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Index of Notation

P(X) Power set of a set X.

a(A) o-algebra generated by a family A C P(X).

B(R) Borel o-algebra on R.

XE or 1g Indicator function of a set E.

m* Outer measure (typically Lebesgue outer measure on R).

m Lebesgue measure (restriction of m* to Lebesgue measurable sets).

(X, %, 1) A measure space: ¥ a o-algebra on X, 1 a measure on X.

EAF Symmetric difference: (E\ F) U (F \ E).

14 Preimage {z € X : f(z) € A}.

1| £l oo Essential supremum norm: || f||eo = inf{M : |f| < M a.e.}.

LP(X, p) Lebesgue space of measurable functions with [ |f|P du < oo (modulo equality
a.e.).

£l 17 nowms | fll, = (J 1£1P dp)/? for 1 < p < oo,

a.e. Almost everywhere (outside a p-null set).

ess sup Essential supremum.

iv



Introduction

These lecture notes present a self-contained development of measure and integration theory,
with Lebesgue measure as the guiding example and general measure spaces as the natural
setting. Along the way we emphasize the structural principles that make the theory powerful:
countable additivity, approximation by simple objects, and stability under limits. The final
chapters treat three indispensable extensions of the basic theory: signed measures and the
Radon—Nikodym theorem, product measures and the Tonelli-Fubini machinery, and regular

Borel measures with the Riesz representation theorem.

Motivation: from Riemann to Lebesgue. The idea of measuring physical quantities (such as
length, area, and volume) for geometric objects is classically approached via Riemann integration.
However, there are sets and functions whose “size” or accumulated value cannot be captured
by the Riemann method—most notably, when the relevant objects are highly discontinuous or
unbounded. This limitation calls for a strengthened framework.

Lebesgue’s viewpoint (building on contributions of Borel, Baire, Vitali, and others) is to
measure sets by decomposing them into countably many elementary pieces, with the intuition
that one may “recollect” these pieces without quantitative alteration. The elementary pieces
are chosen to be nearly open (or nearly closed) sets, and the sets that can be assembled in
this way form the class of measurable sets. Lebesgue’s program also reveals the existence of
sets whose irregularity is too severe to admit any consistent notion of size; such sets are called
non-measurable.

A parallel generalization occurs for integration. For regions bounded by sufficiently regular
curves, classical methods reduce area computations to Riemann integrals. When the boundary
becomes too irregular to be parametrized by finitely many “almost continuous” functions, one
must enlarge the class of admissible parametrizations. This leads naturally to measurable
functions, which may be viewed as nearly continuous maps (continuous outside sets of arbitrarily
small measure). The corresponding method of computing physical quantities is the Lebesgue
integral, built by approximation with simple functions and distinguished by its excellent limit

theorems.

Course scope and organization. These notes develop the foundations of Lebesgue measure

and integration, starting from outer measure and Carathéodory measurability and culminating
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in differentiation of integrals, Radon—Nikodym theory, product measures, and representation

theorems. The exposition is written with the syllabus in mind, but it is also intended to serve

as a coherent reference: each chapter begins with a short abstract, and proofs are organized to

make the logical dependencies transparent.

Roadmap.

Unit I.

Unit II.

Unit III.

Unit IV.

Unit V.

Unit VI.

Unit VII.

Unit VIII.

Unit IX.

Lebesgue outer measure, measurable sets, and Lebesgue measure. Construction

of Lebesgue outer measure; Carathéodory measurability; the induced complete measure.

Algebras and o-algebras; Borel sets; Carathéodory construction. Set systems, gen-
erated o-algebras, Borel g-algebra; outer measures and measures; extension of premeasures

and completion.

Measurable functions; Lusin and Egoroff theorems. Equivalent criteria for mea-
surability; simple functions; approximation and almost-everywhere notions; quantitative

approximation by continuity and uniform convergence.

Lebesgue integration and convergence theorems. Integral of nonnegative measur-
able functions; extension to integrable functions; monotone convergence, Fatou’s lemma,

dominated convergence, and consequences.

LP-spaces. The spaces LP(X, X, u); Holder and Minkowski inequalities; completeness;

basic functional-analytic features.

Signed measures and the Radon—Nikodym theorem. Hahn and Jordan decomposi-
tions; total variation; absolute continuity and singularity; Radon—-Nikodym derivatives;

Lebesgue decomposition; duality of L?.

Product measures; Tonelli and Fubini. Product o-algebra and product measure;

iterated integration; measurability issues.

Absolute continuity and the Lebesgue fundamental theorem of calculus. Ab-
solute continuity; differentiation of indefinite integrals; recovery from derivatives almost

everywhere.

Regular Borel measures and the Riesz representation theorem. Regularity on
compact metric spaces; Urysohn functions; representation of positive linear functionals by

measures.

vi



Chapter 1

Real analysis preliminaries

Measure theory repeatedly appeals to a small collection of principles from real analysis: order
completeness, approximation by countable constructions, and the elementary topology of R.
This chapter records the conventions and tools that will be used throughout the notes, so that
later arguments (for example, those involving countable coverings, limiting procedures, and

regularity) can be written efficiently and without ambiguity.

1.1 Completeness of R and bounds

Recall that the set of rational numbers is:
b
Q:{q:p,qGZ, q#O}-

The real line R strictly contains Q. For instance, /2 ¢ Q.

Proposition 1.1. /2 is irrational; that is, \/2 ¢ Q.

Proof. Assume /2 = p/q with integers p, ¢ that are coprime and ¢ # 0. Then p? = 2¢2,
hence p? is even and therefore p is even. Write p = 2m. Substituting gives 4m? = 2¢?, so

q®> = 2m? and q is even as well, contradicting ged(p, q) = 1.
L]

Definition 1.2 (Upper and lower bounds). Let A C R. A number M € R is an upper bound of
Aif a < M for every a € A. A number m € R is a lower bound of A if m < a for every a € A.

Definition 1.3 (Supremum and infimum). Assume A C R is nonempty.

(i) The supremum of A, denoted sup A, is the least upper bound of A; that is, sup A is an
upper bound and sup A < M for every upper bound M of A.

(ii) The infimum of A, denoted inf A, is the greatest lower bound of A; that is, inf A is a lower

bound and m < inf A for every lower bound m of A.
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Example 1.4. If A = {1 — % 'n € N}, then inf A = 0 and sup A = 1. Note that sup A ¢ A.

Theorem 1.5 (Completeness axiom of R). Fvery nonempty subset A C R that is bounded above
has a supremum in R. Equivalently, every nonempty subset that is bounded below has an infimum
in R.
We adopt the standard conventions:
sup @ = —o0, inf @ = oo,
and we write sup A = oo if A is not bounded above, and inf A = —oc0 if A is not bounded below.

Proposition 1.6 (Monotonicity). If A C B C R, then inf A > inf B and sup A < sup B.

1.2 Archimedean property and density

Theorem 1.7 (Archimedean property). If x >0 and y € R, then there existsn € N such that
nx > y.

Proof. Assume, towards a contradiction, that nx < y for every n € N. Then y is an upper
bound of S = {nz : n € N}. Let @ =sup S. Since z > 0, we have a — x < «, hence oo — x
cannot be an upper bound of S. Therefore there exists n € N with nx > a — z, which
implies (n + 1)z > «, contradicting that « is an upper bound of S.

O

Corollary 1.8 (Density of Q and R\ Q). Between any two distinct real numbers there exists

both a rational and an irrational number.

Proof. Let © < y. By the Archimedean property, choose n € N such that n(y —x) > 1. Then
there exists m € Z with nz < m < ny. Dividing by n yields z < % <y, and > € Q. For the
existence of an irrational in (z,y), apply the rational-density statement to (v/v/2, y/v/2)
and multiply the resulting rational by v/2.

O

Example 1.9. Let A= {r € Q:r >0, r2 < 2}. Then sup A = /2 ¢ Q, illustrating that Q is

not complete.

Example 1.10. Set A = {mgﬂrl :m,n € N}. Then inf A = 0 and sup A = 1. Indeed, 0 <

. : 1
T S gt < 1, s0 0 is a lower bound and 1 is an upper bound. Moreover, -5 € A (take

m =1) and 5 € A (take n = 1), so elements of A can be made arbitrarily close to 0 and to 1,

respectively.

Proposition 1.11 (Approximation of inf and sup). Let A C R be nonempty and bounded below,
and set o = inf A. Then for every € > 0 there exists a € A such that a < o + . Similarly, if A
s bounded above and 3 = sup A, then for every € > 0 there exists b € A such that b > [ — ¢.
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Proof. If a > a4 € for every a € A, then o + ¢ would be a lower bound of A, contradicting

the definition of c. The supremum statement is analogous.
O

1.3 Sequences, limits, and subsequences

A sequence is a function a : N — R (or C), written a,, = a(n). We say a,, — £ as n — oo if for
every € > 0 there exists N € N such that n > N implies |a, — ¢| < €.

1

Example 1.12. The sequence a,, = ; converges to 0. Indeed, given ¢ > 0, choose N > %; then

nZNimplies|an—0\:%§%<s.

Definition 1.13 (Subsequence). If n; < ng < --- is a strictly increasing sequence of integers,

then (an, )ren is called a subsequence of (an)nen.

1.4 Monotone sequences, nested intervals, and compactness

Proposition 1.14 (Monotone convergence). If (x,) is increasing and bounded above, then (x,)
converges and lim,_,oc Tn, = sup{x, : n € N}. Similarly, if (zy) is decreasing and bounded below,

then (x,,) converges and its limit equals the infimum of its range.

Proof. Let a = sup{z,, : n € N}. Given € > 0, by the approximation property of the
supremum there exists ng such that z,, > o — . Since the sequence is increasing, n >
no implies x,, > zp, > a — ¢, while always z,, < a. Hence |z,, — a| < ¢ for all n > ng.

O

Theorem 1.15 (Nested interval theorem). Let I,, = [an, by] be closed intervals with I, 41 C I,

for all n, and assume limy,_oo(by, — an) = 0. Then (2, I, consists of exactly one point.

Proof. The sequence (a,) is increasing and bounded above by b;, hence a,, — a. Similarly
(bn) is decreasing and bounded below by aj, hence b, — b. Passing to the limit gives
b—a = lim(b, —ay,) =0, so a = b. Since a, < a < b, for all n, we have a € N, [,. If
x €, In, then a, <z <, for all n, hence x = a after letting n — oo.

O

Theorem 1.16 (Bolzano—Weierstrass). FEvery bounded sequence in R has a convergent subse-

quence.

Proof. Let (z,,) C [a,b]. Bisect I} = [a,b] into two closed subintervals and choose I C Ij
that contains infinitely many terms of (z,). Continuing inductively, obtain nested closed

2k—1

intervals I with lengths by — ap = (b — a)/ — 0, each containing infinitely many

Zn. Choose ny, strictly increasing such that z,, € I;. By the nested interval theorem,
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Nk I = {x} for some x € R. Given € > 0, choose k such that I C (x —e,2 +¢). Then
J > kimplies z,,; € I; C I, C (z — &,z +¢), 80 Ty, — T.

O
1.5 Limit superior and limit inferior
For a real sequence (), define:
hglj;p Ty = kl;rgo sup{z, : n > k}, hnrglorolf Ty = khﬁrgo inf{z, : n > k}.
One always has liminf z,, < limsupz,. Moreover, (x,) converges if and only if liminf z, =
lim sup z,,, in which case both equal lim x,,.
Example 1.17. For z,, = (—1)", we have liminf z,, = —1 and limsup z,, = 1, so the sequence

does not converge.

