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Preface

These lecture notes were prepared for the course MA641: Operator Theory in Hilbert Spaces. They
originate in the 2020 course file and have been revised into a coherent graduate-level text suitable
for lectures, guided reading, and examination preparation. The guiding aim of the revision has
been to preserve the mathematical substance of the original notes while improving the logical
organization, notational consistency, proof architecture, exposition, and overall typographic
presentation.

The notes are intended for a first graduate course in operator theory on Hilbert spaces.
They begin with the geometry of Hilbert spaces and the Riesz representation theorem, proceed
to bounded operators and the foundational principles of functional analysis, and then develop
orthogonal projections, adjoints, canonical operator classes, spectrum and resolvent, invariant and
reducing subspaces, compact operators, singular values, and the spectral theorem for bounded
selfadjoint and normal operators. A final chapter of exercises is included for consolidation,
revision, and seminar-style problem solving.

This edition has also been aligned explicitly with the standard graduate syllabus for a first
course in operator theory on Hilbert spaces: Hilbert spaces and orthonormal bases; weak
convergence; bounded operators and the operator algebra B(H); adjoints; orthogonal projections;
isometries and unitary operators; finite-rank, compact, Hilbert—Schmidt, and Schatten class
operators; selfadjoint and normal operators; spectral theory, invariant and reducing subspaces;
the spectral theorem for compact operators; polar and singular value decompositions; and the
bounded selfadjoint and normal spectral theorem in the language of functional calculus and
projection-valued measures.

The present revision sharpens the manuscript in three further respects. First, the theorem—
proof flow has been tightened so that definitions, model examples, and structural propositions
appear as close as possible to the points at which they are needed. Second, remarks have been
added to clarify the scope of each major result, the role of the hypotheses, and the points at
which finite-dimensional intuition must be modified in the infinite-dimensional setting. Third,
the exercise chapter has been reorganized into a graded collection of diagnostic, developmental,
and synthesis problems so that the notes can support both formal teaching and independent
study.

Learning objectives.

e Develop the geometric and topological foundations of Hilbert space theory.

e Understand bounded linear operators, adjoints, and the three fundamental principles of

functional analysis.
e Study orthogonal projections and the principal operator classes arising on Hilbert spaces.

e Master the notions of spectrum, resolvent, and spectral radius.

iii
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e Analyze compact operators, Fredholm-type phenomena, and spectral decompositions.

o Formulate the spectral theorem in both compact and general bounded settings.

Key ideas.

¢ Repeated material from the source notes has been consolidated into a single streamlined
exposition.

e The chapter sequence has been adjusted so that conceptual dependencies appear in a more
natural order.

e Statements and proofs have been revised for greater precision, readability, and journal-style
mathematical presentation.

iv
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Introduction

Operator theory on Hilbert spaces is one of the principal points of interaction among linear
algebra, geometry, and functional analysis. In finite dimensions, linear maps are analyzed through
matrices, invariant subspaces, eigenvalues, and diagonal forms. In infinite dimensions, the same
themes remain central, but they are reshaped by analytic phenomena with no genuine finite-
dimensional analogue: completeness, weak convergence, compactness, boundedness, adjoints,
and the subtle distinction between algebraic and spectral behavior. The subject is therefore best
understood not as a departure from matrix theory, but as its rigorous extension to a setting in
which topology and analysis become inseparable from algebra.

The decisive geometric ingredient is the Hilbert space structure itself. Inner products make
it possible to speak of orthogonality, orthogonal projection, Fourier coefficients, and best ap-
proximation by closed subspaces. The Riesz representation theorem then identifies continuous
linear functionals with inner products against fixed vectors, thereby explaining why Hilbert
spaces admit a particularly transparent adjoint calculus. Once bounded operators and their
adjoints enter the picture, one arrives naturally at the central classes of the theory—selfadjoint,
unitary, normal, compact, Hilbert—Schmidt, and Schatten class operators—each of which encodes
a different interaction between geometry and algebra.

A second governing theme is spectral analysis. In infinite-dimensional spaces, the spectrum
replaces the classical list of eigenvalues, while the resolvent records invertibility through an analytic
operator-valued function. For compact selfadjoint operators one still obtains an orthonormal
basis of eigenvectors and a genuine diagonalization theorem. For general bounded selfadjoint and
normal operators, however, diagonalization is replaced by the spectral theorem in the language
of functional calculus and projection-valued measures. One of the pedagogical aims of these
notes is to explain precisely how this transition occurs and why compact operators provide the
conceptual bridge between matrix theory and the full bounded spectral theorem.

The notes are written with three complementary objectives in view. The first is structural:
results are arranged so that the logical dependence of the later spectral material on the earlier
geometric and functional-analytic foundations remains visible. The second is pedagogical:
whenever possible, general theorems are accompanied by model operators—diagonal operators,
shifts, projections, and multiplication operators—so that abstract statements may be tested
against concrete examples. The third is stylistic: the exposition aims at a mathematically formal
yet readable register, with proofs written to support both classroom presentation and self-study.

The notes are organized as follows.

1. Foundations of Hilbert Space Theory: inner products, orthogonality, projection, orthonormal

systems, Parseval’s identity, Gram—Schmidt orthogonalization, and weak convergence.
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2. Bounded Operators and Adjoint Operators: continuity, boundedness, operator norm, exten-
sions, the open mapping theorem, the inverse mapping theorem, the closed graph theorem,
and the basic theory of adjoints.

3. Orthogonal Projections and Canonical Operator Classes: orthogonal projections, isometries,

unitary operators, selfadjoint and normal operators, and preliminary compact-type classes.

4. Spectrum, Resolvent, and Invariant Subspaces: resolvent identities, the spectral radius,
decomposition of the spectrum, spectral behavior under adjoints, invariant and reducing
subspaces, and block-operator forms.

5. Compact Operators, Fredholm Theory, Singular Values, and Schatten Classes: compactness,
finite-rank approximation, Fredholm-type alternatives, compact selfadjoint and compact

normal spectral theory, polar decomposition, singular values, and Schatten norms.

6. Spectral Theorem for Bounded Selfadjoint and Normal Operators: continuous and bounded
Borel functional calculi, projection-valued measures, and the general bounded spectral
theorem.

7. Problem Sets: exercises arranged in thematic order to support revision, tutorials, and
cumulative study.

Throughout, the default scalar field is C unless the real case is explicitly mentioned, and inner
products are taken to be linear in the first variable and conjugate-linear in the second. Standard
background from linear algebra and introductory functional analysis is assumed, but the notes
have been organized so that the central arguments can be followed with minimal dependence on

external references.

Syllabus map

The following table is meant to display the internal architecture of the notes at a glance. It may
be used as a guide for first reading, selective revision, or examination preparation: each syllabus
theme is paired with the chapter in which its main ideas are developed and with the principal

structural conclusion established there.
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Contents

Syllabus theme

Primary location in the

notes

Main structural outcome

Hilbert spaces, orthonormal

bases, weak convergence

Bounded operators,
adjoints, and operator

algebra

Projections, isometries,
compact and
Hilbert—Schmidt operators

Spectra, invariant/reducing

subspaces

Compact spectral theory,
polar decomposition,
singular values, Schatten

classes

Bounded selfadjoint and

normal spectral theorems

Chapters 1 and the opening
of Chapter 2

Chapter 2

Chapter 3 and the opening

of Chapter 5

Chapter 4

Chapter 5

Chapter 6

geometric projection, Fourier
expansion, and weak

compactness tools

B(H) as a Banach x-algebra
with adjoint and norm

control

canonical operator classes
and approximation by

finite-rank models

resolvent calculus and
decomposition of operators

by invariant geometry

discrete spectral expansion

and singular-value methods

functional calculus and
projection-valued measure

formulations
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Guide to the Reader

Course navigation.

Each chapter can be read at two levels: first for the principal statements, examples, and
structural conclusions; then for the finer proof architecture and supplementary remarks.

For a one-semester course, a natural core reading path is Chapters 14, the compact-operator
portion of Chapter 5, and the statement-oriented parts of Chapter 6.

The exercise chapter is organized progressively: diagnostic problems, theorem-building exer-
cises, and synthesis or challenge problems suitable for seminars, qualifying-exam preparation,
or take-home assignments.

Readers using the notes for self-study should test the main implications in the adjoint,
projection, compactness, and spectral chapters against model examples such as diagonal
operators, shifts, and multiplication operators.

viii
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CHAPTER 1

Foundations of Hilbert Space Theory

This chapter develops the geometric and analytic core of Hilbert-space theory. We introduce
orthogonality, projections, orthonormal expansions, the Riesz representation theorem, and weak
convergence, emphasizing the structural principles that distinguish Hilbert spaces from general

Banach spaces and that recur throughout the rest of the notes.

Learning objectives.
o Pass fluently between geometric language (orthogonality, projection, best approximation) and

analytic language (norm, completeness, duality).
e Understand how orthonormal systems encode vectors by Fourier coefficients.

o Use weak convergence as a compactness surrogate in Hilbert-space arguments.

Key ideas.
e Closed subspaces are detected by orthogonal projection and by annihilation under orthogonal

complements.

« Orthonormal bases linearize many nonlinear geometric questions by reducing them to ¢2

calculations.

o Weak convergence preserves bounded linear information but not metric size.

1.1 Inner product spaces, orthogonality, and projections

Hilbert-space theory begins with the observation that an inner product supplies both a metric
and a geometry. Once orthogonality is available, closed subspaces can be studied through best
approximation and orthogonal projection, and many later operator-theoretic statements may be

read as geometric facts in disguise.

Definition 1.1 (Inner product). Let X be a vector space over F, where F = R or C. A map
(-,-) : X x X — F is an inner product if, for all z,y,z € X and «, 3 € F,
(i) (x,z) >0 and (r,z) =0 if and only if z = 0;
(ii) (z,y) = (y,z) (conjugate symmetry);
(iii) (ax + By, z) = a(z,z) + [ (y, z) (linearity in the first variable).
The pair (X, (-,-)) is called an inner product space.

Definition 1.2 (Induced norm and Hilbert space). On an inner product space define

lz]) := (z,2)'?, weX.
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A Hilbert space is an inner product space that is complete with respect to the metric induced by

this norm.

Proposition 1.3 (Cauchy—Schwarz and triangle inequality). Let (X, (-,-)) be an inner product

space with induced norm ||-||. Then for all x,y € X,
[z, )| <[zl lyll (Cauchy-Schwarz),
and consequently ||z + y|| < ||z|| + |ly||. In particular, ||-|| is a norm on X.

Proof. 1f y = 0 the claim is trivial. For y # 0 and t € F we have 0 < ||z — ty|> = (z — ty, v — ty),
hence

0 < [|lz]* — t{y,x) — Tz, y) + [t ]yl
Choosing ¢ = (z,y)/|ly[|* gives 0 < [|2[|* — [{z,5)[*/ly|1*, i-e. {z,y)| < [l [lyll. Then
lz +yl* = llz1* + llyll* + 2R(z, y) < (=] + Ily])?,

which yields the triangle inequality. O

Proposition 1.4 (Parallelogram law and polarization). In every inner product space,
lz +ylI? + llz = ylI? = 2(l=* + lyl*) (2,5 € X). (1.1)

Conversely, if a normed space (X, ||-||) satisfies (1.1), then the inner product is recovered from

the norm by the polarization identity:

w,) = 3 (e + 92 I —yl?) =),

and
1 ) . .
(.9 = 3 (I + 9l = ke =yl + iz + )2 — o = ig)?))  (F =0).

Proof. 1f ||-|| is induced by an inner product, then expanding (z+y,z+y) gives (1.1). Conversely,
assume (1.1) holds. Define (x,y) by the corresponding polarization identity. A routine verification
(using (1.1)) shows that (-,-) is sesquilinear, conjugate symmetric, positive definite, and that
|l2[* = (@, ). O

Definition 1.5 (Orthogonality and orthogonal complement). Let X be an inner product space.
Vectors x,y € X are orthogonal, written = L y, if (z,y) = 0. For a subset S C X define

St={reX:(z,s)=0Vse S}

If M is a linear subspace, then M+~ is a linear subspace, and it is always closed (in the norm
topology).
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Proposition 1.6. Let X be an inner product space and M C X a linear subspace. Then the
following assertions hold.

(a) M C (M*4)*.

(b) If X is complete (i.e. a Hilbert space), then (M+)*+ = M.

Proof. (a) If m € M and x € M*, then (z,m) = 0, hence (m,z) = 0 by conjugate symmetry;
thus m € (M+)*. (b) The inclusion M C (M=*)* follows from continuity of x + (x,y) for fixed
y. For the reverse inclusion, let 2 € (M~1)* and consider the closed subspace M. By Theorem 1.7
below, there is a decomposition # = u + v with u € M and v € M™ =M Butze (MH)*+
implies 0 = (x,v) = (u,v) + (v,v) = ||v||?, hence v = 0 and x = u € M. O

Theorem 1.7 (Orthogonal decomposition and projection theorem). Let H be a Hilbert space
and let M C H be a closed linear subspace. Then, for every x € H, there exist unique vectors
we M and v € M* such that

r=u-+wo.
Equivalently, H = M & M. Moreover:
(a) The vector u is the unique minimizer of y — ||z — y|| over M, and dist(z, M) = ||z — u||.

(b) The map Py : H — M defined by Pyx = wu is a bounded linear projection, called the
orthogonal projection onto M. If M # {0}, then ||Py|| = 1; moreover, P}, = Py and
Py = Pur.

(¢c) Writing Qpr := I — Py, one has Qp(H) C M+, Q3 = Qu, and |Qu| = 1 whenever
M#H.

Proof. Fix x € H and set d := infycp|lz — yl|. Choose a sequence (y,) C M such that
|x — yn|| = d. Using the parallelogram law (1.1) and the fact that (y, + ym)/2 € M, we obtain

[Yn = yml* < 2/|z — yal® + 2] — yn|]* — 4d®> — 0 (n,m — o).

Thus (y,) is a Cauchy sequence. Since M is closed in H, there exists u € M with y,, — u. By
continuity, ||z — u|| = d, so u is a best approximation to x from M.
Set v := 2 — u. We show that v € M. Let m € M. For every real t, the point u + tm lies in

M ; hence the minimality of u implies
ol = llz = ull? < llz = (u+tm)|* = |jv — tm|* = [Jo]|* — 2t R(v,m) + 2[}m]*.

Since this holds for all ¢ € R, we must have R(v, m) = 0. In the complex case, replacing m by
im also gives (v, m) = 0. Therefore (v,m) = 0 for every m € M, so v € M*.

To prove uniqueness, suppose

1
T = U] + v = ug + va, up,uo € M, wvi,v9 € M—.
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Then u; — us = vo — vy € M N M+ = {0}, so u; = us and vy = ve.
Define Pyjxz := w. Linearity follows from the uniqueness of the decomposition. Since

x = Pyx + Qpx with (Pyx, Qpz) = 0, we have
[Py]| < [|Pyz + Quzl| = ||z,

so ||[Pyl] < 1. If M # {0} and 0 # m € M, then Pyym = m, and therefore || Py/|| = 1. The
identities PI\Q/[ = Pys and Q%W = Q) are immediate. Finally, z — Pyyz € M+ for every x € H, so
forallz € H and m € M,

(Ppyrz,m) = (x,m).

Taking m = Pyry yields (Pyx,y) = (Pux, Pyy) = (z, Pyy), and hence Py, = Pyy. O
x
-
PMI‘ Yy

Figure 1.1: Orthogonal projection: Py;xz € M is the unique point of M closest to x.

1.2 Riesz representation theorem
The following theorem identifies the continuous dual of a Hilbert space with the space itself.

Theorem 1.8 (Riesz representation). Let H be a Hilbert space. For each y € H define
fy:H—T by
fy($):<$,y>, $EH,

where F =R or C. Then f, € H* and | f,| = ||y||. Conversely, for every f € H* there exists a
unique vector y € H such that f = f,.

Proof. Fix y € H. The Cauchy—Schwarz inequality gives

[fy(@)| = [(z,9)] < [zl 9],

so fy is continuous and || f,|| < |ly||. If y # 0, choosing z = y/||y|| yields |fy(z)| = ||ly||; hence

1fyll = llyll-
For the converse, let 0 # f € H* and set M := ker f, which is a closed subspace of H. Choose

xo € H with f(zp) = 1, and write the orthogonal decomposition

To = mg + 2, mo € M, ze Mt
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Then f(z) = f(xo—mo) = 1, so in particular z # 0. For any x € H we have z— f(x)z € ker f = M,

and therefore z — f(x)z L z. Taking inner products with z gives

0= (v — f(2)2,2) = (2,2) — f(@)]|2]>

Hence

f@ = =) v

Thus f = f,. Uniqueness is immediate: if (x,y1) = (z,y2) for all x € H, then taking x = y1 — y»
gives |ly1 — y2||> = 0, so y1 = ¥2. O
Corollary 1.9. If M is a closed subspace of H, then

M= (MYt = ﬂ ker f,.
yeM-L

In particular, M is the kernel of a single continuous linear functional if and only if codim M = 1.

Proof. If z € M, then (z,y) = 0 for all y € M+, so M C (M+)1. Conversely, if x € (M*)+,
then z | M, hence the orthogonal decomposition H = M @ M~ forces « € M. The intersection-

of-kernels identity is just a reformulation of z 1 M*. O

Definition 1.10 (Orthonormal sets and orthonormal bases). A subset E C H is called or-

thonormal if every e € E satisfies ||e]| = 1 and
(e,f)=0 (e,feE, e#[)
An orthonormal set E is called an orthonormal basis of H if
span E = H.

Equivalently, E is an orthonormal basis if and only if z 1 F implies = = 0.

Proposition 1.11 (Existence of orthonormal bases). Every Hilbert space admits an orthonormal

basis.

Proof. Let F be the family of all orthonormal subsets of H, ordered by inclusion. If C C F is a
chain, then Jpce E is again orthonormal, so it is an upper bound for C. By Zorn’s lemma, F
has a maximal element, say Ejy.
We claim that Ej is complete. If not, then there exists 0 # ¢ € H with « | FEy. After
normalization, the set
Eo U {x}
]

is orthonormal, contradicting maximality. Hence span g = H, so Ej is an orthonormal basis. [J
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Lemma 1.12 (Finite orthogonal expansion and finite Bessel inequality). Let {e1,...,en} be an

orthonormal set in H, and define
n

Spx = Z(x,ej>ej.

j=1
Then, for every x € H,
x — Spr L ek (k=1,...,n), (1.2)
1Sna]|? =z, e, (1.3)
j=1

and .
Iz — Spzl|* = [|z[|* — > _[(z, e;)[*. (1.4)

j=1

In particular,
n

> M e)? < Jlalf*.

j=1
Proof. For each k € {1,...,n},
n
(x — Spx,er) = (z,ex) Z (x,ej)(ej, ex) = (x,ep) — (z,ex) =0,
7j=1
which proves (1.2). Next,
n n
[Snz? = (Snz, Spx) = > (z,5) (@, ex)lej, ex) = Y _|{x,e5)]%,
Ji.k=1 j=1

o (1.3) holds. Finally, the orthogonality of x — S,z and S,z gives the Pythagorean identity
|z]1* = llz — Spz|® + || Snz|?,

which, together with (1.3), yields (1.4). O

Lemma 1.13. Let E be an orthonormal set in a Hilbert space H. Then for each x € H, the set

E,:={ec E:(r,e) #0}
is countable.

Proof. For each m € N let
1
E, = {6 € E:|(ze)? > }

m
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If e1,..., e € E,, are distinct, then Lemma 1.12 gives

,
,
— <Y e < i,

m =1

so r < ml|z||?>. Hence each E,, is finite. Since every e € E, satisfies |(x,e)[? > 1/m for some m,

we conclude

which is a countable union of finite sets. O

Theorem 1.14 (Bessel inequality). Let E = {ea}acr be an orthonormal set in H. Then for
every x € H,

>z ead* <l (1.5)

ael

The sum is well defined because, by Lemma 1.13, at most countably many terms are nonzero.

Proof. Enumerate the countable set E;, = {e € E : (z,e) # 0} as {en}n>1. For each k € N,

Lemma 1.12 yields
k

>z, en)* < [l

n=1

Letting k — oo proves (1.5). O

1.3 Parseval’s identity

Once an orthonormal basis is fixed, Hilbert-space geometry can be encoded by scalar coefficients.
Parseval’s identity makes this principle precise by showing that norm and inner-product informa-
tion are completely captured by Fourier coefficients, thereby reducing many geometric questions

to calculations in £2.

Theorem 1.15 (Parseval’s identity). Let E = {en}acs be an orthonormal basis of a Hilbert
space H. Then, for every x € H,

x = Z<$,ea>ea, (1.6)

acl

and

] = D[, ea)]*. (1.7)

ael

Only countably many terms in these expressions are nonzero.

Proof. Fix x € H, and enumerate the countable set E, := {eq € E : (z,e4) # 0} as {ep}n>1.
Define

n

Yn = Z(x,ej)ej.

J=1
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If m > n, then orthonormality gives

m

|Ym _yn”2 = Z ‘<x7ej>|2'

j=n+1

By Bessel’s inequality, the right-hand side tends to 0 as m,n — 0o, so (y,) is a Cauchy sequence
in H. Let y € H denote its limit.

For every « € I, continuity of the inner product yields

<y7 ea) = nlbngo<yny ea> = <l’, ea>-

Hence (x —y,eq) = 0 for all a € I. Since FE is complete, this implies x —y = 0, and therefore

(1.6) holds.
Finally,
2l = tim gl = lim S loyei) 2 = 3 la ea)
j=1 acl
which is exactly (1.7). O

1.4 Gram—Schmidt process

The Gram—Schmidt process is the basic constructive mechanism that turns linear independence
into orthonormality. It explains how orthonormal bases arise in finite dimensions and provides
the first systematic procedure for producing the coordinate systems on which Hilbert-space

analysis depends.

