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1. Introduction

Fix an odd prime p. Let O be the ring of integers in a finite extension of Q, with a local
parameter 7. We write Z7 = V x U where V is the group of (p — 1)st roots of unity in Z,
and U = 1+ pZ,. Let u be a topological generator of U. The projections from Z; onto V
and U are denoted by w and <> respectively. We have an isomorphism ¢ : Z, — U given

by ¢(y) = w'.

Let A(,, denote the O-valued measures on Z,. It is well-known, (see e.g. [1], [2]), that
A 1s a ring under convolution, and is isomorphic to the formal power series ring O[[T; —
1,---,T, — 1]]. This correspondence is given by

Zl7(7-'1"” ’Tn) = f Tfl o ,T;nda,(xl,.“ ,Xn)
z

S5 S (L))

m1=0 m,=0

X (T) = 1)y™ (T, — 1)™. (1.1)

To integrate any continuous function f : Z, — O with respect to a measure & € A}y, we use
a theorem of Mabhler, (see [5], [8]):

Theorem 1.1. If f : Z, — O is continuous, then

f=>" mAf)(’J“.),
=0

where mj(f) = ¥1_o(~1)(])f (k) - 0in O.
1
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Using Mabhler’s theorem, if a(T) = Z?io ai(T, - 1)/, then fz f)da(x) = Z;‘;O a;m;(f).
Furthermore, if f : Z} + O is continuous, we may write (by repeated application of
Mahler’s theorem)

f(-xla te ,Xn) = Z te Z aml,...,mn(f)(::lll) e (:1”)’ (12)

where

Gy ()= Q00 Y M -~-<—1)'""—f"(”71)~-(”.l")ful, ) ()
e o In

— 0 in O.

The constants a,, ... ., (f) are called the Mahler coeflicients of the function f.
Similar to the case n = 1, we have the following integration formulas:

m d \" d \"__
Lﬂ xpteexrda(xy, e, x,) = (Tld_Tl) (T"d_Tn) Ty, Tlry==r,=1  (1.4)

14
Let o be a measure on Z,,. For (a;,--- ,a,) € (ZIX,)”, denote by @o (ay, - ,a,) the measure
on Z;, given by
a o (Cl], e ,Cln)(A] Xoene ><14?1) = a(alAla e 7al’lAn)’

where A; are compact open subsets of Z,. Also, if A = (A, -+ ,A,) C Z,, where all A; are
compact open subsets of Z,, we let a|4 denote the measure obtained by restricting a to A and
extending by 0.

For sy,--+,s, € Z,, let each of ky,--- ,k, vary through a sequence of positive integers
satisfying k; — s; p-adically and k; = 0 (mod p — 1). Then I'-transform of a measure
a € Ay, 1s defined as a function of the p-adic variables sy, - - - , s, given by

: k k
Fa/(sla"' »Sn) =1 xll ---xn”da(xl,--- axn) (15)
ki, ky z

:f < x; > o< x, > da(xy, e, X).
@y

If we put da(axy, - ,a,x,) ford(a o (ay, - ,a,))(x1,- -, Xx,), splitting up the integral, we
can also write

Fa(sla"' asn) = Z e Zf <mx > < MnXn > da(nlxla' © ’nnxn)

mev nmev

=f Xy dB (X, X),
n

B= @0l ),

mev eV

where
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a measure on U". We extend 3 to Z;, by 0 and then we get a power series

BTy Ty = > ee > by (Ty = 1" oo (T, = 1™, (1.6)
m,=0

m=0

Again, the measure 8 may be viewed as a measure on Z), via the isomorphism ¢:

BAL, -+ Ay) = Bd(AD), -+, d(Ay).

Let us write dB(", - - - , ) for dB(y1,- - ,y»). Let G(Ty,--- ,T,) be the power series asso-
ciated to B, that is,

G(T,, - ,T, = f Tf‘ c T dBW, - U,
Zy
Then I'y(s1,---,5,) = GW®,--- ,u’™).
The Iwasawa u and A- invariants of a power series

F(Ty,-o T = Y e ) o (T = )" oo (T, = 1Y € O[Ty = 1+, T, = 1]]

m1:O l’l’ln:O
are defined as follows:
W (T, -+ ,T,) = minford(am, ... m,) : m; >0 Vi}
AF(Ty, -+, Ty) =min{m; + - -+ my, : ord(ay, ... m,) = W(F(T1,--- ,Ty))}.

