group is SU2 only. Then,with S= 1+2+ 2+3 of
SU,., the final possibilitiesare SU2, U,, andnothing. In the otherorder,8 can break SU3 to SU2 x U,
with 3= 2(—l)+ 1(2). The3 then breaksSU2X U, to SU,.or U,. Only in the caseof SU2 do boththe~ 82

3 and383 invariantshavestationarypoints(the stationarypoint of the 383invariant is a saddlepoint);
in the other two casesonly the 3 823 is stationary. If thereis the notion of a critical orbit in the
reduciblerepresentationbreaking case, it seemsto require the breaking directions of the various
representationsto line up as well as possible.However,at least in thisexample,the Higgs mechanism
can selectothercases,sothe notion of acritical orbit is not as attractiveasfor the irreduciblecase.Even
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with theseconcernsin mind, it is interestingto apply the rule to casesthat havebeensolvedexplicitly.
Theaboverulescanbeusedto rederiveratherquickly thebreakingpatternsof then + n + n + fl of SU,,,

whichbreaksit toSU,,_,.;then+ nof SO,,,whichbreaksit toSO,,,.;then+ n + a~j~intof SU,,,whichgives
the long list in ref. [76].Thereadermightenjoycheckingtheir answerfor 16 + 16+45 breakingof SO,0.

As afinal simple example,considerhowfar the difermionsin aone-family£7 modelwith fL = 27 can
break E6 alonLthe chain, SO1,,3 SU53 SU,.X U, X SU~3 U?

tm X SU~.The difermions are spinless
bosonsin (27x 27),= 27+ 351’. Thereexist vacuumvaluesin the 351’ that can break £6 to SU,.x U, x
SU~,with avacuumvaluein the 27 completingthe physicalbreakingchain,up to additional U

1 factors.
However,ourquestionis, is thereaHiggspotentialthatcando this?In fact, thiscomplicatedHiggsproblem
hasbeensolvedbyacomputerprogramwritten byStechandcollaborators[8],andtheirpreliminaryresults
arethat E6 canat bestbe brokento SU,.x U1 x SU~.

As statedbefore,the maximal little groupsof the 27 areSO,~and F4, andthe maximal little groups
of the 351’ areSO,,,,F4, Sp8, 02, SU3, andSU,.x 5U4. (In the last case,the branchingrule of the 27 is
(2,6)+ (1, 15).) Thus, it is clear that the greatestflexibility is gottenif the 27 does the first breaking.
Thenthe351’ breaksup into 1+ 10+ 16+54+ 126+ 144of SO10.The 126can breakSO,~to SU5, andthe
144 can break it to SU2x U, x SU~.Thus,U?

tmx SU~is not a solution of 27+ 351’ breaking.Further
explorationandapplicationof thesetechniqueswill notbedescribedhere;theyareplannedto bethetopics
of [16].Also, family physics andotherefforts to be morerealistic arenot discussedhere.

Exploitation of the correspondencebetweenweight spaceand Hubert spaceof an irrep greatly
simplifies representationtheory, and if one is willing to selecta basis for the embeddingof flavor and
color in G, this correspondencecan often be usedto simplify greatlyexplicit calculationsin Yang—Mills
theories.For example,there are severalinterestingcaseswhere the concept of symmetry breaking
direction in weightspace(in addition to theHubertspacedirection)is useful, andcanbeusedto analyze
the breakingby directly computing the vector-bosonmassmatrix. The generalityof this procedureis
vindicatedby the aboveanalysis;wediscussthisin moredetail now.

The vector-bosonmassmatrix of a Yang—Mills gaugetheory with local symmetry0 can be obtained
in the lowest-orderapproximationto the Higgs symmetry-breakingmechanismoften in a very simple
way once the vacuum expectationvalues of the spin zero fields are known. Its group theoretical
structureis abstractedfrom the term in the Lagrangian,(D

4~~43)t D”43, whereD,. = a,. — igA Ta, Ta ~5a
representationmatrix of the scalarfields, and(43(r)) = 43~is a setof constantfields in theunitary gauge
correspondingto the spontaneouslybrokenvacuumstateof the quantumfield theory.The massmatrix,
obtainedfrom (D,.43~)tD

M43,, = M°6A,.aA~is often written in the notation,

= g2(43~),(T_a)ij (Tb)pc (43~)k, (9.1)

where (T,,)~
1is the ij matrix elementof the ath generatorin the representationr to which the spinless

fields are assigned,so a = 1,..., N(adj) and i = 1,..., N(r). Ta is a laddermatrix with root a, so
(T4)t= T_a. Thenotation in (9.1)is ratherschematic,since, i, j, k areweightspluswhateverotherlabels
areneededfor the representationvectors.In a moreexplicit notation (Ta)11 = (r, AIXaIr, A’>, whereXa
is the generatorwith root a, andthe matrix elementof Xa is nonzerowhenA = a + A’. SinceHermitian
conjugation(or ci’ conjugation)reversesthe signsof theweightof a field andtakesr to F, (9.1) maybe
written,

= g

2~43~(F, A”) (F, A”IX_aIF, —A) (r, AIXbIr, A’) 43~(r,A’). (9.2)
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This notation hastheadvantageof making it explicit that 43~(r,A) is a tensoroperatorand 43~(F,—A) is
an adjointtensoroperator,with 43~(F,—A) = phasex (43~(r,A ))t~

In the (classical) Higgs model, (9.2) is evaluatedby computing the vacuum values 43~(r,A) by
minimizing the Higgspotentialfor somechoiceof the parameters,andthendiagonalizing(9.2) to find
the vectorbosonmasses.Thelittle groupis determinedby theeigenstatesof (9.2) with zeroeigenvalues,
or, equivalently,by the setof transformationsleaving43~(r,A) invariant.We now look at somespecial
caseswherea choiceof basis makesthe analysisof (9.2) easy.

Therearecaseswhere the massmatrix is greatlysimplified if thedefinition of a tensoroperatoris
substitutedinto (9.2).A tensoroperatorT(r, A) is definedby the commutationrelations,

[Xa,T(r, A)] = ~ (r, A’IXaIr, A) T(r, A’), (9.3)

andthe adjoint of the operatorchangesweightswhenactingon kets by —A. Thus (9.2) maybe written

without lossof generalityas [84]

(M2)~= — g2 ~ Tr{[X_a, ~(F, —A)] [Xb, 43~(r,A)]}, (9.4)

which is a convenientform in caseswhere43~(r,A) is easilyexpandedasa polynomialof thegenerators.
Of course,thesimplestcaseis adjoint breaking,where43~is just a generator.

Supposethat r is theadjoint of G and43~(r,A) haszeroweight,so that 4,,, canbeexpandedin terms
of thegeneratorsin theCartansubalgebraas

(9.5)

the axis definedby [e,,.. . , ë
1J is the symmetrybreakingdirection in weight space,asis now shown. If

(9.5) is substitutedinto (9.4), alongwith thecommutationrelation (4.2) ([H1, Ea] = aiEa, wherea is a
root), then(9.4) becomes

(W),,~,= g
2Trt(~aiëi) X_a (~b~e,)Xb } = g2 Sab (~eta

1), (9.6)

wherean obviousnormalizationconventionon thegroupgeneratorsis usedin the last step.Note that
~ a1c1 = (c, a) is a scalarproduct in weight space,so themass is proportionalto theprojectionof the
weightof thevectorbosononto thesymmetrybreakingaxis c; no bosonin theCartansubalgebragetsa
massby this breaking.

We usethis result to answerexplicitly andquickly, can24 adjoint breakingtakeSU5 to SU2x U1 x
SU3. The breakingmustbe in theCartansubalgebrasincethe rank of the two groupsis thesame.An
affirmativeansweris requiredby the “dot removingprocedure”,soit mustbepossibleto find a vectorc
that doesso.Any adjoint breakingmust leavethegluonsmassless.Thus c mustbe perpendicularto the
color roots, identified from theactionof (7.4) on theroots in table9 to be (1 0 0 1), (11 —1 0) and
(0 —111). Thus, ë musthavetheform [a, b, a + b, —a]. For thebig r = 0 breaking,c must also be
perpendicularto theI~root (—1 11 —1), so a = —2b.Thusë is proportionalto [—21 —1 2] andc is
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proportionalto (1 —1 1 —1). Themagnitudesof (c, a)forthelepto-djquarkrootsareequalandnonzero;
thisgives anexplicit representationof the breakingof SU5 to SU2x U~X SU, by the 24.

It is easyto carry out theanalogousanalysisfor adjoint breakingof E6. Thebreakingdirection must
be perpendicularto the simplecolor roots,(0 1 0 0 —1 1) and(0 —1 0 0 11) (seetable20), so

e=[—c d a b d 0], (9.7)

where the embeddingof color and flavor follows the conventionsof section7. If, in addition,c is
perpendicularto the I~root, as is necessaryfor the very largecomponentsof the I” = 0 breaking,the
big breakingB hasthe form

ca b c 0]. (9.8)

The vector-bosonmasseigenvaluesare thenparameterizedin termsof a, b andc; the scalarproductsof
B with the rootsarelisted in table20.

Threeof the six vectorbosonsassociatedwith the Cartansubalgebraof E6 must acquirea massby
othermeans,sincethe adjoint breakingaloneleavesall six massless.The weakbreakinghasI~Iwi= ~, so
its E6 weight is nonzero.Nonzerocomponents43~(r,A) with A nonzeroalso contributeto the massof
bosonsin the Cartansubalgebra.

Let ussupposefor simplicity that thereis a 43,,(r) on an orbit with a 43,, that is nonzerofor just one,
nondegeneratevalue of A. The portion of (M

2)O
6 referring to the Cartan subalgebrais usually not

diagonal,but the part for the bosonscorrespondingto the nonzerorootsis diagonal,sincethe nonzero
roots arenot degenerate.In this simplecasethe sumsin (9.2) reduceto

(M
2)ab = g8,,

6[~(r,A + aiXair, A> 43,,(r, A)f
2+ (F, —A + aIX,,IF, —A) 43~(F, A)12]. (9.9)

The matrix elementsof the generatorsmaybe computedin a stepwisefashionfrom (4.2a),as discussed
at the endof section7. Considerthe simple yet useful casewherethe A for which 43,, is nonzerois an
“extreme” weight. An extremeweight is onewherefor any root a, if A + a is a weight, A — a is not.
From (9.9) it is clear that if neitherA + a nor A — a is a weight, then Maa = 0; it is always true that
(A, a) = 0 in sucha case.Next, let usselectthe sign of root a so that A — a is a weight of r; then

(M2)aa= g2I(r, A — aIX_air, A)J2 143,,(r,A)12 = (A1’2)_a_a . (9.10)

Thevalueof I(r, A — aIX_air, A)J2 is (A, a), which follows immediatelyfrom (r, Air, ~z)= ô~,.,(r, AIX,.= 0,
and[Xa,X_a] = a,I-1

1 cf. (5.1).
Supposethe IMWI = ~ breaking of E6 is due to a single, nonzero, extreme weight, L. Then

~~ernL) = 0, (L, 1’) = ±~, andL is perpendicularto the colorroots,which requiresL to beof the form,

L=[—d,d±1,d+e,e,d±1,0], (9.lla)

or from (4.9),

L=(—3d;1,2d—e±2,d+e~1,e—2d~1,2d—e±2,—d—e). (9.llb)

All the Qern = 0, ~I~J = ~ weights of the 27 (table 21) are of this type; the three candidatesare:
(0 0 0 1 0 —1), (—1 0 1 —1 0 0) and(0 1 —1 0 1 0). A linear combinationof the bosonscoupledto



R. Slansky, Group theory for unified model building 73

Qt Q~and Y’~(seetable 19) getsa massfrom any oneof thesebreakings,so SU~’X U~’X UT, X U’, is

broken to U?” x U, x U,. A bosonwith nonzeroweight, a, getsa mass-squaredcontributionpropor-
tional (L, a).

In the above£6 examples,43,, is in a stratumwhereit can be broughtto a form 43,,(r,A), which is
nonzerofor just oneweight: in the first caseA = 0 andin the secondA ~ 0. Thenthereis a geometrical
interpretationof the bosonmassesas scalar productsin weight space,and it is easyto identify the
maximal little groupsolutionsin termsof thisparameterization.However,thereareclosedstratawhere
the 43,, arenot equivalentto a single-weight43,,(r,A). (Theexistenceof such stratacorrespondsto, in the
classicalHiggs problem,the problemof finding a canonicalform for the vacuumvalue[75,76].) Often
(perhapsalways)43,, in anyclosedstratumcan be broughtto a two weight form 43,,(r,A,) + 43,,(r,A

2), if it
cannotbe brought to aoneweight form. As an exampleof a stratumwherethe canonicalform must
havetwo weights,recall the breakingof SO,0 to SO7by 16 + 16. Here the canonicaltwo-weight form
hasA1 relatedto A2 by thec reflection (seesection6), so C43,,(r, A,) C’ = 43,,(r,A,.). A vacuumvaluein
the 27+27that breaksE6 to F4 hasthe sameproperty.TheseC conservingbreakingstransforma chiral
into a vectorliketheory.Thus the two-weight form of (9.2) maybe irrelevant; it is not recordedhere
becauseit is messy,but easilyderivedfrom (9.2).

We return to the E6 model in order to makea few morecomments.
Supposethe r = 0 breakingbelongsto just one nonzeroweight of the 78. Then B hasthe form

(9.8),furtherconstrainedby therequirementthat(B, Qern)= 0 from QED. Usingtable19,(9.8) isfurther
simplified by the constrainta = b+ c. Note from table 20, though, that the SU5 leptodiquarksthen
remainmassless.In fact, the only nonzeror = 0 weight is (0 —1 1 1 —1 —1), which is left invariant by
an entireSU6. (This would not necessarilybe so for a nonextremeweight,sinceboth termsin (9.9) then
contribute.)Thiswould havethe unwantedimplication of a largeprotondecayrate,sopresumablythe
JW = 0 breakinghasacomponentwith zeroweightorseveralnonzeroweights.If werequirethatB haveone
zero weight, then the big breakingmust transform as a componentof the 78, 650, 2430, 2925, or
higher-dimensional,triality-zerorepresentation.If the fermionsareassignedto triality 1 or 2 represen-
tations,thosetriality zeroirrepsdo not contributeto the fermionmassesdirectly. Consequently,models
with abig I” = 0breakingof zeroweightonly arenot adequate,sincetheydonot solvetheneutrinomass
problem, at least not in the tree approximation.Thus,we concludethat the breakingof E6 is more
complicatedthan thesenaiveguesses.

Supposethat B is due to an explicit adjoint representationof Higgs scalarsalone. The only
independentCasimirinvariantsof E6 areof order2, 5, 6, 8, 9 and12, so the Higgs potentialcan depend
on thelengthof the 78 only, sincethe fourth order invariant is proportionalto the squareof thesecond
orderone.Thus,in the treeapproximation,a, b andc in (9.8) arenot restricted,which is an example
whereMichel’s conjecturedoesnot applyforE6sincethesymmetryis SO78.Theone-loopcorrectionsto the
effectivepotentialselecta = 0 andb = —c, soanentireSO,,,x U, is leftunbroken[78].Thereis, however,
no reasonto believethat, whenthe fermionsandscalars(whichcontributewith theoppositesign of the
vectormassesin theone-loopapproximation)areincluded,theseradiativecorrectionswoulddominatethe
determinationof B. It is evenconceivablethat B is determinedby the weakbreaking.

In simple Higgs modelswith a reduciblerepresentationof scalars,it often happensthat scalarsin
different irreps get vacuumvaluesand,for arangeof parameters,their directionsareperpendicularin
weightspace.(Recallthe SU, Higgs modelwith scalarstransformingas 3+3+ 8.)The weakbreakingin
the standardSU5 model transformsas S+S, or the 10 of theSO~~model,which suggeststhat theweak
breaking L have weights (0 —11 0 —1 0) and (1 0 —11 0 0) of the 27 E6 see table 21. L is
perpendicularto B if a = 2c and b = 3c. If B is in this direction, then it breaks E6 down to
SU’xSU2xU,xU~xSU~.
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We nowcontinuethe studyof the fermionmassterms begunin section2, applyingthe resultsof the
C analysisof section6. Considerthe SO,omodelwith a single family fL = 16. Following the embedding
conventionsof section 7, we identify thephysicalsignificanceof eachof the 45 SOLo roots.The nonzero
color roots are (0 1 0 0 0), (1 0 0 —11) and (—1 1 0 1 —1), and their negatives,and the electric
chargeaxis, properlynormalized,is ~(—2—2 3 —1 1). The action of C on the generatorsis to flip the
signsof theserootsandthe QCrn axis. The remainingequationscan begottenfrom thegenerators,but it
is slightly simpler to study the weightsin the 10: write out the weightsof the 10, computetheir flavor
and color content according to (7.3) and (7.4), and then require that the action of C (an inner
automorphism)on theweightsdo what it mustto color andelectriccharge.It follows that the actionof
C on the SO1,, weightsin the Dynkin basis is

—1 0 0 0 0
0 —1 0 0 0

C(SO10)= 0 0 —1 —1 —1 . (9.12)
00001
00010

Thus C leavesinvariantthe axiswith Dynkin labels(0 0 1 —1 —1), which correspondsto the diagonal
generator(3Y’~+4Qr~101’)/5; C invertstheSU~roots,electriccharge,and2Qr+ Y~W,wherethe yw
axis is ~(—4—1 6 —5 —1).