Example 1.18. If X,, = (2,,,y,) € R? is bounded, then (z,) and (y,) are bounded real sequences.
By Bolzano-Weierstrass, there exist subsequences x,, — x and Yni, = Y yielding a subsequence
X, — (7,y) in R2

nkz

1.6 Elementary topology of R
A set U C R is open if for every x € U there exists 6 > 0 such that (z — 6,2+ 3J) C U. A set
F C Ris closed if R\ F' is open.

Definition 1.19 (Closure). For A C R, the closure A is the set of points x € R such that every
open interval containing x intersects A. Equivalently, x € A if and only if there exists a sequence
(an) C A with a,, — .

Proposition 1.20. The set A is closed, contains A, and is the smallest closed subset of R that

contains A.

Open Sets in R:
A countable union of open intervals is an open set. On the other hand, any open set in R

can be written as a countable union of disjoint open intervals.

Theorem 1.21 (Decomposition of open sets in R). Let O C R be open. Then there exists a

countable family of pairwise disjoint open intervals {Ip}n>1 such that:
o)
0= I.
n=1

Moreover, this representation is unique up to a permutation of the intervals.
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Proof. Fix x € O. Since O is open, there exists an open interval (a,b) with = € (a,b) C O.

Define the maximal interval contained in O and containing x by:
ag :=inf{a € R : (a,2] C O}, by :=sup{beR: [z,b) C O},
and set I := (ay,by).

Step 1: I, C O. Let z € (agz,b;). Choose n > 0 so small that a, + 7 < z < b, — 1. By
definition of the infimum, there exists a < a, + 7 with (a,z] C O, hence (a; + n,z] C O.
Similarly, by definition of the supremum there exists b > b, — n with [z,b) C O, hence
[€,by; —n) C O. Therefore (az +n,b; —n) C O, and in particular z € O.

Step 2: maximality and disjointness. By construction, I, is an open interval with x € I, C O,
and it is maximal with respect to these properties. If z,y € O and I, N I, # @, then I, U I,
is an open interval contained in O that contains x. Maximality forces I, C I, and by
symmetry I, C I, hence I, = I,. Consequently, the family {I, : € O} consists of pairwise
disjoint open intervals, and:

0= J L.

z€0
Step 3: countability. Each nonempty open interval contains a rational number. Choose
¢ € I, N Q. If I, # I, then I, NI, = &, so q; # qy. Thus the map I, — ¢, is injective
into @, and therefore the collection {I, : x € O} is countable. Renaming these intervals as

{I,}n>1 gives the desired representation.

Step 4: uniqueness. Suppose:
o0 o0
O=J L= Jm
n=1 m=1
where {I,,} and {J,,,} are pairwise disjoint families of open intervals. Fix n. Since I,, C O,
we have:
o0
ILi=1,n0= | (I.NJn).
m=1
The sets I,, N J,, are pairwise disjoint, and each is (possibly empty) open in R. Since I, is a
connected open set (an interval), only one of these intersections can be nonempty; hence
I, C Jp, for some my. By the same argument with the roles reversed, J,,, C I, and

therefore I,, = J,,. This proves uniqueness up to a permutation.
O



Chapter 2

Measures and measurable sets

The inadequacy of the Riemann integral for highly oscillatory or discontinuous functions
motivates the measure-theoretic approach. This chapter constructs Lebesgue outer measure
and uses Carathéodory’s criterion to single out the class of measurable sets, thereby producing
Lebesgue measure as a complete, countably additive, translation-invariant measure on R. We
develop the basic calculus of outer measure and measurable sets (monotonicity, countable
subadditivity, continuity from above/below), and we work through canonical examples that
tlluminate the theory, including the Cantor set and the phenomenon of non-measurable sets.
The emphasis is on the structural viewpoint: measurability is characterized by how sets interact

with all other sets, and measure is built to be compatible with countable limiting operations.

2.1 Limitations of Riemann integration

The Riemann integral is well suited to bounded functions on compact intervals whose oscillation
is sufficiently controlled. However, several natural examples fall outside that framework or
are handled only indirectly as improper integrals. This is one of the main motivations for the

Lebesgue theory.

Example 2.1 (A highly discontinuous bounded function). Define the Dirichlet function on [0, 1]
by

1, z€][0,1]\Q,
0, ze[0,1NQ.

flz) =
Every subinterval of [0, 1] contains both rational and irrational points. Hence for every partition
P of [0,1] we have
L(P.f)=0, UPf) =1

Therefore f is not Riemann integrable.
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Example 2.2 (An unbounded function on a finite interval). The function h(t) = t~'/2 is not
bounded on (0, 1], so it is not Riemann integrable on [0, 1] in the classical sense. Nevertheless,
its improper integral exists and
L dt Loat 1
— = lim — = lim 2(1——) =2.
0 \/i n— 00 1/n\/z n—00 ( \/ﬁ>
This suggests that one should have a theory that can integrate nonnegative functions by approxi-

mation from below, without first requiring boundedness.

Example 2.3 (An integral over an unbounded interval). Similarly,

oo dt ) noodt . 1 7T
/ := lim = lim tan™ " (n) = —.
o 1+ 12 n—oo Jg 14 2 n—0o00 2

Again, the natural domain is not compact, but the limiting value exists.

Remark 2.4. Lebesgue’s idea is to reverse the order of approximation used in the Riemann theory.
Instead of partitioning the domain into small intervals and controlling oscillation on each piece,
one first measures the size of the level sets of the function. This requires a satisfactory notion of

length for very general subsets of R, which leads to outer measure.

2.2 Lebesgue Outer Measure

For any bounded interval I with endpoints a < b, we write ¢(I) = b — a, regardless of whether

the interval is open, closed, or half-open. If I is unbounded, we set ¢(I) = oc.

Definition 2.5 (Lebesgue outer measure). For a set A C R, the Lebesgue outer measure of A is
defined by

m*(A) := inf {Z UI,): AC U I, I, open intervals} .
n=1

n=1

If A =10, the empty covering shows that m*(0)) = 0.

Remark 2.6. The restriction to open intervals is not essential. One obtains the same quantity if

one allows arbitrary intervals, or even only bounded open intervals when covering bounded sets.

Lemma 2.7 (Finite interval-covering lemma). If a compact interval [a,b] is covered by finitely

many open intervals Ji, ..., Jn, then
N
b—a <> ().
k=1

Proof. We argue by induction on N.

For N =1, if [a,b] C Jy, then £(J;) > b —a.

Assume the statement true for N — 1 intervals and suppose [a,b] C Uh_; Jr. Reorder the
intervals so that a € Jy. Since Jj is open and contains a, there exists ¢ > a such that [a,c] C J;.

If b < ¢, then [a,b] C J; and we are done. Otherwise [c,b] is covered by the remaining intervals
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together with J; N (¢, b); equivalently, there exists d € (¢, b] such that [c, d] is covered by some
subfamily of Js, ..., Jy and d is maximal with this property. By induction applied to [c,b], we

obtain

N
b—c< Y (Jp).
k=2

Since also ¢ — a < ¢(J1), adding gives

N
b—a:(c—a)—l—(b—c)gZK(Jk).
k=1

2.3 Properties of the outer measure

Proposition 2.8 (Basic properties of m*). For arbitrary sets A, B, A1, Aa, -+ C R the following
hold:

(i) If A C B, then m*(A) < m*(B).

(i1) m* is countably subadditive:
m*(U An> < Zm*(An
n=1 n=1

(iii) m* is translation invariant: for every x € R,

m*(A+x) =m*(A), A+z:={a+z:a€ A}

Proof. (i) Every cover of B is also a cover of A, so taking infima gives m*(A) < m*(B).

(ii) Fix € > 0. For each n, choose open intervals {I,, ;. }x>1 covering A,, such that

3

ZE nk <m A) 2n

Then {I,,  : n,k € N} covers ,, Ay, and therefore

m*(f:len) S5 U Z m*(An) + e

n=1k=1 =1
Letting € | 0 yields the claim.
(iii) If A C U,, In, then A+ 2 C U, (I, + z) and ¢(I,, + x) = ¢(I,) for every n. Hence
m*(A+ x) <m*(A). Replacing A by A+ x and z by —z gives the reverse inequality. O

Example 2.9 (Countable sets have outer measure zero). If A = {aj,as,...} is countable, then

for every € > 0 the intervals

I, = (an — %, an + 2n€+1)

8
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cover A and satisfy >, ¢(I,) = €. Hence m*(A) = 0. In particular,
m*(Q) = 0.

Example 2.10 (The irrationals have infinite outer measure). We have m*(R \ Q) = co. Indeed,
if m*(R\ Q) < oo, then by countable subadditivity,

m*(R) <m*(Q) + m"(R\ Q) < oo,

which is impossible because [-N, N] C R and later we shall prove m*([—N, N]) = 2N for every
N eN.

Proposition 2.11 (Approximation from outside by open sets). For every A C R,
m*(A) = inf{m*(0) : A C O, O open}.
In particular, if m*(A) < oo, then for every e > 0 there exists an open set O D A such that
m*(0) < m*(A) +e.

Proof. If m*(A) = oo, then the statement is immediate from monotonicity. Assume m*(A4) < co

and fix € > 0. Choose open intervals I, covering A with
i (1,) <m*(A) +e.
n=1
Let O :=J,, I.. Then O is open, A C O, and by countable subadditivity,
m*(0) < i (1,) <m*(A) +e.
n=1

Since always m*(A) < m*(O) when A C O, taking the infimum over open supersets O gives the
result. O

Corollary 2.12 (Gs hull). For every set A C R there exists a Gs set G D A such that

Proof. If m*(A) = oo, take G = R. Otherwise, for each n € N choose an open set O,, D A with
m*(On) < m*(A) + %
Set G := (1721 Op. Then G is a G set containing A. By monotonicity,
m*(A) < m*(Q) < m*(On) < m*(A) + % (neN),

so m*(G) = m*(A). O
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2.4 Outer measure of intervals

Theorem 2.13 (Outer measure of an interval). Let I C R be an interval. Then m*(I) = ¢(I).

Proof. We first prove the statement for a compact interval [a, b].
The inequality m*([a,b]) < b — a is immediate, since [a,b] C (a —€,b+ ¢) for every £ > 0,
and therefore

m*([a,b]) <b—a+ 2e.
Letting € | 0 gives m*([a,b]) < b — a.

For the reverse inequality, let [a,b] C U5~ I, with each I,, open. By compactness, a finite

subfamily already covers [a, b]. Hence, by Lemma 2.7,

b—a< sz(fnk) < iz(fn).
k=1

n=1
Taking the infimum over all covers yields b — a < m*([a, b]). Thus m*([a,b]) = b — a.
Now let I = (a,b). For every € > 0,

[a+e,b—¢] C(a,b) C(a—e,b+e),
so by monotonicity and the already proved compact-interval case,
b—a—2e<m"((a,b)) <b—a+2e.

Letting € | 0 gives m*((a,b)) = b — a.

The same squeezing argument gives
m*([a,b)) = m*((a,b]) = b—a.

