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ÅA continuous random variable can assume any value 

within a given range e.g. Concrete crushing strength

ÅThe probability content of a continuous random variable is 

described by the probability density function(PDF)

Continuous RVs
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ÅThe probability associated with the random variable in 

a given range is represented by the area under the PDF

Total area = 1.0

Continuous RVs
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CDF

The cumulative distribution function (CDF)

ÅThe CDF is equal to cumulative probability (ranges 

between 0 and 1)

Å It is apparent from above that the PDF 

is the first derivative of the CDF
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Properties of Ὢ Ø
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CDF & Quantile function

ÅIn some cases, we may be interested in finding out what 

is the value of the random variable for a given probability

ÅProbabilistic bounds that are important for design 

purposes

ÅThe result is called the percentile or quantile value

ÅFor example, the value of the random variable 

associated with 95 % (cumulative) probability is the 

95th percentile value
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To estimate the percentile values, we must invert the CDF 

as :

CDF & Quantile function
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Å It is the simplest distribution

Å  It is the most uncertain distribution between a & b

Uniform distribution
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Normal distribution
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Normal distribution
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The Standard Normal variate is used to transform the 

original random variable x into standard format as

ÅThe Standard Normal distribution is denoted as 

N(0,1)and has a mean of zero and standard 

deviation equal to one

ÅBecause of its wide use, the CDF of the Standard 

Normal variate is denoted as ɮ(s)

Standard normal distribution
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Example: A reliability problem
A concrete column is expected to support a stress of 34 MPa.

ÅAssuming the Normal distribution for concrete strength,

what is the probability of failure?

Å The sample mean and standard deviation computed from

tests are equal to 40 Mpa and 4.56 MPa

Soln: Probability of failure is the area under the Normal PDF
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ÅThe probability that the concrete strength is less

than or equal to the applied stress (34 MPa) is

obtained using the Standard Normal CDF as

Å Therefore, given an estimated average value of

40 Mpa from the 35 laboratory tests with a standard

deviation of 4.56 MPa, the probability of failure is

9.4 %
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Å The logarithmic or Log-Normal distribution is used when the 

random variable cannot take on a negative value

Å A random variable follows the Log-Normal distribution if the 

logarithm of the random variable is Normally distributed

Å ln (X) follows the Normal distribution; X =>follows the 

Lognormal distribution

Log-Normal distribution
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Log-Normal distribution
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ÅThe Log-Normal distribution is related to the

Normal distribution, and can be evaluated using

the Standard Normal distribution as

Å The distribution parameters are related to the Normal 

distribution parameters as

=

Log-Normal distribution
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The distribution parameters are :

ÅShape parameter ɚ= Mean of ln(x)

ÅScale parameter ɕ= STDEV of ln(x)

Log-Normal distribution
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Assuming the concrete strength is described

by the Log-Normal distribution, what is the

probability that the concrete strength is less

than or equal to 34 MPa?

Soln: The lognormal distribution parameters are :

Log-Normal distribution
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ÅThe probability that the concrete strength is less than or 

equal to 34 Mpa is obtained using the Standard Normal 

CDF as

Å Assuming the concrete strength follows the Log-Normal 

distribution (i.e., the LOG of the concrete strength follows 

the Normal distribution), there is a 8.5 %chance that the 

concrete strength is less than or equal to 34 MPa
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Exponential distribution

‗ σȢπ

‗ ρȢυ

‗ ρȢπ
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The cumulative distribution function (CDF) of the 

Exponential distribution is given by:

ÅThe distribution parameters can be estimated using 

the sample data (i.e. sample statistics)

ÅThe scale parameter ‗is equal to or simply the 

reciprocal of the sample average

Exponential distribution

Ὂὼ ρ Ὡ
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Assuming the concrete strength is described

by the exponential distribution, what is the

probability that the concrete strength is less

than or equal to 34 MPa?