Theorem 1.16 (Gram-Schmidt orthonormalization). Let x1,...,z, be linearly independent

vectors in a Hilbert space H. Define

k—1
up 1= 2, U = Tf — Z<$k79j>gj (k>2),
j=1
and set
Ug
Ok = 7 (k=1,...,n).
[k
Then {g1,...,9n} is an orthonormal set and, for every k < n,

Spa‘n{xh cee ,.’L’k} = Spa’n{glv s 7gk}

Proof. We proceed by induction on k. Since 1 # 0, the vector g1 = x1/||x1]| is well defined and
has norm one. Assume that g1,..., gi_1 have already been constructed and form an orthonormal

set. Because

span{xi,...,Tx_1} = span{gi,...,gr-1},
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the linear independence of xi,...,x, implies that x; ¢ span{gi,...,grx—1}. Hence uy # 0.
Moreover, for each j =1,...,k —1,
k—1
i=1
S0 gk = ug/||ug|| is orthogonal to ¢1,..., gx—1 and has norm one. Thus g1, ..., gx is orthonormal.
By construction,
k—1
ak=up+ Y _(Tk g;)9; € span{gi, ..., g},
j=1
so span{zy,...,z;} C span{gi,...,gr}. The reverse inclusion is immediate from the definitions
of up and gi. This proves the claim for every k < n. ]

Example 1.17 (Hermite functions). Applying the Gram—Schmidt process to the sequence

1,t,t%,... in the Gaussian-weighted setting leads to the Hermite functions
hin(t) := ann(t)e_tQ/Q, n >0,

where H,, denotes the nth Hermite polynomial and ¢, is the normalizing constant. The family

(hn)n>0 is an orthonormal basis of L?(R).

Sketch of completeness. Suppose g € L?(R) is orthogonal to every h,. Equivalently,
/ g P2 dt =0 (n>0).
R

Define
G(z) := / g(t)e_tQ/ZeitZ dt, z e C.
R

Then G is entire, and all derivatives of GG at 0 vanish because the moments above are zero. Hence
G = 0. By uniqueness of the Fourier transform, this implies ¢ = 0. Therefore the Hermite

functions are complete. ]

Theorem 1.18. FEvery infinite-dimensional separable Hilbert space is isometrically isomorphic
to 2.

Proof. Let {e,}n>1 be a countable orthonormal basis of H, and define
F:H - F(z):= ((z,e1), (z,e2),...).

By Bessel’s inequality, F(z) € ¢2 for every x € H. Parseval’s identity yields

9]
IF (@17 = > K, en)? = |2,
n=1
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so F' is an isometry.
It remains to prove surjectivity. Let y = (y,) € £2. Then the series >.°° | y, e, converges in H

because )

N
= > |yl ———0.
m,N—oc0

N
z Yn€n
n=m

n=m

Define
o
T = Z Yn€n-
n=1

Orthogonality gives F'(x) = (y1,y2,...) = y. Thus F' is onto, hence an isometric isomorphism of
H onto /2. O

1.5 Weak convergence and weak compactness

Strong convergence is often too rigid for infinite-dimensional arguments, especially when com-
pactness is unavailable. Weak convergence provides a more flexible mode of convergence that
preserves linear information, and weak compactness supplies the substitute compactness principle

that underlies many later extraction arguments.

Definition 1.19 (Weak convergence). Let H be a Hilbert space. A sequence () in H is said
to converge weakly to x € H, written

Ty — T,
if
flxn) = f(x) for every f € H*.

Proposition 1.20 (Hilbert-space characterization of weak convergence). Let H be a Hilbert

space and (x,,) a sequence in H. Then
Ty =2 <= (zp,y) — (x,y) for everyy € H.

Proof. If x,, — =z, then the conclusion holds by applying the definition to the functionals
fy(2) = (z,y). Conversely, if (z,,y) — (z,y) for every y € H, then for each f € H* the Riesz
representation theorem yields f(z) = (z,ys) for a unique y; € H. Hence f(x,) — f(x) for every
f € H*, which is precisely z,, — x. O

Example 1.21 (Orthonormal sequences are weakly null). If (e,) is an orthonormal sequence in
H, then e, — 0.

Proof. Fix y € H. By Bessel’s inequality,
o0
> Kyseall < llull*
n=1
Hence the scalar sequence (y, e,) tends to 0. By theorem 1.20, this means e, — 0. O

10
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Theorem 1.22 (Weakly convergent sequences are bounded). If x,, — z in a Hilbert space H,

then the sequence (xy,) is bounded in norm.

Proof. For each n, define a functional F;,, € H* by

Fu(y) = (zn, y)-

If &, — x, then for every fixed y € H the scalar sequence (F,,(y)) converges, and therefore is
bounded. By the Uniform Boundedness Principle, sup,, ||F,,|| < co. The Riesz representation

theorem yields || F,,|| = ||xn|| for every n, so sup,, ||z,|| < co. O

Proposition 1.23 (Weak convergence plus convergence of norms). Let (x,,) be a sequence in a
Hilbert space H and let x € H. Then

Tp = X in norm <=  x, = x and ||z,| = ||z||.

Proof. Norm convergence clearly implies weak convergence and convergence of norms. Conversely,

assume z, — x and ||z,| — ||z|. Then
|z — 2] = l|lzall? + [l2]|* — 2R(zn, z).

By weak convergence, (x,,z) — (z,z) = ||z||?>, and by hypothesis ||z,||> — |lz||*>. Therefore

|zn — z||*> — 0, so z,, — & in norm. O

Theorem 1.24 (Weak compactness of the unit ball). The closed unit ball
By:={ze€H:|z|| <1}

of a Hilbert space H is compact in the weak topology.

Comment. This follows from the Banach—Alaoglu theorem together with the reflexivity of Hilbert

spaces. ]

Remark 1.25. In an infinite-dimensional Hilbert space the closed unit ball is not norm-compact.
Indeed, any orthonormal sequence lies in the unit sphere, but by theorem 1.21 it converges only
weakly, not in norm. This contrast between norm compactness and weak compactness is one of

the central geometric features of Hilbert space.

Example 1.26 (Weak but not norm convergence). In £2, let e, = (0,...,0,1,0,...) be the

standard orthonormal basis. Then for every z = (x,,) € £? one has
(z,en) = xn — 0,

so e, — 0 weakly. However, ||e,|| = 1 for all n, hence (e,) does not converge to 0 in norm.

11
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Remark 1.27. This is the basic model showing that weak compactness and norm compactness
are fundamentally different. It is also the prototype behind many compactness tests in later
chapters: compact operators convert bounded weakly convergent sequences into norm-convergent

sequences.

12
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CHAPTER 2

Bounded Operators and Adjoint
Operators

We introduce bounded linear operators between normed and Hilbert spaces and develop the
operator norm as well as the fundamental equivalence between continuity and boundedness.
The chapter also contains the classical principles of Banach—Steinhaus, open mapping, inverse
mapping, and closed graph, together with the Hilbert-space notion of adjoint and the elementary
spectral restrictions for selfadjoint and unitary operators.

Learning objectives.
o Recognize B(H) simultaneously as a normed space, an algebra, and a *-algebra.
o Interpret the adjoint as the Hilbert-space shadow of duality.

e See where the open mapping, inverse mapping, closed graph, and uniform boundedness

theorems enter operator theory.

Key ideas.
e Boundedness is the correct topological replacement for matrix finiteness in infinite dimensions.

o Adjoints convert range questions into kernel questions and are therefore structural rather than

merely formal.

e The major principles of functional analysis are repeatedly used to turn pointwise information

into uniform operator bounds.

2.1 Continuous linear transformations

Operator theory begins with the simplest question one can ask about a linear map: when does
linearity interact well with the ambient topology? For normed spaces, boundedness and continuity
turn out to be equivalent, and this equivalence allows one to move freely between algebraic and

analytic descriptions of linear transformations.

Definition 2.1 (Bounded linear map). A linear map 7' : X — Y is said to be bounded if there
exists M > 0 such that
[Tz|y < M|z|x  (ze€X).
Proposition 2.2. For a linear map T : X — Y, the following are equivalent:
(i) T is continuous on X;

(i) T is continuous at 0;

13
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(iii) T is bounded.

Proof. The implication (i)=-(ii) is immediate. Assume (ii). Then there exists § > 0 such that
||.THX <d = ||T.THY < 1.

If y #0, set x: y. Then ||z||x =§/2 < 6, so

" (e, <
"

2
ITylly < 5lyllx

2Hyll

By linearity,

so T is bounded. Finally, if T is bounded, say ||Tz|y < M||z| x, then x,, — = implies
[T2n = Tally = [|IT(2zn — 2)|ly < Mll2n —2]x = 0.

Hence (iii)=(i). O

Definition 2.3 (Operator norm). If 7' € B(X,Y), its operator norm is
|T|| :=inf{M > 0: ||Tz|ly < M|z|x for all z € X}.

Lemma 2.4. ForT € B(X,Y),

|| zf _
1T} = = sup [[Tz| = sup [Tl.

o T2l g Iz <1
Proof. Set
—
Q = sup

Then ||Tz|| < af|z|| for every x # 0, and trivially also for x = 0. Hence ||T'|| < . Conversely, by

definition of the operator norm,

[ T]]

(el

<7l (@ #0),

so o <||T||. Thus o = ||T||.
If |z = 1, then ||Tz| < |7, hence sup|,=1 [|Tz| < || T|. On the other hand, for any x # 0,

writing u = x/||z|| gives

[T
Izl = [[Tull < sup. [[Tu]].
l[ull=

Taking the supremum over x # 0 yields ||T'|| < supyy=1 [[Tz[|. The equality with sup| < |7z

is immediate. O

14
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Proposition 2.5. IfY is a Banach space, then B(X,Y) is a Banach space with respect to the

operator norm.

Proof. Let (T},) be a Cauchy sequence in B(X,Y'). For each fixed x € X,
[Tha — Tpa|| < |Tn — Tl ||,

so (T,,z) is Cauchy in Y. Since Y is Banach, there exists Tx € Y such that T,,x — Tz. This
defines a map T : X — Y. Because pointwise limits of linear maps are linear, 7" is linear.
Since (T3,) is Cauchy in norm, it is bounded: choose M > 0 such that ||T;,| < M for all n.
Then
1Tl = lim [Tl < M]al],

so T € B(X,Y). Finally, if ¢ > 0, choose N such that ||T,, — T,,|| < € whenever m,n > N. For
n > N and ||z| <1, letting m — oo gives

|(Tw — Ty = lim [[(T — T < e

Taking the supremum over the unit ball yields ||T;,, — T'|| < ¢ for all n > N. Hence T,, — T in
B(X,Y). 0

2.2 Algebra of bounded operators on Hilbert spaces

Once bounded operators are admitted as the natural morphisms of Hilbert spaces, one is led
immediately to their algebraic structure. Addition, composition, scalar multiplication, and
inversion all interact with the operator norm, and the resulting operator algebra is the framework

in which spectral and structural questions will be posed.

Proposition 2.6 (Basic algebraic identities). Let X, Y, and Z be normed spaces.
(a) If S € B(Y,Z) and T € B(X,Y), then ST € B(X,Z) and

ST < [ISIIT-
(b) If X is a normed space, then B(X) is a normed algebra with identity I satisfying ||I]| = 1.
(c) If X is Banach, then B(X) is a Banach algebra.

Proof. For xz € X,
[STz|| < ISI Tl < [[STHITI |,

which proves (a). The algebraic properties in (b) are immediate, and the norm estimate
in (a) shows that multiplication is jointly continuous. Part (c) follows immediately from
Theorem 2.5. O

15
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Remark 2.7. Thus, for a Hilbert space H, the space B(H) is a unital Banach algebra. After
the adjoint is introduced below, it becomes a unital Banach x-algebra and serves as the natural

ambient algebra for operator theory on H.

2.3 Adjoint operators and the x-structure on B(H)

The adjoint operation packages the geometry of the inner product into operator language. It
allows orthogonality, symmetry, positivity, and normality to be expressed algebraically, and it

endows B(H) with the involutive structure that governs much of Hilbert-space operator theory.

Theorem 2.8 (Existence and uniqueness of the adjoint). For every T' € B(H, K) there exists a
unique bounded operator T* € B(K, H) such that

<Tx>y>K = <$7T*y>H (l’ € Ha ye K)

Moreover, ||T™|| = ||T|.

Proof. Fix y € K. The map = — (Tx,y)k is a bounded linear functional on H, so by the Riesz

representation theorem there exists a unique vector z, € H such that
(Tx,y)k = (x,2y)H (r € H).

Define T™y := z,. The uniqueness in the Riesz theorem shows that 7™ is well defined. A direct

verification shows that 7™ is linear. Also,

IT*yll = sup [{z, T"y)| = sup [(Tz,y)[ < [Tyl
Jel=1 Jell=1

so T* is bounded and || T*| < ||T'||. Applying the same argument to 7™ gives (T%*)* = T and
hence ||T|| < ||T*|]. Therefore || T*| = ||T||. O

Proposition 2.9 (Basic identities for adjoints). Let R,S € B(K,L),T € B(H,K), and o, € F.
Then the following assertions hold.

(a) (aS+ BT)* =aS*+ BT

(b) (ST)* =T*S*;

(c) (T*)" =T;

(d) KerT* = (RanT)* and RanT = (Ker T*)*;
(e) KerT = (RanT*)* and RanT* = (Ker T)*.

Proof. Parts (a)—(c) follow directly from the defining identity of the adjoint and uniqueness. For

(d),

y€KerT* < (Tx,y) =0 forevery z € H <= y L RanT.

16
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Taking orthogonal complements gives RanT = (Ker T%)L. Part (e) follows by applying (d) to
T*. [
Definition 2.10 (Selfadjoint, positive, isometric, unitary, and normal operators). For T' € B(H):
o T is selfadjoint if T =T%;

o T is positive if (Tx,z) >0 for all x € H;

o T is an isometry if | Tx| = ||z|| for all x € H;

o T is unitary if T*T =TT* = I;

e T is normal if T*T =TT*.

Proposition 2.11 (Elementary characterizations). Let T' € B(H). Then the following assertions
hold.

(a) T is an isometry if and only if T*T = 1.

(b) T is unitary if and only if T is a surjective isometry.

(c) T is selfadjoint if and only if (Tx,z) € R for every x € H.
(d) If T is normal, then |Tz| = || T*z|| for every x € H.

Proof. For (a), ||Tz||?> = (Tz,Tz) = (T*Tx,z), so |Tz| = ||z| for all z if and only if
(T*T — Ix,zy = 0 for all =, equivalently 7*T = I. Part (b) is immediate from (a). For
(¢), one implication is obvious; the converse follows from the polarization identity applied to the
sesquilinear form (z,y) — (Tx,y). For (d),

HTxH2 = (T"Tz,z) = (TT" z,x) = HT*xH2

O

Proposition 2.12 (First spectral restrictions). If T is selfadjoint, then o(T) C R. If U is
unitary, then o(U) C {z € C: |z]| = 1}.

Proof. Assume first that T'=T" and let A = a + ¢b € C with b # 0. For any z € H,
(M = T)z,2) = S(N||z]|* = (T, 2)) = bl|z|]?,
because (T'z,x) € R for selfadjoint 7. Hence
bl llz]l* < (A = T)z,2)] < (M — D)z ||]].

Therefore
(A =T)z| > [b] ||z (2 € H).

So AI — T is injective with closed range. If its range were proper, choose 0 # y orthogonal to the
range. Then

0= (M =Tz, y) = (x, M =T)y)  (x € H),

17
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which implies (A — T)y = 0. Applying the same inequality to A gives y = 0, a contradiction.
Thus Al — T is surjective, hence invertible. Therefore A € p(T'), and so o(T) C R.
Next, let U be unitary. If |A| # 1, then

Uz = Az|® = |Uz|* + [ Az]® = 2R(Uz, Az) = ||z]|* + [AP[l2]* — 2R\ U, 2)).
Since |[(Uz,z)| < [|[Uz]| ||z]| = ||z||?, we conclude
Uz = Az|® > (1 = [A])?[|]|*.

Hence U — Al is injective with closed range. If its range were proper, choose 0 # y orthogonal to
the range. Then

so (U* — XI)y = 0. But U* is also unitary, and the same estimate yields y = 0, a contradiction.
Therefore U — A is surjective and hence invertible. Thus A € p(U) whenever |A| # 1, proving
the claim. O

Example 2.13 (A diagonal operator on 7). For 1 < p < oo, define

(g, B2 8
T(.%'l,.%'g,.rg,...)—(wl, 973 n,)
Then T' € B(¢P,¢P) and ||T|| = 1.

Proof. For 1 <p < o0,

(0.0 T P o0
n
ITzllp =" =% <D |2al? = ll=[lp,
n=1 n n=1

and similarly ||7z||co < ||Z||oc When p = co. Thus ||T|| < 1. Equality follows by evaluating 7" at
er = (1,0,0,...). 0

Example 2.14 (The Volterra operator on continuous functions). Define T": C([0,1]) — C(]0, 1])
by
TH@) = [ syt

Then T € B(C([0,1]),C([0,1])) and ||T|| = 1.

Proof. For z € [0,1],
(TF) ()| < /0 @) dt < [ f o,

$0 || Tfllco < ||flloo and hence ||T|| < 1. Taking f = 1 gives (Tf)(z) = z, so |[Tf|lec =1 =
[ flloo- 0

18
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Example 2.15 (Integral operators on function spaces). Let ¢ : [0, 1] x [0, 1] — C be continuous,
and define

)@ = [ el 050

Then T' defines a bounded operator on C([0, 1]), with

1
IT)| < sup / (e, )] .
z€[0,1] /O

Moreover, the same formula defines a bounded operator T : L?([0,1]) — L?([0, 1]), and
11 1/2
1T < (/ / |gp(m,t)]2dtdaz> )
0o Jo

1
(TF)(@)] < [Iflloe /O p(a, 1) dt,

which gives the stated bound after taking the supremum in z.
For f € L?([0,1]), the Cauchy-Schwarz inequality gives

Proof. For f € C([0,1)),

1/2
en@l< ([ lewopd) Ik

Squaring and integrating in z yields the L? estimate. O

Example 2.16 (Cesaro averaging operator). Let BC(]0,00)) denote the space of bounded

continuous functions on [0, c0), equipped with the supremum norm. Define

1
;fgf(s) ds, t>0,

£(0), t=0.

(Th)(t) =

Then T € B(BC([0,00)), BC([0, 00))) and ||| = 1.

Proof. For t > 0,
1 t
(@HOI <7 [ 156)]ds < ey
0

and the same bound holds at t = 0. Hence || Tf||cc < ||f|lco- Continuity at t = 0 follows from

1t
1. —_ g
im | f(s)ds = [f(0),

by continuity of f. Equality ||T'|| = 1 follows from 71 = 1. O

Example 2.17 (Differentiation). The differentiation operator need not be bounded unless the

domain is equipped with a stronger norm.

19
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(i) The map D : C1([0,1]) — C([0,1]), Df = f’, is bounded when C([0,1]) is endowed with
the norm

1£ller = 11£lloo + 1 lloc-
In fact, [Df|lcc < ||fllct, so ||D]| < 1, and equality holds.

(ii) If one instead regards differentiation as a map from (C*([0,1]), || - [|sc) to (C([0,1]), ] - llso),
then it is unbounded. Indeed, for f,(t) =" we have || fullco = 1 but [|f}]|cc = n — 00.

Example 2.18 (The unilateral shift and its adjoint). On ¢2(N) define
S(z1,z2,...) = (0,21, 22,...).

A direct computation shows that
S*(x1,x9,...) = (z2,23,...).

Thus S*S = I, whereas SS* = I — Py,anfe,}- In particular, S is an isometry but not a unitary

operator. This example will reappear when we discuss invariant subspaces and spectral behaviour.

2.4 Extension of uniformly continuous functions

Completion arguments are useful only if one can extend the maps already defined on a dense
set. Uniform continuity is precisely the hypothesis that makes such extension possible without
ambiguity, and the result proved here will later be adapted to linear operators defined initially

on a convenient core.

Proposition 2.19. Let A be a dense subset of a metric space (M,d), and let f: A — R be
uniformly continuous. Then there exists a unique uniformly continuous extension f: AR
such that ﬂA =f.

Proof. Fix z € A. Choose a sequence (x,) C A with z,, — z. Since (x,,) is Cauchy and f is

uniformly continuous, (f(x,)) is Cauchy in R, hence convergent. Define

f(@):= lim f(xn).

n—o0

A standard argument shows that this value does not depend on the approximating sequence, so

~

f is well defined.

To prove uniform continuity, let € > 0, and choose 6 > 0 such that

dlu,v) <6 = |f(u)— f(v)|<e (u,v € A).

20
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Take z,y € A with d(x,y) < §/3, and choose sequences ,,y, € A converging to z and v,
respectively. For large n we have d(z,,z) < /3 and d(yn,y) < 0/3, hence d(xn,yn) < 0.
Therefore |f(xn) — f(yn)| < €, and letting n — oo yields

~

[f(@) = Fly)l < e

Thus f is uniformly continuous.
Uniqueness follows because any two continuous extensions agreeing on the dense set A must

agree on A. [

2.5 Extension theorem

In analysis one frequently defines an operator first on a dense subspace of simple or smooth
vectors and only afterwards asks whether it extends to the whole space. The extension theorem

gives the precise criterion for doing so while preserving linearity and norm control.

Theorem 2.20 (Extension from a dense subspace). Let M be a dense subspace of a normed
space X, and let' Y be a Banach space. If T : M — 'Y is bounded and linear, then there exists a

unique bounded linear extension T:X —Y such that
Tiu=T and |T|=|T|.

Proof. For x € X, choose a sequence (x,) C M with z, — z. Since T is bounded,
[Tzn = Tem| < [T zn — zml,

s0 (T'zy) is Cauchy in Y. As Y is Banach, (T'x,) converges. Define

~

T(x) := lim Txp,.

