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Ito Integrals
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• 𝑊(𝑡) is a standard Wiener process with 𝜎2 = 1, 𝜇 = 0

• Then the Ito sum converges to Ito integral in mean-square 
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𝐼𝑛 𝑊 =

𝑖=1

𝑛

𝑊(𝑠𝑖−1) 𝑊 𝑠𝑖 −𝑊(𝑠𝑖−1)

𝐼𝑛 𝑊 → න

0

𝑡

𝑊 𝑠 𝑑𝑊(𝑠)2



Ito Integral
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𝐼𝑛 𝑊 = 0
𝑡
𝑊 𝑠 𝑑𝑊(𝑠)= 

𝑊2(𝑡)

2
−

𝑡

2

The above proof requires the development of quadratic variation theorem

which will be studied next

Moments:

𝐸[0
𝑡
𝑊 𝑠 𝑑𝑊(𝑠)] =0

𝑉𝑎𝑟[න

0

𝑡

𝑊 𝑠 𝑑𝑊(𝑠)] = 𝐴𝑢𝑡𝑜𝑐𝑜𝑣[න

0

𝑡

𝑊 𝑠 𝑑𝑊(𝑠)] = 𝑡2/2
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Quadratic variation of Wiener Processes
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Quadratic variation of Wiener Processes
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Quadratic variation of Wiener Processes

Example: Let’s see when this fails

PROPOSITION-1
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Quadratic variation of Wiener Processes
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Quadratic variation of Wiener Processes

Consequently the absolute variation is not finite for gk = sin 𝑘𝑠 in the limiting

case 𝑘 → ∞
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Quadratic variation of Wiener Processes
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Quadratic variation of Wiener Processes

PROPOSITION-2
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Quadratic variation of Wiener Processes

Rephrasing it one can state 



13
Dr. B Hazra

To prove: 𝑄𝑛 𝑊, 𝑡 → 𝑡 = 𝑄(𝑊, 𝑡)

1st stage:    Show 𝐸 {[𝑄𝑛 𝑊, 𝑡 − 𝑡]2} →0 as lim 𝑛 → ∞

Quadratic variation of Wiener Processes
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To prove: 𝑄𝑛 𝑊, 𝑡 → 𝑡

2nd stage:    Show 𝑉𝑎𝑟 {𝑄𝑛 𝑊, 𝑡 } →0 as lim 𝑛 → ∞

Quadratic variation of Wiener Processes



General Ito Integrals
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• If X (t) is a process with finite variance where the variance varies 

continuously in with time, 

•If X (t) only  depends on the past of the WP, W (s) with s<=t,

Then the Ito sum converges uniquely and independently of the partition. 

𝐼𝑛 𝑊 =

𝑖=1

𝑛

𝑋(𝑠𝑖−1) 𝑊 𝑠𝑖 −𝑊(𝑠𝑖−1)

𝐼𝑛 𝑊 → න

0

𝑡

𝑋 𝑠 𝑑𝑊(𝑠)

Moments:

E 0]
𝑡
𝑋 𝑠 𝑑𝑊(𝑠)] =0          Var 0]

𝑡
𝑋 𝑠 𝑑𝑊 𝑠 ] = 0

𝑡
𝑋2 𝑠 𝑑𝑊 𝑠
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Diffusions 

• For modeling Stochastic-Differential Equations, Ito integral is   

an important ingredient.

• However, it gains its true importance only when combined with 

Riemann integrals. 

• In general the sum of both integrals constitutes so-called 

diffusions
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Diffusions 
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Diffusions 
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Propositions



Dr. B Hazra
20

Example

Prove:

The LHS of the above expression is also called Quadratic Covariation CVn

The above proof tantamounts to proving

It is easy to see that E (CVn  )= 0
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Example
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ITO’s Lemma for Diffusions

1
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ITO’s Lemma
1
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Example