The action of C on the weights in the 16 is as follows: the u quark weights, (0 0 0 0 1),
(—1 0 0 1 0) and (0 —1 0 0 1) are reflected to the ü weights, (0 0 —11 0), (1 0 —1 0 1) and
(0 1 —11 0), respectively;the d quark weights (0 1 0 —1 0), (—1 1 0 0 —1) and (0 0 0 —1 0) are
reflectedto the d weights,(0 —11 0 —1), (1 —11 —1 0) and (0 0 1 0 —1), respectively;and the e
(1 0 0 0 —1) is reflectedto thee~weight (—1 0 1 —1 0). Finally, the ~L with weight (1 —1 0 1 0) is
reflectedto (—1 1 —1 0 1), whichis the SU5 singlet andis called the (i)L.

The weights of the neutral lepton mass matrix are the sums of the weights of the corresponding
states.Thus, the ~L mass matrix element(P,JMJPL) hasweight (2 —2 0 2 0) with I~rI= 1: It is
reflectedby C onto ((i)LiMI(i~),which hasweight (—2 2 —2 0 2) and is a weak isospin singlet.The
off-diagonalelement(PLIMIIL) andits transposehaveweight (0 0 —1 1 1), IAn = ~,andareinvariant
underC. The neutral-leptonmassmatrix can be written in the form,

i’L

(1—1010) (—11—101)

(1—1010) (2—2020) [(00—111)]

I~nI= 1 Mw! = , (9.13)
(—1 1 —1 0 1) [(00—111)) ~ (—22—20 2)

wherethe [...] signify that the massmatrix elementis reflectedonto itself by C.
The ~ = masshasthe sameweight (0 0 —1 1 1) as theu quark,so it is expectedto havea value

of afew MeV. In orderfor thesmalleigenvalueof (9.13)to bea few eV or less,the IA~I= 0term must



R. Slansky, Group theory for unified model building 75

be huge,andif we ignore the IA~I= 1 term, the massmatrix hasthe form [14],

(,~ ) (9.14)

which hassmalleigenvaluem2/M approximately.Note that (9.14) can be restatedas: the weakisospin
conservingmassviolates Cmaximally, that is, it is odd under C, while the IAn! = massconservesC.
Analogousobservationsfor largergroupsor largerirreps arenot as trivial as theyappearhere.

The secondexampleis lesstrivial: theunifying groupis E
6 anda singlefamily is assignedto a 27.The

27 hastwo charge— ~quarksandtheir antiparticles,so thereis an opportunityto studythe Cproperties
of the quarkmassesin this example.

The symmetric subgroupsof £6 are Sp8, SU2x SU6, SOT,,x U,, and F4. Of these, the reflection
associatedwith Sp8 andF4 reflect 27 to 27; CF is associatedwith SP8.We havealreadyarguedthat C
mustbe associatedwith SU2X SU6, sinceit is inner andflips the signsof enoughdiagonalgenerators;C
leavesinvariant two of the six diagonalquantumnumbersin E6.

The embedding of color and flavor in E6 can be described by the subgroup chain
E6 350,,,x U~3 SU5x U~x U~3 SU~’x U~X SU~x U~x U~,with the projection of the £7 to
SOLo weightsgiven by (7.2) and the remainingprojectionsaregiven by (7.3) and (7.4).

The C reflection is constructedin the samefashionas (9.12)for SO,,,. It is

000100
000010

C(E6)= —1 —1 —1 —1 —1 0 . (9.15)
100000
010000
0 0 0 0 0 —1

It inverts color roots and reverses the signs of electric charge and 20r+ YV~,while leaving

3yw÷ 4Qr~~10I~’and0’ invariant.

Three of the neutral lepton weights in the 27 are eigenvectorsof C(E6) with eigenvalues+ 1:
(—1 0 1 —1 0 0), (0 1 —1 0 1 0) and (1 —1 0 1 —1 0). The other two neutral weights
(0 0 0 1 0 —1) and (1 0 —1 0 0 1) are transformedinto one anotherby C. The remainingweights
carry electricchargeandtransformunderC asrequired:for example,the charge~u quarkhasweights
(1 0 0 0 0 0), (1 —1 0 0 1 0) and(1 0 0 0 0 —1), which arereflectedby C in (9.15)to the ü weights,
(0 0 —11 0 0), (0 1 —11 —1 0), and(0 0 —11 0 1), respectively.The u quark masscarriesweight
(1 0 —11 0 0), whichis aC conserving,IA~I= mass.

The massmatricesof the charge— ~quarksand the chargedleptonshavepreciselythe sameweight
structure,sowe considerthe quarksonly. The charge— ~ quarksin the SU5 10 of theSO,~16, to be
denoted10(16),havetheweights,(0 0 0 0 —11), (0 —1 0 0 0 1) and(0 0 0 0 —1 0); the C partners
(0 —11 0 0 —1), (0 0 1 0 —1 —1) and(0 —11 0 0 0), respectively,arein 5(16). The othercharge—~

quark is in 5(10), with weights (—1 1 0 0 0 0), (—1 0 0 0 1 0) and (—1 1 00 0 —1), and with C
partners(0 0 0 —11 0), (0 1 0 —1 0 0) and(0 0 0 —111), respectively,in 5(10). The massmatrix
M for the color state (1 0) for quarks and (—1 0) for antiquarks is, following the notation of
(2.5),
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D 5(10) d 10(16) d ~(10) b 5(16)
(—1 1 0 0 0 0) (0 0 0 0 —l 1) (0 0 0 —1 1 0) (0 —1 1 0 0 —1)

D 5(10)
(—110000) 0 0 [(—110—110)] (—10100—1)

~rI=o I~r~=o
d 10(16)

(0 0 0 0 —11) 0 0 (0 0 0 —l 0 1) [(0 —l 1 0 —l 0)) .(9.16)

d ~(10)
(000 —Ii 0) [(—1 1 0 —11 0)] ~(° 00—1 0 1) 0 0

i3~(16)
(0—1100—1) —10100—1) [(0—110—10)] 0 0

Thereare two candidateassignmentswith extremeC behaviorfor the weak isospinconservingmass:
either the (—1 0 1 0 0 —1) massis nonzero,thed stateis left massless(beforetheweakbreaking),and
C is maximallyviolated; or the (--1 1 0 —1 1 0) massis nonzero,the D is massless,and the massis C
conserving.For the purposesof studying the chargedparticle masses,thesesituationsappearinter-
changeable,although the precise identification of the 5+ 10 left masslessin the limit of no weak
breakingdiffers in thetwocases.In thefirst case(d massless),the5belongstotheSO,~10;in thesecondcase
(D massless),the ~ comes from the SO,0 16. The sameresultholds for the two chargedleptonsin
the 27.

In order to decidewhich assignmentis moreattractive,we turn to a studyof the neutralleptonmass
matrix, which can bewritten as a matrixof weightswherethe labelson therows andcolumnsis given in
(9.17a)below:

(00020—2) [(10—1100)1 (1—102—1—1) (—10100—1) (01—111—1)

[(10—1100)1 (20—2002) (2—1—11—11) (000—101) (11—2011)
(1—102—11)44(2—1—11—11) [(2—202—20)] [(0—110—10)1 [(10—1100)] (9.17)
(—10100—I) 4—* (000—101) [(0—110—10)] [(—202—200)1 [(—110—110)]
(01—111—1)4—~(11—2011) [(10—1100)1 [(—110—110)] [(02—2020)1

wheretheL~valueof themassmatrixelementis one-halfthesumof thefirst five Dynkin labels;theweights
are in 27,351’, or both; thebold facedweightshave1’ = 0; andthe bracketedonesare C eigenstates.It
maybe helpful to write (9.17)in the moretransparentnotation of table21:

~(16) 1(16) 1(1) 5(10) ~(10)

~(16) 15(126) 5(126) 5(16) 24(144) 15(144)
+~(10) +1(16)

1(16) 5(126) 1(126) 1(16) 5(14~) 5(144)

+5(10) +5(16) (9.17a)

1(1) ~(16) 1(16) 1(1(351’)) 5(10) ~(10)

5(10) 24(144) 5(14~) 1(1(27))
+1(16) +5(16) 5(10) 15(54) +24(54)

~(10) 15(144) ~(144) ~(10) 1(1(27)) 15(54)
+24(54)
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wherethematrixelementscorresponddirectlywith thosein (9.17).The 144,126,54 and16of SO,~occur
only in the351’ of E6 the5(10)and5(10)havecomponentsin boththe27and351’; the 16 isalwaysin the27;
andadditionalselectionrules from U~andU~restrictthe origin of 1(1) asshownexplicitly. Let us first
assumethat theweak isospinconservingpartof (9.17) is maximally C violating, so that only the entries
with weJ~~ts(2 0—2 0 0 2) [1(126(351’))],(2 —1 —11 —11) [1(16(351’))),and (—1 0 1 0 0 —1)
[24(144(351’))+1(16(27))] are nonzero.For a generalchoice of parameters,(9.17) hasfour nonzero
eigenvaluesandonezeroeigenvalue;themasslessfermionhasweight (0 1 —1 0 1 0),which is in ~(10).
Thus,with maximalC violation,themasslessfermionsattheweakisospinconservinglevel areclassifiedby
5+ 10.

In the case of C conservation,the elements with weights (2 —2 0 2 —2 0) [1(1(351’)))and
(—11 0 —11 0) [1(1(27))+ 24(54(351’))] arenonzero,andthe neutralsin the SO,,, 1 + 10 get masses.
Both neutralstatesin the 16 remainmassless,at leastuntil someC violation is introducedat the SO10
level.Thus,the C conservationhypothesisleavesa 1 +5+ 10 of SU5 to get massesfrom othersources,
such as the weakinteractions.If the four componentv masscomesfrom the weak interactions,thenits
massis of order theu mass,not in accordwith experience.

Statedin aslightly differentway, all the C conservingweakisosingletmassesleaveSO,0 invariant,so
the fermionsoccur in S0,~irreps, 16’s in this case,but the C violating massesleavejust SU5 invariant,
while violating SO10,andthe low massfermions in the 27 occur in a S(10)+10(16) pattern.

In summary,we find that the hypothesisof maximalC violation of theweak isospininvariantmasses
can lead to a satisfactoryfermion spectrumin severalone-family flavor-chiralmodels. However, this
formulationneedsmoreanalysis,sinceat leasttwo of the I”~’= 0, C-violating matrix elementsmust be
nonzero,which requiresboth the 27 or 351’ irreps; the weak breaking must have anothersource in
modelsof this type.Considerationof C andapplicationof thetechnologydescribedhereshouldhelp in
the searchfor a moresatisfactorysolutionof the symmetrybreakingproblem;thereis at presentmuch
physicsto bedone.

Tables Table I

Table of tables

Table Title

I Tableof tables
2 Model builders view of theelementaryparticlespectrum
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Table I (continued)

Table Tttle

21 Weightsandcontentof the27 of E
6

22 Orderingof simple roots for tables
23 SU3irreps of dimensionless than65
24 SU3tensorproducts
25 SU4irreps of dimensionless than 180

26 SU4tensorproducts
27 Branchingrules for SU43 SU3x U,
28 SU, irreps of dimensionless than 1200
29 SU, tensorproducts
30 Branchingrules for SU5
31 SU6 irreps of dimensionless than 1000
32 SU6 tensorproducts
33 SU~branchingrules
34 SO7 irrepsof dimensionless than650 and SO73 SU4 branchingrules
35 SO7 tensorproducts
36 SO8 irrepsof dimensionless than1300 and

50g 3 SO
7branchingrules

37 SO8 tensorproducts
38 SO9 irrepsof dimensionless than5100
39 SO9 tensorproducts
40 Branchingrules for SO9 irreps
41 SO10irreps of dimensionless than 12000
42 SO10 tensorproducts
43 Branchingrules for SO10 irreps
44 F4irreps of dimensionless than 100000
45 F4 tensorproducts

46 Branchingrules for F4irreps
47 E.~irreps of dimensionless than100000
48 E~stensorproducts
49 Branchingrules for E6 irreps
50 Guide to E.1~projectionmatrices
51 Matrix elementsfor SU3vector.couplingcoelfixi~ntex~nples
52 Irreps,products,and branchingrules for E7
53 Irreps, products,and branchingrules for E8
54 Irreps, products,and branchingrules for SU8
55 Irreps,products,and branchingrules for SO14
56 Irreps,products,and branchingrules for SO,~
57 lrreps,products,andbranchingrules for SOn
58 Branchingrules to all maximal subgroups
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Table2
Model builders’ view of theelementaryparticle spectrum

Spin 2: One graviton,consideredin supergravity,but usually ignoredin modelsthat unify just colorand flavor.

Spin 3/2: An intriguing “hole” in thespectrum;ignored in unified models,but supergravityLagrangianssuggestit shouldbe filled.

Spin 1: Vector bosonsmediatingNature’sinteractions,includingthephotonof QED,thechargedandneutralweakbosons,andtheeight gluons
of thestronginteractions.Unified modelssuggestadditionalvectorbosons;for example,in somemodelstherearebosonsthat mediate
protondecay.

Spin 1/2: Quarksandleptons(only the left-handedstatesarelisted)

(u’~ (c~ (t(?)~~ Weakdoublets
\d’JL \s /L \ b /L

UL dL CL SL bL ILC?) Weaksinglets

.IP~\ /i’,~\ /v,\
i i i — u — p doublets
\eJL \JL/L \TJL

et .sj’j 4 singlets

Are thereadditionalquarksand leptons,or otherfermionswith highercolors?

Spin 0: None areknown for certain.The weakbreakingfollows a = rule andthesuperstrongbreaking,~rI= 0, but it is not known
whethereitherof theseareassociatedwith explicit scalarparticles. One possibility is that thesuperstrongbreakingis dueto explicit
scalarsin theLagrangian,but theweakbreakingis dueto composites.Theorigin of thesymmetrybreakingis a majorpuzzlein today’s
particletheory.

Table 3
Embeddingsof SU~in Simple GroupsG. subjectto theconstraintthat at leastone
irrep of G hasno more than1C, 3C and 3c• G

8 (fi for flavor) is the largest subgroup
definedby 0308 x SU~.The irreps of 0 satisfying therestriction to theset ~C, 3c

arelisted, alongwith their dimensionality.Seeref. [6]

Case 0 ~ f Dimensionality

1. SU~ SU~,XSU~
3XU, us n=n,+3n,

2. SU~ SU~_3xU1 (ak) (~)
3. SU,, SU,,,XSU,,,XSU,,5xU,XU, a n”n,+3n,+3n~

4. SO~ SO,,,xSU,,3xU, fl n = n1+6n,
5. SO,, SO,,~x U1 ii n = n, + 6

o’, o~’or & 21~1)F21

6. Sp,,, Sp~,,,x SU,,,X U, 2n 2n = 2n1 + 6n3
7. F4 SU, 26 26
8. E6 SU,xSU, 27 27
9. E7 SI)6 56 56
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Table6
Cartanmatricesof simple Lie algebras( 2—I 0 .. . 00 /2—3

—I 2 —I . . . ~ o A(0
2)= k—i 2

0 —l 2 —l . 0 0
A(A,,)= 2 —1 0 0

I ~ ~ AlF4)=(~ ~ -~

2—1 0 00 2—10000

A(B~)=(0 ~ ~ i _:)A~=(1i i —~ i)
A(C,,) is thetransposeof A(B~),sincetheshort andlong roots areinterchanged.