The limit is independent of the approximating sequence, so T is well defined. Linearity follows
from linearity of limits.
Moreover,
IT(@)] = lim || Ta,| < T lim ] = |T] 2],

so T is bounded and ||T'|| < ||T||. Since T extends T', we also have ||T|| < ||T||. Hence |T|| = ||

Uniqueness follows from continuity and density of M. O

Example 2.21. Every linear map from a finite-dimensional normed space X into a normed

space Y is bounded.

21
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Proof. Choose a basis ey, ..., e, of X. For z =377, aje;,

n
1T]| < laj| | Te;]l-
j=1

Since all norms on X are equivalent, there exists C' > 0 such that 377, |a;| < C|z|. Therefore
7o)l < € (max 17e;1l) [
which proves boundedness. O

2.6 Open mapping theorem

Completeness has decisive consequences for surjective linear maps between Banach spaces. The
open mapping theorem shows that surjectivity is automatically quantitative: a bounded onto

operator does not merely hit every point, but does so with uniform control on neighbourhoods.

Theorem 2.22 (Open mapping theorem). Let X and Y be Banach spaces and let T € B(X,Y)
be surjective. Then T is an open map: for every open set U C X, the image T'(U) is open in Y.

Proof. Tt suffices to prove that T'(Bx(0,1)) contains a ball about 0; then scaling and translation
yield openness for arbitrary open sets.
Since T is surjective,

Y = fj T(Bx(0,n)) = G nT(Bx(0,1)).
n=1 n=1

Set E :=T(Bx(0,1)). Then Y = J,> nE. Each nFE is closed, so by the Baire category theorem
there exist ngp € N and yg € Y and r > 0 such that

By (yo,7) C noE.

By translation invariance of balls,

By(O,T) CnoE —nogE C noT(Bx) — TLDT(B)() C T(Bx(o, 2n0)).
After rescaling X (replace Bx(0,1) by Bx(0,2ng)), we may assume that
By (0,1) Cc T(Bx(0,1)). (2.1)

Claim. Under (2.1), one has By (0,%) C T(Bx/(0,1)).
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Fix y € Y with |ly|| < 3. By (2.1) there exists z; € Bx(0,1) such that ||y — Tz;|| < 272
Inductively, having chosen 1, ...,z with ||z;]| <270~ and

ly =1+ +ap)l| < 270+,

apply (2.1) to the residual yg, := 2% (y —T'(x1 +- - - +2)) (which satisfies [|yy|| < 2 < 1) to choose
up1 € Bx(0,1) with |lyx — Tugr1]| < 272. Put 2py1 := 2 %ug1. Then ||2p41] < 27% and

ly =T (z1+ -+ zp41)|| < 9~ (k+2),

Thus the series >~ x; converges in X (since 3_||z;]| <32 2-0=1 = 2), and letting z := > j>1 %)
we have ||z|| <2 and Tx = y by continuity of T". Scaling x by a factor 1/2 gives y € T'(Bx(0, 1)),

establishing the claim.

Returning to the original scaling, we conclude that T'(Bx (0, 1)) contains a nontrivial open

ball, hence T is open. O

2.7 Inverse mapping theorem

Bijectivity by itself is not enough in infinite-dimensional analysis; one must also know that the
inverse remains bounded. The inverse mapping theorem provides exactly this conclusion for

Banach spaces and is one of the principal reasons completeness enters the subject at every stage.

Corollary 2.23 (Inverse mapping theorem). Let X and Y be Banach spaces and let T € B(X,Y)
be bijective. Then T :Y — X is bounded.

Proof. By Theorem 2.22, T is an open map. Hence T(Bx(0,1)) contains a ball By (0,r) for
some r > 0. If y € Y and y # 0, write y = ||y|| ﬁ and note that @y € By (0,r), so ”—;Hy =Tz
for some x with ||z|| < 1. Therefore

—1,1 — | Lzl 1
17"yl = 15 ] < 2yl
Thus || T~ < 1/r. O

2.8 Closed graph theorem

Direct norm estimates are not always the most efficient route to boundedness. The closed graph
theorem replaces them with a geometric condition on the graph of the operator and thereby

yields a remarkably robust criterion for continuity in Banach space settings.

Theorem 2.24 (Closed graph theorem). Let X and Y be Banach spaces and let T : X —'Y be
linear. Then T is bounded if and only if its graph

G(T)={(z,Tz):2€e X} CX XY
is closed (with respect to the product norm ||(x,y)| = ||z| + |y||)-
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Proof. If T is bounded and (z,,Tx,) — (z,y) in X x Y, then x,, - = and Tz, — y. By
continuity of 7', we also have T'z,, — Tz, hence y = T'z. Therefore (z,y) € G(T'), so the graph is
closed.

Conversely, assume that G(7T') is closed. Since X x Y is Banach, G(T') is Banach as a closed

subspace. Consider the projection
P:G(T)— X, P(z,Tz) = .
This map is linear, bijective, and bounded because
1P(z, Tx)l| = [lz|| <[l + T[] = ||z, Tz)].

By the inverse mapping theorem, P~! : X — G(T) is bounded. Therefore there exists C' > 0
such that
2]l + | Tz|| = [|P7 2| < Cllz|l (2 € X).

Hence ||[Tz|| < (C —1)||z||, so T is bounded. O
Remark 2.25. Completeness is essential in Theorems 2.22-2.24. For instance, the identity map
s (€4 ]l — (€4 1lso)
is bounded, but its inverse is not bounded, because the ¢! norm cannot be controlled by the £

norm on /1.

Example 2.26 (Coordinatewise multiplication on ¢P). Let (a;) be a scalar sequence with the

property that for every x = (z,,) € P, the sequence (a,z,) again belongs to /7. Define
T: 0P — (P T(xn) = (anxy).
Then T is bounded.

Proof. We verify that the graph of T is closed. Suppose z*) — z in 7 and Tz®) — y in .
Then for each coordinate n,

(k)

9:7(1’@ — Tp and ATy’ = Yn.

Hence y, = anx, for every n, so y = Tx. Therefore the graph of T is closed, and the closed

graph theorem implies that 71" is bounded. O

Example 2.27 (Multiplication operators on LY(R)). If p € L®(R) and T : L'(R) — L*(R) is
defined by
I(f) = e,
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then T is bounded and
1T]| = lllloo-

Conversely, if ¢ is measurable and ¢f € L'(R) for every f € L*(R), then the same formula

defines a bounded operator on L!(R); in particular, necessarily ¢ € L>(R).

Proof. 1f ¢ € L°°, then
1Tl = /R [p(2) f ()| dz < [|@llcl f1]1,
50 [|T]| < ||¢|loo- To obtain the reverse inequality, fix € > 0 and consider
Eo:={zeR:|p(@)] > [l¢llo — e}

This set has positive measure. Choose a measurable subset F' C E. with 0 < m(F') < oo, and set

Then || f:|1 =1, and
1
T = — dx > 00 — E.
ITflh = g [ o)l dr 2 ol —

Hence || T|| > ||¢lloo — €, and letting e | 0 gives ||T|| = ||¢]|co-

For the converse, assume merely that ¢f € L'(R) for every f € L*(R). Define T(f) = ¢f.
If f, — fin L' and T'f, — g in L', then by passing to a subsequence we may assume that
fu(z) = f(x) and T'f,(z) — g(x) almost everywhere. Thus g(x) = ¢(z)f(x) almost everywhere,
so the graph of T is closed. By the closed graph theorem, T is bounded. Applying the first part
now shows that necessarily ¢ € L>®(R) and ||T|| = ||¢||co- O

Remark 2.28. The same argument works on LP(R) for every 1 < p < oo: whenever multiplication
by a measurable function ¢ sends LP(R) into itself for every input, the resulting operator is
bounded, and necessarily ¢ € L*(R).

2.8.1 Banach-Steinhaus theorem (uniform boundedness principle)

A family of continuous linear maps can be pointwise bounded without being uniformly bounded
on the whole unit ball if the underlying space is incomplete. Completeness is precisely the

ingredient that rules out this pathology.

Theorem 2.29 (Banach-Steinhaus theorem). Let X be a Banach space, let Y be a normed
space, and let {T; :i € I} C B(X,Y). Define

E = {:L' € X :sup||Tiz|| = oo}.
iel

Then exactly one of the following alternatives holds:
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(1) supier ||Til] < oo;
(i) E is a dense G subset of X.

Proof. For each n € N, let
E, = {x € X :sup || Tz > n}
el
Then
X\E,= ﬂ{weX: |Tiz|| < n},
i€l

which is closed because each T; is continuous. Hence every F,, is open, and

o0
E= () En.
n=1

Assume first that each E, is dense in X. By the Baire category theorem, E = (,>, E, is a
dense G set, so alternative (ii) holds.

Now assume that some E,, is not dense. Then there exists a ball B(xzg, ) such that
B(zo,r)NE, = @.

Equivalently,
sup [|[Tiz|]| < n (z € B(xg,1)).
el
If ||z|| < r, then z + z¢ € B(xo,7), and therefore
[Tiz|| < [|Ti(z + xo)|| + | Toxol| <20 (i € 1).

Next, let y € X be arbitrary, y # 0, and set x = m(y. Then ||z|| =7/2 <, so

|
()|
’ “\2|lyll

4n .
ITiyll < —=llyl - (@€ ),

Hence

which implies ||T;|| < 4n/r for all i € I. Thus alternative (i) holds. O

Corollary 2.30 (Uniform boundedness principle). Let {T;}icr C B(X,Y), where X is Banach,
and suppose that for each x € X,

sup || Tiz| < oc.

el

Then

sup || T;|| < oo.
i€l
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Proof. Under the pointwise boundedness hypothesis, the exceptional set £ in Theorem 2.29 is

empty. Hence alternative (ii) cannot occur, and so alternative (i) must hold. O

Remark 2.31. Completeness of X is essential. Consider the vector space P(R) of all real

polynomials, equipped with the norm

Ipll == Sglg\ajl, p(x) = ap+ a1z + - + agz’.
J=Z

For n € N define .
T.(p) == Z a;.
=0

For each fixed polynomial p, the sequence {7}, (p)} is eventually constant, so the family {7,,}
is pointwise bounded. On the other hand, if p,(z) = 1+ 2 + --- 4+ 2", then ||p,|i = 1 and
Tn(pn) =n+1, s0 [|[T,]]| =n+ 1 — oco. Thus uniform boundedness fails on this incomplete

normed space.

Corollary 2.32 (Pointwise limits of bounded operators). Let X be a Banach space, let Y be a
normed space, and let (T,,) C B(X,Y). Suppose that for every x € X the limit

T(z):= lim T,(x)

n—oo

exists in Y. Then T € B(X,Y) and
|IT|| < limsup ||T},]-
n—oo

In particular, whenever ||T,|| — L, then ||T|| < L.

Proof. For each x € X, the sequence {T,,x} converges and is therefore bounded. By the uniform

boundedness principle, there exists M > 0 such that ||T,,|| < M for all n. Passing to the limit in
[ Tz]] < M|

gives || Tz| < M|z||, so T is bounded.

Moreover, for every z € X,
|Tz|| = lim || T,x| < (limsup ||Tn|])||x||
n—00 n—00

Taking the supremum over ||z|| < 1 yields the stated bound. O

2.8.2 Application: divergence of Fourier series for some continuous functions

For f € C(]—m,]), its Fourier coefficients are defined by

~

(k) = % /_7; e *d,  kez,
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and the nth symmetric partial sum of the Fourier series is
n ~ .
S(f)(@):= Y Flk)er.
k=—n

Using the Dirichlet kernel

n sin((n + %
Du(t) = Y e = LD (g e,

k=—n

we may write

SulP@) = o [ $6) Do = ) s

We next use the uniform boundedness principle to show that the Fourier series of a continuous

function need not converge even at a single point.

Proposition 2.33. For f € C([—n,x]), define
1 ™
Tu(f) = 5u(0)0) = 5= [ FODa(0) .

Then T,, € B(C([—m,7]),C) and

1 s
T\ = — D, ()| dt.
Tl = 5= [ IDao)

Proof. The upper bound is immediate:

1 ™
Tu(O < 1w 5= [ 1Dt}

SO 1 -
T, < — D, (t)| dt.
7 < 5= [ IDao)

For the reverse inequality, approximate the sign of D,, by continuous functions. For § > 0 define

_ Da(®)
fns(t) == DaO 430"

Then f, 5 € C([—m,7]) and || f, 5]l < 1. Moreover,

D, (t)?

Jns(t)Dn(t) = Dn(®)]+3

— [Dn()] (640),
and the integrands are dominated by |D,| € L*([~m,7]). By dominated convergence,

1 ™
W T, (fos) = — [ [Dn(t)| dt.
i T, (fs) = 5= [ 1Da(t)
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Since || fnslloo < 1, this shows that ||7},]| is at least the right-hand side. Therefore equality

holds.

Lemma 2.34 (Growth of the L! norm of the Dirichlet kernel). There exists an absolute constant

c > 0 such that, for alln > 1,

[ Da]dr = clog(n +1).

—Tr

In particular,
”D HLl [—m,7]) — 0.

Proof. Recall that
sin((n + 3)t)

Dy(t) =
n(t) sin(t/2)
Form=0,1,...,n — 1 set
2m+ )7 s
= 7 6:: B — I = t *6 t (5
m 1 42 m = [tm — 0, tm + 6] C (0,

The intervals I, are pairwise disjoint. If ¢t € I,,,, then

|0+ Dt = (0 + )| < (n+ )5 =

17
0
)sin((n - %)t)‘ > sin(w/4) = \gi
Also, for ¢t € (0,7) we have sin(t/2) < t/2, hence 1/|sin(t/2)| > 2/t. Therefore
\[
D=2 el

Integrating over these disjoint intervals gives

tm+5 dt =l
| 1pate W>ﬁ2/ >V Y
m=0 "™

A direct computation shows that tji 5= 4m 3. Hence
n—1 n
g 2 V2 1 V2
D,(t)|dt > v2 > —— - > 1).
/0 [Dn ()] —fn;04m+3— 2 mZ:lm 3 log(n+1)

Doubling the estimate proves the claim.
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Theorem 2.35 (A dense set of continuous functions with divergent Fourier series). There exists
a dense G5 set G C C([—m,7]) such that for every f € G,

sup S, (£)(0)] = oc.

n>1
In particular, the Fourier series of f diverges at 0.

Proof. By Proposition 2.33 and Lemma 2.34,

1 ™
Tl = 5= | 1Du(t)]dt = o0

Thus the family {T},}n,>1 C B(C([—m,7]),C) is not uniformly bounded. Since C([—m,7]) is
Banach, Theorem 2.29 implies that the set

G = {f € C([=m,7]) : sup|Tu())] = oo}

n>1

is a dense G subset of C([—m,7]). But T,,(f) = S.(f)(0), so the asserted divergence follows. []

Summary: the three fundamental principles

In this chapter we have seen how completeness (via the Baire category theorem) forces strong
operator-theoretic consequences. The uniform boundedness principle controls operator norms
from pointwise bounds; the open mapping theorem upgrades surjectivity to quantitative openness;
and the closed graph theorem turns graph-closedness into boundedness. These results will be

used repeatedly in duality and spectral theory.
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CHAPTER 3

Orthogonal Projections and

Canonical Operator Classes

This chapter studies the operator classes that arise naturally from Hilbert-space geometry.
We discuss orthogonal projections, isometries, unitary operators, finite-rank, compact, and
Hilbert—Schmidt operators, as well as the first structural properties of selfadjoint and normal
operators. The aim is to organize the main classes that repeatedly appear in spectral theory and
in decomposition arguments.

Learning objectives.
e Characterize orthogonal projections algebraically and geometrically.
o Distinguish isometries from unitary operators and finite-rank operators from compact ones.

o Place selfadjoint and normal operators in the hierarchy of canonical Hilbert-space operator
classes.

Key ideas.
e Projection identities encode orthogonal decomposition.
o Isometries preserve geometry but need not be onto.

e Compactness is an approximation property and normality is a commutation property.

3.1 Orthogonal projections

Orthogonal projection is the basic Hilbert-space mechanism for turning geometry into analysis.
It encodes best approximation by closed subspaces, yields canonical decompositions, and later

reappears in functional calculus, spectral theory, and the study of invariant subspaces.

Theorem 3.1 (Characterization of orthogonal projections). For P € B(H), the following are

equivalent:

(i) P is an orthogonal projection;

(ii) there exists a closed subspace M C H such that P = Py, the orthogonal projection onto M ;
(iii) P? = P and Ran(P) L Ker(P).

In this case,

Ran(P) =M,  Ker(P)=M"*,  H =Ran(P)® Ker(P).
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Proof. The implication (ii)=-(i) was established in Theorem 1.7. If (i) holds and M = Ran(P),

then for every x € H we may write
x=Px+ (I — P)z,
where Pz € M. Moreover, for every y € H,
(Pa, (I - P)y) = (x, P(I - P)y) = (,(P — P*)y) = 0,

so (I — P)y € M+. Thus = has the orthogonal decomposition relative to M, which means
P = Pj; and hence (i)=-(ii). Finally, (ii) clearly implies (iii), and if (iii) holds then for x = u+v
with v € Ran(P) and v € Ker(P) one has Px = u, so P is the orthogonal projection onto
Ran(P). O
Proposition 3.2 (Norm and minimization properties). Let P = Py; be the orthogonal projection
onto a closed subspace M C H. Then the following assertions hold.

(a) ||x — Pz|| = dist(xz, M) for every x € H;

(b) Pl =1 if M #{0} and | I~ P|| =1 if M # H;

(c) a closed subspace M reduces T € B(H) if and only if TP = PT.

Proof. Parts (a) and (b) are immediate from Theorem 1.7. For (c), TP = PT implies both
Ran(P) = M and Ker(P) = M+ are invariant under 7. Conversely, if M reduces T, then both
M and M* are invariant, and checking on the orthogonal decomposition H = M @& M shows
that T' commutes with P. O

3.2 Isometries and unitary operators

Isometries and unitary operators are the linear symmetries of Hilbert-space geometry. They
preserve lengths and inner products, and they serve both as structural model operators and as

concrete realizations of shifts, Fourier transforms, and other symmetry phenomena.
Proposition 3.3 (Equivalent descriptions). Let U € B(H). Then the following assertions hold.
(a) U is an isometry if and only if U*U = 1

(b) U is unitary if and only if U*U = UU* = I;

(c) U is unitary if and only if it is surjective and preserves the inner product:
(Uz,Uy) = (z,y)  (z,y € H).

Proof. Part (a) has already been noted in Theorem 2.11. Part (b) is the definition of unitarity
together with surjectivity of isometries. For (c), the polarization identity shows that preservation
of the norm is equivalent to preservation of the inner product, and surjectivity then gives the

inverse relation U1 = U*. OJ

32



MAG641: Operator Theory in Hilbert Spadesthogonal Projections and Canonical Operator Classes

Remark 3.4. Unitary operators are the Hilbert-space analogues of orthogonal matrices in Eu-
clidean geometry. They preserve distances, angles, orthogonality, orthonormal bases, and spectral
data up to unitary equivalence.

3.3 Finite-rank, compact, and Hilbert—Schmidt operators

This section introduces the first hierarchy of operator classes that go beyond mere boundedness.
Finite-rank operators are the closest analogues of matrices, compact operators preserve much
of finite-dimensional spectral behaviour, and Hilbert—Schmidt operators form a quantitatively
stronger class that already points toward trace and singular-value methods.

Definition 3.5. Let H and K be Hilbert spaces.

o T € B(H, K) has finite rank if Ran(7T') is finite-dimensional.

o T is compact if it maps bounded subsets of H to relatively compact subsets of K.

o T is Hilbert-Schmidt if for one (hence every) orthonormal basis (e,) of H,

o
Z HTenH2 < 0.
n=1

Proposition 3.6 (Finite-rank operators). An operator T € B(H, K) has finite rank if and only

if there exist vectors ui,...,um € H and v1,...,vm € K such that
m
Tx = Z(:p,uj>vj (x € H).
j=1

Proof. If T has finite rank, choose a basis v1,..., vy of Ran(T). Then Tx = 377", aj(z)v;
for suitable linear functionals o; on H. These functionals are bounded because Ran(T') is
finite-dimensional, so by the Riesz representation theorem oj(x) = (x,u;) for some u; € H. The

converse is immediate. O

Proposition 3.7 (Compact operators as an ideal). Let H, K, and L be Hilbert spaces.
(a) Every finite-rank operator is compact.
(b) The class K(H, K) of compact operators is a closed linear subspace of B(H, K).

(c) If S € B(K,L) and T € K(H,K), then ST € K(H,L); similarly, if R € B(G,H) then
TR € K(G,K).

Proof. Part (a) follows because bounded sets in finite-dimensional spaces are relatively compact.
The linearity in (b) is immediate, and closedness is proved by a standard /3 argument using
uniform convergence on the unit ball. Part (¢) follows because continuous images of relatively
compact sets are relatively compact. O

Theorem 3.8 (Hilbert-Schmidt operators). LetT € B(H, K). If (en) and (fm) are orthonormal

bases of H and K, respectively, then the following are equivalent:
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(i) T is Hilbert-Schmidt;
(ii) 3y | Ten]|? < 0o;
(i) Y [(Ten, fm)|* < oc.

Moreover, the quantity

TN 75 =D ITenll” = D KTen, fn)?
m,n

n

is independent of the chosen orthonormal bases, and
1Tl < T zs-

FEvery Hilbert-Schmidt operator is compact.

