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N.B. Answer without proper justification will attract zero mark.

1. (a) Let fn ∈ L1 ([0, 1],M,m) be such that ‖fn‖1 → 0. Does it imply that
∞∑
n=1

fn

converges in L1 ([0, 1],M,m)? 1

(b) Whether L1 ∩ L∞(X,S, µ) is a proper dense subspace of L1(X,S, µ) for any non-
trivial measure space (X,S, µ)? 1

(c) Let (X,S, µ) be a finite measure space. Does there exists a measurable function f
on X such that ‖f‖p = 1, for all p > 0? 1

(d) If 1 ≤ p < ∞. Is it necessary that L∞(X,S, µ) ⊂ Lp(X,S, µ) if and only if µ is a
finite measure? 1

2. By using the fact that E ∈ M(R) if there exists a Fσ set F such that m(E r F ) = 0.
Show that every Lebesgue measurable function on R agrees to a Borel measurable
function on R almost everywhere. 4

3. Let f ∈ L1 ([0,∞),M,m) be continuous. Prove that the function F defined by
F (x) =

∫
[0,x)

f dm is differentiable and F ′ = f. 4

4. For ϕ : (R,M,m) → R is continuous, define a measure ν(B) = m {ϕ−1(B)} ,
∀B ∈ B(R). If g ∈ L1 (R,B(R), ν) , then show that

∫
B

g dν =
∫

ϕ−1(B)

g ◦ ϕdµ. 5

5. Let f be a simple function on a σ-finite measure space (X,S, µ) such that ‖f‖p ≤ 1
2p
,

for all p ∈ (0,∞). If µ(X) < ∞, then prove that f = 0 a.e. Conversely, if any simple
function ϕ satisfies ‖ϕ‖p ≤ 1

2
, for all p ≥ 1. Then show that µ(X) = 0. 4

6. Let (X,S, µ) be a finite measure space. If f ∈ L∞(X,S, µ), then show that

lim
p→∞

[
µ
{
x ∈ X : |f(x)| > 1− 1

p

}]1/p
≤ ‖f‖∞. 4

7. Let f : (R2,M ⊗M,m×m) → R be a measurable function. If either of f+ or f−

belongs to L1 (R2,M ⊗M,m×m) , then show that
∫
R

∫
R
f dmdm =

∫
R2

f d(m×m). 2

8. Let E = {(x, y) : x2 + y2 ≤ 1 and x+ y ≥ 1} . Show that E is M ⊗M - measurable
and find the product measure of E. 2+2

9. Let f ∈ L1(R,M,m). If ϕ(x, y) =
f(x+ y)

1 + y2
, then show that ϕ is M ⊗M - measurable

and ϕ ∈ L1 (R2,M ⊗M,m×m) . 2+2
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