Finally, if I is unbounded, then for every N > 0 it contains a bounded subinterval of length at
least N; by monotonicity, m*(I) > N for all N, hence m*(I) = oo = ¢(I). O

Proposition 2.14 (Open sets and sums of interval lengths). Let O C R be open, and write it as

a pairwise disjoint union of open intervals:

0= I.

fe

Then
m*(0) = Z (1).
n=1

Proof. By countable subadditivity and the theorem above,

m*(0) <> m*(In) = > U(I).
n=1 n=1

10



MAS550: Measure Theory 2. Measures and measurable sets

For the reverse inequality, fix N € N and € > 0. Write I,, = (ap,b,) for 1 <n < N, and define
N € €
Kne = U [an+ BYESE bn, — BYES)

n=1

For € sufficiently small, each interval in the union is nonempty, Ky . is compact, and Ky, C O.
Therefore every open cover of O is also an open cover of Ky .. Since Ky is a finite union of
pairwise disjoint compact intervals, repeated use of Lemma 2.7 yields

N

* * 3
m*(0) > m*(Kys) = 3 <£(1n) - 2n> .
n=1
Letting € | 0 gives
N
m*(0) > ZE(In).
n=1
Now let N — oo to obtain
m*(0) > > " U(1,).
n=1
Combining the two inequalities proves the result. ]

Corollary 2.15 (Compact approximation of bounded open sets). If G C R is open and bounded,
then for every € > 0 there exists a compact set K C G such that

m*"(G\ K) < e.
Fquivalently,
m*(K) >m*(G) —e.

Proof. Write G = ;2 (an, by,), so that

m*(G) = Z(bn —ap) < o00.

n=1

Choose N such that
€
b, — an, —.
S (o) < 5

n>N
Now choose §,, > 0 for 1 <n < N so that
N €
> 26, < 3
n=1
and define

N
K = U [an + Ony by, — On).

n=1

11
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Then K is compact and K C G. Moreover,

N
G\ K C | ((an,an + 0) U (b = 60,00)) U | (an,bn)

n=1 n>N

Hence,

m*(G\ K) < 225 +Z n — Qn)

n>N

O]

Remark 2.16. We have now seen that intervals and open sets behave additively with respect to

outer measure. The next question is to characterize those sets £ C R for which the decomposition
m*(A) =m"(ANE)+m"(A\ E)

holds for every set A C R. This is exactly the content of Carathéodory’s criterion for measurability.

2.5 Carathéodorys criterion for measurability

Let E € M and E is bounded. Then E C (a,b) for some a < b.

Notice that, in this case, we have:
m*((a,b)) = m*(E) +m*((a,b) \ E)
Let I = (a,b). Then:
(x) m*(I)=m"(INE)+m*(I\E)

We will soon see that I can be replaced by any subset A C R. Thus, it is an interesting question
to see that if (x) holds for a given set E C R, does it imply F is Lebesgue measurable?
See Figure 2.1.

Figure 2.1: Carathéodory’s criterion partitions A into AN E and A\ E and requires additivity of m*
across this partition.

12
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Theorem 2.17. E € M if and only if for all A C R,
m*(A) =m*"(ANE)+m"(A\ E). (2.1)
(Carathéodory’s Criterion)
Proof. Since A= (ANE)U(A\ E), for proving (2.8), it is enough to prove:
m*(A) >m*"(ANE)+m*"(A\ E).

Now, suppose E € M. If m*(A) = oo, then (2.8) is true. Let m*(A) < oo. Then there exists
a set G O F such that m*(A) = m*(G) < 0.

Therefore,
m (ANE)+m*(A\E) <m*"(ANE)U(A\E))+m*(G\ E)

Since G = (ANE)U(G\E)and G\ E, A\ E € M,

It follows that:
m* (ANE)+m*(A\ E) <m*(Gy) =m*(A)
Conversely, suppose that (2.8) holds for each A C R. Claim: E € M.

Firstly, let m*(E) < oo. Then there exists Gi-set G O E such that m*(G1) = m*(E).
Since (2.8) is true for all A C R, take A = G, then:

m*(Gh) = m*(G1 N E) + m*(G1 \ B) = m*(E) +m*(Gy \ E)

Thus m*(G1 \ E) = 0 (since m*(G1) = m*(EF) < o0). Hence G1 \ E € M. Thus, E =
(;1\<(;1\AED e M.

If m*(E) = oo, then we can decompose:

E=JEnnn+1])= ] Ex
nez ne’

To prove E € M, we need to prove that if £} and Fj satisfy Carathéodory’s criterion (2.8),
then Ey N Ey will also satisfy (2.8).

From the bounded case (n,n + 1 € M if and only if (n,n + 1] satisfies (2.8). (Notice this.))

Hence, each E,, = EN(n,n+ 1] satisfies (1). Thus, by the bounded case, E,, € M. Therefore,
E=E, € M (: M is closed under countable unions).

Lemma: If By and Es satisfy (1), then Ey N Es, (Ey U Es), EX, etc., will satisfy (1).
Proof:
m*(A) =m* (AN Ey) +m*(A\ E1) (2.2)

13
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m*(A) =m* (AN Ey) + m*(A\ E2) (2.3)
By replacing A +— AN Ey, A A\ E3 and using them in (2.2), implies:

m*(A) > m*(AN (B N Es)) + m* (AN Ey \ Es) +m*(A\ Ey N Es) +m*(A\ (Ey U Es))

> m* (AN (E1 0 B)) +m* {AN [(E1AE:) U (Er U Ey)]}
Since F1 U By = (E4AFE2) U (Ey N Ey),
m*(A) > m*(A n (El N EQ)) + m*(A N (E1 M EQ)C)

Hence, Ey N Es satisfies (1). As E satisfies (1), so does E°.

(E1U E2)¢ = E{N ES
etc. will give the other conclusions.
Corollary: If {E;} satisfies (1), then so is |J E;.
(Aim: Let E = |J E;, then E € M implies E satisfies (1).)
In fact, (1) is equivalent to saying that:
m*(I)=m*(INE)+m*(I\ E) (2.4)
holds for each bounded open interval I C R.

First, let m*(A) = 0. Then (2.4) is true for A instead of I. Now, consider A = 0 and
m*(0) < oo. Then:

0=>"1, andb, — ay < a1+ 5
n

Hence, 0 € M and satisfies (2.4) in place of I.

Finally, let m*(A) < co. Then, there exists a Gg-set G D A such that m*(G1) = m*(A),

where:
G= ﬂOn, O,, open in R
Since (2.4) is true for each O, impliesnG =N0, € M.
implies (2.4) holds for G. Thus,
m*(A) =m*(G1) =m*(GNE)+m*(G\E)>m*(ANE)+m*"(A\ E)

Notice that once again we come to a conclusion that measurability of E is equivalent to

test-measurability of each section of E by bounded intervals.

This will give way to generalize m* to an abstract set rather than real line.

14
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Observation:
Let function m* : P(R) — [0, oo], such that.

1.m*(&) = 0 (definiteness).

2.m*(A) <m*(B), if A C B C R (monotone).

3om* (U2 Ai) < X272, m*(A;) (countable subadditivity).
Notice that (i) can be replaced by any set £ € M with m(E) < co. To see this, we have:

E = EU @ implies m(E) = m(E) + m(2) implies m(2) = 0.
(ii) is followed by (iii). Let B = (B \ A) U A,
m*(B) <m*((B\ A) +m*(A)), f A,Be M

ie,if m: M —[0,00] (: m =m*|p), then (ii) can be merged with countable additivity.
Outer Measures!

Let X be a non-empty set. A set function p* : P(X) — [0, 00] is said to be an outer measure
on X if.

(i)p* (@) = 0 (definiteness property)

1.
(ip*(A) <up*(B),if ACBCX. (monotone property).
(i) p* U2y Ai) < D052 ' (A;), for any sequence of sets A; in P(X). (countable
subadditivity).

O

Example 2.18.

is an outer measure on X.

Example 2.19.

is an outer measure on X.

Example 2.20. Let X be an infinite set. Then,

. 0 if A is a finite set
p(A) =
1 if A is not a finite set

15
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does not define an outer measure on X as p* fails to be countably subadditive. If {A4; : i € I} is

a disjoint family of finite non-empty subsets in X, then:
w* (U Ai> =1 but 0= Z,u*(Ai).
icl i€l
This leads to separating out those sets which satisfy:
o (Ua) = 2w
iel i€l

Definition 2.21. A set £ C X is said to be p*-measurable (or Carathéodory measurable) if

(A =p (ANE)+pu (ANE®), forall ACX.
By countable subadditivity of p*, the inequality

W (A) < (AN B) + (AN E9)

always holds. Thus it is enough to verify

w(A) > u (ANE)+pu (AN ES), foral AC X. (2.5)

Since (2.5) is symmetric in F and E*, it follows that if F is measurable, then so is E°.
Let M~ denote the class of all /*-measurable subsets of X. Clearly 0, X € M.
If u*(E) =0, then for every A C X we have u*(AN E) =0, and hence

pr(A) = p (AN ES) = p" (AN E) + p (AN E").

Therefore & € M+ In particular, every subset of a *-null measurable set is again measurable,

so the restricted measure

=1y
will be complete.
It remains to verify that M, is closed under countable unions and that p is countably
additive on M. For finite unions, let Ey, Fs € M~ and A C X. Applying the measurability
of E; to A, and then the measurability of Ey to AN EY, we obtain

pr(A) = p (AN Ey) + p* (AN EY)
= (ANE) 4+ p" (AN E{N Ey) + p* (AN Ef N ES).
Since
AN(E1UEy)) =(ANE))U(ANE{NEy)
is a disjoint union, countable subadditivity gives

P (AN(EL1UE)) <p* (ANE;) + p (AN EfN Ey).

16
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Hence
pr(A) = p (AN (E1 U Ey)) + p* (AN (Er U E2)),
so E1 U Ey € M,+. By induction, every finite union of measurable sets is measurable.

Lemma 2.22. If {E;}}_, is a disjoint family of sets in M, then for any A C X,

w* (A N <|i| EZ>> = zn:u*(A NE;).
i=1 i=1
Proof. Since E; € M,
(A =p (ANE) +p (ANEY), foral AC X.
Replace A by AN (E; U E3) in above. Then:
P AN(ELUE)] = p"[AN(EL1 U E>) NE + p'[AN (B U E2) N EY]
=p (AN Ey) + p (AN Ey)
(since By N Ey = 0).
Hence, by induction, the above lemma follows.

Moreover, if {E;}7; is a disjoint family in M, then by monotone property of p*, we get:

w* (A N (6 El>> > u (A N G EZ> = iu*(A N E;) (by previous lemma)

i=1 i=1 i=1

Letting m — oo, we have:

w (ADGE¢> i:: (AN E)

i=1

By countable subadditivity of u*, it follows that:

w* (Am J E) =Y W(ANE;), forall ACX.

i=1 i=1
For A = X, we get:

I <G Ez) = iu(Ez

Thus p is countably additive on M,
Corollary 2.23. If {E;}32, is a family in M, then Ui, E; € M

Proof. Let £ = U2 E;. Define Ef = E; \ Uy Er. Then E] € M, (by finite case),
E=,E, E;NE, =0ifi#j

17
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Hence, without loss of generality, we can assume that {E;}?°, is a disjoint family in Mg,

Then:
1 (A) = p*(AN En) + 1" (AN ES,)

> Z W (ANE;) +u (AN E°) for any m [by previous lemma).
i=1

Letting m — oo, we get:

WH(A) 2 S (AN E) + it (AN E°)

Nk

*
—~

pr(ANE)+ p* (AN ES).
Hence, E = U2, E; € M,y for any family {E;}5°, C Mg,. Thus, M,, is a o-algebra.
Notice that:
W Mgy — [0, 00] such that:
Lpu(0) =0,
2.0 U2y Ei) = 32321 w(Es),

Hence, monotonicity of p will be followed by (ii).