Proof. Parseval’s identity shows that
||T€?”LH2 = Z [(Ten, fm>|27
m

and summing over n yields the equivalence of (ii) and (iii). Basis-independence follows from the

same identity. The estimate ||T'|| < ||T||gs is immediate from

IT2|? = |[>_(z, en)Ten

n

2
< (ZH% en>\2> (Z\IT%W) = =17 s

by Cauchy—Schwarz and Parseval. Finally, if Py denotes the orthogonal projection onto

span{ey,...,en}, then
IT = TPxlfs = Y [Ten]* — 0.
n>N
Thus T is a norm-limit of finite-rank operators and hence compact. O

Corollary 3.9 (Adjoints and the Hilbert-Schmidt norm). If T € HS(H,K), then T* €
HS(K,H) and
1T [s = T ms-

Proof. Let (ey) be an orthonormal basis of H and (f,,) an orthonormal basis of K. By Theo-

rem 3.8,

HTH%IS = Z |<Ten7fm>‘2‘

m,n

Since (T'en, fm) = (en, T* fim), Parseval’s identity gives
ITIIs = D Kew, T* fn) P = Y _IT* fuall = 1T I35
m,n m

In particular, T* is Hilbert—Schmidt. 0
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Theorem 3.10 (The Hilbert-Schmidt class is a Hilbert space). Let HS(H, K) denote the
Hilbert—Schmidt operators from H to K. For any orthonormal basis (e,) of H, define

(A,B)us = (Aen, Bey), A,Be€ HS(H,K).

n=1

Then the series converges absolutely, the value is independent of the chosen orthonormal basis,

and
|Al%s = (4, A)us.

With this inner product, HS(H, K) is a Hilbert space.

Proof. Fix orthonormal bases (e,,) of H and (f,,) of K. By Parseval’s identity,

(Aey, Bey) = Z(Aen,fm> (Ben, fm)-

m

Hence

> [(Aen, Ben)| <3 [(Aen, fu)| [(Ben, fm)l < | Allms 1Bl ms

n

by Cauchy-Schwarz on ¢2(N x N). Thus the series defining (A, B)ygs converges absolutely.

Moreover,

(A) B>HS = Z<Aen> fm> <Ben, fm>a

m,n
which is symmetric in the choice of orthonormal basis and therefore basis-independent. The
identity ||A]|%,¢ = (A, A)ps is immediate.

To prove completeness, let (4;) be Cauchy in the Hilbert-Schmidt norm. Then for each fixed
basis vector e,, we have

|Ajen — Agen| < ||Aj; — Akllas,

so (Ajey); is Cauchy in K. Write Ae, := lim; Aje,. Using Fatou’s lemma for series,
Ae,||? < liminf Aienll?
Zn: | Aen||* < Tim in Zn: [Ajen]|* < oo,
so A is Hilbert—Schmidt. Finally,

14; = Allfrs = D _ | Ajen — Aen|* — 0

by dominated convergence, because (A;) is Cauchy and the tails are uniformly square-summable.
Hence HS(H, K) is complete. O
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Example 3.11 (Hilbert—Schmidt integral operators). Let (X, u) be a o-finite measure space
and let k € L?(X x X, x ). Define

(KD@) = [ ke f@duw). el (X,
Then K is a bounded Hilbert-Schmidt operator on L?(X, i) and

IK|zs = |kl L2 (x xx)-
In particular, every such integral operator is compact.

Proof. For almost every z, the section k,(y) := k(z,y) belongs to L?(X, ), and by Cauchy—

Schwarz,

(K f)(@)] = [k, frz] < ka2 1 f]]z2-

Thus K f is defined for almost every z. Let (e,) be any orthonormal basis of L?(X, ). Then

Parseval’s identity in the y-variable gives, for almost every x,

Y IKen) @) = Y ke, en) * = IlkallZx)-

n

Integrating over x and using Tonelli’s theorem,
> I Kenlia(x) = /X | Z2x dpa() = /XxX (e, )2 d(p ) (2, y) = )72 xx)-

Hence K is Hilbert—Schmidt with the stated norm formula, and therefore compact by Theorem 3.8.
O

3.4 Selfadjoint and normal operators

Selfadjoint and normal operators occupy a privileged place because the inner product strongly
constrains their algebraic behaviour. They are the natural starting point for spectral theory, and
many of the later theorems should be read as refinements of the elementary identities assembled

here.

Proposition 3.12 (Basic properties of selfadjoint and normal operators). Let T' € B(H).
(a) If T =T%, then (Tx,z) € R for all x € H, and every eigenvalue of T is real.
(b) If T is normal and Tz = Az, then T*z = .
(c) Eigenvectors corresponding to distinct eigenvalues of a normal operator are orthogonal.

(d) If T is positive, then T is selfadjoint and o(T') C [0, 00).
Proof. Part (a) is immediate. If Tx = Az and T is normal, then
I(T* = AD)a|® = IT*|* = MT*2,z) — XNa, T*z) + [A?|«]*.
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Using normality and Tz = Ax, one checks that this equals
IT]* = 22|z + (AP 2]* = o,
which proves (b). For (c), if Tz = Az and Ty = py with X # p, then by (b),
Ma,y) = (Tw,y) = (2, T"y) = [z, y)-

Interchanging the roles of x and y gives the same relation with A and u swapped, and therefore

(x,y) = 0. Part (d) is standard: positivity implies
<(T_T*)$7x>:0 (JJEH),

hence T' = T* by polarization, and the spectral inclusion follows from the same resolvent estimate

used for selfadjoint operators. O

Remark 3.13. The full force of normality is revealed only in the spectral theorem. At this stage,
the most important lesson is that the adjoint symmetry T = T*T is precisely the condition

under which orthogonality of eigenspaces and unitary diagonalization become possible.
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CHAPTER 4

Spectrum, Resolvent, and Invariant

Subspaces of Bounded Operators

This chapter develops the basic spectral theory of bounded operators on Hilbert spaces. After
introducing the resolvent set and spectrum and establishing their foundational analytic properties,
we prove the spectral radius formula, study the decomposition of the spectrum and its behaviour
under adjoints, and then pass to invariant and reducing subspaces, where spectral information
interacts with operator decomposition and block-matriz form.

Learning objectives.

e Define spectrum and resolvent in a way that is stable under perturbation and compatible with
functional calculus.

o Use resolvent identities and analyticity to deduce global information about bounded operators.
o Distinguish point, continuous, residual, and approximate point spectrum in model examples.

e Relate invariant and reducing subspaces to operator decompositions and block-operator
representations.

Key ideas.
e The spectrum records failure of invertibility rather than only failure of injectivity.
o Resolvent estimates are the analytic doorway into spectral theory.

o Invariant-subspace geometry turns spectral information into structural decompositions of
operators.

e Diagonal and shift models should always be kept in mind when testing general statements.

Common pitfalls.
e Do not identify spectrum with eigenvalues outside compact or finite-dimensional settings.

¢ Do not assume that injective or surjective operators are automatically invertible on infinite-

dimensional spaces.
Example 4.1 (Diagonal operators as a spectral model). Let D, : £? — ¢? be defined by
Dy () = (apzy), (an) € £°7°.

Then D, € B(¢?), and for A ¢ {a,, : n € N} one has

(M — Do) Y(zp) = (A f"an)
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Figure 4.1: A schematic picture of the resolvent set and the spectrum of a bounded operator. The
spectrum is compact and lies in the closed disk of radius ||7]|.

Hence
0(Dy) = {an : n € N}

Moreover, D,, is selfadjoint if and only if each «, € R, positive if and only if o, > 0 for all n,

and unitary if and only if |a,,| = 1 for every n.

4.1 Resolvent and spectrum

The spectrum of an operator records the failure of invertibility and is therefore subtler than the
set of eigenvalues alone. Introducing the resolvent alongside the spectrum makes it possible to
combine operator theory with complex analysis, a viewpoint that drives much of modern spectral

theory.
Lemma 4.2 (Neumann series). If ||S|| < 1 for some S € B(X), then I — S is invertible and

(I_S)_l = anv
n=0

with convergence in operator norm.

Proof. Since ||S]| < 1, the series Y o2 ||S™|| converges, so the operator series

A= Z S™
n=0
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converges in B(X). For each N,
N N
I-8)Y §"=T1-8""=>"95"1-08).
n=0 n=0

Letting N — oo and using ||SVF!|| < [|S||V*+! — 0, we conclude
(I—S)A=A(I-S)=1.

Thus A= (I —9)~L. O

Proposition 4.3. The resolvent set p(T') is open and the resolvent map
Rr(\) :== (M -T)7!

is holomorphic on p(T'). Consequently, o(T') is closed.
Proof. Let \g € p(T"). Then
M =T = (NI = T)(T = (Ao = N (ol =T) 7).
If
A= ol <[l = T)~HI ™,

then
(Mo — NNl —T)7H| < 1.

By theorem 4.2, the factor in parentheses is invertible, so A € p(T"). Hence p(T') is open.

Moreover, in that same neighborhood,

Rr(A) = (1= (0 - )\)RT()\O)>_1RT(/\0) =3 (o = A Br(h)"
n=0

an operator-norm convergent power series in A. Thus Rz is holomorphic on p(T). Since
o(T) =C\ p(T), the spectrum is closed. O

Theorem 4.4 (Non-emptiness of the spectrum). If X # {0} is complex and T € B(X), then
o(T) # 0.

Proof. Assume, for contradiction, that o(7') = (). Then p(T) = C, so the resolvent
Rr(\) =\ -T)!

is an entire operator-valued function.
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Fix x € X and f € X*, and define the scalar entire function

9(A) = f(Rr(N)z).

For |A| > [|T']|, we may write
M =T =\1-27T),
hence by the Neumann series,
o0
Rp(A)=A"1> AT
n=0
Therefore

[l !
| Rz (A ”—wz(m) = W IT.

so g is bounded outside a large disk. Being entire, g is bounded on the whole plane and hence
constant by Liouville’s theorem. Since Rr(A) — 0 in norm as |\| — oo, we have g(A) — 0, so
g=0.

Because this holds for every f € X*, the Hahn—-Banach theorem implies Rp(\)z = 0 for every
A and every z € X, a contradiction to invertibility. Hence o(T") # 0. O

4.2 Spectral radius

Among all possible spectral data, the size of the spectrum is measured most economically by the
spectral radius. Its formula in terms of operator norms of powers is one of the first deep links

between algebraic iteration and analytic control.

Theorem 4.5 (Spectral radius formula).

r(T) = lim ||T7|Y™ = inf |77}/
n>1

n—oo

Proof. Set
an = T (0> 1).

Since | T™"| < |[T™| |IT"||, the sequence by, := log ||T"| is subadditive. By Fekete’s lemma,

bn bn,
lim — = inf —,
n—oo n, n>1l n

which is equivalent to

lim a, = 1nf an =: L.
n—oo >1

We first prove r(T) < L. If |A\| > L, choose n such that ||T"| < |A|". Then

[T /A" < 1,
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so by the Neumann series,
I—-\"1"
is invertible. Since )
ne
I-2"1" =] (I - ka—lT),
k=0

where wy, = €2™#/" each factor must be invertible. In particular, I — A~'T is invertible, i.e.

A € p(T). Thus |A| > r(T), proving r(T') < L.
For the reverse inequality, let |A| > r(T). Then A € p(T') and

Rp(A) =) A irn
n=0

converges in operator norm (as the Taylor expansion of the resolvent at infinity). Hence
sup [[AT"T| < oo,
n
which implies
1T < (A CMn

for some constant C' > 0. Letting n — oo yields L < |A|. Since this holds for every || > r(T),
we conclude L < r(T).
Combining the two inequalities gives L = r(T'). O

Further spectral structure

4.3 Motivating examples from infinite-dimensional spectral the-
ory

Abstract definitions acquire real force only when compared with model operators. The examples
in this section illustrate how dramatically infinite-dimensional spectra can differ from finite-

dimensional intuition and prepare the way for the more systematic theory that follows.

Example 4.6 (Right shift on £2). The right shift operator R : £2 — ¢? given by
R(xl,xg,.. ) = (0,$1,$2,...)

is one-to-one but not onto, and ||R|| = 1. Similarly, the left shift is onto but not one-to-one.
Hence neither is invertible. This already shows why spectral theory in infinite dimensions is
subtler.

Example 4.7 (A compact operator without eigenvalues). Define T : £2 — (2 by

Ty T3
T ...)=10 —= ... .
(1'1,1,'2,373, ) (71.17 27 37 )
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Then T is compact, but it has no eigenvalue.

Example 4.8 (A non-compact selfadjoint operator without eigenvalues). Let T : L?[0,1] —
L?[0,1] be given by

(Th)(E) =tf(t).
Then T is selfadjoint and non-compact, and it has no eigenvalue.

Example 4.9 (The Laplacian on L?(R) as an unbounded selfadjoint model). Let A be the
operator on L?(R) defined by

Af =—f"  D(A) = H*(R).

Then A is a standard selfadjoint unbounded operator, it is not compact, and it has no eigenvalues.
Indeed, if Af = Af, then taking Fourier transforms yields

~

(4m€* = V) f(€) = 0.
Hence fis supported in the finite set
{6 e R: 4722 = )},

which has Lebesgue measure zero. Since fe L?(R), it follows that f: 0 almost everywhere and
therefore f = 0.

This example lies outside the bounded-operator framework of the present notes, but it is a
useful reminder that even selfadjoint operators need not possess eigenvalues once one leaves the
compact setting. By contrast, on a bounded domain 2 C R”, the Dirichlet Laplacian on L?((2)

has purely discrete spectrum.

4.4 Further resolvent identities and Banach-valued analyticity

The resolvent is not merely a convenient inverse; it is an analytic operator-valued function. Resol-
vent identities and analyticity give powerful control over how spectra behave under perturbation

and provide the analytic mechanism behind several global spectral consequences.

Theorem 4.10 (Liouville for Banach-valued analytic functions). Let f: C — X be entire and

assume that

sup || f(z)]| < oc.
zeC
Then f is constant on C.

Proof. Let h € X* and define g(z) = h(f(z)). Then g is a bounded scalar-valued entire function.

By the usual Liouville theorem, g is constant. Hence

h(f(z) — f(0)) =0 for all h € X™.
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Since X* separates points, f(z) = f(0) for all z. O

4.4.1 Resolvent identity and compactness of the spectrum

If A\, pu € p(T), then

R(A) — R(1) = ROV — i) R(p)
— (A\— WR(NR().

Thus

Moreover,
T =X = (T —puI)(I — (A= p)R(n)).

If (A= pf |R(w)|| < 1, then I — (XA — p)R(u) is invertible, so A € p(T"). Hence p(T') is open.
Also, for such A,

o0

-1 n n
R(N) = R(w)(I = (A= w)R(n)™ = Y (A= u)"R(u)"*",
n=0
so R(A) is analytic on p(T).
Since p(T') is open, o(T) is closed. Since also o (1) C By (0), it follows that o(7T") is compact.
Finally, o(7T) is nonempty. Indeed, if o(T) = &, then p(T) = C, so R(\) would be an entire

operator-valued function. For |A| > ||T'|| we have the Neumann series estimate

—1
RO) = (=) = =3
k=0
whence H Hk
T 1
1RO < _ S0 (A = ).
ZMW1 T

So R(\) would be bounded and entire; by Liouville it would be constant, which is impossible.
Therefore o(T') # @.

4.5 Further remarks on the spectral radius

After the basic spectral radius formula is established, a number of related estimates and con-
sequences become available. These supplementary observations sharpen intuition about the

relation between spectral size, powers of an operator, and asymptotic norm growth.

Lemma 4.11. IfS,T € B(X) and ST =TS, then ST is invertible if and only if both S and T

are invertible.

44



MAG641: Operator Theory in HibertiSpResslvent, and Invariant Subspaces of Bounded Operators

Proof. If both S and T are invertible, then ST is invertible with inverse 7-'S~!. Conversely,
assume that ST is invertible and let U = (ST)~!. Then

UST=U(ST)=I and T(SU) = (TS)U = (ST)U =1,

so T has both a left inverse and a right inverse. Hence these coincide, and T is invertible.
Similarly,
Un)S=0(TS)=U(ST) =1 and S(TU) = (ST)U =1,

so S is invertible as well. O

Next we identify the spectrum of T".
Lemma 4.12. Let X be a complex Banach space and T € B(X). Then

o(T") = {u" : p € o(T)}.

Proof. For A € C write
2= A=(z=X) (2= M),

where Ay, ..., A, are the n-th roots of X\. Hence
T =N = (T —MI)--- (T — N\ I).

Since these factors commute, 7™ — A is invertible if and only if each T — A;I is invertible.

Therefore
Aeo(T") < Ajeo(T) for some j < X = pu" for some p € o(T).

O]

Theorem 4.13 (Gelfand’s spectral radius formula). Let X be a complex Banach space and
T € B(X). Then
r(T) = lim |T"|Y" = inf | 77|/,
n—o0 n>1

Proof. By the previous lemma,

Taking suprema on the spectrum gives
r(T)" =r(T") < [T,

SO
r(T) < |T™[M™  for all n.
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Hence
r(T) < liminf laRzad
Now if |A| > r(T), then X\ € p(T") and
RO = (I -T) 1 =Y %

n=0

converges absolutely in B(X). Therefore for some C' > 0,

1|
N < C for all n,

which implies
HTnul/n < Cl/n‘/\‘l—f—l/n.

Passing to the limit superior gives
lim sup |77V < |Al.
n—oo
Since this holds for every |A| > r(T),
lim sup || 77]|*/™ < #(T).
n—oo

Together with (1), this proves the formula. The identity with the infimum follows from the
submultiplicativity of the sequence ||T"||. O

Example 4.14 (Volterra operator). Let T' € B(C0,1]) be defined by
TH@) = [ st

Then (T) = 0. Indeed, ||T"|| < 1/n!, so |T™||'/™ — 0.

Remark 4.15. The complex spectral radius formula is inherently a complex statement. It need
not hold in the same form over real Banach spaces; for example, rotations on R? illustrate the

failure of a purely real formulation.

4.6 Decomposition of the spectrum

In infinite dimensions, non-invertibility can occur for several distinct reasons. Decomposing the
spectrum into point, continuous, residual, and approximate point parts clarifies these mechanisms

and provides a vocabulary for later examples and theorems.
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(i) If T'— X is not one-to-one, then A belongs to the point spectrum, denoted o, (7T'). Equiva-

lently, A is an eigenvalue of T', and
Ker(T — )

is the eigenspace corresponding to A.

(ii) If T — AI is one-to-one and (T'— A\I)X is a proper dense subspace of X, then A\ belongs to

the continuous spectrum, denoted o.(T).

(iii) If T'— AI is one-to-one but (7' — AI)X is not dense in X, then A belongs to the residual

spectrum, denoted o, (7).

Thus

Example 4.16. Define T : (2 — (2 by

Ty T
T(.Il,xg,...): (:1:1,22,;,...).

Then T'(¢2) contains cqo, hence T'(¢2) is dense in £2, but it is a proper subset. This gives an
example of continuous spectrum.
There is another useful characterization of invertibility.

Theorem 4.17. Let X and Y be Banach spaces and let T € B(X,Y). Then T is invertible if
and only if

(i) T(X)=Y, and
(it) there exists k > 0 such that

| Tz| > k||| forall x € X.
Proof. If T~! exists and is bounded, then T is onto and
2]l = | T~ Tl| < | T~ | 7],
so || T = [|T7HI7H |-
Conversely, suppose T(X) =Y and || Tz| > k||z||. Then T is one-to-one. To prove that 71
is bounded, it suffices to show that T(X) is closed. Let Tz, — y in Y. Then

|Zn — Tl < k_IHTxn — Ty,

o0 (xy,) is Cauchy in X. Since X is complete, x, — z for some x € X, and then Tz, — Tz = y.
Thus y € T(X), so T(X) is closed. Since T'(X) =Y, T is a continuous bijection between Banach

spaces, hence invertible by the inverse mapping theorem. ]
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This motivates two more spectral notions.

o If (T — A)X # X, then X belongs to the compression spectrum, denoted oeom (7).
o If T'— AI is not bounded below, then A belongs to the approzimate spectrum, denoted oap, (7).

Equivalently,
A€ oupp(T) <= Fzp € X, |zn]| =1, (T — M)z, — 0.
From the previous theorem we deduce
0(T) = Oapp(T) U ocom(T).
Moreover, the following relations hold:

0 (T) = ocom(T) \UP(T)7
0e(T) = o(T) \ (0com(T') U 0p(T')).

So, for convenience, the various pieces of the spectrum may be listed as follows:
(i) op(T): T — A is not one-to-one;

(ii) oo(T): T — M is one-to-one and (T — A\ X = X;

(iii) o,(T): T — A is one-to-one but (T — X)X # X;

(iv) ocom(T): (T'— AI)X is not dense in X;

(V) Gapp(T): T — A is not bounded below.

4.7 Spectrum of the adjoint operator

Because the adjoint reflects the Hilbert-space geometry, one naturally expects a close relation
between the spectra of T and T*. The precise comparison is subtle enough to be informative

and will later be indispensable in the study of normal and compact operators.

Theorem 4.18. Let X and Y be Banach spaces and let T € B(X,Y). Then T is invertible if

and only if T is invertible.
Proof. Suppose T* is invertible. If T'x = 0, then for every g € Y*,
T*(g9)(z) = g(Tz) = 0.

If £ # 0, pick f € X* with f(x) = ||z]|. Since T* is onto, there exists g € Y* such that T*(g) = f,
and then
0=T"(g)(x) = f(z) = ||,

a contradiction. Thus T is one-to-one.
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Now
Ker T* = (RanT)".

Since T* is one-to-one, (RanT)+ = {0}, so by Hahn-Banach RanT = Y. We claim that Ran T is
closed. Let T'z,, — y. Since T* is invertible, so is (T*)~! =: S*. Then, for f € X* with ||f| =1,

|f(zn — xm)| = TS f(xn — 2m)| = [S*f (T — Ty
< |IS*[[ [Tz — T .

Taking the supremum over || f|| = 1 shows that (z,,) is Cauchy, hence converges to some z € X.
Then Tz, - Tx =y, soy € RanT. Thus RanT is closed. Since it is also dense, RanT =Y.
Hence T is a continuous bijection and therefore invertible.

Conversely, if T is invertible then T* is clearly invertible, with inverse (7~1)*. O

Remark 4.19. On a Banach space,
(T —A)*=T"— .
On a Hilbert space, with the usual convention for the adjoint,
(T —AX)*=T*—\I.

The adjoint relates compression and point spectrum.

Theorem 4.20. Let T € B(X). Then
com(T) C op(T™) and op(T) C Ocom(T™).
Proof. Suppose A € oeom(T). Then (T — M)X # X. Set
M= (T = ADX.
Then M # X, so by Hahn-Banach there exists 0 # f € X* such that f|y; = 0. In particular,
f(T—=X)z)=0 for all x € X

which means

(T* = \I)f = 0.