Exponential distribution
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Å The Weibull probability distribution is a very 

flexible distribution

Å Due to the shape parameter

Å It is used extensively in modeling the time to 

failure distribution analysis

Å The Weibull distribution is derived theoretically as 

a form of an Extreme Value Distribution

Å It is also used to model extreme events like     

strong winds, hurricanes, typhoons etc

Weibull distribution
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Weibull distribution
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Weibull distribution
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Assuming the concrete strength is described by 

the Weibull distribution, what is the probability 

that the concrete strength is less than or equal 

to 34 MPa? 

Reliability problem using Weibull 

distribution
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Reliability problem using Weibull 
distribution
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Alternate approach: Solve for and using 

nonlinear equation solution techniques

Main equation to be solved

Use bisection method to solve for

ρ+ ίȾӶὼ = 

Task: Solve the above problem in MATLAB and 

verify using Excel goal-seek solver

Submit the assignment solution  by Monday aug-14
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Using MATLAB command:

p = wblcdf (34, 41.95, 10.59) = 0.1024
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Inverse Weibull distribution
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Inverse Weibull distribution
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ÅThe Gamma distribution is another flexible probability 

distribution that may offer a good model to some sets of failure 

data

ÅThe Gamma distribution arises theoretically as the time to first 

fail distribution for a system with standby Exponentially 

distributed backups

ÅThe Gamma distribution is commonly used in Bayesian 

reliability applications e.g. using prior information to update the 

constant (Exponential) repair rate for a system following a 

homogeneous Poisson process (HPP) model

Gamma distribution
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Similar to the Weibull distribution, there are many different 

variations of writing the Gamma distribution

ÅThe probability density function (PDF)is

Ὢὼ
ρ

ɜ
ὼ Ὡ π ὼ ЊȠȟ π

Ŭis the shape parameter; ɓis the scale parameter

ÅWhen Ŭ = 1 the Gamma distribution reduces to the Exponential 

distribution with 1/ɓ= ɚ

CDF:Ὂὼ
ȟ

Gamma distribution
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Gamma distribution
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Gamma distribution

Task: Find out the mean and the variance for the gamma

distributed random variable, using the form of  Ὢὼ
given underneath

Ὢὼ
ρ

ɜ
ὼ Ὡ

π ὼ ЊȠȟ π
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ÅConsider2 RVsX andY

Å If theRVs arediscrete,thenthejoint probabilitydistributionis

describedby thejoint probabilitymassfunction(PMF)

Åὴȟ ὼȟώ ὖ ὢ ὼẔὣ ώ

CDF:

Ὂȟ ὼȟώ ὴȟ ὖ ὢ ὼ᷊ ὣ ώ

Multiple RVs
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ÅConsider 2  continuous RVs X and Y

Continuous RVs
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Continuous RV

CDF

Marginal PDF

Ὢ ὼ Ὢ ὼȟώὨώ

Ὢ ώ Ὢ ὼȟώὨὼ
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Moments of continuous RV

Ὁὢὣ ὼώὪȟ ὼȟώὨὼὨώ

”
ȟ

= 

Cov (X,Y) „ Ὁ ὢ ‘ ὣ ‘

ὼ ‘ ώ ‘ Ὢȟ ὼȟώὨὼὨώ
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Properties of moments

ÅὉὥὢ ὦ ὥὉὢ ὦ

Åὠὥὶὢ Ὁὢ (Ὁὢ)

Åὠὥὶὥὢ ὦ ὥὠὥὶὢ

ÅCov(X,Y)= Ὁὢὣ ὉὢὉὣ

ÅVar(X+Y)=Var(X)+Var (Y) + 2Cov(X,Y)
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Independence
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Bi-variate Gaussian distribution
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Bivariate Gaussian distribution

Alternate Form
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Example-1
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Solution

How will you find k ?
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Solution

How will you find marginal pdfs

Is                            ?
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Conditional densities

Solution
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Example-2 new
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Example-3 new 
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Example-3 new 