2—1 0 000 2—100000
—12—1000 —12—10000
0—i 2. 000 0—1 2—100—1

A(D,,)= A(E7)= 0 0 —1 2 —1 0 0
000 2—1—i 000—12—10
000 —1 20 0000—1 20
000 —1 02 00—1 0002

2 —1 0 0 0 0 0 0
—1 2 —1 0 0 0 0 0

0 —1 2 —i 0 0 0 —i
0 0 —1 2 —1 0 0 0

A(E8)= 0 0 0 —i 2 —1 0 0
0 0 0 0 —i 2 —i 0
0 0 0 0 0 —1 2 0
0 0 —1 0 0 0 0 2
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Metric tensorsG for weightspace

/in l(n—i) i’(n—2) i~2 1.1
l’(n—i) 2(n—l) 2(n—2) 2~2 2i

I(n—2) 2(n—2)
3(n—2) 32 31

n+i
12 22 32 (n—1).2 (n—1)i

i’i 21 31 ... (n—l)’I ni

/2222
/244.4 2

~I 2466 3

\ 2 4 6 2(n—i) n—l
“1 23 n—I n/2

j111•~• I 1

11222 2
~I 1 233 3

1 2 3 n—i n—I
~l 23 n—In

222~2 I
2444 2 2

I 2466 3 3
G(D,,)=~

2 4 6 2(n—2) n—2 n—2
1 2 3 n —2 n/2 (n — 2)/2
1 2 3 n —2 (n — 2)/2 n/2

/4 5 6 4 2 3
/ 5 10 12 8 4 6

_iI 6 12 18 12 6 9
4 8 12 10 5 6\ 2 4 6 5 4 3
369636

4686424
6 12 16 12 8 4 8

1 8 16 24 i8 12 6 i2
G(E,)=~ 6 12 18 15 10 5 9

4 8 12 10 8 4 6
2465433
4 8 12 9 6 3 7

4 7 10 8 6 4 2 5
7 14 20 16 12 8 4 10

10 20 30 24 18 12 6 15
8 16 24 20 15 10 5 12

G(E
8)= 6 12 18 15 12 8 4 9

4 8 12 10 8 6 3 6
2 4 6 5 4 32 3
5 10 15 12 9 6 3 8

1 ~6 3
2

J2 3 2 1
1364 2

G(F4=1 2 4 3 3/2

2 3/2 1
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Table8
Root diagramsin theDynkin basis.“Level of simple roots” is the
numberofsimplerootsthat mustbesubtractedfrom thehighestroot
in ordertoobtain thesimpleroots;thenextlevel hasthenzeroroots

correspondingto theCartansubalgebra

Algebra Highestroot Level of Dimension
simple roots

A,, (100.001) n—i n(n+2)
B,, (0 1 0 ... 000) 2n—2 n(2n+i)
C,, (200 ... 000) 2n—2 n(2n+1)
D,, (0 1 0 ... 000) 2n—4 n(2n—i)
02 (10) 4 14
F

4 (1000) 10 52
(000001) 10 78

E7 (1000000) 16 133
E8 (00000010) 28 248

Table 9
Positiverootsin theDynkin basisof rank 2 and 3 simplealgebras,of SU5 (rank4)andof SO10 (rank 5)

SU3 Sp4 02
(11) (20) (10)

(2 —iX—1 2) (0 1) (—1 3)
(2 —I)(—2 2) (0 1)

(1 —1)

(2 —3~—12)
(1 0 1)

(1 1 —i)(—i 1 1) SO7
(2 —1 0)(—1 2 —i)(0 —i 2) (0 1 0)

(1 —i 2)
(1 0 0)(—1 0 2)

(1 1 —2X—i 1 0)

Sp6 (2 —1 0)(—i 2 —2X0 —i 2)
(2 0 0)
(0 1 0)

(1 —i 1X—2 2 0) SU5
(1i—1X.—i0i) (1001)

(2—1OX—12—IXO—22) (lOl—IX—liOl)
(ii —10)(—1 11 —1)(0—i 11)

(2—i00X—12—10X0—12—1X00—12)

solo

(0 1 0 0 0)
(1 —i 1 0 0)

(—1 0 1 0 OX1 0 —i 11)
(—1 1 —i 1 i)(i 0 0 —i lxi o 0 1 —1)

(0—iOliX—110—iiX—ii0i—IXIO1—1—1)
(0—11—i 1X0—i ii —1X—I il—i —IX1 1—100)

(00—102X00—120X0—12—1—1X—12—iOOX2—1000)
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Table 10
Level vectorsof simple groups.The orderingfollows theconventionsof table 5

SU
4+1 J~=[n,2(n—1),3(n—2) (n—l)2,n]

SI)5 ~=[4,6,6,4]
SU6 ~=[5,8,9,8,5]
S024+1 I~= [2n,2(2n— 1), 3(2n—2),4(2n—3) (n — 1)(n + 2),n(n + 1)12]
SO9 1~= [8, 14, 18, 10]
Sp2,, )~= [(2n— 1), 2(2n—2), 3(2n—3) (n— 1)(n+ 1), n

2]
SO

2, R = [(2n—2),2(2n—3), 3(2n—4) (n— 2)(n+ 1),n(n — 1)/2,n(n — 1)/2]
SO8 1~= [6, 10,6,61
SO~ I~= [8, 14, 18, 10, 10]
G2 ~=[l0,6]
F4 R= [22,42,30, 16]
E6 R = [16,30,42,30,16,22]
E7 = [34,66,96,75,52, 27,49]
E8 .~= [92,182, 270, 220, 168, 114, 58, 136]

Table ha
Weight diagramfor the16 of SO10

level

(00001) 0

~

( 0 0 1 0-1) 1

(01-110) 2

~

( i—i 0 1 0) ( 0 1 0—1 0) 3

°il 04 I°2
(—1 0 0 1 0) (1—1 1—1 0) 4

01 5? 15?
~ .1’~

(-1 0 1—1 0) ( 1 0—1 0 1) 5

034 01

(-1 1—1 0 1) ( 1 0 0 0—1) 6

L
2.~ 5..~ *1

( 0—1 0 0 1) (—1 1 0 0—1) 7

~

( 0-1 1 0 -1) 8

C 0 0-1 1 0) 9

a4
( 0 0 0-1 0) 10
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Table 13
Simpleirreps of simple Lie algebras

Algebra Dynkin designation Dimensionality

A,, (10.0) nI-i
or(0...01)” n+1

B,, (10.0)’ 2n+1
(000.01) 2”

C,, (10.0) 2n
D,, (10.. .0)’ 2n

(00.. .01) 2”~
or (00...010)” 2”~

02 (01) 7
F

4 (0001) 26
E,~ (100000) 27

or (000010)” 27
E7 (0000010) 56
E8 (00000010) 248

* Thisirrep canbeconstructedfrom productsof the
unstarredirrep.

Table 14
Maximal subalgebrasof classicalsimple Lie algebraswith rank 8 or less

Rank1
SU23U, (R)
(SI)2, SO3, Sp2,all isomorphic)

Rank2

SI)3 JSU2xU1 (R)
3 SI)2 (S)

Sp4 3SU2XSU2SU2XU1 (R)
3 SU2 (S)

(SO5isomorphicto Sp4, SO4= SI)2x SU2)

Rank3
SU4 3SU3xU1SU2xSU2xU, (R)

3 Sp4;SU2X SU2 (S)
SO7 JSU4 SU2xSU2xSU2Sp4xU1 (R)

302 (S)
Spo JSU3XU1SU2XSp4 (R)

3 SU2 SI)2x SI)2 (S)
(SO6is isomorphicto SU4)

Rank4
SI)5 JSI)4xU,;SU2xSI)3xI)1 (R)

3 SP4 (S)
SO8 3 SO8SU2X SI)2x Sp4SU2x 5U4 SO7x U1 (R)

3 SI)2 Si)2 X SU2 (S)
Sps 3SU4XU1SU2xSp6Sp4xSp4 (R)

3 SU2SI)2x SU2x SU2 (S)
SO83 51)2X SU2x SU2x SU2 SU,XI), (R)

3 SI)3 SO7SI)2x 5p~ (5)



R. Slansky, Grouptheory for unified model building 87

Table 14 (continued)

Rank5
SI)

6 3SI)5xI)1SU2XSI)4XI)1SU3XSU3XU1 (R)

3 SI)3 SI)4 Sp6SI)2 X SI)3 (S)
SO,,3 SOIo SI)2 5< SO8Sp4x SU4 SI)2X SI)2X SO7SO9X U1 (R)

3 SU2 (S)
Sp103SI)oxI)i; SU2XSp5Sp4xSp~ (R)

3 SI)2 SI)2X Sp4 (S)
SO103SI)5xI)1 SU2X SI)2xSU4 5O~XI)1 (R)

3 Sp4SO9SI)2)<SO7Sp4x Sp4 (S)

Rank6
SI)7 JSU6XU~51J2x5tJ5xU1SU5XSU4xU1 (R)

3SO7 (S)
SO133 SO,2 SI)2x S010 Sp4x SO8SI)4X SO7SU2x SI)2 5< SO9SO1,x I)1 (R)

3SI)2 (S)
Sp,23SI)6xU,; SI)2xSp,o; Sp4XSps;Sp6xSp6 (R)

35U2 SI)2X SI)4 SI)2XSp4 (S)

SO123 SI)6X Ui; SI)2x SI)2 x SO8SI)4 x SI)4 SO,0x U1 (R)
3SI)2xSp6SU2xSU2XSU2SOIl; SU2XSO9 Sp4xSO7 (S)

Rank7
SI)8 3SI)7XU,;SU2XSI)6XI),;SI)3XSI)5XI),;SU4XSU4XI)j (R)

3S08Sp8SU2xSI)4 (5)
SO,53 SO14 SI)2 X SO,2 Sp4x SOio; SO7x 508; SI)4x SO9SI)2 x SI)2x SO11 SO13x U1 (R)

3 SU~SU4 SI)2 5< Sp4 (S)
Sp,4JSU7xU1SU2XSp12Sp4XSp10SpoXSpg (R)

3SI)2 SI)2X SO7 (S)
SO,43 SI)7XI),; SI)2X SU2x SOjo; SI)4X SOg; SO125< I)i (R)

3Sp4 Sp602; SO13SI)2X SOi,; Sp45< SO9SO7X SO7 (S)

Rank8
SI)9 3SI)oxUi;SU2XSI)7XU1SU3XSI)oXI)1SI)4XSU0XU1 (R)

3 SO9 SI)3>< SI)3 (S)
SO~73 SO,6SI)2x SO~,;Sp~x S0i2SO7X SO,o;SO8X SO9SI)4X SO~~

SI)2x SI)2x SO13S015xI)1 (}~)
3SU2 (5)

Sp,63 SI)8x I)i; SI)2 5< Spl4; S~)4X SP12 Sf)~X SPl0 Spgx Sp~ (R)
3SI)2Sp4;5I)2x SO8 (5)

SO,63 SI)8X I)1 SI)2x SI)2X SO,2SI)4 x SO,o;SO8 x 5O9; SO14x U, (R)
3S09SU2XSp8Sp4xSp4SO,5SI)2XSO,3Sp4XSO,,;SO7XSO9 (5)
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Table 15 Table 16
Maximal subalgebrasof exceptionalalgebras;branchingrules for thefundamentalrepresen- ExtendedDynkin diagramsfor simple Lie al-

tation gebras.(Theextendedrootis markedby x; black
— dotsrepresentshorterroots.)

G
2JSU3 7=1+3+3 (R)
JSU2xSU2 7=(2,2)+(1,3) (R)

A 0~0—0— ... —O~~0
JSU2 7=7 (S) 1 2 3 n-i n

F43S09 26=1+9±16 (R) ~L 2 3 n-i 11

3 SI)5x SI)3 26= (8, i)+ (3,3)+(~,~) (J~) B0 I)o—o— ... —~
JSU2xSp4 26=(2,6)+(1,14) (R)

x
JSU2 26=9+17 (S) x 1 2 n-i n
3 SU2x G2 26 = (5, 1) + (3,7) (S) ~ ...

E63SO10xU1 27=1+10+16 (R) n-I
3 SI)2 x SU6 27 = (2,~)+ (1, 15) (R) X 2 3 -

SI)3x SI)3 27: (~,3,1c)+(3,i,3)+(i,~) (R) D5? >—_0_ ... __tZ~’

JSU3 27 27 (S) 1 n
3G2 27=27 (S)
3Sp8 27=27 (S)
3F4 27=1+26 (S) G2
JSI)3xG2 27= (6,1)+(3,7) (S) X 1 2 3 4

— F4 0—0———~—-—I
E7JE6xI)1 56=1+1+27+27 (R)

3 SI)8 56 = 28 + 28 (R) çx
3 SI)2x SO12 56 = (2, 12)+(1,32) (R) E
3SU3xSI)6 56=(3,6)+(3,6)+(i,20) (R) 6 1 2 3 4 5

3 SU2 56 = 10+ 18 + 28 (S) 97
3SI)2 56=6+12+16+22 (S) E7 0—0—--—0-——-O———0——--0-—--0
JSI)3 56=284-28 (S) x 1 2 3 4 5 6
3 SI)2X SI)2 56= (5,2)+ (3,6)+ (7,4) (S) 08
3 SI)2X 02 56= (4,7)+ (2, 14) (S) E
~ SI)2)<F, 56 = (4, 1)+ (2,26) (5) 8 1 2 3 4 5 6 7 x
3G2xSp6 56= (1, 14’)+(7,6) (S) ________________________________

E83S016 248=120+128 — — (R)
3 SI)5 5< SI)5 248 = (24, 1)+ (1,24)+ (10, 5)+ (10,5)+ (5, h0)+ (5, 10) (R)
3SI)3x E6 248=(8, i)+ (1,78)+(3,27)+(~,27) (R)
3SU2xE7 248=(3, i)+(1, 133)+(2,56) (R)
JSU9 248=80+84+84 (R)

JSU2 248=3±15+23+27+35±39+47+59 (5)
JSI)2 248=3+11+15+19+23+27+29+35+39+47 (S)
3SI)z 248=3+7+11+15+17+19+23+23+27+29+35÷39(5)
3G2xF4 248= (14, i)+(1,52)+(7,26) (S)
3SI)2xSI)3 248= (3,1)+(1,8)+(7,8)+(5, i0)+(5,10)+(3,27) (5)

3S~4 248=10+84+154 (5)
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Table 17
Symmetricsubgroupsof simple groups

0 Os rank(A) Action of Con irrep R

SI),, SO,, n—i
SI),,÷

8 SI),, x SI)4x Ut min(p,q)” R
SI)2,, Sp~,, n-i R
SO~.9 SO,, x SO4 min(p, q)” R (p or q even)

R orR’ (.p andq odd)b
SO~, SI),, X I)1 [n/2] R
Sp2,, SU4xI)1 n R
Sp~,.2q Sp~,XSpi~ min(p,q~ R
02 SI)2XSI)2 2 R
F4 SU2xSp6 4 R

SO9 1 R
Sps 6
SI)2xSU6 4 R
5O10xU1 2 R
F4 2 R

E7 SI)8 7 R
SU2XSO12 4 R
E,xU1 3 R

E8 SO16 8 R
SI)2xE7 4 R

“Thecasep orq equalunity definesa symmetricsubgroupwith SI)i or
SO, empty; theLie algebraof Sp2 is isomorphicto that of SI)2.

If p + q = 4n + 2, C reflects complex spinor irreps into their con-

jugates;if p + q = 4n, C reflectstherealor pseudorealspinor irrepsinto the
nonequivalentspinor of thesamedimension.