For a measure @ € A(,, we understand p(a) and A(a) to mean u(a(7y, --- ,T,)) and
A@(Ty, -+, Tw).

In case of n = 1, Childress in her paper [3] showed how the coefficients of the power
series associated to a p-adic valued measure @ on Z, are related to the coefficients of the
measure 8. She proved congruences modulo p amongst these coeflicients. Finally, using
these congruences and the results of [2], [4] and [7], she related the coefficients of « to the
A-invariant of the Iwasawa series of the I'-transform of @. One can easily generalize the
congruences modulo p amongst the coefficients to any p-adic valued measure @ on Z;. In
case n > 1, to relate the coefficients of « to the A-invariant of the Iwasawa series of the
['-transform of @, one needs the results of [1]. In this paper, we relate the coeflicients of
a € Ay to the A-invariant of the Iwasawa series of the I'-transform of a using the results of
[1]. However, one can produce similar results for any @ € A,), but the number of coefficients
ofa(T, —1,---,T, — 1) which are involved will increase with 7.

2. The series associated to 3

Let @ € Ap) and 17,v € V. Let us fix a primitive p™ root of unity . The characteristic
function of nU xvU is [% > gf"<x'—'7>] x[i P {fZ(XZ‘V)]. Using this and Theorem 5 proved
by Childress in her paper [3], we have the following result.

Theorem 2.1. Let @ € Ay and let a(Ty, Ty) = Y, Y, ai, ;,(T1 — 1) (T, — 1) be the associated
power series. Let 1 and v be fixed (p — 1) root of unity in Z,. Given non-negative integers
ki, ks, let my,m, be the integers such that myp < ky < (my + 1)p and myp < ky < (my + 1)p.
Put ky = mip + k(l) and k, = myp + kg. Let ny < p and vy < p be the positive integers
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such that 1 = 1o (mod p) and v = vy (mod p). Then the coefficient of (T, — 1)'(T, — 1) in
Apusov(T1, T) is eZ;Tkz, where, modulo p, we have

-no—1 p-vo—1 , . .
Y = Mo \(vo Pi pZO: J1+1n0\[(J2 + o (=1)/*ig _ _ .1
ki,k2 k(l) k(z) = jl jz pmy+no+ji,pmz+votj2 - :

Now, we note that o (i1, v)\(T, T>) = a(T”, T)), where 7 = 77! and v = v~'. Also,

(@ o (m, V)2 = (@luxyv) © (17, v). Therefore,
BT T2 = D> alwu(T] T3, (2.2)
nev veVv

In case @ € A(;), Childress in her paper [3] proved certain congruences modulo p amongst

the coefficients of @(7) and B(T). Using her approach, we shall prove Theorem (2.3) be-
low. Let us now state a useful Lemma from [3] and one can give a proof of the Lemma by
induction on k.

Lemma 2.2. For any positive integer k,

50

J=1

k

= > oY,
j=k

where p,(j, k) is defined by: p,(j 1) = (1).p,( ) = S (o = ik = 1).
For notational convenience, we set p,(j,0) = p,(0,k) = 0 when jk # 0 and p,(0,0) = 1.
Theorem 2.3. For j, >0, j, >0,

p=l p-l i\ i1 2
- i\ +ix—1o— 1%
binsn = 2,00 20 J0 N )3

T]EV veV i1:T]() ir=vo r1:0 }’2=0

& 1t + =)\ (vt + 2=

2 <—1>””'+’2*’2(“)(”2)("(1 7 ))( 5 )) (modp).  (2.3)
1©1=0 =0 tl tz ‘]1 ‘]2

Proof: Note that
BT, Ty = > alou(T], T3)

nev vev

= Z Z i i eZ;TkZ(T]ﬁ — l)kl (TZV _ l)kz

77€V veV k=0 k=0

00 00 0o —_ kl 0 _ k2
v i v j
S35 S o] [S(m-
eV veV k=0 ka=0 7M1 7 2
_ v i (7 Ji J2
= 22,40 2o 2 pilinkops(ia )Ty = DT = P (24)
neV veV k=0 k=0 J1=k1 ja=ka
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To obtain (2.4), we applied Lemma (2.2). From (2.4), we finally obtain

i 2

Z Z Z Z ekl kzﬁf(Jl, k)pv(ja, k). (2.5)

k1=0 k=0 neV veV

B(T), T>) = Z Z(Tl - (T, - 1)

J1=0 j2=0

Modulo p, we have

nev vev
p=1 p=1 p—l-no p=l-vy /.