WAL (B 4)) = u(A) + u(B \ 4)
for A,B € M,, and A C B.

Thus, if S is any o-algebra of sets in X, then a set function:
p:S —[0,00]
satisfies.
(D)u®) =0,
(i) p (U2 Bi) = 2221 m(Ei),

is called a measure on (X, S).

Now, we will elaborate the idea of g-algebra.

Definition 2.24. Let X # (. Let S C P(X) be such that.
(i)hes
(ii) A € Simplies A€ S

18
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(iii) {A4;}2, € S implies U2, A; € S

Then § is called a o-algebra on X and (X, S) is called a measurable space with each member of
S as measurable set.

Examples:
o S1 ={0,X} and So = P(X) are the smallest and the largest o-algebra on X respectively.

o For X #0,let S={A C X : Aor A° is countable}. Then S is a o-algebra.
Hence, ) € S and if A € S, then A° € S.

Let {E;}2, C S, and write:

I = {i € N: A; countable}
I, = {i € N: A{ countable}

() ey - () o o)

Example 2.25. Let X be an infinite set. Then:

Then:

is countable.

S={ACX:Aor A° is finite}

is an algebra (i.e., closed under complement and finite union, () € S), but S is not a o-algebra.
(Hint: First do for X =N, A,, = {2m}.
Write X = X7 U Xo, Xj: countable and Xj: infinite.)

Example 2.26. Let A be an algebra of sets in X. Then show that A is a o-algebra if A is

closed under countable increasing unions.
(Give A, € A, A; C A;4q implies Ufil A; € A)
(Hint: A =U2, 4 = U2, Bj, Bi = A \ U} 4x.)

o-algebra generated by a family of sets
Let X #0,let AC X, and let £ = {A}.
Then {0, X, A, A°} is a o-algebra, so in this case

o(€) = {0, X, A, A%},

For a general family £ C P(X), it is usually neither practical nor enlightening to list all elements

of (&) explicitly. The correct structural description is

o(&)=({S:€CS, Sisa o-algebra}.
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Thus o(€) is the smallest o-algebra containing €. In particular, if B(R) denotes the o-algebra
generated by the open subsets of R, then B(R) may be generated by any of the following
collections:

(i) Fy = {all closed sets in R}
(i7) Fy = {(—o0,b] : b € R}
(tit) F3={(a,b]:a<b, a,be R}

Let B; = o(F;), i = 1,2,3. We prove that B(R) D By D B2 D Bs D B(R).

Since B(R) contains all open sets and is closed under complement, B(R) D Fj. Given B(R) is
a o-algebra, B(R) D o(F1).

As (—o00,b] is closed, it follows that F; D F» implies o(F1) D o(F3):

implies B; D By

Observe that (a,b] = (—o0,b] N (—00,al®, so o(F3) D F3 implies By D Bs.

Notice that (a,b) = UpZ,(a,b— 1) C By = o(F3).

Hence, each bounded open set of the form O = ;2 (a;, bj) € o(F}).

Since (—00,b) = (—00,a) U (a,b) € o(F3) and similarly, (a,00) € o(F3), it follows that Bs

contains each open subset of R. Thus,
Bs 2 {O C R: O open} = B(R).

If u is a measure on the o-algebra S of subsets of X, the triple (X, S, u) is called a measure

space.
o (X,S,p) is called a finite measure space if u(X) < co.

o (X,S8, ) is called a o-finite measure space if X can be expressed as a countable union

of sets of finite measure, i.e.,
o0
X = U E;, w(E;) < oo, for all 1.
i=1
Example: (R, M,m) is a o-finite measure space but not a finite measure space.
Example: Let Y C X and S be a g-algebra on X. Then:
SNY={ANnY:AecS}

is a o-algebra, which can be thought of as the relative o-algebra of Y.
Example: ([0, 1], Mo 17, m
Example: (R, P(R), ), where:

0,1) is a finite measure space.

L) — {#(A), A finite

0, otherwise
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then p is neither finite nor o-finite.

Proposition 2.27. Let (X,S, 1) be a o-finite measure space. Then.

(i) There exists an increasing sequence (Fy) in S that satisfies the o-finite condition.

(ii) There exists a disjoint sequence (Gy,) in S that satisfies the o-finite condition.
Proof. Given that X = ;2 Es, with u(E;) < oo.

(i) Let F,, =J}_; E;. Then F, 1, u(F,) < oo, and X =2, Fy.

(i) Let Gy = E, \ Ul Ei. Then X =32, Gp, 1(Gp) < 00, and G, NGy, = @ if n # m.
Ezample: Let (X, S, pn) be a measure space.

(i) If F,E € S, then for u(F) < oo and F C E, we have
WEN\F) = p(E) — p(F).
(i) For any E,F € S,
w(E) + p(F) = p(ENF) + n(EUF).
Proof.  (ii) is formal as pu(E\ F) + u(E N F) = u(E) and similarly for F. Now,
E=(E\F)U(ENF), F=(F\E)U(ENF)
so:

w(E) + w(F) =w(E\NF)+ p(F\E)+ W(ENF)+w(ENF)=pu(EUF)+p(ENF).

Proposition 2.28. Let (X,S,u) be a measure space.

(i) If E, T E is an increasing sequence in S, then:
o
u (U En) = lim p(Ey).
n=1
(it) If E,, | E is a decreasing sequence in S with u(Ey) < oo, then:
oo
M (ﬂ En> = lim p(E,).
n=1
(Hint: Proof is similar to that of Lebesgue measure).

Premeasures:
Let A be an algebra of sets (in X ). A set function pug : A — [0,00] satisfies.
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(1) po(2) =0

(i) If {A,}52 is a disjoint sequence in A with |J A, € A, then:
(o.¢] (e.¢]
Ho (U An) = Z /'LO(An)
n=1 n=1

is called a premeasure on A. Obviously, g is finitely additive.
Now, for A C X, define:

[e.e] [ee]
p*(A) = inf {Z po(E;) : AC U Ei E; € A}
i=1 i=1
Then p* is an outer measure on X.
Proofs:

(i) w*(2) =0
(ii) pw*(A) < p*(B) whenever A C B.

are obvious.
For countable subadditivity, let {A,}>2, C P(X). Then for each ¢ > 0, there is a cover
{E,;} of An such that:

o0

. €
E po(En,j) < p*(An) + on
i=1

Hence, {Ey; :n € N,j € N} is a cover of |JA,. Thus,

A (SERED 9 WHENED SEPREREIED SRR
n=1 n=1j=1 n=1 n=1

Hence,
oo oo
(0] < S
n=1 n=1
Lemma 2.29. Any set E € A is a p*-measurable set and p*(E) = po(E).

Proof. Let A C X and € > 0. Then there is a cover {E;}72, of A such that:
pH(A) > po(Ei) — € (2.6)
i=1

Now, FE; = (Ez N E) @] (El N EC)
From (2.6), then:
oo
W(A) > S pio(Bi 1 B) + po(B: (1 F9)
i=1
(since pyg is finitely additive).
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((@) ) e ((9#)oe)

> 4 (AN E) + p*(A N EY),
for all € > 0, hence
p(A) = p (AN E) + p (AN E°).
That is, E € M~ (class of y*-measurable sets).
Next, p*(E) < po(E), since E covers itself. On the other hand, let F C ;2 Ej, E; € A.
Write B} = (E; U E1) N E. Then E; N Ey = @ for j #k, and £ =U;2, E}, B € A

Now,

o(f_j%) ZMO ZMO

implies po(E) < p*(E). Hence uo(E) = p*(E).
Moreover, let:
p= iy

Then, as usual, p is a measure on M,«. Notice that p extends pp to M,
O

Theorem 2.30. If ug is a o-finite premeasure on A, then there is one and only one measure
on M, such that:

'“‘A =po (i-e., there is a unique j1 on M~ that extends pig).

Proof. Let v be another extension of p9. That is, v| 4 = Ho- Then for E'€ M« and a cover
{E;}2, of E, we have:
[e.e] oo
<> vE Z pwo(E;) [as E; € A]
J=1 =
implies v(E) < p*(E) = p(E). (2.7)

If u(E) < oo, then for € > 0, there is a set F' = J;2; F; O E such that:
F) <Y po(E) < u(E) +e.

implies u(F'\ E) < e (since u(E) < o0)
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Now,
v(F) = Jim v (O EZ> = lim p (O EZ> = u(F).

Since E C F =2, E;, we set:

= y(E) + v(F \ E)
<v(E)+u(F\ E) (by (2.7) applied to F'\ E € M,-)
<v(E)+e, foralle>0, all E€ M,
implies u(E) < v(E) < p(E)

implies p(E) = v(E), for all E € M+ with pu(E) < oo.

If 4(F) = oo, then by the fact that ug is o-finite, we have:

o0
E=|]JE; Ei€ A,
i=1

Su(E)=p (G(E N Ei)) =Y u(ENE)
i=1

=Y v(ENE;)

=v(E) (by finite case).

2.6 Inner regularity of Lebesgue measurable sets
We shall show that every Lebesgue measurable set can be approximated by compact sets in the
set itself. Before proving this result, we need to work out the following lemma.

Lemma 2.31. Let E € M and m*(E) < co. Then for each € > 0, there is a compact set K C E
such that m*(E \ K) < e,
(i.e. m*(E) <m*(K) +e.)

Notice that m*(K) < m*(E) < m*(K) + e.

implies m*(E) = sup{m*(K) : K C E, K compact}
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Proof. Let:

oo o
E= U (EN(—n,n)) = U E,.
n=1 n=1
Then E, = EN(—n,n) is an increasing sequence and hence m*(E) = limm*(E,). Since

m*(E) < oo, for any € > 0, there is N € N such that:
7ﬁ@%ﬂﬁ@m<% (2.8)
Moreover, En € M and Ey is bounded. Hence, for each € > 0, there is a closed set Ky C En

such that m*(Ex \ Ky) < §

so:
meNy-m%KW)<§ (2.9)
(from above).
Thus m*(E) — m*(Kn) < € when Ky is bounded and hence compact.
U

Theorem 2.32. Let E € M. Then:
m*(E) =sup{m*(K): K C E, K compact}.
Proof. Consider, if m*(F) = co. In this case,

E={JEn(-n,n))=JEn, Ent
and:
: * . * . %k
Jim m*(E,) = m*(B) =0 (%)
Since m*(E,) < oo, by the previous lemma, for each € > 0, there is a compact set K,, C E,
such that:

m*(E,) <m*(K,) +e€
Take ¢ = 1. Then:

m*(Ey) — 1 <m*(K,) <supm”*(K)
implies oo = m*(E) = T}lﬁn&(}m (Ey) =supm™(K)
Conversely, if m*(E) < oo, then for each € > 0, there is a compact set K C E such that
m*(E\ K) <e.

implies m*(E) < m*(K) + € (2.10)

Notice that m*(K) < m*(E), forall K C F, K compact
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sup{m*(K): K C E, K compact} < m*(E) (2.11)
From (2.10) & (2.11), we get:

m*(E) =sup{m*(K): K C E, K compact}

Notice that if £ € M, then we have shown that:
m*(F) = inf{m*(0) : O 2 E, O open} = sup{m*(K) : K C E, K compact}

Thus, if F is Lebesgue measurable, we can say that m*(E) is a true length of the set £ C R.