Table 18
E6anditssubgroupswith UI

41 x SU~

Group No.max. Satisfactorymaximal Unsatisfactorymaximal
subgroups subgroups subgroups

8 F
4, SO,oX I)1, SI)2X SI)6, 02, SI)3, SI)3X 02,

SI)3x STJ~x SI)3 [Spa]
F4 5 SO9, SI)3x SI)3 SI)2, SI)2)< G2,

[SI)2x Sp~]
SO9 5 SO8, SI)2x SI)4 SI)2, SI)2 5< SI)2,

SI)2xSI)2xSp4,SO7xI)1”
SO8 4 SO7, SI)4x I), SI)3, SI)2x Spa,

SI)2 x SI)2x SI)2x SI)2
SO7 3 SI), 02, SU2XSI)2 X SI)2, S~)4X I)1
SI)4 3 SI)3xI), Spa, SI)2 5< SI)2
SO,0 6 SI)5XI),, SI)2x SI)2x SI),, SJ34, 5~)4X 5~74

SO9, SI)2 5< SO7, SO8XI),

SU6 7 SI)5XI),, SU2x I)1 x SI)4, SI)3, SI)2x SI)3,
SI)3x SI)3xI), [SI)4],[Sp6]

SI)5 3 SI),xI)1,SI)2xI),xSI)3 5p,

* Seediscussionfor table40.
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Table 19
Physicalroots andaxesin E, weightspace

Dynkin basis Dual basis Dynkin basis Dual basis
(1 i)(000001) [123212] I~’axis ~(i0001—i) ~[i 11110]

Colorroots (2—i)(0i00—iO) [1221011 Y~axis ~(3—46—6i—1) fti—i 1—3—10]
(—1 2)(0 —100 ii) [00 liii] 0’ axis 3(1 —1 0 1 —10) [1 —1 0 1 —1 0]

Weakisospin root (1 0 0 0 1 —1) [11111 0] 0’ axis (—3 —i 4 1 —i —4) [—11 4 3 1 0]
Q4141 axis ~(3—2 3 —3 2 —2) ft2 1 20 1 0] k3r’+4Q’~1013) (—1 —i 2 —i —1 0) [—1—i 0 —1 —10]

Table 20
NonzeroF, roots

Root Level Color 0””’ fl 0’ SI)~(SO,~)~ a a

Color SI)
3roots

(0 0 0 0 0 1) 0 (11) 0 0 0 24(45) 0 0
(0100—10) 4 (2—I) 0 0 0 24(45) 0 0
(0 —1 0 0 1 1) 7 (—1 2) 0 0 0 24(45) 0 0
Left-handedSI)3roots
(10001—i) 6 (00) 1 1 0 24(45) 0 ±1
(—1 1 0 0 1 —1) 7 (00) 0 1/2 —3 5(16) 3c 3d±2
(—2 1 0 00 0) 12 (0 0) —1 —1/2 —3 5(16) 3c 3d±i
Right-handedSI)3roots —

(0 —iii —i —1) 9 (0 0) 0 0 3 1(16) a+b—2c —d+2e2
(00—12—1 0) 10 (00) —1 0 3 10(16) —a+2b—c —2d+e1
(0 —1 2 —1 0 —1) 10 (0 0) 1 0 0 10(45) 2a—b—c d+31
SI)5antilepto-diquarks
(1 —ii —110) 4 (0 1) 4/3 1/2 0 24(45) a—b—c 0
(1 0 1 —i 0 —1) 8 (1 —1) 4/3 1/2 0 24(45) a—b—c 0
(1 —ii —ii —1) 15 (—1 0) 4/3 1/2 0 24(45) a—b—c 0
(0 —11 —i 0 1) 9 (0 1) 1/3 —1/2 0 24(45) a—b—c fl
(00 1 —i —10) 13 (1 —1) 1/3 —1/2 0 24(45) a—b—c fl
(0 —1 1 —1 0 0) 20 (—1 0) 1/3 — 1/2 0 24(45) a —1,—c ; 1
SO,o/5U5leptoquarks
(0 0 1 0 0 —1) 1 (1 0) 2/3 1/2 0 10(45) a d+e
(0 —i 1 0 1 —1) 8 (—1 1) 2/3 1/2 0 10(45) a d+ e
(0 0 1 0 0 —2) 12 (0 —1) 2/3 1/2 0 10(45) a d+e
(—10 10—1 0) 6 (1 0) —1/3 —1/2 0 10(45) a d+e;1
(—1 —11 000) 13 (—1 1) —1/3 —1/2 0 10(45) a d+efl
(—10 10—1 —1) 17 (0—1) —1/3 —1/2 Q 10(45) a d+e;1
(—1 0 0 1 0 0) 4 (0 1) —2/3 0 0 10(45) b+c d+e
(—1 1 0 1 —1 —1) 8 (1 —1) —2/3 0 0 10(45) b+c d+e
(—1 0 0 1 0 —1) 15 (—1 0) —2/3 0 0 10(45) b + c d+e
E6/SO,oleptoquarks
(0 1 0 —1 1 0) 3 (1 0) 2/3 1/2 —3 10(16) — b + 2c 2d — e ±2
(0 0 0 —i 2 0) 10 (—1 1) 2/3 1/2 —3 10(16) — b + 2c 2d — e ±2
(0 1 0 —ii —1) 14 (0 —1) 2/3 1/2 —3 10(16) —b+2c 2d—e±2
(—1 1 0 —i 0 1) 8 (1 0) —1/3 —1/2 —3 10(16) —b+2c 2d—e±i
(—1 0 0 —iii) 15 (—1 1) — 1/3 — 1/2 —3 10(16) — b + 2c 2d — e ±1
(—1 1 0 —i 0 0) 19 (0 —1) —1/3 —1/2 —3 10(16) —b+2c 2d—e±1
(—1 0 1 —11 0) 5 (0 1) 1/3 0 —3 ~i6) a—b+2c 3d±1
(—1 11 —i 0 —1) 9 (1 —1) 1/3 0 —3 ~i6) a—b+2c 3d±1
(—1 0 1 —i 1 —1) 16 (—1 0) 1/3 0 —3 ~‘(i6) a— b + 2c 3d ±1
(—1 1 —1 0 11) 6 (0 1) —2/3 0 —3 10(16) —a+3c 2d—e±2
(—12—1000) 10 (1 —1) —2/3 0 —3 10(16) —a+3c 2d—e±2
(—1 1 —i 0 1 0) 17 (—1 0) —2/3 0 —3 10(16) —a+3c 2d—e±2
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Table 23
SI)

3irreps of dimensionless than65

Dynkin Dimension 1 SI)2 SO3
label (name) (index) Triality singlets singlets

(10) 3 1 1 1 0
(20) 6 5 2” 1 1
(ii) 8 6 0 1”” 0
(30) 10 15 0 1 0
(21) 15 20 1 1 0
(40) 15 35 1 1
(05) 21 70 1 1 0
(13) 24 50 1 1 0
(22) 27 54 0 1”” 1
(60) 28 126 0 1
(41) 35 105 0 1 0
(70) 36 210 1 1 0
(32) 42 119- 1 1 0
(08) 45 330 1 1
(51) 48 196 1 1 0
(90) 55 495 0 1 0
(24) 60 230 1 1
(16) 63 336 1 1 0
(33) 64 240 0 1”” 0

*Note standardconventionthat 6 = (20).

““SI)2 X I)1 singlet.

Table 24
SU3 tensorproducts;triality 0 and 1 combinationsshown

X 3 = 3, + 6,
3x3=1+8
6 x 3 = 8 + 10
6x 3=3+ 15
6x6=~+15,4- i5~
6x 6 = I +8 + 27
8x 3=3+6+ 15
8X6= 3+~+15+24

8x8= i,+8,+8,,+10,,+10,,+27~
lOx 3= 15+ 15’
lOx 3 = + 24
10 x 6= 3+ 15+42
10x~=15+21+24
10 x 8 = 8+10+ 27+35

lOx 10= 10,, + 27, + 28, + 35~
lOx 10=1+8+27+64

15 x 3= 6+15+ 24
15x 3= 8+ 10 + 27

15 x 6= 3+6+ 15 + 24+42
15x6=8+10+10+27+35
15x8= 3+~+i51+ i5)+ 15+24+42

I5~xi0=~+15+15+24+42+48
15xi0=3+~+i5’+24+42+60
15 x 15 = 3, +~,,+ 15, + 15, + i5~+21,+ 24, + 24, + 42,+ 60,
15xi5= 1+81+82+10+1O+27,+27)+35+35+64
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Table 25 Table 26
SI)

4irreps of dimensionless than 180 SU4tensorproducts;quadrality0, 1 and2 shown

Dynkin Dimension I SI)3 4 x 4 = 6,+ 10.
label (name) (index) Quadrality singlets 4 X 4 = 1 + 15

6x ~ = 4 + 20
(100) 4 1 1 1 6x6=i,+15,+20~
(010) 6 2 2 0 10x4=20+2O”
(200) 10 6 2 1 1Ox4~4+36
(101) 15 8 0 1” 10x6=15+45
(011) 20 13 i 0 lOx i0=2O~+35,+45,
(020) 20’ 16 0 0 lOxiO=1+15+84
(003) 20” 21 1 1 15x4=4i-2O+36
(400) 35 56 0 1 15x6=6+iOi-iO+64
(201) 36 33 i 1 15x10=6+1O+64+70 —
(210) 45 48 0 0 i5x15= 1,+i5,+i5,+20~+45,+45,+84,
(030) 50 70 2 0 2Ox4= 15+2O’+45
(500) 56 126 i i 2Ox4=6+lOi-64
(120) 60 71 i o 2Ox64+2O+36+60
(iii) 64 64 2 o ~x~=2O+36+6O+84’
(301) 70 98 2 1 2OxiO=4+20+36+i40
(202) 84 112 o i~ 2Ox15=4±2O1+2O2+20”+36+6O+i40
(310) 84’ 133 i o 2Ox2O=6,,+10,+iO,+5O,+M,+64,+7O,÷i~,
(600) 84” 252 2 1 2Ox2O= 1* i5+152+20’±45+45+84-*175
(040) 105 224 0 o 20’ x 4 = 20+ 60
(104) 120 238 i 1 20’ x 6 = 6 + 50+ 64
(007) 120’ 462 1 i 20’xlO=1O+64+i26
(220) 126 210 2 0 2O’x 15=i5+2O’+45+~5÷175
(112) 140 203 1 o 20’x20=4+20+36+60+l40+i40’
(031) 140’ 259 i o 20’x 20= i,+ 15,+20~+84,+105,4-175,
(410) 140” 308 2 0
(302) 160 296 1
(800) 165 792 0 1
(121) 175 280 0 0

*SUsxUi singlet.

Table 27
Branchingrules for SI)43 SU3X U1

(100) = 4 = 1(1) + 3(—i/3) (establishesnormalizationof U, generator)
(010) =6 = 3(2/3) + 3(—2/3)

(200)=10= l(2)+3(2/3)+6(—2/3)
(10i)= 15=1(0)4-3(—4/3)+~(4/3)4-8(0)
(O11)= 20= 3(—i/3)+3(—5/3)+~(—i/3)+8(i)
(020)= 20’ = ~(—4/3)+ 6(4/3)+ 8(0)
(O03)=20”=1(—3)+~(—5/3)+~4—i/3)4-iO(i)
(400) = 35 = 1(4) + 3(8/3)+ 6(4/3)+ 10(0)+ 15’(—4/3)
(201)=36= l(i)+3(—l/3)+~(7/3)+6(—5/3)-I-8(1)+i5(—l/3)
(210) = 45 = 3(8/3)+~(4/3)+ 6(4/3)+ 6(4/3)+ 8(0)+ 10(0)+ 15(—4/3)
(030)= 50 = 10(2)+ 1O(—2) + 15(2/3)+ i5(—2/3)
(500)= 56 = 1(5) + 3(11/3)+ 6(7/3)+ 10(1)+ 15’(— 1/3)+ 21(—5/3)
(120)=60=6(—1/3)+6(7/3)+8(1)+1O(i)+ 15(—i/3)+i5(—5/3)
(ill) = 64 = 3(2/3)+ ~(—2/3)+ ~(2/3)+ 6(—2/3)+ 8(2) + 8(—2)+ 15(2/3)+ 15(—2/3)
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Table 28
SU

5 irrepsof dimensionless than800

Dynkin Dimension I SI)4 SI)2 x SI)3
label (name) (index) Quintality singlets singlets

(1000) 5 1 1 1 0
(0100) 10 3 2 0 1
(2000) 15 7 2 1 0
(1001) 24 10 0 1” 1”
(0003) 35 28 2 1 0
(0011) 40 22 2 0 0
(0101) 45 24 1 0 0
(0020) 50 35 1 0
(2001) 70 49 1 1 0
(0004) 70’ 84 1 1 0
(0110) 75 50 0 0 1”
(0012) 105 91 1 0 0
(2010) 126 105 0 0 0
(5000) 126’ 210 0 1 0
(3001) 160 168 2 1 0
(1101) 175 140 2 0
(1200) 175’ 175 0 0 0
(0300) 175” 210 1 0 1
(2002) 200 200 0 1” 1”
(1020) 210 203 2 0 0
(6000) 210’ 462 1 1 0
(3100) 224 280 0 0 0
(1110) 280 266 1 0 0
(3010) 280’ 336 1 0 0
(0210) 315 357 2 0
(1004) 315’ 462 2 1 0
(7000) 330 924 2 1 0
(2200) 420 574 1 0 0
(4100) 420’ 714 1 0 0
(1012) 450 510 2 0 0
(3002) 450’ 615 1 1 0
(1102) 480 536 1 0 0
(0040) 490 882 2 0 1
(0008) 495 1716 2 1 0
(4010) 540 882 2 0 0
(0202) 560 728 2 0 0
(1300) 560’ 868 2 0 0
(1005) 560” 1092 1 1 0
(2110) 700 910 2 0 0
(1030) 700’ 1050 0 0 0
(0009) 715 3003 1 1 0
(1021) 720 924 1 0
(5100) 720’ 1596 2 0 0

(0130) 980 1666 1 0
(1111) 1024 1280 0 0
(0121) 1050 1540 2 0 0
(0211) 1120 1624 1 0 0
(0220) 1176 1960 0 0 1”
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Table 29

SU
5 tensor products

5x5= 10,+i5,
5 x S = 1 + 24

T~x5=10+40
lOx S = 5+ 45

lox 10 = 5, + 45,+ 50,
10 x 10 = 1+24+ 75
15 x S = 35 + 40

15x 5=5+ 70
15x 10=45+105
lSxiO=24+ 126
i5xI5=5O,+7O~+105,
lSx 15=1+24+200
24x 5 = 5 + 45 +70

24x 10= 10+ 15+40+ 175
24x 15= 10+ 15+160+ 175
24x24= 1,+24,+24,+75,+126,4-126,4-200,
40x5=1O4-151-175
40 x 5 = 45 + 50+105

40x 10=24+75+126+175’
40 x 10 = 5 + 45 + 70+ 280
40x 15=75+126+ 175’+224

x 15 = 5 + 45 + 70 + 480
40x24=10+35+40,4-402+175+210+450
40x40= 45, + 50, + 70, + i75 + 280, + 280, + 280~+ 420,
40 x 40 = 1 + 24~+ 242+ 75 + 126+ 126+ 200 + 1024
45x5=10+40+175
45 x 5 = 24+ 75 + 126

45x1O=5+45+50+70+280
45x 10= 10+15+40+175+210
45 x 15 = 45 + 70 + 280 + 280’
45x 15=10+40+175+450
45 x 24 = 5 +

45i + 45~+ 50 + 70 + 105+ 280+ 480
45x40=10+15+40+160+175,+1752+210+315+700
45 x 40 = 45 + 50, + 502 + 70 + 105+ 280+ 480+ 720
45x45= iO,+ i5,+35, + 40,+40,+ 175,+ 175,+ 210,+315,4-450,+ 560,
45 x 45 = 1 + 24, +24) + 75~+ 752 + 126+ 126+ 175’ + 175’ + 200 + 1024
50 x 5 = 40+ 210
50x5=75+ 175’

5OxlO= 10+175+315
5Ox 10=45+175”+280
50x15= 15+175+560

50xi5=50+280+42O
5024=45+ 50+ 105 + 280+ 720
50x40=40+175+210-s-315+560’+700
50x40=5+ 45 + 70 + 280+ 480+1120
50X45= 10+40+175+210+315+450+1050
5Ox45=24+75+126+ 126+ 175’+70(Y+ 1024
50 X 50 = 15,+ 175, + 210, + 490,+ 560,+ 1050,
5050=1+24+75+200+1024+1176

75 x 5=45+ 50 + 280
75x 10 = 10 +40+ 175 + 210+ 315
75x15=40+175+210+700
75X24= 24+ 75, + 752+ 126+ 126+ 175’+ 175’ + 1024
75x40=iO+15+40+175,+1752+210+315+450+560+1050
75X45= 5+45,+452+50+70+105+175”+2801+2802+480+720+1120
75X50=5+ 45+ 50 + 70 + 280+ 480+ 720+ 980+ 1120
75X75= l,+24,+24.+75.+75,+126,i-126,4-175~+175~+200,+700~+700~+1024,4-102,4,4-1176,
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Table30
Branchingrules for SI)

5

SU5JSI)4xU1
(1000)=5= l(4)+4(—i)
(0100)= 10 = 4(3)+ 6(—2)
(2000)=15= i(8)+4(3)+1O(—2)
(lOOi)=24= i(O)+4(—5)+~(5)+15(0)
(0003)= 35 = i(— 12)+ ~(—7)+ 1O(—2) + 20”(3)
(0011)= 40 = ~(—7)+6(—2)+ iO(—2)+ 20(3)

(0101)= 45 = 4(— 1)+ 6(—6) + 15(4) + 20—i)
(0020)= 50 = iO(—6) + 2O(—1) + 20(4)
(2001)= 70 = 1(4) + 4(—i)+ ~(9)+10(—6) + 15(4)+ 36(—i)
(0004)=70’= i(—i6)+4(—11)+l0(—6)+20”(—1)+35(4)
(0110) = 75 = 15(0)+ 2O(—5) + 20(5)+ 20’(O)

SI)s3 SI)2X SI)3 U1
5= (2,1X3)+(i,3)(—2)