_ Ji+10\(J2+ Vo 1)1+

= j j (-1) Ao+ j1,vo+ o
mo=lvo=1 ji=0 jo=0 ! 2
p=2 p-2 p=1=-jip=1-jo ;. .

— 1)t Jr+1o\(J2+ Yo

= (-1 i F Ao+ jivo+ o
120 j2=0 m=1 vo=1 ! 2
p-1 p-1 ki—1ko—1

— kl k2 1 i1+ip

= Ak ky i\ (=D
ki=1ka=1 i1=0 =0 \'1/\%2
p—1 p-1

— k1 +k:

= (~Df*ay . 2.6)
ki=1 k=1

Similarly, if j; or j, > 1, then following the approach of Childress [3], modulo p we have

J J
SIS I0 3 W) () SIS 3y

neV vevV iy=no ir=vo r1=0r=0
Yo
Z D (”0)( )ﬁml, pri+k)ps(p s, pra + o). @7

=0 k=0

(From the definition of p,
- rip+k
[ ( )p,](pjl,prl + k) is the coefficient of ¥/'” in - ( ?) [Z;" (Z)Y”] " and hence it

is the coefficient of Ylj‘p in (1 + Y,)™ ((1 +Y)" - 1) ) Let x| = ”(”‘; ? and clearly x, € Z,.
Now, we have

10
Z (ZO)PU(le, pri + ki)
1

k1=0
= coefficient of Y/’ in (1 + ¥;)"**! ((1 + )7 - 1)
= coefficient of Y/’ in (1 + Y)(1 + ¥7)" (1 + ¥;)7 - 1)

r

coefficient of ¥{" in (1 + ¥))" ((1 + ¥,)" - 1)

Z( 1)r1+t1(t )(xl ntl) (mod p) (28)
1 J1

(From (2.6)-(2.8), we complete the proof of the theorem.
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3. An application to A-invariants

In this section we give criteria for the value of the A-invariant of the power series E(Tl ,T5)
in terms of the coefficients of a(T'y, T,). If @ € A(y), then the A-invariant of E(T) is p times the
A-invariant of the Iwasawa series of G as in [2], [4], [6], [7]. In [1], we proved the following
theorem.

Theorem 3.1. Suppose A(G(Ty,---,T,)) < 2p, then A(B) = pA(G(Ty,---,T,)).
Suppose that

G(Ti Ty = Y o > e (Ty = 1™ - (T, = D)™, (3.1)
m;=0 m, =0

If A(G(Ty,---,T,)) = k, then for a partition k; + --- + k, of k, gi,... x, is a unit in O. In

the proof of the Theorem (3.1), we showed that by, ... ,x, is also a unit in O. Using this and

Theorem (2.3), we will give criteria for the A-invariant of the power series E(Tl , T5) in terms
of the coefficients of a(7, T>).

Example 3.2. Let p = 3 and a € Ay be such that u(G(T,, T,)) = 0. Then we have:

() AG) =0ifandonly ifai; + azp # ai2 + az; (mod 7).
(2) If A(G) > 0, then A(G) = 1 if and only if either ay, + asy # axs + as, (mod ) or
Ao+ a4 Faxp+axy (mod 7T).
(3) If A(G) > 1, then A(G) = 2 if and only if any one of the following is true:
(@) axp +ass # ary + asn (mod 1)
(b) arp +as; +arp+agy #ax +asy +ag +agy (modn)
(C) QGotais+ax;+aigEaip+as+ai;+ag (mod 7'().
4) If A(G) > 2, then A(G) = 3 if and only if any one of the following is true:
(@) as;1 +ajo, # asy + aj (mod m)
(b) ais + a0 # azs + az o (mod m)
(C) axp +ass +asg # asy + ayy + asy + axg (mod m)
(d) Qpp+asg+aga EFara+arp+azs+asy (moa’ 7T).
In this way, in case p = 3, we can find criteria for the A invariant of G(T, T,) in terms of the
coefficients of (T, T,) if A(G) < 6.

We may produce similar results for any prime p. The number of coefficients of a(T, T,)
which are involved will increase with p.

Example 3.3. Let p = 3 and consider the measure a € Ay given by the power series
Yoei T{¥T,. Using (1.4) and (1.5), we find that G(T,, T>) = Ty + Y2, T5*. Clearly A(G) = 1
and this can also be verified using (1) and (2) of Example (3.2).
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