Now onward, we write:
m*(E) = m(E), if E € M

The set function m : M — [0, 0o], which is countably additive, is known as Lebesgue measure.
The set function m is satisfying continuity-like condition in the sense that for any € > 0, there is
an open set O D E such that m*(O \ F) < e.

Exercise 2.33. For z € R, write f(z) := m(E N (—oco,z]). Where E € M and m(E) < oo.

Then show that f is uniformly continuous on R.

2.7 The Cantor set

The Cantor set is a closed, uncountable subset of [0, 1] of Lebesgue measure zero. It provides
one of the most instructive examples in real analysis and topology, and we record some of its
basic properties below.

Let Cy = [0, 1].
See Figure 2.2.

Co 0 removed 3
Cy mriddie-third

Cy

Figure 2.2: First steps in the construction of the Cantor set: Cy = [0, 1], C; obtained by removing the
open middle third, and C5 obtained by repeating the procedure on each remaining interval.

Co=10,1], 1 closed interval, length =1

cy =10, é] U [%, 1], 2 disjoint closed intervals, each of length = %
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Consists of 4 disjoint closed intervals, each of length 372

By induction, C), consists of 2" intervals, each having length 37".
(i) {Cn}n>0 decreasing sequence of closed sets, hence C,, € M.
(ii) Let C' =52y Cn, then C contains all the end-points of the deleted open intervals.
(i) ¢ =10,1\ (3, HUEHUE D)

(iv) Since C' C Cy, for all n >0,

©|o

m*(C) <m*(Cy,) =2"- L — 0.
(v) The Cantor ternary set C' (later, we just say Cantor set) is nowhere dense.

Indeed, C is closed as an intersection of closed sets. Since m(C') = 0, the set C' cannot contain
any nontrivial interval. Therefore C' has empty interior, and because it is closed, it is nowhere

dense.

(vi) C is totally disconnected (i.e., the only connected subsets of C' are singletons).

(vii) Every point of C' is a limit point of C' itself; equivalently, C' is a perfect set.

To prove (vii), fix x € C. For each n > 0, let I,, = [ay,, b,] be the unique closed interval of C,,
containing x. Then |I,,| = 37" and a,, b, € C. Choose an endpoint u,, € {ay,b,} with u, #

whenever possible. Then
|t — x| < |1 =3"" =0,

S0 Uy — x with u, € C'\ {z} for infinitely many n. Thus every point of C' is a limit point of C.

If ¥ denotes the set of all endpoints of the stage intervals, then F is countable and £ C C.
The argument above shows that every x € C' is the limit of a sequence from E, so E is dense
in C. Hence C is separable. The next section gives the ternary description of C', from which it

follows that C' is uncountable.

2.8 Representation of the Cantor set

Consider the endpoint % € C. We can rewrite:

1 0 2 2

=4+ -4+ — 4+ ... =(0.022...
s=ztstmt ( )3
Similarly,
2
— = (0.2)3.
3 (0.2)3

In a similar way, it can be shown that all endpoints can be expressed as x = %1 + g—% + e
q; € {0,2}.
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Now, consider the set:

F:{xe[o,l]:xzzgé,qie{o,lﬂ}}
=1

— { endpoints } = [0,1] \ E.
For xz € F, Wehavem:%+§%+---.

Notice that ¢; = 1 if and only if z € (3, 2), if and only if z & Cy.
Moreover, g1 # 1, go = 1 if and only if x € (%, %) U (g, %) if and only if x & Cs.
Thus, g;, =1 if and only if z € Cj, for some ig.

Since C' = ;2o Crn, we can show that:

C:{xE[O,l]:x:Zgi, qi€{0,2}}
i=1

qi

Let x € C =, Gy, and z = fil§

(4)
First, all the ¢; < 0 or 2.
WeCc{zel0,1]:2=52%, ¢ec{02}}. (+).
On the other hand, let ¢ C. Then = ¢ G;, for some ig, that implies ¢;, = 1.
Therefore « ¢ Right Hand Side of (x).

Representation is unique.

. Suppose some of g;, = 1. Then = ¢ G;, implies z ¢ C.

For every x € C, there exists | sequence ¢; € {0,2} such that:

qi
T = — (2.12)
i=1 3
o0
b
T = —. (2.13)
=1 3!

Then claim ¢; = b;.
If not, let ¢;, # b;, for some ig. Let igp be the smallest integer such that ¢;, # b;,. Then
iy, biy € {0,2}, so gi, = 0, b;, = 2 (otherwise g;, # b;, implies g;, = 0, b;, = 2 or vice versa).
Then from (1), z € [0,1/3] and from (2) x € [2/3, 1] which is a contradiction.

Exercise 2.34. Conclude without assuming ig = 1.

Cantor set is uncountable.
Define f: C — [0,1] = {;1: =22 % qc {0,1}}.
oo b\ _ oo (b
b}’f(x):f( i:l%) = Z‘:l%-
Then b;/2 € {0,1}, & f(z) € [0, 1]. Since each x € C has unique representation, the map f
is well defined.

f is not one-one!
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and:

implies f(1/3) = f(2/3)
(binary repr. not unique)
Exercise 2.35. Show that f(z) = f(y) if z,y are end points of one of the deleted open intervals.

f is an onto map!
Let f:C — [0,1] — y such that f(z) =y = 322, b;27¢, let:

2b;
3e
then f(z) =y holds.

Hence C is an uncountable set.

f is monotone increasing.

Let x,y € C and x < y. Then there exists the least positive integer n € N such that
a; =b;, +=1,2,...,n—1, and a, < b,. Hence ¢; = b; for i = 1,2,...,n — 1. Thus, while
comparing f(x), f(y), we can ignore the first n — 1 terms. Thus, without loss of generality we
can assume 1 = 1. That is, a1 < by implies a1 =0, by = 2.

f@)<S+ S+ L+ =tand fy) =i+ > L

implies f(z) < f(y).

Notice that f(1/3) = f(2/3) = 1/2. Hence, by keeping f constant on each deleted interval,
we can extend f out to [0, 1]. Thus,

y' :]0,1] = [0, 1] such that y'|c = f is a monotone function which is onto.

Hence, f is continuous.

Exercise 2.36. Let f : [a,b] — [a,]] be onto and monotone. Show that f is continuous. (See
Carothers’s book.)

Hence f : C — [0, 1] is a continuous onto map.

We have shown that the class M, the collection of all Lebesgue measurable subsets of R, is closed
under countable union and complement and containing empty set. Such a collection of sets is
called a o-algebra of sets.

Let B(R) denote the collection of sets in R which are made of countable union of open sets

and their complement.
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ie., O; € J, = { all open sets in R}, then |J; O; € B(R), Of € B(R), J, C B(R).

Since each open set is made of countable intervals,
#(BR)) = 2% =

However, C C M(R), is uncountable and m*(C) = 0 implies P(C) C A(R) implies #(M(R)) >
2°.
Thus,
B(R) c M(R)

We will give a concrete example of Lebesgue measurable set which is not Borel measurable
(e.g., the "Sierpinski set") later, while discussing measurable functions.
However, any Lebesgue set dif and only ifers with a Borel measurable set on a null set (set of

outer measure zero).

Theorem 2.37. Let E be a subset of R. Then the following are equivalent:

1. E is Lebesgue measurable.
2. For each € > 0, there exists an open set O D E such that m*(O \ E) < e.
3. For each € > 0, there exists a closed set F C E such that m*(E'\ F) < e.

4. There exists a Gs-set G O E such that m*(G\ E) = 0. (Like E=G\ N, N =G\ E,
m*(N)=0).
5. There exists an Fy-set F' C E such that m*(E\ F) =0. (Like E=FUN, N=FE\F).
Proof. We prove (1) implies (2) implies (4) implies (1) and (1) implies (3) implies (5)
implies (1).

(1) implies (2): Since E € M, if € > 0, there exists an open set O and closed set F' such
that F C E C O and m*(O\ F) < e.

implies m*(O \ E) < m*(O\ F) < e.

(2) implies (4): For e = 2 > 0, there exists an open set O, D E such that m*(O,, \ E) < .
Let G =), On. Then m*(G\ E) < m*(0,, \ E) < L for all n € N.

implies m*(G \ ) = 0. implies G\ E € M.

(4) implies (1): E=G\ (G\ E) € M.

(1) implies (3): Obvious.

For (3) implies (5), let € = 1 > 0, then there exists a closed set F,, C E such that
m*(E\ F,) < L.
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Write F' = |J F,,. Then.

m*(E\F) <m*(E\ F,) <1 forallneN.
implies m*(E \ F') = 0 implies £\ F' € M.
(5) implies (1): E=(E\F)UF € M.

Non-measurable set

Since m*(Q) = 0, while searching for non-Lebesgue measurable set, we need to ignore Q.

For z,y € R, define x ~ y if and only if x —y € Q.

Then ~ is an equivalence relation on R.

Hence it partitions R into disjoint equivalence classes.

Let t + Q={z+¢:q € Q}. Then z + Q is an equivalence class under ~.
(i)(z+Q)N[0,1] # @, for all x € R (easy).

(ii)Let E be a subset of [0, 1] that contains exactly one member from each = + Q, where
x € [0,1].
1.Let QN [0,1] = {q1,q2,...} and write E; = E+¢;;i=1,2,....
2.Then.
(ii)E; N Ej = @, if i # j. To see this, let x € E; N Ej, then x = 21 + ¢; = y + ¢;, where
xz,y € E. Hence x —y = ¢; — ¢; € Q implies x ~ y, is a contradiction to the definition

of F/, as F contains exactly one member from each = + Q.
(iv)[0,1] c U; Bi C [-1,2].
3.Let z € [0,1]. Then by definition of E (see (iii)), x + Q must contain a point of E,
that is, there exists y € (xt + Q)N E. That is, y —x € QN [0,1]. Thus y — = = ¢,.
implies v = y — q;, € Ej,.

(vi) The set E is not Lebesgue measurable. On the contrary, if £ € M, then each of E; € M

and hence from (iv),

1<m* (UE) < 3.

implies 1 < i m*(E) <3 (.m"(E;)=m"(F))
n=1

which is not possible. Note that m*(E) > 0. If not, then for m*(E) = 0 implies m*(E;) =0
as [0,1] C U; Ei:

implies 1 < Zm*(EZ) =0.
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Remark (i): The Lebesgue outer measure m* is not countably additive. To see this, let
A=J; Ei. Then 1 <m*(A4) <3.

But }>; m*(E;) = X2, m*(E) = oc.

So m*(E) =m* (U, Ei) <3 < oo =73, m*(E;).
(ii) Whether m* is finitely additive?

Suppose m* (UL, A7) = S0, m*(Ay),

where A; C P(R) = power set of R. (Like in other words, let m* be finitely additive.)

Firstly, let E C [0,1] and assume m*(E) > 0. Let N C [0, 1] be a non-measurable set and
enumerate Q as {¢;}. Set N; :== N + ¢;. Then N; N N; = @ for i # j (easy) and R = |J; N;.
Let x € R, then z € [0,1] 4 g for some ¢; € Q.

implies x —q € [0,1] C U; N; C [-1, 2],

where N; = N +¢;, ¢; € QN [—1,1]

implies © — ¢ € IV, for some ig. But ¢ € Q

implies x € N;;, + ¢ = Nj, for some jo..