10 = (1, iX6) + (1,~)(—4)+ (2,3)0)
15 = (3, i)(6)+ (2,3)(1)+(1,6X—4)
24 = (1, IXO) + (3, I)(O) + (2,3X—5) + (2,~X5)+ (1,8)(0)
35 = (4, 1X—9) + (3,3X—4)+ (2,~)(1)+ (1,10X6)
40 = (2, iX—9) + (2,3)0)+ (1,~X—4)+ (3,~)(—4)+ (1,8X6) + (2,~)(l)
45 = (2, 1X3)+ (I, 3X—2) + (3,3)(—2) + (1,3X8)+ (2,~)(—7)+ (1,~X—2)+(2,8X3)
50 = (1, 1X—12) + (1,3X—2)+ (2,~)(—7)+ (3,~)(—2)+(1,6X8)+(2,8X3)
70 = (2, 1X3)+ (4, 1X3) + (1,3X—2) + (3,3X—2)+ (3,~X8)+ (2,6X—7)+(2,8X3)+ (1, i5X—2)

70’ = (5, i)(— 12)+ (4,3X—7) + (3,g)(—2)+ (2,10X3)+ (1, 15’X8)
75 = (1, 1XO) + (1,3)(10)+ (2, 3)(—5)+ (1,~X—10)-f (2,~X5)+ (2,6X—5) + (2,6X5) + (1,8X0) + (3,8)(0)

Table31
SI)6 irrepsof dimensionless than1000

Dynkin I SI)s SI)2X SI)4 SI)3 5< SI),
label Dimension (index) Sextality singlets singlets singlets

(10000) 6 1 1 1 0 0
(01000) 15 4 2 0 1 0
(00100) 20 6 3 0 0 2
(20000) 21 8 2 1 0 0
(10001) 35 12 0 1” 1” 1”
(30000) 56 36 3 1 0 0
(11000) 70 33 3 0 0 0
(01001) 84 38 1 0 0 0
(00101) 105 52 2 0 0 0
(00020) 105’ 64 2 0 1 0
(20001) 120 68 1 1 0 0
(00004) 126 120 2 1 0 0
(00200) 175 120 0 0 0 2+1”
(01010) 189 108 0 0 1” 1”
(00110) 210 131 1 0 0 0
(00012) 210’ 152 2 0 0 0
(00005) 252 330 1 1 0 0
(20010) 280 192 0 0 0 0
(30001) 315 264 2 1 0 0
(00102) 336 248 1 0 0 0
(11001) 384 256 2 0 1 0
(20002) 405 324 0 1” 1~ 1”
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Table 31 (continued)

Dynkin / SI)
5 SI)2x SI)4 SU3 x SU,

label Dimension (index) Sextality singlets singlets singlets

(00021) 420 358 1 0 0 o
(00006) 462 792 0 1 0 0
(00030) 490 504 0 0 1 0
(00013) 504 516 1 0 0 0
(10101) 540 378 3 0 0 2
(02001) 560 456 3 0 0 0
(40001) 700 810 3 1 0 o
(30010) 720 696 1 0 0 0
(70000) 792 1716 1 1 0 0
(11010) 840 668 1 0 0 0
(10200) 840’ 764 1 0 0 0
(30100) 840” 864 0 0 0 0
(11100) 896 768 0 0 0 0
(00300) 980 1134 3 0 0 4

(10110) 1050 880 2 0 (1 o
(21001) 1134 1053 3 0 0 0
(22000) 1134’ 1296 0 0 0 0
(02010) 1176 1120 2 0 1 0
(02100) 1176’ 1204 1 0 0 0
(11002) 1260 1146 1 0 0 0
(01200) 1470 1568 2 0 0 0
(10102) 1701 1620 2 0 0 0
(13000) 1764 2310 1 0 0 0
(04000) 1764’ 2688 2
(02002) 1800 1920 2 0 0 0
(01110) 1960 1932 3 0 0 2
(10021) 2205 2352 2 0 1 0
(21010) 2430 2592 2 0 0 0
(21100) 2520 2868 1 0 0 0
(20200) 2520’ 2976 2 0 0 0
(10030) 2520” 3156 1 0 0 0
(01102) 3240 3564 3 0 0 0
(11011) 3675 3780 0 0 1” 1”
(10201) 3969 4536 0 0 0 2+1”
(00400) 4116 7056 0 0 0 4+1”
(10111) 4410 4767 1 0 0 0
(12100) 4410’ 5712 2 0 0 0
(00301) 4410” 6216 2 0 0 0
(01021) 4536 5508 3 0 0 0
(00130) 4704 7056 3 0 0 0
(02011) 5040 6024 1

(01030) 5040’ 7104 2
(02101) 5670 7128 0
(00211) 5880 7812 3
(02020) 6720 9216 0
(01201) 6804 8910 1
(00220) 7056 10752 2
(00310) 7056’ 11256 1
(01111) 8064 9984 2
(01120) 10080 14352 1
(01210) 11340 16848 0
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Table 32
SI)

6tensorproducts

6x6= 15,-I-21,
6x 6 = 1 + 35

15x6=20+70
15x~=6+84
15x 15=1+35+ 189

15x15=15,-4-1O5,+ iO5
2Ox~=15+ 105

20 x 15=6+ 84+ 210
2Ox20=1,+35,+175,4-189,
21x6= 56+70
21x~=6+120

21x15= 105+210’

21 x15= 35±280
2lx2O= 84+336
2ix2i= 1+35+405
21x2i= lO5~+126,+2l0~
35 x 6 = 6+ 84+120

35x15=15+21+105+384
35 x 20 = 20+ 70 + 70 + 540
35x2l=15+21+315+384
35 x 35 = 1, + 35, + 35.4-189,+280, + 280,+405,
70x6= 15+21+384
70x6=105+ i05’+2i0’

70x15=6+84+120+840
7Ox15 = 84+ 210+336+420

70 x 20 = 35+ 189+280+ 896
70 x 21= 6+84+120+ 1260

70x21= 210+336+420+ 504
70 x 35 = 20+56+70, + 702+540+560+1134
70x70=175,4-189,+280,+490,+840~+896,+896.+1134,
70x70=1+35,4-352+189+280+280+405+3675
84x6=15+105+384
84x6=354189+280

84X15=20+70+70+540+560
84x15=6+84+120+210+840
84x20=15+21+1O5+105’+384+1050
84x21= 20+70 + 540+1134
84x21= 84+ 120+840+ 720
84x35=6+ 84, + 84)4-120+ 210+ 336+840+ 1260
84x70=15+21+105+315+3841+3842+1050+1176+2430
84x70=15xi05,+1052+105’+210’+384+l050+1701+2205
84X 84=15,+21,+1051+105,4-105~+210~+384,+384,+1050,4-1176,4-1701,4-1800,
84X84= 1+351+352+175+189,4-189)4-280+280+405+896+896+3675
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Table 35
SO

7 tensorproducts

7x7= 1,4-21,4-27,
8x 7=8+48
8x8= l,+7,+2i,+35,

21x 7= 7+ 35 + 105
21x 8=8+ 48+ 112

21 x21 = 1,+21,+27,+35,+168,4-189,
27 x 7= 7+77+ 105
27x8=48+ 168’

27x2i = 21+27+189+330
27x27= 1,~21,~27,4-168,4- 182,+330,

35 x 7=21+ 35 + 189
35x8=8+48+112+ 112’

35x2i = 7+21+35+105+189+378
35x 27=35+105+189+616
35x35 = 1, + 7, +21, + 27, + 35, + 105,+ 168,+ 189,+ 294,+ 378,

48x7=8+48+112+168’
48 x 8= 7+21+ 27+ 35 + 105 + 189

48x2i = 8+48,4-482+112+112+168+512
48x27=8+48+112+168+448+512
48x35=8+481+482+112,4-1122+112+168+512+560
48 x 48 = 1,4-7,+2l,~+ 21,2+ 27,+35,1 + 35,24- 77, + 105,4-105,,+ 168,4- 189,+ 189, + 330,4-378,+ 616,

Table36
SO~irreps of dimensionlessthan 1300

Dynkin Dimension Congruency //8 Branchinginto
label (name) class (index) SO7 irreps

(1000) 8, (01) 1 8
(0001) 8, (10) 1 1+7
(0010) 8, (11) 1 8
(0100) 28 (00) 6 7+21
(2000) 35, (00) 10 35
(0002) 35, (00) 10 1 + 7+ 27
(0020) 35, (00) 10 35
(0011) 56,, (01) 15 8+48
(1010) 56, (10) 15 21 + 35
(1001) 56, (ii) 15 8+48
(3000) 112,, (01) 54 112’
(0003) 112, (10) 54 1+7+27+77
(0030) 112. (11) 54 112’
(1100) 160, (01) 60 48+ 112
(0101) 160, (10) 60 7+21+27+105
(0110) 160, (11) 60 48+ 112
(1002) 224,, (01) 100 8+48+168’
(1020) 224,, (01) 100 112+ 112’
(2001) 224,, (10) 100 35+189
(2010) 224,, (Ii) 100 112+ 112’
(0012) 224,, (ii) 100 8+48+ 168’
(0021) 224,, (10) 100 35+ 189
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Table 36 (continued)

Dynkin Dimension Congruency 1/8 Branching into
label (name) class (index) SO?irreps

(4000) 294, (00) 210 294
(0004) 294, (00) 210 1+7+27+77+182
(0040) 294. (00) 210 294
(0200) 300 (00) 150 27+105+168
(10114 350 (00) 150 21+35+105+189
(2100) 567, (00) 324 189+378
(0102) 567, (00) 324 7+21+ 27+77 + 105+330
(0120) 567, (00) 324 189+378
(3001) 672,, (11) 444 112+560
(3010) 672,. (10) 444 294+378
(1003) 672,, (11) 444 8+48+168+444
(1030) 672,. (10) 444 294+ 378
(0013) 672,, (01) 444 8+48+168’+448
(0031) 672,, (01) 444 112’+ 560
(5000) 672, (01) 660 672
(0005) 672, (10) 660 1 + 7 + 27 + 77+ 182 + 378’
(0050) 672, (11) 660 672
(0111) 840, (01) 465 48+112+168’+512
(1110) 840, (10) 465 105+168+189+378
(1101) 840, (11) 465 48+112+168+512
(0022) 840~ (00) 540 35 + 189 + 616
(2020) 840~ (00) 540 168 + 294+378
(2002) 840~ (00) 540 35+189+616
(2011) 1296, (01) 810 112+112+512+560
(1012) 1296. (10) 810 21 + 35 + 105 + 189+ 330+616
(1021) 1296, (11) 810 112+112+512+560

Table 37
SOg tensor products

8, x 8, = 1,+28. + (35,), (i = v, s, or c)
8 x 8~=

8k + 56k (i, j, k cyclic)
28 x 8 = 8 + 56, + 160,

28 x 28 = 1,+ 28.+ (35,),+ (35,),+ (35,),+ 300,+ 350,
35 x 8 = 8, + 112, + 160,
35,x8,=56

1+224,,(i~j)
35, x 28 = 28 + 35, + 350+ 567k

35, x35, = 1,+28,+(35,),+(294,),+300,+(567,),
35, X 35, =

35k + 350+ 840k (i, j, k cyclic)

56,X8,=28+35
1+355+350(i�j~”k�I)

56,X8,8k ~

56k~l6Ok~224/k

56, x 28 = 8, + 56,~+ 56,2+ 160,+ 224,,+ 224k, + 840,
56,x35,= 561+l601+224fl+22451+1296, (i~j�k� i)
56,x35,=8,+56,+160,+224~,+672~,,+840,(i�j~k� i)
56, x 56, = 1,+28,,+28,2+(35,),+(35j,+(35,),+300,+350,+350,+(567j),+(S67k)~+(S4O),(i�j� k� i)
56, X = 8k + 56k,+ 56k2~112k + I60~+ 160k2 + 22~+ 224jk + 840k + 1296k (i,j, k cyclic)

(28~),= 28,+ 282 + 283 + 350+ 567,+ 567,+ 567,+ 1925
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Table 38
SO

9 irreps of dimension less than 5100

Dynkin Dimension 1/2 SO8 SU2X SU4
label (name) (index) singlets singlets

(1000) 9 1 1 0
(0001) 16 2 0 0
(0100) 36 7 0 0
(2000) 44 11 1 1
(0(110) 84 21 0 1
(0002) 126 35 0 0
(1001) 128 32 0 0
(3000) 156 65 1 0
(1100) 231 77 0 0
(0101) 432 150 0 0
(4000) 450 275 1 1
(0200) 495 220 0 1
(2001) 576 232 0 0
(1010) 594 231 0 0
(0003) 672 308 0 0
(0011) 768 320 0 0
(2100) 910 455 0 0
(1002) 924 385 0 0
(5000) 1122 935 1 0
(0110) 1650 825 0 0
(3001) 1920 1120 0 0
(0020) 1980 1155 0 1
(2010) 2457 1365 0 1
(6000) 2508 2717 1 1
(1101) 2560 1280 0 0
(1200) 2574 1573 0 0
(0102) 2772 1463 0 0
(0004) 2772’ 1848 0 0
(3100) 2772” 1925 0 0
(2002) 3900 2275 0 0
(0300) 4004 3003 0 0
(0012) 4158 2541 0 0
(1003) 4608 2816 0 0
(0201) 4928 3080 0 0
(1011) 5040 2870 0 0
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Table41
SO,

0 irreps of dimension less tan 12000

Dynkin Dimension Congruency 1/2 SU5 SU2 x SU2x SU4 SO9 SU2x SO7
label (name) class (index) singlets singlets singlets singlets

(10000) 10 2 1 0 0 1 0
(00001) 16 1 2 1 0 0 0
(01000) 45 0 8 1” 0 0 0
(20000) 54 0 12 0 1 1 1
(00100) 120 2 28 0 0 0 1
(00002) 126 2 35 1 0 0 0
(10010) 144 1 34 0 0 0 0
(00011) 210 0 56 1 1 0 0
(30000) 210 2 77 0 0 1 0
(11000) 320 2 96 0 0 0 0
(01001) 560 1 182 1 0 0 0
(40000) 660 0 352 0 1 1 1
(00030) 672 1 308 1 0 0 0
(20001) 720 1 266 0 0 0 0
(02000) 770 0 308 1’ 1 0 1
(10100) 945 0 336 0 0 0 0
(10002) 1050 0 420 0 0 0 0
(00110) 1200 1 470 0 0 0 0
(21000) 1386 0 616 0 0 (1 0
(00012) 1440 1 628 1 0 0 0
(10011) 1728 2 672 0 0 0 0
(50000) 1782 2 1287 0 0 1 0
(30010) 2640 1 1386 0 0 0 0
(00004) 2772 0 1848 1 0 0 0
(01100) 2970 2 1353 0 0 0 0
(01002) 3696 2 1848 1 0 0 0
(11010) 3696’ 1 1694 0 0 0 0
(00200) 4125 0 2200 0 1 0 1
(60000) 4290 0 4004 0 1 1 1
(20100) 4312 2 2156 0 0 0 1
(12000) 4410 2 2401 0 0 0 0
(31000) 4608 2 2816 0 0 0 0
(20002) 4950 2 2695 0 0 0 0
(10003) 5280 1 3124
(01011) 5940 0 2904
(00102) 6930 0 4004
(00013) 6930’ 2 4389
(03000) 7644 0 5096
(40001) 7920 1 5566
(02001) 8064 1 4592
(20011) 8085 0 4312
(10101) 8800 1 4620
(00022) 8910 0 5544
(70000) 9438 2 11011
(00005) 9504 1 8580
(00111) 10560 2 5984
(10021) 11088 1 6314
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Table 42
SOio tensor products

lOx 10= 1,+45,+54,
16x 10=16+144
16x 16= 105+ 120,+ 126,

16x16= 1+45+ 210
45x 10= 10+ 120+ 320
45x 16=16+144+560
45x45= 1,+45,+54,+210,+770,+945,
54x 10= 10+210’+320
54x 16= 144+ 720
Mx 45 = 45 + 54+ 945 + 1386
54x 54 = 1, + 45, + 54, + 660, + 770,+ 1386,

120x 10=45+210+945
120x16= 16+144+560+1200
120x45= 10+120+126+126+320+ 1728+ 2970
120x54= 120+320+1728+4312

120x 120=1,+45,+ 54,+ 210,+210,+770,+945,+1050,+ 1050,+4125,+5940,
126x 10=210+1050
126x16=144+672+1200
126x16= 16+560+1440
126x45= 120+126+1728+3696
126x54=126+ 1728+4950

126x 120=45+210+945+1050+5940+6930
126 x 126 = 54, + 945, + 1050,+ 2772, +4125, + 6930,
126x 126=1+45+210+770+5940+8910

144x 10=16+144+560+720

144x 16=45+54+210+945+1050
144x16= 10+120+126+320+ 1728
144x45= 16+144,+1442+560+720+1200+3696’
144x54= 16+144+560+720+2640+3696’

