
p-adic measures

A distribution on Zp is a map

µ : X → Qp

defined on compact open subsets X ⊂ Qp, so that for all a+pNZp ⊂ X
one has

µ(a + pNZp) =

p−1
∑

b=0

µ(a + bpn + pN+1)Zp.

An example is µHaar given by

µHaar(a + pNZp) = p−N .

A p-adic measure on X is a distribution such that, for some constant
C,

|µ(U)|p ≤ C

for all compact open U ⊂ X.

Let µ be a p-adic measure on Zp and f : Zp → Qp a continuous
function. For each N , choose xa,N ∈ {a + pNZp} and put

SN :=
∑

0≤a≤pN−1

f(xa,N)µ(a + pNZp).

Then there exists a limit

lim
N→∞

SN =:

∫

Zp

fdµ,

and it is independent of the choices made.

Note that there are problems with µHaar, even the function f(x) = x is
not integrable! Other distributions are given by

µB,k(a + pNZp) := pN(k−1)Bk

(

a

pN

)

,

where k ∈ N and Bk(x) is the k-th B ernoulli polynomial.

To regularize these distributions, choose α ∈ Q ∩ Z∗p and put

µk,α (U) := µB,k(U)− α−kµB,k(αU).

T h eo rem 1 . T h e distributions µk,α are measures. M oreover, for all

compact open U ⊂ Zp one h as

µ1,α (U) ≤ 1.
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