Now E = {J;(ENN;). If EN N; were Lebesgue measurable for every i, then m*(ENN;) =0

for all ¢, hence m*(E) = 0, a contradiction.

Hence, there exists ig such that ENN;, C E, ENN;, ¢ M..
Finally, let £ C R and m*(EF) > 0 implies E ¢ M(R)..
Then:

m*(E) =Y m*(EN (ng,no + 1)) > 0.
neL
Hence, there exists ng such that m*(E N (ng,np + 1)) > 0.
Let F = E N (no,no+ 1). Then
implies F' —ng C (0,1) and m*(F — ng) > 0.
Hence, there exists H C F' —ng, H ¢ M.
implies H + ng C F C E with H +ng ¢ M..

Proposition 2.38. Let (E,) C M be an increasing sequence of sets. Then:
o
nhﬁrrolo m*(E,) =m* (Ul En> .
n—

Proof. Let E = U2, Eyn. Then m(E,) 1 and
limm(E,) = supm(E,) < m*(E).
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Now,

o.9] < 00
U En=E0l,_ (Bnia\ En)
n=1

implies m*(E) = m*(E1) + Z m*(Ent1 \ En)

“(Ev) + hm Zm (En+1 \ En).

K—oo

K
= lim {m*(El) + Z m*(Fpt1 \ En)}
n=1

= lim m* <E1 U Ule(EnH \ En))

K—o

implies m(E) = kli}m m* (Eg41)-

Proposition 2.39. Let (E,) C M be a decreasing sequence such that m*(E;) < co. Then:

lim m(E (ﬂE)

- (1)

Proof. Since m*(Ey,) > m*(Ept+1) > m*(Noey En), we have limm*(E,) > inf m*(E,) >
m*(pZs En).

(o) - 00
Eqp\ ﬂ E, = Un—l(E” \ En+1) (disjoint union)
=1 -
(o]
implies m*(Ey) — (ﬂ E ) = Z m*(En \ Ent1)
n=1

= lim Zm (En \ Ent1)

K—>oo

= lim (m*(E1) — m*(Ex41))

K—o0

Since m*(E7) < oo

m* <ﬁ En> = limm*(E,).
n=1

Alternative: If (E,,) is decreasing, apply the previous result to the complements.
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Example 2.40. Let E, =R\ (—n,n) for n € N. Then (E,) is decreasing and
o0 o0
ﬂ E, = o, hence m*(ﬂ En) =0.
n=1 n=1

But m*(E,,)

!
8
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Chapter 3

Measurable functions

Once a measure is in place, the next step is to identify which functions are compatible with
the underlying o-algebra. This chapter introduces measurable spaces and measurable maps,
framing the usual Borel/Lebesgue measurability on R as a special case of a general concept.
The point of view is deliberately abstract: measurability is defined through inverse images and
is stable under algebraic operations and limiting procedures. We develop practical criteria for
checking measurability, study the behavior of measurable functions under composition and
pointwise limits, and prepare the approximation machinery (in particular, simple functions)

that will be used to construct the Lebesque integral and to analyze convergence in LP spaces.

3.1 Measurable spaces and measurable functions

Let J, be the collection of all open subsets of R with respect to the usual metric v on R,

ju:{OC]R:O: UImInz(ambn>}-

n=1
And M is the class of all Lebesgue measurable subsets of R.
Let Jg, be the collection of all open subsets of R with respect to dp, the discrete metric on R
so that J4, = P(R).
Thus,

TJu CMC Jgy =PR).

Since J,, is not closed under countable intersections (and complements) of open sets,
Ju C M> M C jdo)

because every subset of R need not be Lebesgue measurable.
Consider f: (R, J,) — (R, J,) continuous. Then:

o) eg,, forallOeJ, (from the definition of continuity).
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Now, if f: (R, M) — (R, J,), what can we say about f~1(0)?
If f:(R,7) — (R,J,) is continuous, then f~1(0) € M for every open set O, because
f~YO) is open.
In addition, consider f(z) = 1, 2 € R\ {0}. Then f cannot be made continuous at 0, but
f(z) = oo if and only if z = 0 (important!).
If we want to take f(z) = L into consideration, we have to extend the range (—o00, 00) to [—00, o0).
Let R = (—00,00) U {—00,00} = [—00, 00].
Therefore, the sets [—00,a) and (b, 00| for a,b € R should be added to J,,.
That is,

Jz = Ju U {[—00,a),(b,o0] : a,b e R}
Notice that [—o00,a) U (b, 00] is the complement of [a,b] in R union with {£oco}. That is,
(R, Jz) is the two-point compactification of (R,J,). But f(z) = 1/z is still not continuous,

because for a < 0,
f~H((a,00)) = (=00,0] & T

Definition 3.1. f : (R, M) — (R, Jz) (or R itself) is said to be Lebesgue measurable if
FHO) € M for all O € F.

Similarly, if f: (X,S) — R, then f is said to be S-measurable if f~1(O) belongs to S for all
0 e Jg.

Lemma 3.2. If f: (X,S) = R, then the following are equivalent (for all o € R):
1. [~ (a,00]) €S,
2. f ([, oq]) € 8,
3. [ ((-0,a)) € S,
4. [ ((—00,0]) €8,

f~Y((a,b)) € S for all a,b € R and f takes values in S.

&

Proof. (i) implies (ii):

e}

[ar, 00] = ﬂ (a — 1/n, 0]

n=1
Let x not in RHS, then there exists ng such that + < o — nio < «a. Hence x not in LHS.
Since S closed under complement, (vi) implies (iii). Now, (iii) implies (iv) because
(—OO, O[] = mn(_ooa o+ 1/”)

Now, (iv) implies (i). Thus, (i) to (iv) are equivalent.

36



MAS550: Measure Theory

3. Measurable functions

Hence f~!({oo}) = N f~([n,o0]) € S by (i),
and f~1(—o0) =N f((—o0,—n)) € S by (iii).
Also, (a,b) = (a,00) N (—00,b), we get (v).

Finally, (v) implies (i) as follows:

(a,00] = (a,00) U{o0} = U (a,n) U {oo}.

neN

Example 3.3. Let E € S, and define:

X?
Xg (o o0]) = {z € X : xp(z) > a} = { E,
9,

See Figure 3.1.

a<0
0<ax<1

a>1

Figure 3.1: Upper level sets of the characteristic function: the preimage XEI([a, 00)) equals X for a < 0,

equals F for 0 < o < 1, and is empty for a > 1.

Hence, the characteristic function yg is measurable if £ € S.

Example 3.4. Let (X, S) be a measurable space. Then constant function is S-measurable.

Let f(x) = ¢, for all x € X, ¢ is a finite constant.

{:ceX:f(a:)>a}:{

If f(z) = «, for all x € X, then:

{reX:flx)>a}=2, X

g a>c

X a<e

Notice that for o € R, there exists -, € Q such that 7, T a. Thus, f(x) > « implies f(x) >

Y, for all n.
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ie.

{z: f(z)>a}= ﬂ{:zf(:c) > v}t

n=1

Thus, f is S-measurable if and only if {f > ¢} € S for all ¢ € Q.

Example 3.5. Let D C R be dense, and let f : X — R be a function such that
{reX: flx) >~} €S for every v € D.

Then f is S-measurable.
Indeed, fix @ € R. Since D is dense, there exists a sequence (y,) C D such that 7, T a.
Therefore

o0

{reX: f(x)>a}= ﬂ{xeX:f($)>'yn}€S.

n=1

By the usual characterization of measurability in terms of upper level sets, f is measurable.

Example 3.6. Suppose f,g: (X,S5) — R are measurable and f(z) + g(x) # +00, —oo for any
r € X, then f + g is measurable.

To see this, we need to show that:

A={ze X : f(z)+g(x) =40} €S

and:
B={zxeX:00> f(z)+g(z)>a}es, forallaecR
Now,
A={x: f(x) = 400 if g(x) is finite (or otherwise)}
Thus, A € S.
For x € B,

a < f(r) +g(r) < oo
Then, there exists v € Q such that f(x) >~ > a — g(z).
implies * € Uyeqi{z : f(z) > v} N{z:g(x) > a -~}

Hence,

B = U{x:f(a:)>7}ﬂ{m:g(:c)>oz—7}€5
y€Q

Example 3.7. If f: (X,S) — R is measurable, then:

{z: f2(2) > a} = {z: f(z) > Va}U{z: f(z) < —Va}
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Hence f? is measurable.

Example 3.8. fg = 1 ((f +9)*> — (f —9)?), implies that if f, g are measurable, then fg is

measurable.

Definition 3.9. A property P is said to hold “almost everywhere” if the places (sets) where it
fails has measure zero.

Let (X, S, ) be a measure space. Then:

pw{r e X : Pis false} =0

Example 3.10. Let f : (X, S, ) — R be such that f = 0 almost everywhere (a.e.), then f is
measurable, if (X, .S, u) is complete.
Let E={z € X : f(z) # 0}. Then u*(F) = 0.

ECUA, ACE, a<0
B, BCE,a>0

Since (X, S, i) is complete, and A, B C F, implies A, B € S. Thus, f is measurable.
Notice that for A C X, we have:

{xeX:f(a:)>a}:{

w*(A) = inf {ZM(Ez) :E;eS, AC U EZ} =inf{u(E): E€ S, ACE}
i=1 i=1

Example 3.11. If f : (X, S) — R is measurable, then |f| is also measurable.

{z:|f(z)| >a}={z: f(z) >a}U{z: f(z) < —a}, a >0
But converse need not be true.

Example 3.12. Let N C R be a non-measurable set. Then:

1 x €N
o]
-1 ¢ N

is not Lebesgue-measurable, but |f| = 1 is measurable.

Let L(X,S) and L(X, S, 1) denote the space of all measurable functions on X.
Define f* = max{f,0} and f~ = —min{f,0}.

Then f* = f%m and f~ = \flT—f

Hence, if f € L(X,S), then f*, f~ € L(X,S).

Note that f = f* — f~ and |f| = fT + .

Example 3.13. f:[0,27] — R,
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f(x) =sinnz, f(z)= {sin(m:) ifo<ae<m

0 fr<z<2nw

and:

0 0<z<nm

—sinnr Tw<x<2mw

Example 3.14. Let f,, € L(X,S). Then inf f,, sup f,, liminf f,, and limsup f,, (if exists) are
in L(X,S).

{z :liminf f,(z) < a} = U {z: fulz) < a}

neN
If x € L(X,5), then there exists ng such that f,,(z) < a.

Hence, € RHS and vice-versa.

Lemma 3.15. Let f: (X,S) = R. The following are equivalent.
(i) f is measurable, i.e. f~1(U) € S for every open set U C R.
(ii) f~1(F) € S for every closed set F C R.

(iii) f~1(B) € S for every Borel set B C R.
Proof. (i)=(ii): if F is closed, then F* is open and
fHF) =X\ fTHEF) € 8.
(if)=>(iif): let
A:=={BCR:f(B)e S}

Then A is a g-algebra on R. Since it contains every closed set, it contains the Borel o-algebra

generated by the closed sets. Hence every Borel preimage is measurable.

(iii)=(i): every open set is Borel.
O

In particular, every Borel measurable function is Lebesque measurable, because B(R) C M.

Monotone functions:

Proposition 3.16. Let f : (a,b) — R be monotone. Then for every c € (a,b) the one-sided
limits
fle) =l f@),  flet) =lm (@)

exist. Moreover, the set of discontinuities of f is at most countable.
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Proof. Suppose first that f is increasing. Set
L :=sup{f(z):a<z<c}, M :=inf{f(z) : c <z < b}.
Then L < f(c) < M.