144x120= 16+144,+1442+560,+5602+720+1200+1440+3696’+8800
144x 126=144+560+720+1200+1440+5280+8800
144x126=16+144+560+1200+1440+3696’+11088
144 x 144 = 10, + 120,~ + 120,2 + 126,+ i~,+ 210~+ 320,+ 320,+ 1728, + 1728,+ 2970,+ 3696, +4312, + 4950,

144x 144=14-451+452+54+210, +2102+770+9451+9452+1050+1050+1386+5940+8085
210x 10=120+126+126+1728
210x 16=16+144+560+1200+ 1440
210x45=45+210

1+2102+945+ 1050+1050+5940
210 x 54 = 210 + 945+ 1050 + 1050+ 8085

210x120=10+1201+1202+126+126+320+17281+17282+2970+3696+3696+10560
210x 126= 10+ 120+ l26+320+l728+2970+3696+6930’+ 10560
210x 144=16+ 144,+1442+560,4-5602+672+720+ 1200,+ 12002+1440+3696’+8800+ 11088
210x210= 1,+45,+45,+54,+210,+210,+770,+945,l+945,2+1050,4 1050,+4125,+5940,+5940,+6930,+6930,+8910,
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Table 43

Branchingrules for SO,
0

SO,03SU5xU1

(10000)= 10 = 5(2) +

(00001)= 16= 1(—5)+5(3)+ lO(—1)
(01000)= 45 = 1(0) + 10(4)+ 10(—4)+ 24(0)
(20000)=54=15(4)+15(—4)-4-24(O) — —

(00100)= 120 = 5(2)+ 5(—2) + 10(—6)+ 10(6)+ 45(2) + 45(—2)
(00002)=126= l(—10)+ 5(—2)+ 10(—6)+15(6)+45(2)+5~(—2)
(10010)= 144 = 5(3) + 5(7)4- 1O(—1) + 15(—l) + 24(—5)+40(— 1) + 45(3)
(00011)= 210 = 1(0)+ 5(—8) + 5(8) + 10(4) + l0(—4) + 24(0)+ 40(—4)+ 40(4) + 75(0)
(30000) = 210’ = 35(—6) + 35(6)+ 70(2) + 70(—2)
(11000)= 320 = 5(2)+ 5(—2) + 40(—6)+ 40(6)4-45(2)+ 45(—2)+ 70(2) + 70(—2)
(01001) = 560 = 1(—5) + 5(3)+ l0(—9) + lO(—l), + 10(—1)2 + 24(—5)+40(—1)+ 45(7) + 45(3)+ 50(3) +70(3)+ 75(—5) + 175(—1)

SO,8 3 SU2x.SU2 x SU4
10=(2,2, l)+(l, 1,6)
16= (2, 1,4)+(1,2,4)
45= (3,1, 1)+(1,3, l)+(1,1, 15)+(2,2,6)
54=(1, 1, 1)+(3,3, l)+(1, 1,20’)+(2,2,6)

120=(2,2,1)+(l,1,10)+(1,l,i~)+(3,l,6)+(1,3,6)+(2,2,15)
126 =(1,1,6)+(3,1,1O)+(1,3,10)+(2,2,15)

144
2l0=(1,1,1)+(1,1,15)+(2,2,6)+(3,1,15)+(1,3,15)+(2,2,1o)+(2,2j~)

210’=(2,21)+(l,l,6)+(4,4,l)+(3,3,6)+(2,2,20’)+(1,1,50)
320=(2,2,1)+(1,l,6)+(4,2,l)+(2,4,1)+(3,1,6)+(1,3,6)+(2,2,15)+(3,3,6)+(11M)+(2220’)
~

SO1o3 SO9
10=1+9
16=16
45 = 9 + 36
54=1+9+44

120 = 36 + 84
126= 126
144=16+128
210 = 84+ 126
210’= 1+9+44+ 156
320 = 9+ 36 + 44+ 231
560=128+432

SO,0DSU2x SO7
10= (3,1)+(1,7)
16= (2,8)
45= (3, 1)+(1,21)+(3,7)
54= (1, 1)+(5, 1)+(3,7)+(1,27)

120= (1, 1)+(3,7)+(1,35)+(3,21)
126 = (1,21)4- (3, 35)
144= (2,8)+(4,8)+(2,48)
210 = (1,7)+ (1,35)+ (3,21)4- (3,35)

210’= (3, 1)+(7, 1)+(1,7)+(5,7)+(3,27) +(l,77)
320 =(3,l)+(5,1)+(1,7)+(3,7)+(5,7)+(3,2l)+(3,27)+(1,105)
560 = (2,8) + (4,8)+ (2,48) + (4, 48)-+ (2, 112)
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Table 44

F
4 irreps of dimension less than 100000

Dynkin Dimension 1/6 SO9 5113 x SU3
label (name) (index) singlets singlets

(0001) 26 1 1 0
(1000) 52 3 0 0

(0010) 273 21 0 1
(0002) 324 27 1 1
(1001) 1053 108 0 0
(2000) 1053’ 135 0 1
(0100) 1274 147 0 1
(0003) 2652 357 1 1
(0011) 4096 512 0 0
(1010) 8424 1242 0 1
(1002) 10829 1666 0 1
(3000) 12376 2618
(0004) 16302 3135 1 1
(2001) 17901 3213
(0101) 19278 3213 0 1
(0020) 19448 3366 0 2
(1100) 29172 5610
(0012) 34749 6237 0 1
(1003) 76076 16093
(0005) 81081 20790

Table 45
F, tensor products

26 x 26 = 1, + 26, + 52, + 273, + 324,
52 x 26 = 26 + 273 + 1053
52 x 52 = 1, + 52,+ 324,+ 1053~+ 1274.

273x26= 26+52+273+324+1053+1274+4096
273 x 52 = 26+ 273+ 324 + 1053 +4096+ 8424

273 X 273 = 1, + 26, + 52, + 273,, + 273,2 + 324,, + 324,2 + 1053, + 1053, + l053~+ 1274, + 2652, + 4096,+ 4096,+ 8424,+ 10829, + 19278a + 19448,
324x26= 26+273+324+1053+2652+4096
324x52=52+273+324+ 1274+4096+ 10829

324x 273=26+52+2731+2732+324+ 1053, + 10532+1274+2652+40961+40962+8424+10829+19278+ 34749
324 x 324 = 1, + 26, + 52,+ 273, + 324,, + 324,2+ 1053, + l053~ + 1274, + 2652 + 4096,+ 4096,+ 8424,+ 10829, + 16302,+ 19448, + 34749,

Table 46
Branchings of F4 representations

F4 iSO9
(000l)=26=1+9+ 16
(1000)= 52 = 16 +36
(0010)= 273 = 9 + 16 + 36+ 84 + 128
(0002)=324=1+9+ 16+44+126+ 128
(lOOl)= 1053=16+36+84+126+128+231+432
(2000)=1053’= 126+432+495
(OlO0)= 1274=36+84+128+432+594

F4 3 5U3 x 5U3

26=(8, l)+(3,3)+(~)
52=(8, l)+(l,8)+(6,~)+(6,3)

273=(1, 1)+(8,l)+(3,3)+(3,3)+(lO,1)+(1O,1)+(6,3)+(6,3)+(3,~)+(3,6)+(l5,3)+(15j)+(8,8)
324=(1, l)+(8, 1)+ (1,8)4- (3,3)+(~j)+(6j)+ (~,3)+ (27, 1)+ (6,6)4- (~,~)+(l5,3)+(15,~)+(8,8)
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Table 47
E,, irreps of dimension less than 100000

Dynkin Dimension 1/6 F
4 SO,o SU2x SU6 SU3x SU3x SU3

label (name) (index) Triality singlets singlets singlets singlets

(100000) 27 1 1 1 1 0 0
(000001) 78 4 0 0 1’ 0 0
(000100) 351 25 1 0 0 0 0
(000020) 351’ 28 1 1 1 0 0
(100010) 650 50 0 1 1’ 1 2
(100001) 1728 160 1 0 1 0 0
(000002) 2430 270 0 0 1’ 1
(001000) 2925 300 0 0 0 0 1
(300000) 3003 385 0 1 1 0 1
(000110) 5824 672 0 0 0 0 0
(010010) 7371 840 1 0 0 0 0
(200010) 7722 946 1 1 1 0 0
(000101) 17550 2300 1 0 0 0 0
(000021) 19305 2695 1 0 1 0 0
(400000) 19305’ 3520 1 1 1 0 0
(020000) 34398 5390 1 0 0 0 0
(100011) 34749 4752 0 0 1’ 0
(000003) 43758 7854 0
(100002) 46332 7260 1
(101000) 51975 7700 1 0 0 0 0
(210000) 54054 8932 1 0 0 0 0
(100030) 61425 10675 1
(010100) 70070 10780 0 0 0 1
(010020) 78975 12825 0 0 0 0 0
(200020) 85293 14580 0 1 1” 1 2
(100110) 112320 18080 1

‘5O~,,x U, singlet.
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Table 52
Irreps, products and branching rules for E

7

Dynkin Dimension 1/12 Branching into E,, irreps
label (name) index U, factorssuppressed

(0000010) 56 1 1±1+27+27
(1000000) 133 3 1 + 27+27+78
(0000001) 912 30 27+27+78+78+351+351
(0000020) 1463 55 1+1+1+27+27+27+27+351’+351’+650
(0000100) 1539 54 1+27+27+27+27+78+351+351+650
(1000010) 6480 270 Branchingrules to other
(2000000) 7371 351 regular subgroupsbelow.
(0100000) 8645 390
(0000030) 24320 1440
(0001000) 27664 1430
(0000011) 40755 2145
(0000110) 51072 2832
(1000001) 86184 4995

56 x 56 = 1, + 133, + 1463,±1539,

133x56=56+912+6480
133x 133 = 1, + 133,+ 1539~+ 7371,+ 8645,
912x56= 133+1539+8645+40755

912x 133=56+912+6480+27664+86184
912x 912=l,+ 133,+1463,4-1539,±7371,+8645,±40755,+l52152,+253935,+365750,
1463x56=56+6480+24320+51072

1463x 133=1463+1539+40755+150822
1463x912=912+6480+27664+51072+362880+885248

1463x 1463=1,4-133,4-1463,4-1539,+7371~+150822,4-152152,-f-293930,+617253,±915705,
1539x56= 56+912+6480+27664+51072

1539x 133=133+1463+1539+8645+40755+152152
1539x912= 56+912+6480,+64802+27664+51072+86184+362880+861840

E7 3 SU8
(0000010)= 56=28+28
(l000000)=133=63+70

(0000001)=912=36+36+420+420
(0000020)=1463=1+704-336+336+720
(0000100=1539=63+378+378+720

E7DSU2xSO,2
56= (2, l2)+(1,32)

133= (3, 1)+(2,32’)+(1,66)
912 = (2, 12)+ (3,32)+ (1,352)+ (2,220)

1463= (1,66)+(3,77)+(1, 462)4-(2,352’)
1539=(1, 1)+(2,32’)+ (1,77)4-(3,66)+(1,495)+ (2,352’)

E7JSU3xSU6
56= (3,6)+(3,6)+ (1,20)

133 = (8, 1)+ (1,35)+(3,l5)+ (3,15)
912=(3,6)+(3,6)+(6,6)+(6,6)+(1,70)+(1,70)-4-(8,20)+(3,84)+(3.84)

1463 =(1,1)+(1,35)+(3,15)+(3,l5)+(6,21)+(6,21)+(1,175)+(8,35)+(3,105)+(3,105)
1539=(1,1)+(8,l)+(1,35)+(3,15)+(3,l5)+(3,21)+(3.21)+(6,15)+(6.15)+(1.l89)+(3,l05)+(3,105)+(8.35)
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Table 53
Irreps, products andbranching rulesfor E

8

Dynkin label Dimension (name) 1/60 (index)

(00000010) 248 1
(10000000) 3875 25
(00000020) 27000 225
(00000100) 30380 245

- (00000001) 147250 1425
(10000010) 779247 8379
(00000030) 1763125 22750
(00100000) 2450240 29640

(00000110) 4096000 51200
(20000000) 4881384 65610
(01000000) 6696000 88200
(00000011) 26411008 372736

248 x 248 = 1,+ 248,+ 3875,±27000,+ 30380,
3875x 248 = 248+ 3875 + 30380+ 147250+ 779247

3875x 3875 = 1, + 248, + 3875,+ 27000,+ 30380, + 147250,+ 779247,+ 2450240,+ 4881384~±6696000,

Branching rules to regular maximal subgroups;SO16 and SU9 Dynkin labels given.

E83SO,6
248 = (01000000)120+ (00000001)128

3875= (20000000)135+ (00010000)1820+ (10000010)1920

E,3 SU9
248 = (10000001)80+(00100000)84+ (00000100)84

3875 = (10000001)80+ (11000000)240+ (00000011)240+ (00010001)1050+ (10001000)1050+(01000010)1215

E5 3 SU2xE~,
248=(3, 1)+(1,133)+(2,56)

3875=(1, 1)+(2,56)-l-(3,133)+(1,1539)+(2,912)

E8 3 SU3x E4
248 = (8, l)+ (1,78)+ (3,27)4-(3,27)

3875=(1, l)+(8, 1)+(3,27)+(3,27)+(6,27)+(6,27)+(8,78)+(l,65O)+(3,351)±(~,~T)

E8JSU5xSU5 —

248=(l,24)+(24,1)-f (5,10)+(5,10)+(10,5)+(10,5)
3875 = (1,1)4-(1,24)+ (24,1)+ (5,10)4-(5,10)4- (10,5)+ (10,5)4-(1,75)+ (75, 1) + (5, 15)+ (5,15)+(15,5) + (15,5) + (5,40)+ (5,40)+ (40,5)+ (40,5)

+ (10,45)+ (10, 45)+ (45, 10)+ (45, 10) + (24,24)
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Table 54
Irreps,products andbranching rulesfor SU,

Dynkin (name) Dimension (name) Octality I (index) Branchinginto SO
8irreps

(1000000) 8 1 1
(0100000) 28 2 6 28
(2000000) 36 2 10 1+35,
(0010000) 56 3 15 56,
(1000001) 63 0 16 28+35,
(0001000) 70 4 20 35, + 35,
(3000000) 120 3 55 8,4-112,
(1100000) 168 3 61 8,4-160.
(0100001) 216 1 75 56. + 160,
(2000001) 280 1 115 8,+ 112,4-160,
(4000000) 330 4 220 1 + 35, + 294.
(0200000) 336 4 160 1 + 35,4- 300
(1010000) 378 4 156 28+350
(0010001) 420 2 170 35, + 35,+ 350
(0001001) 504 3 215 56.+ 224,,+ 224,.
(2100000) 630 4 340 28 + 35, + 567w
(0100010) 720 0 320 35, + 35, + 300+ 350
(0000005) 792 3 715 8,+112,±672
(3000001) 924 2 550 28+ 35,+294.4-567.
(2000010) 945 0 480 28 + 350 + 567w
(0000110) 1008 3 526 8,+ 160~+840.
(0000200) 1176 2 700 1 + 35, + 300+ 840:,

(Note that the projection of 8 to 8, is a convention andmay be changedto 8 to 8. or8 to 8,.)