Hence X € o,(T™).
Now suppose A € g,,(T'), so there exists 0 # € X such that (T'—Al)z = 0. If Ran(T* — ) =
X*, then every functional vanishing on Ran (7™ —AI) must be zero. But for every g € Ran(T*—\I)
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we have g(z) = 0, so the evaluation functional at x would vanish on a dense subspace and hence

on all of X*, forcing x = 0, a contradiction. Therefore
Ran(T* — A\I) # X™,
S0 A € 0com (T). O

4.8 Spectrum of compact operators

Compact operators exhibit one of the clearest remnants of finite-dimensional spectral theory.
Apart from the possible accumulation point at 0, their nonzero spectrum is forced into a discrete

pattern, and this rigidity is the cornerstone of the compact spectral theorem proved later.

Lemma 4.21. A finite-dimensional, or finite-codimensional, closed subspace of a Banach space

is complemented.

Proof. Let M = span{ey,...,e,}. Define functionals ¢; : M — C by ¢;(e;) = d;;. By Hahn-

Banach, each ¢; extends to a continuous linear functional on X. If

n
N = () Ker(¢;),
j=1
then X = M @ N. The finite-codimensional case is similar. OJ
The main structural theorem is the following.

Theorem 4.22. Let X be a Banach space and let T be a compact operator on X. Then for
every X\ # 0,
dim Ker(T — \I) < o0 and Ran(T — AI) is closed.

Proof. Since X\ # 0, it suffices to consider A = 1.
Let N = Ker(I —T'). Since T' is compact, the restriction

Tin:N—= X

is compact. But T'|y = I|n, so the unit ball of N is compact. Hence N is finite-dimensional.

Since N is closed and finite-dimensional, it is complemented: write
X=NoM,

where M is closed. Let S = (I —T)|p. We claim that S is bounded below on M: there exists
k > 0 such that
|Szl| > Kljz]|  (z € M).
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If not, there would exist x,, € M with ||z,| =1 and Sz, — 0. Since T is compact, passing to a

subsequence we may assume Tz, — xg. But
Xn=I—=T)xy+ Txy = Sx, + TrHy — 20.
Because M is closed, g € M. Also Sz, — 0, so Sxg =0, i.e.
xo € Ker(I —T) = N.

Thus zg € M N N = {0}, contradicting ||z, || = 1.
Therefore S is bounded below on M, so Ran(I — T') is closed by the earlier theorem. O

This yields the Fredholm alternative.

Theorem 4.23 (Fredholm alternative). Let X be a Banach space and T € By(X) be compact.
Then for every A # 0,

Ker(T — A\I) = {0} <= Ran(T — \) = X.

Equivalently, for X # 0, the equation
Ter—)dx=y

has a solution for every y € X if and only if the homogeneous equation
Te —dx=0

has only the trivial solution.

Remark 4.24. The Fredholm alternative need not hold for A = 0. For example, let X = C10, 1]
and define

ThH@ = [ "ty dt,

Then T is compact, Ker(7') = {0}, and
Ran(T) = {g € C'[0,1] : (0) = 0},

which is not all of X.
We shall also need the following lemma.

Lemma 4.25. IfT € By(X), then Ran(I —T') has finite-dimensional complement.

Proof. Write S =1 —T. Let

N = Ker(S*%), M, = S*(X).
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Then
NoCNlCNQC-“, MyD M DMyD---.

Since S¥ = I — T}, for a compact operator T}, the previous theorem shows that each Ny is
finite-dimensional. If the chain (M}) did not stabilize, then by Riesz’ lemma one could construct
Yn € M, with |ly,|| = 1 and
. 1
dist(yn, Mp+1) > 7
A standard argument then yields a contradiction to compactness of 1. Hence there exists p such
that

My =Myy1 =Myo=---.

Similarly, the chain (IVj) stabilizes. One then proves that
X =N,& M,

Hence M, = Ran(S?) has finite codimension, and therefore so does Ran(S) = Ran(/ — 7). O

Proof of the Fredholm alternative. Again write S = I —T. By the preceding lemma, Ran(S) has
finite-dimensional complement. Thus, if Ker(S) = {0} then the stabilization argument for the
chains (Ny) and (My) shows that

M, = My = X,

so S is onto. The converse is immediate. O

We now obtain the basic description of the spectrum of a compact operator on an infinite-

dimensional space.

Proposition 4.26. Let X be an infinite-dimensional Banach space and let T € By(X) be

compact. Then

o(T) = o,(T) U {0}.

Proof. Since T is compact on an infinite-dimensional space, it cannot be invertible; hence
0€o(T). Let A\#0. If X ¢ 0,(T'), then T' — AI is one-to-one. By the Fredholm alternative it is

onto, hence invertible. So A ¢ o(T'). Therefore every nonzero spectral value is an eigenvalue. [

Theorem 4.27. Let X be a Banach space and let T € By(X) be compact. Then op(T) is

countable, and its only possible limit point is 0.

Proof. Fix € > 0 and consider

ope(T) ={N€0p(T) : || > e}
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It suffices to show that this set is finite. Suppose not. Then choose distinct eigenvalues

An € 0p<(T) and corresponding eigenvectors x,, with ||z,| = 1. Let
M, = span{z1,...,2,}.

By Riesz’ lemma, for each n > 2 there exists y, € M,, such that

1
dist(yn, Mp—1) > 3

Writing y, = 377 a;x;, one gets
Tyn — )\nyn € M,_1.

Hence for n > m,

TYn — TYm = MYn + 2

for some z € M,,_1, so

. g
HTyn - Tym” > ’)\n| dlSt(ynaMn—l) > 5

Thus (Ty,) has no convergent subsequence, contradicting compactness of T'. Therefore o, . (T")
is finite.

Since

op(T) = (J{A € 0p(T) : [N = 1/n},
n=1

it follows that o, (7") is countable. Any nonzero accumulation point would belong to one of these

finite sets, which is impossible; hence 0 is the only possible limit point. O

4.9 Example: the multiplication operator on L?[0, 1]

Multiplication operators provide a class of examples in which spectral information can be
computed directly from the underlying function. They are therefore ideal for testing general

definitions and for anticipating the measure-theoretic form of the spectral theorem.

Learning objectives.
o Interpret invariant and reducing subspaces as decomposition mechanisms rather than merely

as subsets preserved by an operator.
o Translate geometric invariance into block-operator form.

e Understand why adjoints, normality, and compactness naturally produce reducing subspaces.

Key ideas.
o Invariant subspaces support restrictions, while reducing subspaces support orthogonal direct-

sum decomposition.
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o Commutation with the orthogonal projection onto a subspace is the operator-theoretic signature

of reduction.

4.10 Invariant subspaces

Invariant subspaces are the most basic mechanism for reducing an operator to simpler pieces.
They identify those closed subspaces on which the action of the operator remains internal, and
thus they provide the starting point for triangular forms, decompositions, and spectral reduction.
Definition 4.28. Let 7' € B(H) and let M C H be a closed subspace.

o M is invariant for T if T(M) C M.

e M is reducing for T if both M and M~ are invariant for T.

Remark 4.29. Invariant subspaces are the natural domains on which one can restrict an operator.
Reducing subspaces are stronger: they permit an orthogonal decomposition of the operator into
independent pieces.

Proposition 4.30 (Equivalent form of invariance). A closed subspace M C H is invariant

under T' € B(H) if and only if the restriction T'|pr : M — M is a bounded operator.

Proof. This is immediate from the definition, since boundedness of the restriction follows from
boundedness of T'. O

4.11 Reducing subspaces

A reducing subspace is stronger than an invariant subspace: it is compatible with the orthogonal
decomposition of the ambient Hilbert space as well as with the operator itself. Such subspaces
are especially important because they permit an operator to split into independent components
that can be analysed separately.

Proposition 4.31 (Closed invariant subspaces of selfadjoint operators are reducing). Let
T =T* € B(H) and let M C H be a closed invariant subspace for T. Then M~ is invariant for
T, and therefore M reduces T'.

Proof. Let € M+ and y € M. Since M is invariant and T = T*,
(Tz,y) = (x, T"y) = (x,Ty) = 0.

Thus Tx L M, so Te € M+, O

Remark 4.32. For general operators, invariance of M need not imply invariance of M~*. The
preceding proposition is therefore a genuinely Hilbert-space phenomenon tied to adjoints and

symimetry.
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Proposition 4.33 (Equivalent characterizations of reducing subspaces). Let M C H be a closed
subspace and let Py denote the orthogonal projection onto M. For T € B(H) the following are

equivalent:
(i) M reduces T';
(ii) PyT =TPy;
(iii) both M and M* are invariant for T;
(iv) with respect to H = M & M, the operator T has block diagonal form

T
- (T 0,
Proof. The equivalence of (i), (ii), and (iii) follows from Theorem 3.2. Statement (iv) is simply

the matrix form of the condition that both M and M~ are invariant. O

Proposition 4.34 (Selfadjoint case). IfT =T* and M is invariant for T', then M automatically

reduces T'.

Proof. Let y € M+ and m € M. Then
(Ty,m) = (y,Tm) =0
because T'm € M. Hence Ty € M+, so M~ is invariant. O

4.12 Block matrix form

Once an invariant or reducing decomposition is available, the operator can be written in block
form. This matrix viewpoint is indispensable because it translates geometric information about

subspaces into concrete algebraic relations among operator entries.
Proposition 4.35 (Triangular and diagonal forms). With respect to H = M @ M*:
(a) M is invariant for T if and only if
T T
T (1 T2 :
0 Ty

T
r— (T 0
0 Ty

Proof. This is an immediate reformulation of the block definitions. ]

(b) M reduces T if and only if
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4.13 Examples

The distinction between invariance and reduction is best appreciated through explicit models.
The examples collected here show how the abstract definitions operate for shifts, multiplication
operators, and other canonical constructions, and they make clear that these notions are genuinely
different.

Example 4.36 (Unilateral shift). Let S : ¢2(N) — ¢*(N) be the unilateral shift, S(z1,x9,...) =
(0,1, x9,...). For each m > 1, the closed span of {e,, : n > m} is invariant for S. However, this

subspace is not reducing for S because its orthogonal complement is not invariant.

Example 4.37 (Diagonal operators). If T is diagonal with respect to an orthonormal basis (ey,),
then the closed span of any subfamily of the basis vectors reduces T'. This is the basic model

behind spectral decompositions.

Example 4.38 (Eigenspaces of normal operators). If 7" is normal and X is an eigenvalue of T,
then the eigenspace Ker(T — A\I) reduces T

Proof. Let M = Ker(T —\I). Then M is invariant. If y € M~ and 2 € M, then by Theorem 3.12,
(Ty,z) = (y, T"z) = (y, Az} = 0.

Hence Ty € M+, so M reduces T. O

Theorem 4.39 (Invariant subspaces for compact normal operators). Let T' € B(H) be compact
and normal, and let M C H be a closed subspace invariant under T'. Then M is automatically a

reducing subspace for T'.

Proof. By theorem 5.16, there is an orthonormal basis of H consisting of eigenvectors of T'. For
each nonzero eigenvalue A, let E\ = Ker(T — A\I), and let Ey = Ker T. Then

H= P E,

Aeop(T)

orthogonally.

Because M is invariant under T, it is invariant under every polynomial in 7. Fix a nonzero
eigenvalue \. Since the nonzero spectrum of a compact operator has no accumulation point away
from 0, one can choose a polynomial p such that p(A) = 1 and p(u) = 0 for every other eigenvalue
1 appearing in a fixed finite spectral truncation. Applying these polynomials and passing to
limits shows that the orthogonal projection onto E) leaves M invariant. The same is trivial for
Eo=KerT.

Hence each spectral subspace E) decomposes as

Ey = (E)\QM)@(E)\QML%

56



MAG641: Operator Theory in HibertiSpResslvent, and Invariant Subspaces of Bounded Operators

and therefore
M = @(Exn M).
A
Since T acts on each E) as multiplication by A, both M and M~ are invariant under 7. Thus
M reduces T O

Remark 4.40. For general bounded operators on an infinite-dimensional separable Hilbert space,
the invariant subspace problem is deep and subtle. Compact operators form one of the classical
classes for which nontrivial invariant subspaces always exist, and in the compact normal case

invariant subspaces automatically reduce the operator.
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CHAPTER 5

Compact Operators, Fredholm
Theory, Singular Values, and
Schatten Classes

This chapter develops the structure theory of compact operators on Hilbert spaces. After estab-
lishing basic closure properties and the Fredholm alternative, we prove the spectral theorem for
compact selfadjoint operators, extend the discussion to compact normal operators, and conclude
with polar decomposition, singular values, and Schatten classes as quantitative refinements of

compact spectral theory.

Learning objectives.
e Treat compact operators as norm-limits of finite-dimensional models.
e Understand Fredholm-type phenomena for compact perturbations of the identity.

e Organize spectral information through eigenvalues, singular values, and Schatten norms.

Key ideas.

o Compact operators behave like infinite matrices whose mass concentrates in finite-dimensional
corners.

e Singular values measure size independently of phase and are therefore the natural bridge to

Schatten classes.

o Compact spectral theory is the discrete model behind the general spectral theorem.

5.1 Compact operators

Compactness is the infinite-dimensional analogue of being nearly finite-dimensional. A compact
operator sends the unit ball to a set that can be approximated by finitely many small balls, and
for this reason compact operators retain many of the structural features of matrices while still

acting on infinite-dimensional spaces.

Proposition 5.1. Finite-rank operators are compact. The collection K(X,Y) of compact
operators is a closed subspace of B(X,Y), and if K € K(X,Y) and S € B(Y,Z), R € B(W, X),
then SKR € K(W, Z).

Proof. We first consider the case in which F : X — Y has finite-dimensional range. Then
F(Bx) is a bounded subset of the finite-dimensional space Ran(F'). Since bounded subsets
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finite e-cover

Figure 5.1: A compact operator sends the unit ball to a totally bounded set; equivalently, K (Bx ) admits
finite e-covers for every ¢ > 0.

of finite-dimensional normed spaces are relatively compact, it follows that F(By) is relatively
compact in Y'; hence F' is compact.
If K1, Ky are compact and «, 8 € F, then

(aKy + BK2)(Bx) C aKi(Bx) + BK2(Bx).

The right-hand side is relatively compact because sums and scalar multiples of relatively compact
sets are relatively compact. Hence a Ky + SK5 is compact.

Next, let K,, — K in operator norm with each K, compact. Fix ¢ > 0. Choose n so large that
|K — K,| <e/3.

Since K, (Byx) is relatively compact, it can be covered by finitely many balls of radius €/3. Then
K (Bx) is covered by the same centers with radius e. Thus K(Byx) is totally bounded, hence
relatively compact; so K is compact.

Finally, if K is compact, then R(Bw ) C ||R| Bx, so K(R(Bw)) is relatively compact in Y,

and applying the bounded map S preserves relative compactness. Therefore SK R is compact. [

5.1.1 Completely continuous operators

Definition 5.2. Let X and Y be Banach spaces. A bounded linear operator T': X — Y is

called completely continuous if whenever x,, — x weakly in X, one has
Tx, —Tx in norm in Y.

Equivalently, T' sends weakly convergent sequences to norm-convergent sequences.

Proposition 5.3. FEvery compact operator between Banach spaces is completely continuous.

Proof. Let T : X — Y be compact and suppose x,, — z in X. Then (z,) is bounded, hence
(T'xy,) has relatively compact range. To prove Tx,, — Tz in norm, it is enough to show that

every subsequence of (T'z,) has a further subsequence converging to T'x.
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Let (T'zp,) be any subsequence. Since T is compact, it has a norm-convergent further
subsequence, say
Txnkj — Yy inY.

For every f € Y* we have

f(Tn, ) = (f 0 T)(n, ) — (f o T)() = f(T),

because foT € X* and Ty, — T Thus T' Ty, — Tx weakly. Since a norm-convergent sequence
has the same weak limit as its norm limit, we must have y = T'x. Therefore every subsequence
of (T'xz,,) has a further subsequence converging in norm to 7'z, which forces the whole sequence

to converge in norm to 7T'x. O

Theorem 5.4. Let X and Y be Banach spaces, and assume that X is reflexive. Then every

completely continuous operator T : X — Y is compact.

Proof. Let (x,,) be a bounded sequence in X. Since X is reflexive, the closed unit ball is weakly
compact; hence, after passing to a subsequence, we may assume that x,, — x weakly for some

x € X. Because T is completely continuous,
Tx, > Tx in norm.

Thus every bounded sequence has an image subsequence converging in norm, which is precisely

the compactness of T. O

Corollary 5.5. If H and K are Hilbert spaces, then for a bounded operator T : H — K the

following are equivalent:
(i) T is compact;

(ii) T is completely continuous.
Proof. Hilbert spaces are reflexive. Hence theorems 5.3 and 5.4 apply. O

Remark 5.6. The implication “compact = completely continuous” is valid on arbitrary Banach
spaces, but the converse may fail when the domain is not reflexive. For MA641, the Hilbert-space

case is the relevant one, and there compactness and complete continuity coincide.

5.1.2 Finite-rank approximation and compact adjoints

Lemma 5.7. Let M be a Hilbert space, let K C M be compact, and let (P,) be a sequence of
bounded operators on M such that sup,, ||P,|| < oo and P,x — x for every x € M. Then the
convergence is uniform on K:

sup || Ppz — z|| — 0.
zeK
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In particular, whenever P, are orthogonal projections onto an increasing sequence of finite-

dimensional subspaces whose union is dense in M, then

sup ||(I — B,)x| — 0.
zeK

Proof. Fix € > 0. Choose C > 0 such that ||P,|| < C for all n. Since K is compact, there exist
points (M, ..., 2™ e K such that

K C ]L:JIB(m(j), ﬁ)
Since P,z — 20 for each 7, there exists N such that for n > N,
[Pz — 2| <e/3, j=1,...,m.
Next, let x € K and choose j with

_ ) &
b= < 3y

Then, for n > N,
1Paz — x| < |[Pa( — 29[| 4+ | Paz® — 20| + ||20) — x|

<Oz —2W || +¢/3 4 |jaz — 2P|

<e.

Taking the supremum over x € K proves the claim. ]

Theorem 5.8. Let H and K be Hilbert spaces and let T': H — K be compact. Then there exists

a sequence of finite-rank operators (F,,) such that
|T — F,|| — 0.

Consequently, finite-rank operators are norm-dense in K(H, K).

Proof. Let M :=T(H) C K. Since
T(H)= |J mT(Bn),

m=1

and T'(Bpy) is compact, the space M is separable. Choose an orthonormal basis (e, ) of M, and

let P, be the orthogonal projection onto span{ei,...,e,}. Then P,y — y for every y € M.
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Apply theorem 5.7 to the compact set T'(By) C M. We obtain

sup ||(I — P,)Tz||= sup |(I—P,)y| — 0.
llzll<1 yeT(Ba)
Hence
T — P,T| — 0.
Each operator F,, := P, T has range contained in the finite-dimensional space span{ey,...,e,},
so Fj, is finite rank. O

Corollary 5.9 (Schauder theorem for Hilbert spaces). Let H and K be Hilbert spaces and let
T € B(H,K). Then
T is compact = T* is compact.

Proof. Assume first that T is compact. By theorem 5.8, there exist finite-rank operators F;, with
|T — F,|| — 0. Taking adjoints gives

17" = Fyll = (T = En)"|| = IT = Fall = 0.

Since each F} is finite rank, hence compact, and compact operators form a norm-closed subspace
of B(K, H), we conclude that T™ is compact. The converse follows by applying the same argument
to T and using T** =T. O

Remark 5.10. The previous proof also shows that every compact operator on a Hilbert space
can be approximated in norm by finite-rank operators built from orthogonal projections onto
suitable finite-dimensional subspaces of the range.

5.2 Fredholm alternative for compact operators

The Fredholm alternative is one of the first major structural consequences of compactness. Away
from the spectral point 0, compact operators behave in many respects like finite-dimensional

operators: injectivity, surjectivity, and solvability of linear equations become tightly linked.

Lemma 5.11. Let K € K(X) and let X\ # 0. If \I — K is injective, then there exists ¢ > 0 such
that
(A = K)z|| = cllz]]  (z € X).

In particular, Ran(AI — K) is closed.

Proof. Assume no such c exists. Then there is a sequence (x,) with [|z,| =1 and

(M — K)x, — 0.
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Since K is compact, passing to a subsequence if necessary, we may assume Kz, — y in norm.
Then
Ay, = Kz + (M — K)zp, — g,

SO T, — x := A~ 'y in norm. By continuity of A\I — K,

(M- K)x = JLIQO(AI — K)z, = 0.
Because AI — K is injective, = 0, contradicting ||z,|| = 1 and z,, — 0. Hence the stated
inequality holds.
If (\] — K)x,, — z, then the inequality shows that (x,) is Cauchy, so z,, — x for some z € X.
Continuity yields (M — K)x = z, proving that the range is closed. O

Theorem 5.12 (Fredholm alternative). Let K € K(X) and let X # 0. Then either \ is an
etgenvalue of K, or A\I — K is invertible. FEquivalently,

o(K)\ {0} ={A#0:ker(\] — K) # {0}}.

Proof. Scaling by A~!, it suffices to prove the statement for A = 1. Thus let S := K and assume
I — S is injective. We must show that I — S is surjective.
By theorem 5.11, M; := (I — S)(X) is closed. Define inductively

M, = (I-S"X) (n>1).

Since S commutes with I — S, each M,, is S-invariant. Also, I — S is injective on each M, so by
the previous lemma applied to the restriction S|y, , each M, 1 = (I — S)(M,) is closed in M,
hence in X.
Suppose, for contradiction, that I — S is not surjective, so My # X. We claim that then every
inclusion
M1 © My,

is proper. Indeed, if M,,+; = M, for some n > 1, then for y € M,,_; we have (I — S)y € M,, =
My+1. Hence (I — S)y = (I — 5)z for some z € M,,. Since I — S is injective, y = z € M,,. Thus
M, 1 C M, and therefore M,,_1 = M,. Repeating this argument backward gives X = M,
contradiction.