To prove f(x) — L as x T ¢, fix ¢ > 0. By definition of supremum, choose zy < ¢ with
f(zg) > L — €. For every z € (xo,c),

L—e< f(xg) < f(x) < L,
so |f(x) — L| < e. Hence f(c—) = L. The proof for f(c+) = M is analogous.

The function f is discontinuous at ¢ exactly when f(c—) < f(c+), that is, when there is a

nontrivial jump interval (f(c—), f(c+)).

If ¢ < d are two discontinuity points, then monotonicity gives f(c+) < f(d—). Therefore the
jump intervals (f(c—), f(c+)) and (f(d—), f(d+)) are disjoint.

Choose a rational number in each jump interval. This gives an injective map from the set of

discontinuities into Q, so the discontinuity set is at most countable.

The decreasing case follows by applying the same argument to —f.

Example 3.17. If f : [a,b] — [c,d] is monotone and onto, then f is continuous.
Let f be . Then f(a) = c and f(b) = d.
See Figure 3.2.

a T b C f(I) d

Figure 3.2: A monotone map f : [a,b] — [c, d] sends endpoints to endpoints when it is onto; gaps in the
image correspond to discontinuities.

If f(a) > ¢, then for y € [c, f(a)), there does not exist any x € [a, b] such that f(x) =y. If
so, then f(z) =y < f(a) implies x < a (since f is increasing).

Moreover, if possible, let f(c—) < f(c).
See Figure 3.3.

a ¢ b fla)  f(c—) fle)  f(b)

Figure 3.3: If f is increasing and f(c—) < f(c¢), then values in (f(c—), f(c¢)) have no preimage: a jump
discontinuity creates a gap in the image.

Then y € (f(c—), f(c)) has no pre-image.
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If there exists xg € (a,c) such that f(zo) = y, then:

Li=sup{f(z):a < <c} = fle=) 2 f(x0) >y

for a < x < ¢, which contradicts the fact that L is the supremum on (a, c).

Thus, f(e—) = £(¢) = f(c+).

Another example: If f : [a,b] — [c,d] is monotone, then f is continuous.

Proof is similar for the above case.

Observe that if f is monotone onto, then f need not be one-one. However, if f is strictly
monotone and onto, then £~ : (¢,d) — (a, b) is continuous, because in this case, f~! is also strictly
monotone. To see this, if 1 < x, then f(z1) < f(x2). If not, then f(x1) > f(z2) implies x; > w2,
but f(21) < f(21) = y1.

Note that f : [c,d] onto (e, f) need not be continuous, if f is monotone, else f([a,b]) would
be compact.

Finally, if f : R — R is one-one onto cont(inuous), then f and f~! both are continuous.

Proposition 3.18 (Monotone functions are Borel measurable). Let I C R be an interval and let

f 1 — R be monotone. Then f is Borel measurable.

Proof. Tt suffices to treat the case in which f is increasing, since the decreasing case follows by

applying the argument to —f. Fix o € R and consider
E,:={zel: f(z)>a}.

If E, =@ or E, =1, then E, is Borel. Assume therefore that F, is nonempty and proper. If
x € E, and y € T with y > x, then monotonicity gives f(y) > f(z) > «, hence y € E,. Thus E,
is an upper tail of the interval I.

Set xg := inf E,, where the infimum is taken in R. Then for every y € I with y < xg we
have y ¢ E,, so f(y) < a. On the other hand, if y € I and y > x, then by the definition of
the infimum there exists x € E, with x < y, and therefore f(y) > f(x) > «; hence y € E,. It
follows that

IN(zg,00) C Eq CINxg,00).

Consequently E, is one of the intervals I N (zg,00) or I N [z, 00), according to whether or not
f(xo) > o when xg € I. In either case E, is a Borel subset of I.
We have therefore shown that f~!((a, 00)) = E, is Borel for every o € R. By the standard

criterion for real-valued functions, f is Borel measurable. O

A Lebesgue measurable set which is not Borel (and incompleteness of (R, B, m)).
Let C C [0,1] be the Cantor set. Recall that C is closed (hence C' € B) and satisfies:

m(C) = 0. (3.1)
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The Borel o-algebra B has cardinality continuum, whereas the power set P(C') has strictly larger
cardinality 2°. Consequently, there exists a subset A C C' which is not a Borel set.

Since A C C' and m(C) = 0, we have m*(A) = 0, where m* denotes Lebesgue outer measure.
In particular, A is Lebesgue measurable (indeed, every subset of a Lebesgue null set is Lebesgue
measurable in the completion of m). Thus A is Lebesgue measurable but not Borel.

This shows that the measure space (R, B, m) is not complete: the null Borel set C' contains a
subset A which fails to lie in B, even though m*(A) = 0.

Simple functions.
Let E; € S and d; € R for 1 <4 <m. A function of the form

m
o=> dixe,
=1

is called a simple function on (X, S). Equivalently, a simple function is a measurable function

that takes only finitely many values. When convenient, the sets E; may be chosen pairwise
disjoint.
Notice that:

XE\XE, = XEinE,, and

XE\UEy = XE; + XE> — XE1NE>

Hence, without loss of generality, we can assume all of E;’s are pairwise disjoint.

Thus, the canonical representation of a simple function is:

0= dixg, EiNE;=0 foralli#j, d €R
=1

Simple functions are dense in L!(X, S).

Why do we need the denseness of simple functions?
Let f be R-integrable on [0,1]. Then:

L(P,f) = zn:m,-A:ci
i=1
and:
U(Pof) = z”: M;Az;
Write: -
Pn = ;miX[xi_l,a:i)v
Then ¢, 1 f and [ ¢, dz = L(P,f) and linzl_f onde =UmL(P,f) = [ fdx.

i.e., every R-integrable function is limit of simple functions!

Hence, we can think of a similar conclusion for a measurable function.
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Theorem 3.19. Let f : (X,S) — [0,00]| be measurable. Then there ezists a sequence py of

simple functions on X such that:
(i) 9n < f and po T f pointwise;
(7i) @n T f uniformly on any set A C X where f is bounded.

Proof. We first divide the image of f under [0,2") into 2" disjoint parts.
See Figure 3.4.

k+1

on

on

0 E,k F, 2"

Figure 3.4: A typical step-function approximation to a bounded measurable function.

Let:

F,={z: f(x) > 2"}

and:
k k+1
En,k—{xQnSf(l')< 2—; }, (k':(),l,,2n—1)

Define:

on_1

onl(z) = on XEn (2) +2°xF, (2)
k=0

where x4 denotes the indicator function of the set A.

Then ¢n, > 0 and the E, i are disjoint measurable sets in X.

(i) Increasing sequence.
Claim: on(z) < pni1(x), for allz € X, alln € N.

Ifv e By = Eppi108U Epg1 9541

o forx € Epq1ok, on(2) = 95 = 5255 = @ny1(2).

o for x € Bn1okt1, on(2) = 35 < 35 = pnia(@).

Now, if v € F,, = (F}, ;1) U Fpya:
o Forz € Fyy1, on(z) =2" < 2" =, 11 (2).
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o For x € F, \ Fut1, we have 2" = # < f(z) < 2" s0o 2 € Eppqont1-1 or
E, 1 9n+1_9. Then:
|
Pnt1(x) E{ ontl *  9ntl }

2n+l

and pn(x) = 2" = *5— < ppr1(x).

That is, pn T and @, < f.

(ii) Pointwise convergence.
If f(x) = oo for some x € X, then for all n,

on(z) =2" = 00 = f(x)
Now observe that

{reX: f(z) <o} = U{xeX:f(a:)<2"}.

neN

If f(x) < oo, then there exists no(z) € N, such that f(x) <20 < 2", for alln > ng. Thus

x € By, for some k and f(x) is in [X, BEL).

27'L ) 27’L
Therefore,
1
0 < f(z) —pn(x) < o for alln > ng(x)
50 @ — f pointwise.
(iii) Uniform convergence on bounded sets.

Let A={x € X : f(x) < M}. Then there exists nyg € N such that f(x) < 2" for all
n>ng, x € A. Hence,

1
0 < f(z) — pn(x) < o0 for alln > ng, z € A
and:

1
sup[f(z) — pn(x)] < —, for alln > ng
T€EA 2n

which means @, — f uniformly on A.

Corollary 3.20. If f : (X,S) — R is measurable, then there is a sequence oy, of simple functions
on X such that @, — f pointwise and |py| T |f| pointwise.

Proof. Let f = fT — f~ be the decomposition into positive and negative parts. Then f+, f~
are measurable and both map into [0,00]. Thus, by the theorem, there exist pt + f and o, T f~
as simple functions.

Let o, = o — .. Then o, — [ pointwise, and:
ol = @i + o5 TIf]
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How far is uniform convergence from pointwise convergence?
Ezample. Let fp(t) =t", t € [0,1]. Then fp(t) — 0 for all0 <t <1, and f,(1) — 1.

sup|fn(t) — f(t)|=1+40 asn — oo
t<1

Hence, f, is not uniformly convergent. However, for every e > 0, f, — 0 uniformly on [0,1 — ¢];

on (1 —¢,1], it can be made smaller than e.

In fact, any discontinuous function can be thought of as the limit of a sequence of continuous

functions (a consequence of Lusin’s theorem; see it later).

Hence, the above exercise can be generalised as follows. This is known as Egorov’s theorem.

Theorem 3.21 (Egorov’s Theorem). Let (X, S, 1) be a finite measure space. Let f,, be a sequence
of measurable functions on X, which converges to f pointwise. Then for each € > 0, there exists

a measurable set E C X such that u(E) < € and the sequence f, converges to f uniformly on E€.

Proof. The idea of the proof is to collect all those points where uniform convergence fails.

This construction is based on the following observations:

1.For e > 0, a, € R, |a, — ax| < € for all n,k > N is equivalent to: for each K € N, there
exists ng € N such that |a,, — ai| < € for all n, k > nyg.

2.fn(z) — f(x) pointwise means that for any € > 0, there exists ng = no(x) such that

|fn(z) — f(x)| < € for all n > ng. For uniform convergence, sup,¢c y no(x) < oo.

3.fn — f uniformly on X if and only if for any € > 0, there exists ng € N such that
|fn(x) — f(x)] < efor all x € X and all n > ny.

Hence, if f,, does not converge to f uniformly on X, then for some k € N, for all ng € N,
there exists n > ng and « € X such that |f,(z) — f(z)| > 1. That is, for some k € N and
for each ng € N, there exists z € X and n > ng such that |f,(z) — f(z)| > 1.

Thus, without loss of generality, we collect all points x € X such that for some k € N and
for all ng € N, there exists n > ng so that | f,(x) — f(z)| > %

Define:

[e.e]

By = U {z € Xt |fulz) - f(2)| 2

n=m

}.

===

For each fixed k, E,, , is a decreasing sequence of measurable sets, and p(Ep, ;) < p(X) < oo.

Hence,

lim w(Epk) = p ( N Emk) =0.

m—00
m=1

If 2 € (0°_1 Epy . then for all j > 1, there exists n > j with |f,(z) — f(z)| > %, which is a
contradiction if f,(z) — f(z).

From above, for € > 0, there exists My € N such that u(Eyy, ) < €/2F for any k.
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Let E :=U;Z1 Em k- Then p(E) < e.