8 x 8 = 28,+ 36,
8 x 8 = 1 + 63

28 x 8 = 56 + 168
28x 8=8+216

28 x 28 = 70, + 336,+ 378.
28x28=1+63+720
36x8= 120+ 168
36 x 8 = 8 + 280

36 x 28 = 378+ 630
36 x 28 = 63 + 945
36 x 36 = 330,+ 336,+ 630,
36x36=1+63+1232
56 x 8 = 70 + 278
56 x 8 = 28+ 420

56 x 28=56+ 504+ 1008
56 x 28 = 8+216+1344
56x36=504+1512’
56x36=216+1800
56x56=28.+420,+1176,+1512, -
56x56= 1+63+720+2352
63 x 8 = 8+216+ 280

63x28=284-36±420±1280
63 x 36= 28 + 36+ 924+ 1280
63x56=56+163+504+2800 —

63 x 63= 1,+ 63, + 63,+ 720,+ 945, + 945,4-1232,

Branchingrules to SU3 1< SU5x U, irreps; U, generatorin parentheses:
(1000000)=8= (3,1X—5)+(1,5X3)
(0100000)= 28 = (3, 1X—lO)+ (1, 10X6)+ (3, 5X—2)
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Table 54 (continued)

(2000000)= 36= (6,1)(— 10)+(1, l5X6) +(3, 5)(—2)
(0010000)= 56 = (1,1)(— 15)±(1, 10X9) + (3, 5)(—7)+ (3, 10)(1)
(1000001)= 63 = (1,1)(0)+ (8, 1)(0)+ (3,5X—8)+ (3,5)(8)+ (1,24)(0)
(0001000)= 70 = (1, 5)(—12)+ (1, ~X12)+(3, 10)(4)+ (i, lOX—4)
(3000000)= 120 = (10, 1X— 15)+ (6, 5)(—7)±(3, 15)(1)+ (1, )(9)
(1100000)= 168 = (8, 1)(— 15)+ (3,5X—7) + (6, 5X—7)+ (3, 1OX1)±(1,40X9)-4- (3, 15X1)
(0100001)= 216 = (3, 1X—5) + (1, 5X3)+ (6, 1X—5)+ (3, 5)(—13) + (3, 10)(11) + (8,5X3)+ (1,45)(3) + (3,24X—5)
(2000001)= 280 = (3, l)(—5) +(1, 5X3)+(15, 1)(—5)+ (6,5)(—13)+ (8,5)(3)+ (3,24X—5)+ (3, 15)(11) +(1. 70)(3)
(4000000)= 330 = (15’, 1)(—20)+ (10, 5)(—12)+ (1, 70’X12) + (6, 15X—4) + (3,35)(4)
(0200000)= 336 = (6, 1)(—20)+ (3, 1OX—4) + (8,5)(— 12)+ (1,50X12)+ (3, 40X4)+ (6, 15X—4)
(lOl0000)= 378 = (3, 1)(—20)+(1,5X—12)+ (3, 10X4)+(3, 10)(—4)+(8,5)(—12)+ (1,45X12)+(3, 15X—4)±(6, 10)(—4)+(3,40X4)
~0010001)=420 = (3, 1)(—10)+(1,5X—18)+ (1, 10X6)+ (3,5X—2)+(6, 5)(—2)+(3, 10)(14)-f-(1, 40)~6)+(3,24)(—10)+(8, lO)(6)+ (3, 45)(—2)
@001001)=504 = (1, 10X9)4-~3,5X—7)4- (3, 5X17)+ (1, 15X9)+(1, 24)(—15)+(3, 1OX1)+ (6, IOX1)+ (8, 10)(9)+~3,40)(1) + (3,45)(—7)

Table 55
Irreps, products and branching rulesfor SO,

4

IrrepsandSO,43SU2X SU2>(SO,0 branching rules:
(1000000)=14= (2,2,1)+(1,1,10)
(0100000)=91=(3,1, 1)+(1,3,1)+(1,1, 45)+(2,2, 10)
(0010000)=364=(2,2,1)+(3,1,lO)+(1,3,10)+(l,1.120)+(2,2,45)
(0001000)=1001=(1,1,1)+(2,2,10)+(3,1,45)+(1,3,45)±(1,1,210)+(2,2,120)
(0000100)=2002=(1,1,10)±(1,l,126)+(1,1,126)+(2,2,45)+(3,l,120)+(1,3,l20)±(2,2,210)
(0000011)=3003=(1,1,45)+(1,1,120)+(2,2,120)+(3,1,210)+(1,3,210)+(2,2,126)+(2.2,l26)
(0000002)= 1716 = (1,1,120)+ (3, 1, 126)4-(1,3,126)+(2,2,210)
(0000001)=64=(2,1, 16)4-(1,2, 16)

Productsof spinors:
64 x 64 = 14, + 364,+ 1716, + 2002,
64x64=1+91+1001+3003

Table 56
Irreps,productsandbranchingrules for SO,8

Irrepsand SO19JO8 SO,0branching rules:
(100000000)= 18 = (8,,1) + (1, 10)
(010000000)= 153 = (28, 1)+ (1, 45)+ (8,,10)
(010000000)= 816 = (56,, 1)+ (1, 120)+(28,10)+ (8,, 45)
(000100000)= 3060= (35,, 1)+ (35,,1) + (1,210)+ (56,, 10)+ (28,45)+ (8,,120)
(000010000)= 8568= (56,, 1) + (1,126)+ (1, 126)+ (35,, 10) + (35,, 10) + (56,,45) + (28, 120)+ (8,,210)
(000001000)= 18564= (28,1) + (1,210)+ (56,, 10)+ (8,, 126)+ (8,, 126)+ (35,, 45) + (35,,45)+ (28,210)+ (56,, 120)
(000000100)= 31824 = (8,, 1) + (1, 120)+ (28, 10)+ (8,,210)+ (28, 126)+ (28,i~)+ (56,,45) + (56,,210)+ (35,, 120) + (35,, 120)
(000000011)= 43758= (1, 1)+ (1,45)+ (8,, 10)+ (8,, 120)+(28,45)+ (28,210)+ (56,, 120)+ (56,, 126)+ (56,,, 126)+ (35,,210)+ (35,, 210)
(000000002)= 24310 = (1, 10)+ (8,,45)+ (28, 120)+ (56,,,210)±(35,, 126)+ (35,, 126)
(000000001)=256=(8,,16)+(8,,16)

Products of spinors:
256)(256 = 18, + 816, + 8568,+ 31824,+ 24310,
256x256=1+153+3060+18564+43758
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Table 57
Irreps, products and branching rules for SO

22

Irrepsand SO223 SO,2 x SO,0 branching rules:
(10000000000)= 22 = (1, 10)+ (12, 1)
(01000000000)=231 = (1,45)+(66,1)+(12,10)
(00100000000)= 1540= (1, 210)+ (220,1) + (66, 10)+ (12,45)
(00010000000)= 7315= (1,210) +(495, 1) + (12, 120) + (220,10) + (66,45)
(00001000000)= 26334= (1, 126)+ (1, 126)+ (792, 1) + (12,210)+ (495,10)+ (66, 120)+ (220,45)
(00000100000)= 74613= (1,210) + (462, 1)+ (462’, 1) + (12, 126)+ (12, 126)+ (792,10) + (66,210)±(495,45)+ (220,120)
(00000010000)= 170544= (1, 120)+ (792,1) + (12,210)+ (462,10)+(462’, 10)+ (66, 126)+ (66, 126)+(792,45)+ (220,210) + (495, 120)
(00000001000)= 319770= (1,45)+ (495, 1)+ (12, 120)+ (792, 10)+ (66,210)+ (462,45)+ (462’, 45)+ (220,126)+ (220,126)+ (792,120)+ (495,210)
(00000000100)= 497420= (1, 10)+ (220, 1)+ (12,45)+ (495,10)±(66, 120)+ (792,45)+ (220,210)+ (462,120)+ (462’, 120)+ (495,126)+ (495,126)

+ (792,210)
(00000000011)= 646646= (1, 1)+ (12, 10)±(66, 1) + (66,45)+ (220, 10)+ (220,120)+ (495,45)+ (495,210)+ (792,120)+ (792,126)+ (792,126)

+ (462,210)±(462,210)
(00000000002)= 352716= (12, 1) + (66, 10)+ (220,45) + (495,120)+ (792,210)+ (462,126)+ (462’, 126)
(00000000001)=1024= (32, 16)+(32’,16)

Productsof spinors:
1024x 1024= 22,+ 1540,+ 26334,+ 170544,+ 352716,+497420,
1024x1024=1+231+7315±74613+319770+646646

Table 58
Branching rules to all maximal subgroups

This table is designedto facilitate analysessuch as the search for maximal little groups, and also it representsa summary of the group theory
aspectsof the review,The branching rulesof a few low-lying irreps to the irreps of every maximal subgroupare listed for simple groups up to rank 6.
Many results repeatthosein tables 14, 15, and the branching rule tables, but here there is no restriction to subgroupsthat can contain flavor and
color, When this table or the precedingonesare insufficient, the readershouldrefer to the much longer tablesof ref. [571,although in many practical
casesa quick calculation basedon the results of this table will fill in the missing information, The format is to giveboth the Dynkin designation and
the dimensionality (name) as (Dynkin)r, except when the subgroup is SU2, SU2x SU2, or more products of SU2’s, in which case only the
dimensionality is listed, The eigenvaluesof theU, generator,when relevant,are given in parenthesesafter the irrep names, and are normalized to be
integers.

Rank 2: SU33 SU2 X U, (R)
(10)3= l(—2)+2(1)
(20)6= 1(—4)+2(—1)+3(2)
(11)8= l(0)+2(3)+2(—3)+3(0)

SU33 SU2 (5)
(10)3=3
(20)6 = 1 + 5
(11)8=3+5

Sp43SU2XSU2(R)
(10)4=(2,l)±(1,2)
(01)5=(1, 1)±(2,2)

(20)10=(3,1)±(l,3)±(2,2)

Sp4JSU2XU,(R)
(10)4=2(1)+2(—1)
(01)5=1(2)4-l(—2)±3(0)

(20)10=1(0)4-3(0)4-3(2)+3(—2)
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Table 58 (continued)

Sp
43 SU2(S)

(10)4=4
(01)5 = 5

(20)10= 3+7

023SU3(R)
(01)7=(00)1+(10)3+(01)~

(10)14= (10)3 + (01)~+ (11)8

023SU2x SU2 (R)
(01)7=(1,3)+(2,2)

(10)14=(l,3)+(3, 1)+(2,4)

023SU2 (S)
(01)7 = 7

(10)14=3+11

Rank3: SU43SU3xU,(R)
(100)4= (00)1(3)+ (10)3(—1)
(010)6= (10)3(2)+ (01)~(—2)

(101)15= (00)1(0)+ (10)3(—4)+ (01)~(4)+ (11)8(0)

SU43SU2xSU2xU,(R)
(100)4=(2, 1X1)+(1,2)(—1)
(010)6= (1, 1X2) + (1, 1)(—2) + (2,2)(0)

(101)15= (1, 1X0)±(3, 1XO) + (1,3X0)+ (2,2)(2)+ (2,2X—2)

SU43 Sp4(S)
(100)4= (10)4
(010)6= (00)1 + (01)5

(101)15= (01)5+ (20)10

SU4JSU2xSU2(5)
(100)4= (2,2)
(010)6= (1,3)+ (3,1)

(101)15= (1,3)+ (3, 1)+ (3,3)

SO2JSU4(R)
(100)7= (000)1 + (010)6
(001)8=(100)4+(001)~

(010)21= (010)6+(101)15

SO-,3SU2x SU2 x SU2 (R)
(100)7=(1, 1, 3)+(2,2, 1)
(001)8=(1,2,2)+(2,1,2)

(010)21= (1, 1,3)-4-(1,3,1)-4-(3, 1, 1)+(2,2, 3)

SO7JSp4xU, (R)
(100)7= (00)1(2)4- (00)1(—2)+(01)5(0)
(001)8= (10)4(1)+ (10)4(—1)

(010)21= (00)1(0)+ (01)5(2)+ (01)5(—2) + (20)10(0)

SO7302 (S)
(100)7= (01)7
(001)8= (00)1+ (01)7

(010)21= (01)7 + (10)14
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Table 58 (continued)

Sp
63SU3xU,(R)

(100)6=(l0)3(1)+(01)~(—1)
(010)14= (lO)3(—2) + (01)~(2)+ (11)8(0)

(001)14’= (00)1(3)+ (00)l(—3)±(20)6(— 1)+ (02)~(l)
(200)21= (00)1(0)+ (20)6(2) + (02)~,(—2) + (11)8(0)

SP63SU2x Sp4(R)
(100)6 = (1)(00X2, 1)+ (0)(lO)(1, 4)

(010)14= (OXOOX1, 1) + (OXOI)(1, 5)+ (1)(l0)(2, 4)
(001)14’ = (OX1OX1,4)+ (1XO1X2, 5)
(200)21= (2X0X3, 1)+ (0X20)(1, 10)4-(1)(10)(2,4)

Sp6DSU2(S)
(100)6=6

(010)14=5+9
(00l)14’=4+10
(200)21 = 3+7+11

Sp6JSU2X SU2 (5)
(100)6= (2, 3)

(010)14= (1, 5)±(3,3)
(001)14’=(4, 1)-1-(2,5)
(200)21= (1,3)+(3, 1)+(3,5)

Rank 4: SU5JSU4xU, (R)
(1000)5= (000)1(4)±(100)4(—1)

(0 100)10= (100)4(3)+ (010)6(—2)
(1001)24= (000)1(0)+ (100)4(—5)±(001)4(5)+ (101)15(0)

SU53SU2xSU3xU1(R)
(1000)5= (1XOO)(2, l)(3) + (OXIOX1, 3)(—2)

(0100)10= (OXOO)(l, lX6) + (OXO1X1, ~X—4)+ (1)(10X2,3)(1)
(1001)24= (OXOO)(1, l)(0) ±(2)(00X3, 1XO)+ (l)(l0)(2, 3)(—5)±(1)(0l)(2,~)(5)+ (OX’ l)(I, 8)(0)

SU53 Sp4 (5)
(l000)5=(01)5

(0100)10= (20)10
(1001)24=(20)1O+(02)14

SO9 3 SO9(R)
(1000)9= (0000)1±(1000)8,,

(0001)16= (0010)8.+ (0001)8,
(0100)36= (1000)8.+ (0 100)28

SO93 SU2x SU2 x Sp~(R)
(1000)9= (l)(1)(0O)(2,2, 1)+ (0)(0XO1X1, 1,5)

(0001)16= (OXI)(1O)(1,2,4)+(1)(0X10X2, 1,4)
(0100)36= (2X0)(O0)(3, 1, 1)+ (OX2XOOX1, 3, 1) + (OXOX2OXI, 1, 10)±(l)(1)(01)(2,2,5)

SO9JSU2xSU4(R)

(1000)9 = (2)(000)(3, 1) +(OXO1O)(1, 6)
(0001)16= (1)(100)(2,4) + (1)(OOl)(2,4)
(0100)36= (2X000)(3,1) + (OXIOI)(1, 15)+ (2X010)(3, 6)
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Table 58 (continued)

SO
93SO7xU,(R)
(1000)9= (000)1(2)4-(000)1(—2)+ (100)7(0)

(0001)16= (001)8(1)-f(001)8(—1)
(0100)36= (000)1(0)+ (100)7(2)±(100)7(—2) + (010)21(0)

SO9JSU2(S)
(1000)9=9

(0001)16=54-11
(0100)36= 3+ 7+ 11+ 15

SO9JSU2xSU2(5)
(1000)9= (3,3)

(0001)16=(2,4)+(4,2)
(0100)36=(1, 3)+ (3, l)+ (3,5)±(5,3)

Sp8JSU4XU, (R)
(1000)8= (100)4(1)+ (00l)4(—1)

(2000)36= (000)1(0)±(200)10(2)±(002)10(—2) + (101)15(0)
(0001)42= (000)1(4)+ (000)1(—4)+ (200)10(—2) + (002)10(2)+ (020)20’(O)

Sp8 3 SU2x Sp6(R)
(1000)8=(1)(000X2,1)+ (0)(100)(1,6)

(2000)36= (2X000X3,1)+ (0)(200X1,21)4- (1)(100)(2,6)
(0001)42= (OXO1O)(1, 14)+ (1)(001)(2,14’)

Sp83 Sp4XS~)4(R)
(1000)8=(OOX1OXI,4)±(10)(00)(4,1)

(2000)36= (00X20)(1,10)±(20)(00)(10,1)±(10)(10)(4,4)
(0001)42= (OOXOO)(1, 1)+ (10)(10)(4,4) + (01)(01X5,5)

Sp83 SU2 (5)
(1000)8=8

(2000)36=3+7+11+15
(0001)42=5+9+11+17

Sp~3 SU2X SU2X SU2(S)
(1000)8= (2,2, 2)

(2000)36=(1,1,3)-4-(1,3,1)±(3,1, 1)+(3,3,3)
(0001)42=(1,1, 5)-i-(1,5,1)+(5, 1, 1)-1- (3,3, 3)

SO8JSU2xSU2xSU2xSU2(R)
(1000$,,=(2,2,1, 1)+(1,1,2,2)
(0001)8,=(1,2,1,2)-4-(2,1,2, 1)
(0010)8,= (1,2,2, 1)+ (2,1,1,2)
(0100)28=(1,1,1,3)+(1,1,3,1)-4-(1,3,1,1)4-(3,1,1,1)+(2,2,2,2)

SO83SU4xU,(R)

(1000)8.= (100)4(1)+ (001)4(—1)
(0001)8,= (000)1(2)+ (000)1(—2)+ (010)6(0)
(0010)8,= (100)4(—1) + (001)4(1)
(0100)28= (000)1(0)+ (010)6(2)+ (010)6(—2)+ (101)15(0)

S083SU3 (S)
(1000)8,,= (11)8
(0001)8,=(11)8
(0010)8,=(11)8
(0100)28= (11)8+ (30)10+ (03)10
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Table 58 (continued)