Hence each M, is a proper closed subspace of M,,. By Riesz’s lemma, for each n we can
choose x,, € M, with

N

|lzn]l =1  and dist(zy, My41) >

If m > n, then x,, € M,,, C My,11. Also,

Ty — Sxp =1 —S)xy € Mpt1.
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Therefore )
|Szy, — Sz || > dist(Szp, Myy1) = dist(zy, Mpi1) > 3

Thus the sequence (Sz;,,) has no Cauchy subsequence, contradicting compactness of S.
This contradiction shows that I — S must be surjective. Since it is already injective and
bounded, the inverse mapping theorem implies that I — S is invertible. Restoring A gives the

result. O

Corollary 5.13. Let K € K(X) and let A # 0. Then the eigenspace
E) :=ker(A — K)

is finite-dimensional.

Proof. If E) were infinite-dimensional, then the restriction of K to E) would equal Mg, . Since
K|g, is compact and X # 0, the identity on E) would be compact. But the identity operator on

an infinite-dimensional normed space is never compact. Hence Fy must be finite-dimensional. [

Remark 5.14. The full Riesz—Schauder theorem strengthens theorems 5.12 and 5.13 by showing
that the nonzero spectrum of a compact operator consists of isolated eigenvalues of finite algebraic

multiplicity, with 0 as the only possible accumulation point.

5.3 Spectral theorem for compact selfadjoint operators

Among infinite-dimensional spectral results, this theorem is the closest counterpart to diagonaliz-
ing a Hermitian matrix. Its proof reveals why compactness and selfadjointness together force a
complete orthonormal eigenbasis, thereby providing the conceptual bridge from matrix theory to

the full spectral theorem.

We present the spectral theorem for compact selfadjoint operators on a Hilbert space: such
operators admit an orthonormal basis of eigenvectors and a convergent eigen-expansion. This
is the central result of the compact-operator theory on Hilbert spaces and a model case of the

general spectral theorem.

5.3.1 Statement and proof

Theorem 5.15 (Compact selfadjoint spectral theorem). Let H be a Hilbert space over C (or
R), and let K € B(H) be compact and selfadjoint. Then there exist an orthonormal family

(en)n>1 C H and real numbers (Ap)n>1 such that
Ke, = \,en (n>1),

An # 0 for all n, and A, — 0 if the family is infinite. If

M = span{e, : n > 1},
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then K|y =0 and, for every x € H,

Kz = Z An (T, €n) €n,

n=1

with convergence in norm. In particular, H admits an orthonormal basis consisting of eigenvectors

of K, with eigenvalue 0 on ker K.

Proof. We use two standard facts.

(F1) Weak compactness of the unit ball. The closed unit ball of H is compact in the weak
topology.

(F2) Compact operators are weak-to-strong continuous on bounded sets. If K is

compact and z, — x weakly with sup,||zq| < oo, then Kz, — Kz in norm.

For completeness, we justify (F2). Since { Kz} is relatively compact, every subnet has a further

subnet converging in norm to some y. For any z € H,
(y, z) = lim(Kxq, 2) = lim(z,, Kz) = (x, Kz) = (Kz, 2),

where we use weak convergence of x, and selfadjointness of K in the middle identity. Hence
y = Kx. Therefore every subnet of Kx, has a further subnet converging to Kz, which forces
Kx, — Kz in norm.

If K =0, there is nothing to prove. Assume K # 0, and consider the continuous functional
(z) := (Kz,z) (o] = 1).

Let o := sup{®(z) : ||z|| = 1}. Choose a net (z5) on the unit sphere with ®(z3) — a. By (F1),
there is a subnet, still denoted (xg), converging weakly to some z € H with ||z|| < 1. By (F2),

Kz — Kz in norm, and since g — x weakly we obtain
O(zp) = (Kap, x5) — (Kz,2) = &(2).

Thus ®(x) = a. If a # 0, then necessarily  # 0. Replacing z by z/||z||, we may therefore

assume ||z = 1.
Claim. The maximizer z is an eigenvector of K.
Let v € H satisfy (v, z) = 0, and consider

T +tv )

ft)= ‘b(m

for real t near 0. Since t = 0 is a maximum of f, we have f/(0) = 0. A direct computation, using

(v,2) =0, yields
0= f'(0) = 2R(Kz,v).
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In the complex case, replacing v by v also gives S(Kz,v) = 0. Hence (Kz,v) = 0 for every
v L x, so Kz € span{z}. Therefore Kz = Az for some A\ € R, and X is real because K is
selfadjoint. Set e; := x and A\; := A.

Now let H; = ef and consider the restriction K; := K|y, : Hi — H;. Then K; is again
compact and selfadjoint. If K7 # 0, the same argument produces an eigenvector eo € H
with eigenvalue Ay € R. Proceeding inductively, we obtain an orthonormal family (e,) with
Ke, = \pep, where each A, # 0 and |A\,+1] < [\

If the construction terminates, then K = 0 on the remaining orthogonal complement and
the proof is complete. If the construction does not terminate, compactness forces A, — 0.
Otherwise there would exist € > 0 and infinitely many indices n such that |A,| > €. But then the
sequence Ke, = A\pe, would admit no norm-convergent subsequence, because (e,,) is orthonormal,
contradicting the relative compactness of K (Bp).

Let

M = span{e, : n > 1}.

By construction, M is K-invariant and K is diagonal on span{e,}. If € M+ and Kz # 0,
then the restriction K|,;. would be a nonzero compact selfadjoint operator, so the preceding
argument would produce an eigenvector orthogonal to every e, contradicting the maximality of
the family. Hence K|,;1 = 0.
Finally, for arbitrary x € H write x = xp; + x) with xpy € M and x; € M*. Then Kz, =0,
and for the partial sums N
Syx = Z Anlx,en)en
n=1

we have

1/2
1Kz — Snal = | S Anlz, endenll < sggw(z a.en)?) " —— 0,

N—
n>N n>N e

because sup, - n|A\n| — 0 and ((z,e,)) € ¢? by Bessel’s inequality. This proves the claimed

expansion and its convergence in norm. ]
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Supplementary compact spectral notes

Compact selfadjoint operators

We recall several standard facts that will be used repeatedly. For a compact operator on an
infinite-dimensional Hilbert space, every nonzero spectral value is an eigenvalue, and 0 is the only
possible accumulation point of the spectrum. In this sense compact spectral theory is essentially
an eigenvalue theory.

Let H be a Hilbert space and let T' € B(H). For x,y € H, the map

x+— (Tx,y)

is a bounded linear functional on H, so by the Riesz representation theorem there exists a unique
vector z = T*y € H such that
(Tz,y) = (x,T"y).

Thus T is linear and bounded, and in fact
[T = {7
For z,y € H and A € C we have

(T = M)z, y) = (2,(T" = A)y).

Equivalently,
(T — M)*=T* - ).

Therefore T — A is invertible if and only if 7% — AI is invertible, since for every invertible bounded

operator A one has (A~1)* = (A*)~!. Consequently,
A€o(T) < Xeo(T"),

and hence

o(T") = o(T).

If T'=T%*, then T is determined by its quadratic form, and

1T = sup [(T'z,z})].

llzll=1

Moreover, if T'=T", then (T'z,x) is real for every z € H, and therefore every eigenvalue of T is

real.
Recall also that T € B(H) is normal (T*T = T'T*) if and only if

|72 = 1%, Vo H.
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This identity implies that the spectral radius satisfies r(T") = ||T]|.
Lemma. Let T € B(H) be normal. Then for each n € N,

1| = (17"
Proof.
1T 2||* = (T2, T"x) = (T*T"2, T" " 'z) < |T*(T )| |T" 2l = |7 || |7 2|
(since ||T*y|| = || T'y||). Therefore,
1> < 7" T
Suppose the assertion is true for n. Then

17> = (7™ = |7 )1* < 7Tt

Hence
7|+ < |7 < (17|t
Since
r(T) = lim | T/,
we obtain r(T") = ||T||. O

This suggests asking whether ||T'|| € o(T") when T is selfadjoint. We first need the following

result.

Theorem. IfT € B(H) is a selfadjoint operator, then
o(T) = oapp(T)
(the approximate point spectrum). That is,

Aeo(T) = Hi1|f|1£1 I

(M —T)x| = 0.
Proof. Suppose A € p(T). Then (M — T)~! is invertible, and
lz]| = (A = T)7H AL = Tall < (M = T)"H (A = T)z]).

Hence

Hiﬂlfl 1A = Tzl = [(A = 1)~
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Conversely, if

nf [ = Thal| = >0,

then
(A = T)z| > a|z|, Vo € H.

Hence (A — T') is one-to-one and R(A — T') is closed. If R(AI —T') # H, then there exists
Yo € H, yo # 0, such that

(M =T)z,y0) = (z, (M = T)yo) =0
for all x € H. Hence Tyy = \yo. That is, 3o is an eigenvector of T'. Since T = T*, A = X\. Hence
Tyo=Ayo = (M —T)yo =0,
for yg # 0, which contradicts injectivity. O
Theorem. Let T € B(H) be selfadjoint. Then o(T) C R. If we write

p= inf (Tx, x) and v = sup (Tz,z),
=l=1 lzl|=1

then
o(T) C [u,v] and  p,veo(T).

Proof. Suppose H is a complex Hilbert space, and A = o+ i8 € o(T'). Then

Az — Tz, x) — (x,\x — Tx) = \|z||* — (Tz,z) — N|z||* + (z,Tz)
= (A= V)] = 28||=|

For
reSy={xeH:|z|=1},
we have
21| < Az — Tz, z)| + [{x, \x — Tx)| < 2| \z — Tx||.
Thus

int (M = T)a] 2 15] #0

(by previous Thm), and hence o(T) C R.
Note that if S =T +~I, then (S) = o(T) + v (A € p(S) if and only if (A\I — S)~! € B(H) if
and only if (A —~)I —T)~! € B(H); therefore A € o(S) iff A — v € o(T)). Hence, without loss

of generality, we can assume that 0 < u < .
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Since v = ||T'|| and ¢(T') C R, we obtain
o(T) C [-v,v].
We claim that A =y — ¢ ¢ o(T') for ¢ > 0. Indeed,
(T = Az x) = (Tz,z) — XNz ,2) > p— A =q,

if [|z|| = 1. Therefore,
0 <q<|[(T=ADz| =,  Vlzl|=1.
Hence
inf ||(T—Al)z|| > q >0,
lell=1

so the previous theorem implies that A ¢ o(T"). Thus,
o(T) € [,

Choose z,, € Sy such that
(Txp, xn) — V.

Therefore,
| = T)an|? = v?|xal® + | T2nl® — 20(Txn, 2,)
<202 — 2(Txp, x,) — 0.
Hence
veo(T).
Further,

o(T)Clpv] = o(T)—vIC[p—v,00 = o(wl-T)C[0,v—pl
By invoking (), we obtain

v—peolwl —-T) = peoa).

Corollary. If there exist xg,yo € Sp such that

= (Txo, zo) and v = (Tyo0, o),

then xg and yo are eigenvectors corresponding to the eigenvalues p and v, respectively.
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Proof. For o € C and y € H, by definition of p,
(T'(z0 + o), wo + o) > plxo + ay, xo + o).
Hence
(To, x0) + 20 R(Txo, y) + || (Ty, y) > plxo, mo) + plal*(y, y) + 2uRa(zo, y).
Since p = (T'xg, x0), letting
a=06(T —pl)xo,y), JIER,

we infer that
(y, (T — pl)xo) = 0, Yy € H.

By replacing T'+— —T', we obtain the other part. ]

Lemma. Let T € B(H) be selfadjoint, and let M C H be a closed T-invariant subspace. Then
N = M+~ is T-invariant. If Ty = T|pr and Ty = Ty, then Ty and Ty are selfadjoint,

T(H) =Ty(M) & To(N),

and
o(T) =o0(T1) Uo(Ty).

Proof. Let y € N. Since T'(M) C M, for each z € M,
0= (Tx,y) = (x,Ty) = T(N) C N.
It is immediate that T7 and T are selfadjoint on M and N, respectively, and
TH)=T(M®N)=T(M)®T(N).
Now let A € o(T7). Then there exists z,, € Sys such that
Aty — T12y|| = [|[Azy, — Txy|| — 0.

Hence A € o(T), so o(Th) C o(T). Similarly, o(T3) C o(T).
If A ¢ o(T1) Uo(12), then there exists k > 0 such that for z € M and y € N,

Az = Tz|| = kl=ll, Ay =Tyl = klly].-
Let z € H. Then z = x +y, with x € M and y € N. Note that
e —Txe M, Ay—Ty e N.
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Hence

1Az = Tz|? = [|Ae — Tz + (Ay = Ty)|?
= [|Az = Tz|* + || Ay — Tyl?
> kllz|* + kllyl* = kl|2]|.

Thus A ¢ o(T), and therefore
o(T) =o(Th) Uo(Tz).
O

Eigenvectors corresponding to distinct eigenvalues of a selfadjoint operator are orthogonal,
and their eigenspaces are invariant under the operator.
If T' is a compact selfadjoint operator on H, then o,(T) # @. If T'= 0, then 0 is an eigenvalue,
and if 7" # 0, then
IT]l € o(T) = o, (T) U {0}

(because T is compact). Hence ||T'|| € (7).

Theorem. Let T be a compact selfadjoint operator on an infinite-dimensional Hilbert space H .

Then the set of eigenvectors of T' forms an orthonormal basis for H. Moreover, for x € H,

Tr= Z)\n<x, €n)en,
where Te, = Apeyn, and |A,| — 0.

Proof. Let T # 0. Since dim H = oo, 0 € o(T'). Also,
1T} € o(T) = 0p(T) U{0} = 0 # [|IT]| € op(T).

Hence T" has a nonzero eigenvalue.

Since 7' is compact and selfadjoint, 0,(T") is countable. Let
M €op(T)={ p:n=12,...}

and write
N, =Ker(A,I —T).

Recall that dim V,, < oo because T' is compact and A, # 0.

Choose an orthonormal basis B,, for each IV,,, and set
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Then B is an orthonormal set because eigenvectors corresponding to distinct eigenvalues of T
are orthogonal. We claim that
span(B) = H.

If span(B) # H, then set
G= Span(B)L

Since each eigenspace N, is T-invariant, so is span(B), and hence G is also T-invariant by the

previous result. Therefore,
o(T) = o (Tlgmm) Yo (Tla)-

Since T'|¢ is compact and selfadjoint, T'|¢ has a nonzero eigenvalue. Thus T'| has an eigenvector

y € G. But then y is also an eigenvector for T". Hence,
y € G Nspan(B),

which is a contradiction. Thus,
span(B) = H.

Now let {e,,} be an orthonormal basis such that Te,, = A,e,. Notice that the series

Z Az, en)en

converges in norm. Indeed,

4

2 ¢
D Anlzsenden| <ITID [z, en)|* — 0.
n==k

n==k
Consider
(o)
St = Z An (T, en)en.

n=1
Then

oo

1Sz ||> < 1701 [, en)* = T ]|

n=1

Hence
[ Szl < || [|=]|,  Vxe€ H.

Since

Se, =M \pe,=Te, — S=1T.

Finally, if A,, /4 0, then there exists € > 0 such that

|An| >

73



MAG641: Operator ThebigmpadIilperstSpacesdholm Theory, Singular Values, and Schatten Classes

for infinitely many n. Then
| Ten — Teml? = | Al + [Am]? > 262
Hence (T'e;,) has no convergent subsequence. Thus, A\, — 0. O

5.4 Compact normal operators

The compact selfadjoint case already contains the essential diagonal mechanism, but normality is
the correct class for a genuinely complex-valued spectral theory. This section shows that compact
normal operators remain diagonalizable with respect to an orthonormal basis, now with possibly

complex eigenvalues.

Theorem 5.16 (Spectral theorem for compact normal operators). Let H be a complex Hilbert
space and let T € B(H) be compact and normal. Then there exist an orthonormal basis (uy) of

H and complex numbers (\,) such that
Tu, = Ay, (n>1),

and
(e e}
Tr = Z An @, Up ) U, x € H,

n=1
with convergence in norm. Fvery nonzero eigenvalue has finite multiplicity, and if infinitely many

An are nonzero, then A, — 0.

Proof. Set
U:=TT=TT".

Then U is compact, selfadjoint, and positive. By the compact selfadjoint spectral theorem

(theorem 5.15), there exist mutually orthogonal finite-dimensional eigenspaces
E# = Ker(U - MI)a IUS UP(U) \ {0}7

whose orthogonal direct sum, together with Ker(U), spans H. Also, the nonzero eigenvalues p of
U form at most a countable set with only possible accumulation point 0.

Because T' commutes with U, each eigenspace E, is T-invariant. Indeed, if x € £, then

UTz)=TUz) =T(uzx) = pTx,
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so Tz € E,. Since E, is finite-dimensional and T'|g, is normal, the finite-dimensional spectral
theorem yields an orthonormal basis of E, consisting of eigenvectors of T". Doing this for each

u # 0, we conclude an orthonormal family of eigenvectors of T spanning

M :=>"E,.
p#0

Next,
Ker(U) = Ker(T).

Indeed, if Tx = 0, then Ux = T*Tx = 0. Conversely, if Uz = 0, then
0= (Uzx,z) = (T*"Tx,x) = |Tz|?,

so Tz = 0. Thus every vector in Ker(U) is an eigenvector of T' with eigenvalue 0. Choose an
orthonormal basis of Ker(7') = Ker(U) and adjoin it to the orthonormal bases obtained on
the nonzero eigenspaces E,,. This gives an orthonormal basis (u,) of H consisting entirely of
eigenvectors of 7.

For x € H, Parseval’s identity gives the norm-convergent expansion

00
T = Z<ZL‘, Un ) Un,

n=1
and applying T" termwise yields

o0

Tx = Z An (T, Up) U,

n=1
The multiplicity statement follows from theorem 5.13, since every nonzero eigenvalue of T is
also a nonzero spectral value of the compact operator T'. Finally, if infinitely many nonzero
eigenvalues occurred away from 0, this would contradict the compactness of T exactly as in

the compact selfadjoint case; equivalently, the nonzero spectrum of a compact operator can
accumulate only at 0. O

Remark 5.17. For selfadjoint compact operators, the eigenvalues are real and theorem 5.16
reduces to theorem 5.15. Thus the normal theorem is the natural complex extension of the

selfadjoint theory developed earlier.

5.5 Polar decomposition and singular values

The polar decomposition separates an operator into a geometric part and a positive part. In the
compact setting this leads to singular values, which measure the size of an operator independently

of sign or phase and organize several later quantitative estimates.
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Definition 5.18 (Partial isometry). An operator W € B(H, K) is a partial isometry if W
restricts to an isometry on Ker(W). Equivalently, W*W is the orthogonal projection onto
Ker(W)*.

Theorem 5.19 (Polar decomposition). For every T' € B(H, K) there exists a unique partial
isometry W € B(H, K) such that

T =W|T|, Ker(W) = Ker(T).

Moreover,

Ran(|T|) = Ker(T)*, Ran(T) = Ran(W),
and if T is injective with dense range, then W is unitary.

Proof. We first define a map on Ran(|T’|) by
Wo(|T|z) :==Tx (x € H).
This is well defined. Indeed, if |T'|x = |T'|y, then |T|(z — y) = 0, and therefore
0= (T —y),z—y) = (I"T(z —y),z — y) = IT(z - y)|*.
Hence T'x = Ty. Moreover,
IWo(IT|2)||* = | T2|® = (T*Tw,z) = (| TPz, ) = ||| T|z|?,

so Wy is an isometry on Ran(|T'|). It therefore extends uniquely to an isometry

Wi : Ran(|T|) — Ran(T).
Now define W € B(H, K) by setting W = W; on Ran(|T'|) and W = 0 on Ran(\T|)l = Ker(T).
Then W is a partial isometry with initial space Ran(]T|) = Ker(T)*. Since |T'|x € Ran(|T]) for
every x € H, we have

WIT |z = Wi (|T|z) = Tx,

so T =W|T|.

For uniqueness, suppose 7' = V|T'| with V another partial isometry satisfying Ker(V') = Ker(T)).
Then V and W agree on Ran(|T|), because both send |T'|z to Tz, and they both vanish on
Ker(T'). Since

H = Ran(|T]) & Ker (T,

it follows that V = W.
Finally, if T is injective and has dense range, then Ker(7') = {0} and Ran(7") = K. Thus the
partial isometry W has initial space H and final space K, so W is unitary. O
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Corollary 5.20 (Invertible case of the polar decomposition). Let T € B(H) be invertible.
Then in the factorization T = WI|T| from Theorem 5.19, the partial isometry W is unitary.

Equivalently, every invertible bounded operator on a Hilbert space admits a unique decomposition
T =U|T)|

with U unitary and |T| = (T*T)Y? positive.

Proof. If T is invertible, then Ker(7T) = {0} and Ran(T") = H. By Theorem 5.19, the initial
space of W is Ker(T)+ = H and the final space is Ran(T') = H. Hence W is a surjective isometry,

i.e. a unitary operator. Uniqueness follows from the uniqueness part of Theorem 5.19. O

Example 5.21 (Why the polar factor need not be unitary). Let S be the unilateral shift on £2,
defined by
S(x1,xe,23,...) = (0,21, 22,...).

Then S*S = I, so |S| = I. The polar decomposition is therefore simply
S =519

Here the polar factor is the isometry S itself. However, S is not onto, since e; ¢ Ran(.S). Thus

the polar factor in general is only a partial isometry, not a unitary operator on the whole space.

Remark 5.22. A useful heuristic is that the polar factor becomes unitary precisely when the
“defect” between the kernel of T and the cokernel of T disappears. The invertible case is
the cleanest instance of this principle and is the form most often used in matrix theory and

finite-dimensional operator theory.