S0
83SO7(5)
(1000)8,= (001)8
(000 1)8, = (000)1 ±(100)7
(00 10)8, = (00 1)8
(0100)28= (100)7+ (010)21

S093SU2X S~)~(5)
(1000)8.= (1XIO)(2, 4)
(0010)8,= (1)(10)(2, 4)
(0001)8,=(0)(01X1,5)+(2)(0O)(3,1)
(0100)28= (2)(00)(3, 1)+ (0)(20)(1,10)+ (2)(01)(3, 5)

F43SO9(R)
(0001)26= (0000)1+ (1000)9+ (0001)16
(1000)52 = (0001)16+(0100)36

F4JSU3xSU3(R)
(0001)26= (11)(00)(8,1) + (1OX1O)(3,3) + (01)(O1)(~,~)
(1000)52 = (11)(00)(8,1) + (00)(11)(1,8)+ (20X01)(6,~)+ (02)(10)(~,3)

E,3 SU2x Sp~(R)
(0001)26=(1)(100)(2,6)+ (0)(010)(2,14)
(1000)52= (2)(000)(3,1) + (0)(200)(1,21)+ (1)(001)(2, 14’)

F4JSU2(S)
(0001)26=9+17
(1000)52=3+11-4-15±23

F4 3 SU2x G2 (5)
(0001)26= (4)(00X5,1) + (2X01)(3,7)
(1000)52 = (2)(00X3,1) + (OX1OX1, 14)+ (4)(01)(5, 7)

RankS: SU6JSU5xU,(R)
(10000)6= (0000)1(—5)±(1000)5(1)

(00100)20= (0100)10(—3)+ (0010)10(3)
(10001)35= (0000)1(0)4-(1000)5(6)4-(0001)5(—6)+ (1001)24(0)

SU6JSU2xSU4xU,(R)
(10000)6= (1)(000X2,1)(2)+ (OX100X1,4)(— 1)

(00100)20= (OX100XI, 4)(3) + (OXOOIX1, 4)(—3)+ (1XO1OX2, 6)(0)
(10001)35= (OX000XI, 1XO) + (2X000X3, 1XO)+ (0)(1O1X1, 15X0)+ (1X100X2,4X—3) + (1XOO1X2,4X3)

SU6JSU3XSU3xU,(R)
(10000)6= (OOX1O)(1, 3X— 1)+ (10)(00)(3,1XI)

(00100)20= (OOXOOXI, 1X3) + (OOXOOX1, IX—3) + (10X01X3,~X—1) + (01X10X3,3X1)
(10001)35= (OOXOOX1, 1XO) + (OOX11X1, 8)(0)+ (11XOOX8, 1)6))+ (1OXOIX3, ~X2)+(01X1OX~X—2)

SU6JSU3 (5)
(10000)6=(20)6

(00100)20= (30)10 + (03)10
(10001)35 = (11)8+(22)27

SU63SU4(5)
(10000)6= (010)6

(00100)20= (200)10+ (002)10
(10001)35= (101)15+ (020)20’
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Table 58 (continued)

SU63 Sp6(S)
(10000)6 = (100)6

(00100)20= (100)6+(001)14’
(10001)35= (010)14+ (200)21

SU63SU2x SU3 (5)
(10000)6= (1X10X2, 3)

(00100)20= (3X00X4,1)+ (1X11X2,8)
(10001)35= (2X00X3,1) + (OX11X1,8)+ (2X11X3, 8)

SO,,3 SO,0 (R)
(10000)11= (00000)1+ (10000)10
(00001)32= (00001)16±(00010)16
(01000)55 = (10000)10+ (01000)45

SO,,JSU2xSO8(R)
(10000)11= (2X0000X3, 1) + (OX1000X1,8,)
(00001)32= (1X000IX2, 8,)+ (1XOO1O)(2,8.)
(01000)55= (2X0000X3, 1)+ (0)(O100X1,28)±(2X1000X3,8,)

SO,,3 Sp4 x SU4(R)
(10000)11= (O1X000X5, 1)+ (OOXO1OX1,6)
(00001)32= (1OX100X4,4)±(10X001X4,4
(01000)55 = (2OX000X1O,1) + (OOX1O1X1, 15)+ (O1XO1OX5, 6)

S01,JSU2xSU2xS07(R)
(10000)11= (1X1X000X2, 2, 1)+ (OXOX100)(1,1,7)
(00001)32= (OX1XOO1)(1, 2,8)4-(1)(0)(001)(2, 1,8)
(01000)55= (2XOX000X3, 1, 1) + (0X2X000X1,3, 1) + (OXOXO1OX1, 1,21)+ (1X1X100X2, 2,7)

SO,,JSO9xU, (R)
(10000)11= (0000)1(2)+(0000)1(—2)+ (1000)9(0)
(00001)32= (0001)16(1)+(0001)16(—1)
(01000)55= (0000)1(0)+ (1000)9(2)+ (1000)9(—2) + (0100)36(0)

So,,3SU2 (S)
(10000)11=11
(00001)32=6+10+16
(01000)55=3+7+11+15±19

Spio 3 SU5 x U, (R)
(10000)10= (1000)5(1)+ (0001)~(—1)
(20000)55= (0000)1(0)+ (2000)15(2)+(0002)15(—2)+ (1001)24(0)

Spia3 SU2x Spg (R)
(10000)10= (1X0000X2, 1) + (OX1000X1,8)
(20000)55= (2X0000X3, 1) + (OX2000X1,36)+ (1)(1000x2,8)

Sp,oDSp4x Sp6 (R)
(10000)10= (1OX000X4, 1) + (OOX100X1,6)
(20000)55= (2OX000X1O,1) + (OOX200X1,21)+ (10)(100X4,6)

Sp,,,3 SU2(S)
(10000)10= 10
(20000)55=3+7+11+15±19
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Table 58 (continued)

Sp,o3 SU
2X S~)4(5)

(10000)10= (IXO1X2, 5)
(20000)55= (2X00X3, 1) + (OX2OX1, 10)+ (2)(02)(3,14)

SO,0JSU5xU,(R) —

(10000)10= (1000)5(2)+ (0001)5(—2)
(00001)16= (0000)1(—5)+ (0001)~(3)+ (0100)10—1)
(01000)45 = (0000)1(0)+(0100)10(4)+ (0010)10(—4)+ (1001)24(0)

SO,~3 SU2x SU2x SU4 (R)
(10000)10= (1X1)(000)(2,2, 1)+ (OXOXO1OX1, 1,6)
(00001)16= (1)(OX100)(2,1,4)+ (OX1XOO1X1, 2,4)
(01000)45= (2)(0)(000X3,1, 1)+ (OX2X000X1, 3, 1) + (OXO)(101)(1,1, 15)+ (1)(1)(010X2,2,6)

SO,0JSO8xU,(R)
(10000)10=(0000)1(2)4-(0000)1(—2)4-(1000)8,(0)
(00001)16= (0010)8,(1)+ (0001)8,(—1)
(01000)45= (0000)1(0)-I- (1000)8,(2)+(1000)8,(—2)+(0100)28(0)

SO,,,DSp4 (5)
(10000)10= (20)10

(00001)16=(11)16

(01000)45= (20)10+ (21)35

SO,83 S09(S)
(10000)10= (0000)1+ (1000)9
(00001)16= (0001)16
(01000)45= (1000)9+(0100)36

SO,o3 SU2x SO-, (S)
(10000)10= (2)(000X3,1) + (OX100)(1,7)
(00001)16= (1XOO1X2, 8)
(01000)45= (2X000X3, 1)+ (0)(010)(1,21)+ (2)(100X3, 7)

SO,o3 ~ X S~)4(5)
(10000)10= (OOXO1X1,5)±(01)(00X5, 1)
(00001)16= (1OX1OX4, 4)
(01000)45= (OOX2OXI, 10)+ (20)(OOX1O,1)+ (01)(01)(5,5)

Rank 6: SU7DSU6xU,(R)
(100000)7= (00000)1(6)+ (10000)6(—1)

(100001)48= (00000)1(0)+ (10001)35(0) + (10000)6(—7)+ (00001)~(7)

SU73SU2XSU5xU,(R)
(100000)7= (IX0000X2, 1X5)+ (OX1000X1,5)(—2)

(100001)48= (OX0000)1(0)+ (2X0000X3, 1XO)±(OX1001X1,24X0)+ (1)(1000X2,5X—7)+ (1X0001X2, 5X7)

SU7DSU3xSU4xU,(R)
(100000)7 = (1OX000)(3,1X4) ±(00)(100)(1,4)(—3)

(100001)48= (OOX000XI, IXO) + (11X000X8, 1)(0)+ (OOX1O1XI, 15X0)±(10X001X3, 4X7 + (01)(100X~,4)(—7)

SU7DSO7(S)
(100000)7= (100)7

(100001)48= (010)21+ (200)27
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Table 58 (continued)

SO
133 SO,2 (R)

(100000)13 = (000000)1+ (100000)12
(000001)64= (000001)32±(000010)32’
(010000)78= (100000)12±(010000)66

SO,33 SU2x 5O,~(R)
(100000)13= (2X00000X3,1)±(OX10000X1, 10)
(000001)64= (1X00001X2,16)+ (1X0001OX2,16)
(010000)78= (2X00000)(3,1) + (0)(01000X1,45)+ (2X10000)(3,10)

SO,3JSp4xSO8(R)
(100000)13= (01X0000X5, 1) + (OOX1000X8,,,1)
(000001)64= (1OX0001)(4,8,) + (1OXOO1OX4,8,)
(010000)78= (2OX0000X1O,1)+ (OOXO100X1,28)±(01)(1000X5, 8.)

SO,33SU4x S07(R)
(100000)13= (010X000X6,1) + (000X100X1,7)
(000001)64= (100X001X4,8)+ (OO1XOO1X4, 8)
(010000)78= (000XOIOX1, 21)+ (101X000)(15,1) +(O1OX100X6,7)

SO,3DSU2xSU2xSO9(R)
(100000)13= (1XIX0000X2, 2, 1)+ (OXOX1000X1, 1,9)
(000001)64= (OX1)(0001X1,2, 16)+ (1)(OX0001)(2, 1, 16)
(010000)78= (2)(OX0000X3, 1, 1)+ (OX2X0000X1,3, 1) + (OXOXO100)(1,1,36)+ (1)(1X1000)(2,2,9)

SO,33S0,,xU,(R)
(100000)13= (00000)1(2)+ (00000)1(—2) + (10000)11(0)
(000001)64= (00001)32(1)+(00001)32(—1)
(010000)78= (00000)1(0)±(10000)11(2)±(10000)11(—2)+ (01000)55(0)

SO,33SU2(5)
(100000)13= 13
(000001)64=4+10+12+16+22
(010000)78=3+7+11+15+19+23

Sp,23 SU6x U, (R)
(100000)12= (10000)6(1)+ (00001)~(—1)
(200000)78= (00000)1(0)4-(10001)35(0)4-(20000)21(2)4-(00002)21(—2)

Sp123 SU2x Sp,o (R)
(100000)12=(1X00000)(2,1)+(OX10000X1,10)
(200000)78= (2X00000)(3,1) + (OX20000X1, 55) + (1)(10000X2,10)

Sp,2DSp4xSp8(R)
(100000)12= (1OX0000)(4,1) + (OOX1000X1,8)
(200000)78= (20X0000)(10,1)+ (OOX2000X1,36)+ (1OX1000X4,8)

SPI2D Sp6X Sp6 (R)
(100000)12 = (100X000X6,1) + (000)(100)(1, 6)
(200000)78= (200X000)(21,1)±(000X200X1,21)+ (100)(100)(6,6)

Sp,23SU2 (5)
(100000)12= 12
(200000)78=3+7+11+15+19+23
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Table 58 (continued)

Sp,
23 SU2x SU4 (S)

(100000)12= (1)(010)(2,6)
(200000)78= (2)(000X3,1) +(0)(1O1X1, 15) +(2)(020X3, 20’)

5P,23SU
2X Sp~(5)(100000)12= (2)(10)(3,4)

(200000)78= (2)(00)(3, I) + (0)(20)(l, 10)+ (2X01)(3,5) + (4)(20)(5, 10)

SO,23SU6xU,(R)
(100000)12= (10000)6(1)+ (00001)~(—1)
(000001)32= (10000)6(—2) + (00001)~(2)+ (00100)20(0)

(000010)32’= (00000)1(3)+ (00000)1(—3)+ (01000)15(—1)±(00010)15(1)
(010000)66= (00000)1(0)+ (01000)15(2)+ (00010)15(—2)+ (10001)35(0)

SO,23SU2xSU2xSO8(R)
(100000)12= (IX1X0000)(2,2, 1)+ (OXOX1000)(1, 1,8.)
(000001)32= (OX1X0001X1,2,8.)+ (1)(OXOO1OX2,1,8,)

(000010)32’= (OX1XOOIOX1,2, 8,)+ (1XOX0001)(2, 1,8.)
(010000)66= (2XOX0000)(3,1, 1) + (0X2X0000X1,3, 1) + (OXOXO100)(1,1,28)+ (1X1)(1000X2,2,8,)

SO,23SU4xSU4(R)
(100000)12= (OIOX000)(6, 1)+ (000XO1O)(1,6)
(000001)32= (100X100X4,4)+ (OO1XOOIX4,4

(000010)32’= (100)(001X4,4) + (OO1X100X4,4)
(010000)66= (101)(000X15,1) + (000X1O1X1,15) + (O1OXO1OX6, 6)

SO,23SO,0xU,(R)
(100000)12= (00000)1(2)4-(00000)1(—2)4-(10000)10(0)
(000001)32= (00001)16(1)+ (00010)16(—1)
(000010)32’= (00001)16(—1)+ (00010)16(1)
(010000)66= (00000)1(0)+ (10000)10(2)+ (10000)10(—2)±(01000)45(0)

SO,23 SU2x Sp6 (S)
(100000)12= (1)(100)(2,6)
(000001)32=(3X000X4,1)+(1XO1OX2, 14)
(000010)32’= (2)(100X3,6)4- (0)~)01X1,14’)
(010000)66= (2X000)(3,1)±~)X200X1,21)+ (2X010X3, 14)

SO123 SU2x SU2x SU2 (5)
(100000)12= (3,2,2)
(000001)32= (1,4,1) + (3,2,3) + (5,2,1)
(00001O)32’=(1,1,4)+(3,3,2)-4-(5,1,2)
(010000)66=(3,1,1)+(1,3,1)+(1,1,3)-l-(3,3,3)4-(5,3,1)-4-(5,1,3)

SO,23S0,,(S)
(100000)12= (00000)1+ (10000)11
(000001)32= (00001)32
(000010)32’= (00001)32
(010000)66 = (100000)11+ (01000)55

SO,23 SU2x SO9(5)
(100000)12= (2X0000X3,1)+ (0)(1000X1,9)
(000001)32= (1X0001X2,16)

(000010)32’= (1X0001X2, 16)
(010000)66= (2X0000X3, 1)+ (OXO100X1,36)+ (2X1000X3,9)
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Table 58 (continued)

SO,
23 Sp.,x SO-, (S)

(100000)12= (01)(000)(5,1) + (00)(100)(1,7)
(000001)32= (10)(001)(4,8)
(000010)32’= (1OXOO1X4,8)
(010000)66= (2OX000X1O,1) + (OOXO1OX1, 21)+ (O1X100)(5,7)

E6JSO,0xU,(R)
(100000)27= (00000)1(4)4-(10000)10(—2)+(00001)16(1)
(000001)78= (00000)1(0)+ (00001)16(—3)+ (00010)i~(3)+ (01000)45(0)

E6 3 SU2 x SU6 (R)
(100000)27=(1X00001X2,~)+(0X01000X1,15)
(000001)78= (2)(00000X3,1)+ (OX10001X1,35)+ (1)(00100X2,20)

E6 3 SU3X SU3X SU3 (R)
(100000)27= (01X10X00X~,3, 1) + (10X00)(10)(3,1,3)+ (OOXO1XO1X1, ~, 3)
(000001)78= (11XOOXOOX8, 1, 1)+ (OOX1I)(OOX1,8, 1)+ (00)(OOX11X1, 1,8)+ (1OX1OXO1)(3, 3, ~)+ (01X01)(10)(~,~ 3)

E,, 3 SU3(5)
(100000)27= (22)27
(000001)78= (11)8 + (41)35 + (14)35

E4 302 (5)
(100000)27 = (02)27
(000001)78= (10)14+(11)64

E6JSp8(S)
(100000)27= (0 100)27
(000001)78= (2000)36+(0001)42

E6 iF4 (5)
(100000)27= (0000)1+ (0001)26
(000001)78= (0001)26+ (1000)52

E63 SU3 0~(S)
(100000)27= (02X00X~,1) + (1OXO1X3, 7)
(000001)78= (11X00X8, 1) + (OOX1OX1, 14)+ (11XO1X8,7)
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