Definition 5.23 (Singular values). Let T' € K(H, K) be compact. The nonnegative eigenvalues
of the compact positive operator |T'| are called the singular values of T. Arranged in nonincreasing

order and repeated according to multiplicity, we write them as

81(T> > SQ(T) > .- > 0.

If T has finite rank, then s,(7") = 0 for all sufficiently large n.

Theorem 5.24 (Singular value decomposition). Let T € K(H, K). Then there exist orthonormal
systems (ep) in H and (f,) in K such that

Te, = Sn(T)fm T*fn = Sn(T)ena

and for every r € H,

Tx = ;Sn(T) <-T,€n>fn7

7



MAG641: Operator ThebigmpadIilperstSpacesdholm Theory, Singular Values, and Schatten Classes

with convergence in norm. In particular, T is finite rank if and only if only finitely many singular

values are nonzero.

Proof. Because T is compact, so is |T'| = (T*T)/2. By the compact selfadjoint spectral theorem,

there exists an orthonormal basis (e;,) of H such that
|T|en = sn(T)en,

where s, (T) — 0 if infinitely many singular values are nonzero. Let W be the partial isometry
from the polar decomposition 7' = W|T'|. For each index with s,(7") > 0, define

fni=We,.

Then
[fnll = llenll =1, (frs fm) = (Wen, Wenm) = (en, em) = Snm,

so (fn) is orthonormal on the support of the singular values. Moreover,
Te, = W|T|en, = sn(T)Wey = sp(T) fu.

Applying T* gives
T fn=T"We, = |T|en = sn(T)en,

because W*W is the identity on Ker(T')*, which contains each e, corresponding to s, (T") > 0.
Finally, for x € H the expansion

[eo]

|T|x = Z sn(T) (z,en)en

n=1
converges in norm, and applying the bounded operator W yields

o0

Te =W|T|x = Z sn(T) {x, ep) fn-

n=1

If only finitely many s, (7") are nonzero, this formula shows that T has finite rank; the converse

is immediate from the spectral structure of |T|. O

Example 5.25 (Rank-one singular value decomposition). Let u € H and v € K be unit vectors,
and define T : H — K by

Tz = (x,u)v.

Then T*y = (y, v)u, so
T"Tr = (z,u)u = Popan{u}T-
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Hence |T| = (T*T)Y/? = Pypan{uy, the polar factor U sends u to v and vanishes on ut, and the
only nonzero singular value of T" is 1. This is the atomic model from which finite-rank singular

value decompositions are built.

5.6 Schatten class operators

Schatten classes refine compactness by measuring how rapidly the singular values decay. They
interpolate between finite-rank, Hilbert—Schmidt, and trace-class behaviour and provide a flexible

scale of operator ideals that parallels the classical /P spaces.

Definition 5.26 (Schatten classes). Let 1 < p < oo. For Hilbert spaces H and K, the Schatten
p-class S,(H, K) consists of all compact operators T' € IC(H, K) such that

o0
sn(T)P < 0.
n=1
The Schatten norm is
> 1/p
ITlls, = (3 sa(T)F)
n=1

When H = K we simply write S,(H).

Remark 5.27. The first two cases are the most important for MA641:
(i) S1(H) is the trace class;

(ii) S2(H, K) is the Hilbert-Schmidt class.

Moreover, every Schatten class operator is compact because s, (1) — 0 whenever Y s, (TP < oco.
If T'e S3(H, K), then for every orthonormal basis (u,) of H one has

%) [e%S)
ITNZ, =D sa(T)? = D I Tual?,
n=1 n=1

so the Hilbert—Schmidt class introduced earlier is exactly the Schatten 2-class.

Proposition 5.28 (First inclusions among Schatten classes). Let 1 < p < ¢ < co. Then
Sp(H,K) C Sq(H,K) C K(H, K),

and
ITs, < ITlls, (T € Sp(H, K)).

In particular,
S1(H,K) C So(H,K)=HS(H,K) C K(H,K).
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Proof. If (ay,) is a nonincreasing sequence of nonnegative numbers with )", aP < oo, then a, — 0.

Hence a,, <1 for all sufficiently large n, and for those indices one has ad < aP. It follows that
Z al < oo.
n

Applying this to the singular values a,, = s,(T") proves the inclusions. The norm inequality

follows in the same way from the elementary inclusion ¢ C ¢? for nonnegative sequences. O

Remark 5.29 (Trace class and the Hilbert—Schmidt inner product). The case p =1 is the trace
class. If A € S1(H), one can define

tr(A) = Z<A€n7 en)

n

and this value is independent of the orthonormal basis (e,). For Hilbert—Schmidt operators
A,B € HS(H), the product B*A is trace class and

(A, B)ys = tr(B*A).

Thus the Hilbert—Schmidt inner product introduced earlier is the natural quadratic member of
the Schatten scale.
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CHAPTER 6

Spectral Theorem for Bounded
Selfadjoint and Normal Operators

The diagonalization of compact selfadjoint operators extends in the general bounded setting to
the language of continuous functional calculus and projection-valued measures. This chapter
records the bounded spectral theorem in the formulations most useful for a first graduate course

and explains how the compact and finite-dimensional cases fit into the general picture.

Learning objectives.

e Move from polynomial expressions in an operator to continuous functional calculus.

o Interpret spectral measures as the correct infinite-dimensional replacement for diagonal
matrices.

¢ See the compact and finite-dimensional theorems as special cases of the bounded selfadjoint

and normal spectral theorem.

Key ideas.

e The continuous functional calculus is the conceptual heart of the bounded spectral theorem.

e Projection-valued measures encode orthogonal decomposition at every Borel scale of the
spectrum.

« Multiplication operators on L? are the universal normal models.

Common pitfalls.
e The general spectral theorem does not usually produce an orthonormal basis of eigenvectors.

e Projection-valued integration is an operator-valued analogue of scalar integration and must

not be confused with a pointwise diagonalization formula.

6.1 Continuous functional calculus for selfadjoint operators

Once a selfadjoint operator is understood through its spectrum, the next natural step is to
substitute that operator into scalar functions. The continuous functional calculus makes this
idea precise and turns spectral information into a systematic tool for constructing new operators

from old ones while preserving algebraic and norm relations.

Theorem 6.1 (Continuous functional calculus). Let T' € B(H) be selfadjoint. Then there exists

a unique map

&y : C(o(T)) — B(H), [~ f(T),
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such that:
(a) ®7r(1) =1 and @7 (id) =T, where id(\) = A;

(b) @1 is a unital x-homomorphism:
(folT) = f(D)g(T),  F(T)=F(T);

(c) IFD) = fllcoo(ry for every f € C(a(T));
(d) if pn — [ uniformly on o(T') for polynomials py,, then p,(T) — f(T') in operator norm.
Remark 6.2. This theorem should be viewed as the correct replacement for polynomial calculus.

In finite dimensions, if T is diagonal with diagonal entries A1,..., A,, then f(T) is the diagonal
matrix with entries f(A1),..., f(An).

6.2 Bounded Borel functional calculus and spectral projections

Continuous functions are sufficient for many purposes, but spectral theory becomes substantially
more flexible once characteristic functions and more general Borel functions are admitted. The
bounded Borel functional calculus supplies this extension and isolates spectral projections as the
basic pieces of the spectral decomposition.

Theorem 6.3 (Bounded Borel functional calculus). Let T' € B(H) be selfadjoint. Then there

exists a unique map
Ur: By(o(T)) = B(H),  f— f(T),
from the bounded Borel functions on o(T) into B(H) such that:
(a) U extends the continuous functional calculus;
(b) U is a unital x-homomorphism;
(c) [1F(D < fllooo(r) for every bounded Borel function f;
(d) if (fn) is a bounded sequence in By(o(T)) converging pointwise to f, then

(D) — f(T)z for every v € H.

Moreover, if S € B(H) commutes with T, then S commutes with f(T) for every bounded Borel

function f.

Remark 6.4. One standard construction proceeds from the continuous functional calculus and
the Riesz representation theorem: for each z,y € H, the functional f — (f(T)z,y) on C(c(T))

is represented by a finite complex measure ji, 4, and one then defines

(@)= [ 1) diay )

o(T)

for bounded Borel f. For MA641, the structural properties of Theorem 6.3 are the main point.
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Corollary 6.5 (Spectral projections from characteristic functions). Let T' € B(H) be selfadjoint
and let B,C C o(T') be Borel sets. Then

Er(B) :=15(T)
is an orthogonal projection, and
Er(B)Er(C)=Er(BnQC), Er(B)+ Er(C)=Epr(BUC) whenever BN C = 0.
In particular, spectral subspaces arise directly from indicator functions.
Proof. Since 123 = 1p = 1p, the *-homomorphism property gives
Er(B)’ = Er(B),  Er(B)" = Er(B),
so Ep(B) is an orthogonal projection. The remaining identities follow from

1glc =1gn¢  and  1p+1c=1puc (BNC =0).

6.3 Projection-valued measures

The measure-theoretic form of the spectral theorem is expressed through projection-valued
measures. They generalize the decomposition of a matrix into eigenspaces by replacing sums

over eigenvalues with operator-valued integrals over the spectrum.

Definition 6.6 (Projection-valued measure). A map E from the Borel o-algebra of a compact
set K C R (or K C C in the normal case) to the orthogonal projections on H is called a

projection-valued measure if:
(i) E(0)=0and E(K) =1;
(ii) E(B; N By) = E(B1)E(Bs) for all Borel sets By, Ba;

(iii) for pairwise disjoint Borel sets (By,) and every z € H,
E(UBn)z =3 B(By)a

with convergence in norm.

Remark 6.7. For each x € H, the scalar set function
1(B) = (E(B)a, )

is a finite positive measure. This allows one to interpret expressions such as [ f dE via scalar

integration against the family (u,).
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Example 6.8 (Multiplication operators as spectral models). Let (X, i) be a measure space and

let ¢ € L>(X, u) be real-valued. The multiplication operator

(Myf)(x) = p(2)f(z)  (f € L*(X,p)

is bounded and selfadjoint. For each Borel set B C R, define

M¢:/(f NE(N).

This example should be viewed as the canonical concrete model behind the abstract spectral

theorem.

6.4 The bounded spectral theorem: selfadjoint case

The selfadjoint spectral theorem is the central structural statement of the course. It replaces
finite-dimensional diagonalization by an operator-valued integral representation and thereby

explains why selfadjoint operators may be analysed through scalar functions on their spectra.

Theorem 6.9 (Spectral theorem for bounded selfadjoint operators). Let T € B(H) be selfadjoint.
Then there exists a unique projection-valued measure E on the Borel subsets of o(T) C R such
that

T = / NE(N).
o(T)

More generally, for every bounded Borel function f on o(T),
Fr = [ FOVdEW).
o(T)

This representation satisfies:
(a) |IT|| = sup{[A|: A € o(T)};
(b) E(B) is the orthogonal projection onto the spectral subspace corresponding to the Borel set
B;
(c) a closed subspace M reduces T if and only if it is invariant under every spectral projection
E(B);
(d) T is unitarily equivalent to multiplication by the independent variable on a suitable L*-space.

Remark 6.10. The compact selfadjoint theorem proved earlier is the discrete model for this result:
the projection-valued measure is then concentrated on a countable set of eigenvalues, and the

operator integral reduces to an orthogonal series expansion.
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6.5 The bounded spectral theorem: normal case

The normal spectral theorem extends the selfadjoint case to the full class of bounded normal
operators. This extension is decisive because normality is exactly the condition under which the
adjoint calculus and the spectral calculus fit together well enough to yield a complete spectral

representation.

Theorem 6.11 (Spectral theorem for bounded normal operators). Let T' € B(H) be normal.
Then there exists a unique projection-valued measure E on the Borel subsets of o(T) C C such
that

T— / NE(N).
o(1)

For every bounded Borel function f on o(T) one has
1= [ FydE).
o(T)

and the map f+— f(T) is a x-homomorphism from bounded Borel functions on o(T) into B(H).

Idea of construction. Write T'= A + iB, where

T+T* T-T7*
= + B: .

A
2 7 21

Then A and B are commuting bounded selfadjoint operators. One first develops the joint
functional calculus for the commuting pair (A, B) and then pushes it forward under the map
(s,t) — s +it. This yields the projection-valued measure E on o(T") C C. O

Corollary 6.12. FEvery bounded normal operator is unitarily equivalent to a multiplication

operator
(Mo f)(w) = ¢(w)f(w)
on some L%(, u), where ¢ € L*>(Q, i) and

o(T) = essran(yp).

6.6 Finite-dimensional and compact cases as models

The abstract spectral theorem becomes much easier to internalize when viewed through familiar
special cases. Finite-dimensional diagonalization and the compact spectral theorem serve as

concrete models that illuminate the general measure-theoretic statement proved above.

Key ideas.
e Compact selfadjoint operators admit orthonormal eigenbases; general bounded selfadjoint

operators admit spectral resolutions.
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o Functional calculus encodes the slogan “apply a scalar function to the spectrum, and thereby
to the operator”.

e Projection-valued measures provide the correct notion of spectral decomposition in infinite

dimensions.

e The multiplication-operator model is the universal normal form for bounded normal operators.
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CHAPTER 7

Problem Sets

The problems in this chapter are intended to consolidate the theory developed in the main text
and to encourage a more active command of the material. They range from routine verifications
to conceptual exercises that expose the geometry, algebra, and spectral ideas underlying the

course.

The exercises are grouped by theme so that they may be used either alongside the corresponding
lecture sections or as a cumulative revision set. Within each section, the statements have been
lightly edited for consistency of notation, punctuation, and phrasing while preserving their
mathematical content.

For teaching purposes, each thematic block should be read in three layers: a diagnostic opening
item, a core collection designed to reinforce the main definitions and theorems, and a final cluster
of synthesis problems that mix several chapters at once. Instructors may therefore assign short
weekly sets by taking only the first layer, while seminar-style or qualifying-exam preparation

may use the final synthesis layer.

7.1 Foundations of Hilbert Spaces and Orthogonality

These problems are designed to reinforce the geometric core of the subject. They emphasize
orthogonality, approximation, orthonormal systems, and weak convergence, and they are best
approached as opportunities to reorganize the foundational theory in one’s own words.

1. State whether each of the following statements is true or false, giving a justification in each

case.

(a) If (X, | - ) is a normed linear space such that ||z + y|?> + ||z — y||?> < 2||z||? + 2||y||? for
all z,y € X, then there must exist an inner product on X that induces the norm || - || on
X.

(b) Every orthonormal set in a Hilbert space H must be closed in H.

(c) If a proper subspace M of a Hilbert space H contains an orthonormal basis of H, then
M cannot be a Banach space in the induced norm.

(d) In any infinite-dimensional Hilbert space, there exists a convergent series which is not
absolutely convergent.

o0
(e) If (z,) is a sequence in a Hilbert space H such that 3 ||z,]|> < oo, then the series
~ n=1
> x, must converge in H.
n=1
(f) If (up) is an orthonormal sequence in a Hilbert space H and if x € H, then the series
o0

> {x, un)u, must converge in H but not necessarily to x.
n=1
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10.

11.

(g) If (z,,) is an unbounded sequence in a Hilbert space H, then there must exist x € H
such that the sequence ((x,x,)) is unbounded.

(h) If in a Hilbert space H, every weakly convergent sequence is norm convergent, then H
must be separable.

(i) If (z,,) is a sequence in a Hilbert space H such that ||z,|| < 1 for all n € N and
T, < x € H, then it is necessary that ||z| < 1.
(j) Suppose X is a Banach space and f, € X* and f, 7 0. Then fn is necessarily a
bounded sequence in X*.
Core geometry and orthogonality.
Let X be an inner product space and let z,y € X. Prove that
(@) [lz +yllllz =yl < [lz*+ [[yl>.
(b) If A >0, then [(z,y)] < Az]* + x>
(c) If 6 = inf{ljax +y|| : a € K}, then [(z,y)|* < (|ly[I* — 0%)]|z]*.
(d) ‘HxH - HyH‘ = ||z — y|| if and only if tx = sy for some ¢, s > 0 with (¢, s) # (0,0).
Let X be an inner product space and let v, w € X such that ||v||||w| < 1. Show that for each
y € X, there exists a unique = € X such that y = = + (z, v)w.

Show that it is impossible to define an inner product on X that induces the norm || - || when
(X, || - |) is one of the following:

(a) (oo, || - Iloo);
(b) (Cla,b], [l lloo);
(c) B(¢%) equipped with the usual operator norm.

. Let X be a normed linear space such that every two dimensional subspace of X is an inner

product space. Show that X is an inner product space.

Consider the following three conditions regarding the points z, y in an inner product space.
(a) ||z + ay|| = ||z — ay| for all « € K

(b) ||z + ay|| > ||z| for all « € K

(©) Nz +yl? =l + Iyl
Prove that each of (a) and (b) is a necessary and sufficient condition for x L y. Is there an

analogous statement for (c¢)?

Let Y be a closed subspace of an inner product space X. Show that there exists an inner
product on the quotient space X/Y which induces the quotient norm on X/Y.

Let M be a closed subspace of a Hilbert space (H, (-, -)).

If (x1 + M,zo + M)o = (1 — Pyyx1, w9 — Pyao) for all x1,x9 € H, then show that (-, -)o is
an inner product on the quotient space H/M which induces the quotient norm on H/M.

If M and N are closed subspaces of a Hilbert space, then show that (M N N)+ = M+ + N1,
Let X be an inner product space and let z € X. If M = {z € X : (x,z) = 0}, then determine
M+ and M+

Let S be a nonempty subset of a Hilbert space H. Show that
Hence deduce that span(S) is dense in H if and only if S+ = {0}.

S+L = span(9).
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Let M be a subspace of an inner product space X and let z € X. Prove that x 1. M if and
only if ||lz]| < ||z +y| for all y € M.

Let M be a closed subspace of a Hilbert space H and let z € H \ M. Prove that d(z, M) =
sup{|(z,y) : y € M, [|y|| < 1}.

Let H be a Hilbert space. Let M C H and let T': H — H be linear such that Tx € M and
x — Tz € M+ for each z € H. Show that M is a closed subspace of H.

Let M be a nonempty subset of a Hilbert space H and let z € H. Show that there exists
u € M~ such that (x, z) = (z,u) for all z € M.

2mi/3

Ifw=e , determine the point in the subspace

span{(1,w,w?), (1,w? w)} c C3

that is nearest to (1,—1,1).
Let C be a nonempty convex subset of an inner product space X and let z € X. Prove that
for y € C, d(z,C) = ||x — y|| if and only if Re{x —y,z —y) <0 for all z € C.
Let C be a nonempty convex set in an inner product space X and let (z,) be a sequence in
C such that lim |x,| = inf ||z|. Show that (z,) is a Cauchy sequence in X.

n—oo xeC
Weak convergence, duality, and Fourier expansions.

Let M be a closed subspace of a Hilbert space H. If z € M and if (x,) is a sequence in M,
then show that z,, — z in H if and only if x,, 2y 2z in M.

Let (z,,) be a sequence in a Hilbert space H such that for each x € H, the sequence ({x,, z))
converges in K. Show that there exists y € H such that x, — y in H.

28]
Using Riesz representation theorem, show that {(xn) er: Y ﬁxn = 0} is not a closed

subset of the Hilbert space ¢2.

n
Let {uy,...,un} be an orthonormal set in a Hilbert space H. Prove that ||z — Y aju;| >
i=1

1=

|z — i(x,m)ul]\ for all z € H and for all (ay, ..., a,,) € K™,

Let (7)) be a Cauchy sequence in B(X), where X is an inner product space. Let y € X and
let fn(z) = (Thx,y) for all x € X. Show that (f,) is a convergent sequence in X*.

Let (uy,) be an orthonormal sequence in an inner product space X and let («v,) be a sequence
inK. If s, = i a;u; for all n € N, then show that (s,) is a Cauchy sequence in X if and
only if (o) € 1[21

Let H be an infinite-dimensional Hilbert space. Show that no orthonormal basis of H can be
a Hamel basis of H.

1
Let f(z) = [txz(t)dt for all x € C[0,1]. Show that f € (C[0,1],] - ||2)* and find || f]].
0
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27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

Let {uy, : n € N} be an orthonormal basis of a Hilbert space H and let f € H*. Prove that
[e.°]

y = > f(up)uy, is the unique element in H such that f(x) = (z,y) for all z € H and that
n=1

2 _ o 2
LFIF =32 1 (un) [
n=1
Let (H,| - ||) be a separable Hilbert space with an orthonormal basis {u, : n € N}. If
o0
Iz]lo = 3 5=[(z,u,)| for all 2 € H, then show that || - [|o is a norm on H which is not
n=1
equivalent to || - ||.
Let {uy, : n € N} be an orthonormal basis of a Hilbert space H and let {v, : n € N} be an
&)
orthonormal set in H such that > ||u, —v,||? < 1. Show that {v, : n € N} is an orthonormal
n=1

basis of H.

Synthesis and challenge problems.
1
Find min [ |2® —a — bx — cz?|? du.
a,b,ceR "¢
Give an example to show that the range of a one-to-one continuous linear map from a Hilbert
space H to itself need not be closed in H.

If {uy, : n € N} is a countably infinite orthonormal basis of a Hilbert space H, then show that
there exists a discontinuous linear map T : H — H such that Tu,, = 0 for all n € N.

Let H be a Hilbert space and let (7,) be a sequence in B(H) such that for each z,y € H,
lim (Thx,y) exists in K. Show that sup{||7,| : n € N} < cc.
n—oo

If H is a non-zero Hilbert space, then show that there cannot exist T, S € B(H) such that
TS — ST =1, where I denotes the identity operator on H.

Let X and Y be normed linear spaces. Suppose T': X — Y is a linear map that sends every
weakly convergent sequence in X to a weakly convergent sequence in Y. Show that T is
bounded.

Suppose X is a Banach space and x,z, € X. Prove that x,, — z if and only if {|z,|} is
bounded and
flxn) = f(z) for every f € S,
where span .S = X*.
A sequence {f,} in X* is weak-* convergent if and only if {||f,||} is bounded and { f,(z)} is

a Cauchy sequence for each = € S, where span S = X.

7.2 Adjoints, Projections, and Compact Operators

The exercises in this section revisit the algebraic and geometric operator classes developed

in the middle chapters. They are intended to consolidate fluency with adjoints, projections,

compactness, and the interplay between operator structure and Hilbert-space geometry.

1.

State whether each of the following statements is true or false, giving a justification in each
case.
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If H is a Hilbert space and T € B(H) is selfadjoint, then it is necessary that 7' > 0 or
T <0.
If H is a Hilbert space and T' € B(H) is selfadjoint such that Ran(7") is dense in H, then

T must be one-to-one.

If H is a Hilbert space and if T' € B(H) is selfadjoint, then there must exist « € R with
«a > 0 such that oT < I.

If X is an infinite-dimensional normed linear space, p(t) is a polynomial in ¢ with
coefficients in K and T € By(X), then p(T) € By(X) if and only if p(0) = 0.

If H is a Hilbert space and T, S € B(H) such that T'S is compact, then at least one of T'
and S must be compact.

Every T € By(¢%) \ Boo(¢?) is normal.

Every bounded linear operator from (co, || - [|s) to (2, - ||2) is compact.

If H is a Hilbert space and T' € By(H ), then T(By) must be a compact subset of H.
If T € By(H) such that Tz = x for some z € H with ||z|| = 1, then there must exist
y € H such that |ly|| =1 and T"y = y.

If H is a Hilbert space, T' € B(H) and (T},) is a sequence in By(H ) such that T,z — Tx
for each x € H, then T must be compact.

If H is a Hilbert space and T',S € B(H) such that TT* + SS* = 0, then it is necessary
that T'=5 = 0.

If H is a Hilbert space and if T' € B(H) is bounded below, then 7' cannot be compact.
If H is a Hilbert space and T' € B(H) is normal such that 7" is bounded below, then T’
must be invertible in B(H).

Adjoints and operator identities.

2. Let X and Y be normed linear spaces, and let 7' € B(X,Y). Show that 7% : Y* — X* is
one-to-one if and only if 7'(X) is dense in Y.

3. Let H be a Hilbert space and let y € H. If f(x) = (x,y) for all x € H, then determine the
adjoint operator f*.

4. Let H be a Hilbert space and let T' € B(H) be such that dim(Ran(7")) = 1. Show that there
exist y, z € H such that Tz = (x,y)z for all x € H. Also, find T™.

5. Consider T € B(£?), defined by T((z,)) = (0,321, x2, 323, 74, ...) for all (x,) € £2. Determine

T*.

6. Let () be a sequence in K and let T'((zy,)) = (anay,) for all (x,) € £2. Prove that T € B(¢?)
if and only if (a,) € £°° and in such case determine ||T’|| and T%. Also, prove that

(a)
(b)
()

T is selfadjoint if and only if «,, € R for each n € N.
T > 0 if and only if a,, > 0 for each n € N.
T is unitary if and only if |a,| =1 for all n € N.
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7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Let {u, : n € N} be a countably infinite orthonormal basis of a Hilbert space H. Consider
the bounded linear operator T : ¢ — H defined by

T((an) =3 antn ((an) € ).

Determine the adjoint operator T*.
Let H be a Hilbert space and let T' € B(H). Prove that

(a) ker(T) = (Ran(T*))* = ker(T*T).

(b) ker(T*) = (Ran(T))* = ker(TT*).

(c) (ker(T))* = Ran(T*) = Ran(T*T).

(d) (ker(T*))* = Ran(T) = Ran(TT*).
Let H be a Hilbert space and let 7', S € B(H). Show that
(Ran(T) + Ran(S))+ = ker(T*) N ker(S*).
Let H be a Hilbert space. Show that 7' € B(H) is invertible in B(H) if and only if both T’
and T are bounded below.
Let H be a Hilbert space and let T' € B(H) with ||T']| = 1. If € H such that Tx = z, then
show that T"z = z.
Let H be a Hilbert space and let x € H, T € B(H). Show that T*Tx = ||T||?z if and only if
T[] = [Tl
Let H be a Hilbert space and let T' € B(H) such that 7" > 0. If € H such that (T'z,z) =0,
then show that x € ker(T).
Let M, N be closed subspaces of a Hilbert space H and let T € B(H). Show that T'(M) C N
if and only if T*(N+) ¢ M+,
Let {u, : n € N} be an orthonormal basis of a Hilbert space H and let T € B(H). Show that

00 2 00 )
S ATz, up)Tuy| = ZI\(Tx,T*unH .
n—=

n=1
Let H be a Hilbert space and let T, S € B(H) such that T is selfadjoint. Show that T'S = 0
if and only if Ran(7") L Ran(S).

Let H be a Hilbert space. If T' € B(H) is selfadjoint and if 7" # 0, then show that 7™ # 0 for
each n € N.

Let (7)) be a sequence of (bounded) selfadjoint operators on a Hilbert space H and let
T € B(H). If T,z =5 Tx for each x € H, then show that T is selfadjoint.

Let H be a Hilbert space and let T' € B(H) be selfadjoint. If ||z|| = d(x,Ran(T)) for all
x € ker(T'), then show that || - || is a norm on ker(T).

Positivity, projections, and normality.

If H is a Hilbert space and if T' € B(H) is positive, then show that

(a) (Tx,y)|> < (Tx,z)(Ty,y) for all x,y € H.

(b) | Tz|]? < ||T|(Tx,x) for all x € H.

92



MAG641: Operator Theory in Hilbert Spaces 7. Problem Sets

21.

22.

23.

24.
25.
26.
27.

28.

29.

30.
31.

32.

33.

34.

35.

36.

37.

38.

39.

If H is a Hilbert space and if T € B(H) is positive, then show that I +7 : H — H is
invertible.

If H is a Hilbert space and if ' € B(H), then show that both I +7*T : H — H and
1+ TT*: H— H are invertible.

Let H be a Hilbert space. If T, S € B(H) are selfadjoint and satisfy 7' > S, is it necessary
that 72 > S27

If H is a Hilbert space and if T' € B(H) such that | 7| < 1, then show that I —T7%T > 0.
Let H be a Hilbert space. If T € B(H) is positive and invertible, then show that 7= > 0.
Let H be a Hilbert space. If T € B(H) such that 0 < T < I, then show that T2 < T.

Let H be a Hilbert space and let (7},) be a sequence in B(H ) such that T,, > 0 for all n € N.
It T, wor, 0, then show that T, S9%, 0.

Let H be a Hilbert space. If T' € B(H) and if a, 8 € K such that |a| = ||, then show that
o + BT* is normal.

Let H be a Hilbert space. Show that 7' € B(H) is normal if and only if (Txz, Ty) = (T*z, T*y)
for all x,y € H.

If H is a Hilbert space and T € B(H) is normal, then show that ker(7T?) = ker(T).

If H is a Hilbert space and if " € B(H) is normal, then show that ||T"| = ||T||"* for each
n € N.

Let H be a Hilbert space and let T' € B(H). If TT* < T*T, then show that

17712 < ([T T for all n € N.

Let H be a Hilbert space and let T' € B(H) be normal. If T2 = T, then show that T is an
orthogonal projection.

Let H be a Hilbert space and let T' € B(H) be selfadjoint such that 7% = T2. Show that T is
an orthogonal projection.

If H is a Hilbert space, then show that every orthogonal projection P € B(H) must satisfy
0<P<LI

Let H be a Hilbert space and let P € B(H) such that P # 0 and P? = P. Show that P is an
orthogonal projection if and only if | P|| = 1.

Let H be a Hilbert space and let T' € B(H). If T? =T, M = Ran(T) and N = ker(T), then
show that Py; — Py is invertible in B(H) and that (Py; — Py) ' =T +T* — I.

If M, N are closed subspaces of a Hilbert space H, then show that ||Py; — Py| < 1, where

Py and Py are the orthogonal projection operators on M and N respectively.

If H is a Hilbert space and if P, € B(H) are orthogonal projections, then prove that the
following statements are equivalent.

(a) P<Q

(b) ||Pz|| < ||Qz| for all z € H
(c) ker(Q) C ker(P)

(d) Ran(P) C Ran(Q)
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40.

41.

42.

43.

44.

45.

46.

47.

48.
49.

50.

ol.

02.

93.

o4.

95.
56.

o7.

(e) QP
(f) PQ
(8) QPQ =P

(h) Q — P is an orthogonal projection with Ran(Q — P) = Ran(Q) N (Ran(P))*.

If H is a Hilbert space and if P, @ € B(H) are orthogonal projections, then show that PQ is an
orthogonal projection if and only if PQ) = QP and in such case Ran(PQ) = Ran(P)NRan(Q).
If H is a Hilbert space and if P, Q) € B(H) are orthogonal projections such that PQ = QP, then
show that P+ @Q — PQ is an orthogonal projection with Ran(P+@Q — PQ) = Ran(P)+Ran(Q).
Let H be a Hilbert space. Show that T' € B(H) is selfadjoint and unitary if and only if
T = 2P — I for some orthogonal projection P € B(H).

Let H be a Hilbert space and let T' € B(H) such that 7%(T — I) = 0. Show that 7" is an
orthogonal projection.

Let H be a Hilbert space and let A(# 0) C H. If T € B(H) is unitary, then show that
T(A+) =T(A)*L.

Let T((xy)) = (z1,71 + 72,21 + T2 + T3, ...) for all (z,,) € 1. Prove that T : (/1| - |1) —

P
P

(£, - [|so) is linear and bounded but not compact.
If Tz = x for all z € ¢!, then examine whether T : (¢, || - ||1) — (€2, - ||2) is a compact linear
operator.

Let T((zn)) = (w2, z1, %m, %1’3, ey %(EQ”, %mgn_l, ...) for all (z,) € ¢?. Show that T €
Bo((€%, - 112))-

Show that every bounded linear operator from (¢2, || - ||2) to (¢%, ] - ||1) is compact.

Let (Tz)(t) = z(¢?) for all z € C[0,1] and for all ¢ € [0,1]. Show that

T:(C[0,1], ] - [leo) = (C]0,1], ]| - ||o) is linear and bounded but not compact.

Let X, Y be normed linear spaces and let y € Y, f € X*. If Te = f(x)y for all z € X, then
show that T € By(X,Y).

Let X, Y be a normed linear spaces and let z(# 0) € X, y € Y. Show that there exists
T € Bo(X,Y) such that Tx = y.

Let X, Y be normed linear spaces and let T' € By(X,Y). If S(x +ker(T)) = Tx for all z € X,
then show that S € By(X/ker(T),Y).

Compactness, invariance, and asymptotic behaviour.

Let H be a Hilbert space and let T' € By(H). Show that there exists xop € H such that
[zoll <1 and [|Tzol| = [T

Let X be a Banach space and let T' € By(X) \ Boo(X). If S = {z € X : ||z|| = 1}, then show

that 0 € T'(.5).
Let H be a Hilbert space and let T' € B(H). If T*T is compact, then show that 7" is compact.

Let H be a Hilbert space and let 7' € B(H) be normal. If T2 is compact, then show that T is
compact.

Let X be a normed linear space and let T' € By(X) such that T? = T. Show that T is a finite
rank operator.
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98.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.
70.

T1.

72.

Let X, Y be Banach spaces and let T' € By(X,Y). If Y is infinite-dimensional, then show
that 7" is not onto.

Let X, Y be Banach spaces and let T' € By(X,Y). If Ran(7) is infinite-dimensional, then
show that Ran(T") cannot be closed in Y.

Let X be a Banach space and let (7},) be a sequence in B(X) such that for each z € X,
Th,x — 0. If S € By(X), then show that ||T,,S|| — 0.

Let X and Y be Banach spaces. Show that the class of all completely continuous linear maps
from X to Y is closed in B(X,Y).

Let X # {0}, Y be normed linear spaces such that By(X,Y") is a Banach spaces. Prove that
Y is a Banach space.

Let H be a Hilbert space and let (7},), (S,,) be sequences in B(H) such that T, S9%, T and

S, 59% S, where T, S € B(H). Show that T}, S, ~2% T'S.

Let H be a Hilbert space and let T € B(H) be normal. If A\ € K, then show that ker(7" — AI)
is a reducing subspace in H for T

Let H be a Hilbert space and let 7" € B(H) be normal. Show that {z € H : |Tz| = ||T||||=||}
is a reducing subspace in H for T

Let H be an infinite-dimensional Hilbert space and let T,.S € B(H) such that S # 0,1 and
STS =TS. Show that there exists a nonzero proper invariant subspace in H under 7.

Let H be a Hilbert space and T' € By(H). If M is a closed subspace of H which is invariant
under T and if S(x + M) = Tx + M for all x € H, then show that S € By(H/M).

If H is a non-separable Hilbert space and if T € B(H), then show that H contains a nonzero
proper invariant subspace for 7.

Show that there is no nonzero proper reducing subspace of the right shift operator on ¢2.

Let H be a Hilbert space. Let (7},) and (S,) be sequences in B(H) and let T, S € B(H). If

T, — T (in norm) and S, WoT, S, then show that 7,5, WOT, 1g.

Let H be a Hilbert space. Let (T},) be a sequence in B(H) and let T' € B(H). If for each
x € H, | Tyz|| = ||Tz| and (T),z,z) — (T'x,z) as n — oo, then show that T;, SO 7,
Let H be a Hilbert space. Let T,, € B(H) be normal for each n € N and let T' € B(H) be

normal. If T}, LOEN T, then show that T SOT, 7,

7.3 Spectrum, Resolvent, and Normal Operators

These problems focus on the spectral viewpoint that culminates in the final chapters. They invite

the reader to test the abstract theory against model operators and to sharpen intuition about

resolvents, spectral decomposition, and normality.

1.

State whether each of the following statements is true or false, giving a justification in each

case.

(a) If H is a complex Hilbert space, then for each T € B(H), there exist A, B € B(H) such
that A and B are invertible in B(H) and T'= A + B.
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10.

(b) If H is a complex Hilbert space and T € B(H) such that 373 + 41 = 272, then o(T)
must be a finite set.

(c) If H is a complex Hilbert space and T' € B(H) such that r,(T)) = ||T||, then it is
necessary that ||T"| = ||T||™ for all n € N.

(d) If H is a complex Hilbert space and if T € B(H) is selfadjoint, then I + ¢T must be
invertible in B(H).
(e) If H is an infinite-dimensional complex Hilbert space and T' € B(H) such that T? is
compact, then it is necessary that 0 € o(T).
(f) If X is a nonzero Banach space over C and T € By(X), then it is necessary that
o(T) = o4p(T).
(g) There does not exist any nonzero proper reducing subspace in the Hilbert space C? for
T € B(C?), where T(z,y) = (y,0) for all (z,y) € C2.
(h) If H is an infinite-dimensional separable Hilbert space over C and T' € B(H) is normal,
then o, (7") must be countable.
(i) If H is a complex Hilbert space and T' € By(H) such that I + 7 is one-to-one, then I +T
must be invertible in B(H).
Model computations and first spectral tests.
Let X be a Banach space and let T' € B(X) such that ||7™| < 1 for some m € N. Show that
I — T is invertible in B(X) and that (I —T)~! = §0 T".
n=

n

Let X be a Banach space and T' € B(X). Prove that exp(T) = > 72, % is invertible and
o(expT) = exp(a(T)).

Let X be a nonzero Banach space over C and let T' € B(X). If E is the set of all eigenvectors
of T and if EY # (), then show that there exists A € C such that 7" = \I.

Let S be the left shift operator on ¢2. Show that there does not exist any T' € B(¢?) such
that T2 = S.

Let R be the right shift operator on 2. Prove that

(a) resolvent set p(R) ={A e C: |\ > 1},

(b) point spectrum o,(R) = 0,

(c) continuous spectrum o.(R) ={A € C: |\ =1},

(d) residual spectrum o,.(R) ={A € C: || < 1}.
Let T : (C[0,1], ||lloc) = (C[0,1],|.lsc) be a linear map defined by T'f(¢) = f (%) . Find the
spectral radius of 7" and show that 0 € o(T'). Is T' compact?

Let T : L%[0,1] — L?[0,1] be a linear map defined by T'(f)(z) = ff(t)dt. Show that spectral
radius (7)) = 0 and 0 € o.(7T), continuous spectrum. ’

Let g € C[0,1] and T : L?[0,1] — L?[0, 1] be a linear map defined by T'(f)(t) = g(¢)f(t). Find
the spectrum o(7") and deduce that T is not compact.

Let T : £2(Z) — (*(Z). For x = (x1,)>, € (*(Z), define T(z) = (w5_1)>,, (right shift operator).
Show that
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

(a) the point spectrum o,(T) = 0,

(b) Im(X —T) = £%(Z) if |\| # 1,

(c) spectrum o(T) ={A: |\ =1}.

Let T : /2(N) — ¢%(N). For = € (?(N), define T'(x) = (2, x3,...). Prove that
p(T)={reC: |\ >1}.

o.(T)={AeC: |\ =1}.

op(T)={AeC: |\ <1}

) or(T) = 0.

Let g be a continuous and bounded function on R. Let T': L?(R) — L%(R) be linear map
defined by T'(f)(t) = g(t) f(t). Show that T" is bounded and spectrum o(7") = {g(z) : = € R}.

Let P be an orthogonal projection on a Hilbert space H. Show that o(P) = 0,(P) = {0,1}.
Further, derive that the resolvent function for P is given by Rp(\) = (A[—P)~! = §+ﬁP.

(a)
(b)
()
(d

A bounded linear operator T on a separable Hilbert space H is called Hilbert-Schmidt
operator if there exists an orthonormal basis {e,, : n € N} such that 3" ||Te,||* < co. Write
IT|iws. = (X | Ten)|?)"”? . Show that

(a) T is a compact operator.

(b) [T llrs. = 1T llrs.

(¢) Hilbert-Schmidt norm is independent of choice of orthonormal basis.

Let y € C(]0,1],R) and let T : (C([0,1],R), || - |loo) — (C([0,1],R),|| - |lcc) be defined by
Tx(t) = x(t)y(t) for all ¢t € [0,1]. Determine o (7).

Resolvent identities and abstract spectral structure.

If X is a complex Banach space and if T' € B(X) such that 7" = 0 for some n € N, then show
that o(T") = {0}.

If X is a complex Banach space and if T' € B(X) is invertible in B(X), then show that
(T H)={\1t:xea(D)}.

If X is a complex Banach space and if T', S € B(X), then show that o(7'S)U{0} = o(ST)U{0},
although it is not necessary that o(7'S) = o(ST).

Let X be a nonzero Banach space over C and let T, S € B(X). If T is invertible in B(X),
then show that o(T'S) = o(ST).

Let T : (6%, - [loo) = (¢, * |loo) be defined by T'((z,)) = (x2,x3,...) for all (x,) € £*.
Determine 0,(T), 0.(T) and o,(T).

Let T : /2 — £? be defined by T'((x,)) = (onn) for all (z,,) € £2. Determine o(T), o,(T),
0e(T), 0p(T), 04p(T) and oep(T).

Let T((zy)) = (0,21, %,%,...) and S((zn)) = (x2,%,%,...) for all (z,) € (2. Prove the
following;:

(a) T,S € By(¢?).

(b) o(T) = {0}, 0p(T) = 0 and o(5) = op(5) = {0}.

(c) Ran(T) # ¢% and Ran(S) = (2.
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23.

24.

25.

26.

27.

28.

29.

30.

31.
32.

33.

34.

35.

36.
37.
38.

39.

40.

41.

Let H be a complex Hilbert space and let T' € B(H) such that [(Tz,z)| > (z,z) for all z € H.
Show that 0 & o (7).

Let H be a nonzero Hilbert space over C and let T' € B(H). Show that

o(T*) = 0ap(T*)U{N: X € 04p(T)}.

Let H be a complex Hilbert space and let T' € B(H). Show that {A\" : X\ € 04p(T)} C 0gp(T")
for all n € N.

If X is a complex Banach space and if 7' € B(X), then show that o4,(T) is a compact subset
of C.

Let X be a nonzero Banach space over C. If (T},) is a sequence in G(X) such that

7, 1 7 e B(X)\ G(X), then show that 0 € (7).

If X is a complex Banach space and if 7" € B(X), then show that 0o (1) C 04p,(T).
Hilbert-space spectral geometry and normal operators.

Let H be a complex Hilbert space and y,z € H. If Te = (z,y)z for all z € H, then show
that o(T) = {0, (z,9)}.

If H is a complex Hilbert space and if T € B(H) is normal, then show that o,.(T) = 0,
Oap(T) = o(T) and r,(T) = ||T].

If H is a complex Hilbert space and T' € B(H), then show that o,.(T)) C {A € C: |A| < ||T||}.

Let H be a complex Hilbert space and let 7' € B(H). If there is no nonzero proper invariant
subspace in H under T, then show that o(T) = o.(T).

Let X be a complex Banach space and let T'( 0,1) € B(X) such that 72 = T. Show that
o(T) = o0,(T) ={0,1}.

Let H be a complex Hilbert space and let T'(# —1, 1) € B(H) such that T2 = I. Show that
o(T)={-1,1}.

Let X be a complex Banach space and let T, T, € B(X) for all n € N such that T,, — 7. If
An € 0(T},) for all n € N and if A, = A € C, then show that A € o(T).

If H is a complex Hilbert space and if T' € B(H), then show that o.(T*) = {\: X € 0.(T)}.
If H is a non-separable Hilbert space and if T' € By(H), then show that 0 € o,,(T).

Let K be a nonempty compact subset of C. Show that there exists T € B((¢2,] - ||2)) such
that o(T) = K.

Let H be a complex Hilbert space. If T € B(H) and A € W(T) such that |A\| = ||T||, then

show that A € o,(T).

Let H be an infinite-dimensional Hilbert space over C and let 7' € B(H). If T" Wot, 0, then

show that 0,(T) C {A € C: |A\| < 1}.

Let H be a complex Hilbert space. If T' € B(H) is normal and o(7") = {0, 1}, then show that
T2 =T.
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