Now, for z € B =2y By, 4, foreach k > 1, 2 ¢ Epy, k, so for all n > My, |fu(z) = f(2)] <
1

i
Hence,

, foralln > M.

| =

sup |fn(z) — f(z)] <

reRC
Thus, f, — f uniformly on E*.

Remark. The hypothesis that (X, S, 1) has finite measure is essential in Egorov’s theorem.
Consider fy, : (R, M, m) — R defined by f, := X[ n4+1) for n € N.

Then, for each = € R, there exists ng = ng(z) such that x < ng,ng + 1 and f,(z) = 0 for all

n > ng.
Thus, f, — 0 pointwise on R. However, it fails to follow Egorov’s theorem. For any set
E C [n,n+ 1] with 0 < m(E) < e,

sup |fu(@) = f(2)] =14 0.

rzeECR

Example 3.22. Show that f, = %X(om) converges uniformly to 0.

Example 3.23. Show that f,, = nX[o,1] converges pointwise a.e. to 0, but not uniformly.

Hint: fn(0) =n — o0, fu(x) =0 for x > 1 for any n. And if 0 < x < 1, there exists ng € N
with 0 <z < ;L.

Consider f: R — R by f(z) = xq(z) (the Dirichlet function).

Then f is nowhere continuous, but f|g\g = 0 and m(Q) = 0 < e. That is, f is constant on
R\Q and m(Q) =0 < e.

We shall show that every measurable function is nearly continuous (Lusin’s theorem).

Lemma 3.24 (Lusin approximation for simple functions). Let E C R be Lebesgue measurable
with m(E) < co. Let:

N
Y= Z CiXA;
j=1

be a simple function on E, where the sets A1,...,Any C E are measurable and pairwise disjoint.

Then for every e > 0 there exist closed sets F; C A; such that, with:

N
F:=|JFCE, m(E\ F) < e,
j=1

the restriction p|p is continuous (indeed, locally constant) with respect to the subspace topology
on F'.
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Proof. Fix € > 0. Since each A; is measurable and m(A4;) < m(F) < oo, by regularity of
Lebesgue measure there exists a closed set F; C A; with:
€
A;\ F} —.
m(4; \ Fj) < N

Set F':= U;-Vzl F;. Then F is closed as a finite union of closed sets, and:
N
m(E\ F) Z (A;\ Fy)

To prove continuity, let xx — x in F. Since F = szl F} is a finite union, there exists jo
and a subsequence (still denoted xj) with 3, € Fj, for all k. As Fj; is closed in R, we have
x € Fj,. Because the sets I are pairwise disjoint, no subsequence of points from F}; with
J # jo can converge to x; hence the full sequence is eventually in F)j,. Since ¢ is constant on
Fj,, we conclude ¢(z1) = ¢(x).

O

Corollary 3.25. Let E C R be measurable with m(E) < oo and let ¢ be a simple function on
E. Then for every ¢ > 0 there exists a compact set K C E such that ¢|x is continuous and
m(E\ K) <e.

Proof. Choose R > 0 so large that m(EN[—R, R|) < ¢/2. Apply Lemma 3.24 to EN[—R, R|
with tolerance /2 to obtain a closed set F' C E N [—R, R] such that ¢|r is continuous and
m((EN[-R,R])\ F) < e/2. Then K := F is compact (closed and bounded), and:

m(E\ K) < m(EN[-R,R°) + m((EN[-R,R)\ F) < ¢
O

Theorem 3.26 (Lusin’s Theorem). Let E C R be Lebesgue measurable with m(E) < oo, and let
f+ E — R be Lebesgue measurable. Then for every e > 0 there exists a closed set F C E such
that f|p is continuous and m(E \ F) < €. Equivalently, f coincides with a continuous function

on E outside a set of arbitrarily small measure.

Proof. Fix ¢ > 0. Choose simple functions ¢, on E such that ¢,(z) — f(z) for m-
almost every x € E. By Egorov’s theorem, there exists a measurable set £y C E with
m(E \ Ey) < /2 such that ¢, — f uniformly on Ej.

For each n € N, apply Corollary 3.25 to the simple function ,, on Ey with tolerance £/2"+2.

We obtain a compact set K,, C Ey such that ¢,|x, is continuous and:

Set:

:ﬂKnCE().

n=1

48



MAS550: Measure Theory 3. Measurable functions

Then F' is closed in R (as an intersection of compact sets) and:

m(E\ F) < m(E\ Eg) +m(Eo\ F) <

| ™

oo
€
+ Z ont2 <e.
n=1
On F every ¢, is continuous, and since ¢,, — f uniformly on Fy, in particular the convergence

is uniform on F'. Therefore f|p is the uniform limit of continuous functions, hence continuous.
O

Question 3.27. Does the converse of Egorov’s Theorem hold?

Littlewood’s Three Principles:

(i) Every set is nearly finite union of intervals.

(ii) Every function is nearly continuous.

(iii) Every convergent sequence is nearly uniformly convergent.

Here (i) means that if E € M(R) and m(E) < oco. Then for each ¢ > 0, there exists
O =, I such that m(OAE) < e.

For € > 0, there exists O D E such that m(O \ F) < e. But then m(0) = > m(1,) < oo,
0 =UlI,.

For € > 0, there exists N € N such that Y o ym(l,) < €/2.

Let O' = UV I,, and 0" = U2y I,. Then,

m(O'AE) = m(O'\ E) + m(E\ 0') < ¢/2 + m(E\ O) < ¢
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Chapter 4

Lebesgue integration

This chapter develops integration on a measure space (X, %, n) by turning approzimation into
a definition. Starting from simple functions, we define the integral of nonnegative measurable
functions via monotone limits and then extend the theory to integrable (signed) functions. The
central results are the convergence theorems—Beppo—Levi (monotone convergence), Fatou’s
lemma, and dominated convergence—uwhich explain why the Lebesgue integral behaves well
under limiting processes and why “almost everywhere” considerations are natural. We also
compare the Lebesgue and Riemann integrals, clarifying the precise sense in which the Lebesgue
theory extends the classical one. Throughout, the emphasis is on reusable principles and clean

measure-theoretic arguments that apply uniformly across examples.

4.1 Integration of simple functions

Let (X, S, 1) be a measure space, and let
n
(P:ZaiXEiv EZ'GS, o € [0,00],
i=1

be a nonnegative simple function. After refining the representation if necessary, we may assume

that the sets F1,..., F, are pairwise disjoint. We then define

n
/ pdu =Y oy u(E;).
X i=1
This definition is independent of the chosen representation of ¢.
Moreover,

/ pdp=0 <= =0 almost everywhere.
X

Indeed, if >1*; a;p(E;) = 0 with a; > 0, then a;u(E;) = 0 for each 4, so u(E;) = 0 whenever
a; > 0.
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For E € S, we define

/SOdM —/ oxE dp = ZazuE NE).

=1
Example 4.1. On (R, M, m), let f = x[o,1]- Then
f=0-xr\0,1 + 1" X[0,1]5 /Rfdm =m([0,1]) =
The convention 0 - co = 0 is used whenever it arises in such decompositions.
Let L1 (X, S, p) denote the class of all S-measurable functions f : X — [0, cc].

Proposition 4.2. Let ¢, be two simple functions in L (X, S, ). Then,
(i) For ¢ >0, [ycpdu=c[yedu.
(it) [x(o+v)du= [xpdu+ [xvdu, linearly.
(iii) If o < ¥, then [y o dp < [y ¢ dp.
(iv) If v : S — [0, 00| be defined by v(A) = [, du for A€ S, then v is a measure on (X,S).

Proof. (i): Proof of it is trivial.

(ii) Let o = > Xixp, and ¢ = Z?Zl BiXF;-
Without loss of generality, we can write X = ;% E; = Uj—; F}j. Then, E; = Uj_;(E; N Fj)
and F; = U?il(El N FJ)

Now,

n

/deu+/x¢du=ZAiu(EiHZﬁju(Fj)=ZZ Nip(E; N Fy) ZZ Biu(Ei N Fy)
=1 Jj=1 i=1j=1 j=1i=1

:ii/\juﬁj (E; N Fy) (4.1)

i=1j=1
and
/(¢+w V=33 (i + 5, (EiﬂFj):/Xgod/,L+/X1/1du (by (4.1))
=1 j=1
(iii) Since ¢ < 1, weset \; < f; if E;NF; # @ (for this, let p(x) < ¢(z) implies x € E;,x € F;
for some i, j):
/ o dy = ZZME NE) <SS Bin(EinF) /xM“'
=1 7=1 j=1:i=1

(iv) For A € S, write v(A) = [, ¢ dp. Then v(@) = 0.
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If A, BeSand AN B = @, then
Z/(AUB):/ cpdu:/cpdu—i-/apdu:y(A)—i—u(B).
AUB A B
Hence, v is a measure on (X, S).

Let {Ar}2, C S and Ay, N Ay =@, for all k # ¢, and write A = J;2; A. Then,

A) :/ ¢ dp = Zm:AiM(AﬂEz') =D\ iﬂ(AkﬁEi)l
A = k=1

=1

3

— i i Aipp(Ap N E;) = i v(Ap).

k=1i=1 k=1
Now, it is obvious that if a,b € R, then

/ (ap + b)) du:a/ wdu+b/ Y dp,
X X X
for ¢ and 1 are simple measurable functions on (X, S, p) to [0, oc].
Notice that if ¢ <4 almost everywhere, then [y ¢ du < [y ¢ dp.
Let E={z € X : ¢(x) > ¢(x)}. Then p(E) =0.

fee= oo om0+ fov=fov
(i.e., [z =0if and only if ¢ = 0 almost everywhere.)

Next, consider f € L1 (X, S, u). Then there is a sequence of simple ,, /* f pointwise. Hence
Jx n dp is a sequence in [0, 00]. Thus,
T}ggo/an dp = ilg/an dp.

(Important)
We define, for f € LT (X, S, p),

/ fdu= sup/ p du, 0 < p < f, pis simple and measurable.

If f,ge LT(X,S,n) and f < g, then

/ fduzsup/ soduésup/ wduz/ g dp.
X p<fJX Pp<gJX X
Moreover, if f: (X,8,u) = R = [—00,00], then f = fT — f~, we write

| rdn= [ £+ du= [ s~ an,

if at least one of [y f du or [y f~ du is finite.
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Lemma 4.3. Let f € LT(X,S,p). Then
/ fdu=0ifand only if f =0 a.e. p
X

Proof. Suppose f = 0 almost everywhere. If 0 < ¢ < f, ¢ is a simple measurable function,

then ¢ = 0 almost everywhere.

Then

/ fdu= sup/ ¢ dp =0 (by previous result).
X p<fJX

Next, let E={z € X : f(x) > 0}. Then

E = U{meX flx l}_UE

n

/dﬂ</ fd,u</fd,u 0.

So, pu(Ey) = 0 for all n, hence u(E)

Now,

Let ¢ be a simple function on a measure space (X, S, ) to [0, 00]. Then,
m
@:ZAiXEm E’LES
and F; N E; =@ if i # j, E; € S. By assigning zero outside U], E;, we may assume that
m m
@ZZAiXEi7 UEz:X
i=1 i=1

Let L*(X,S, 1) be the space of all S-measurable functions f : X — [0, oo].

Proposition 4.4. Let ¢, be two simple functions in LT (X, S, u). Then,
(i) For ¢ >0, [ycpdu=c [y dpu.
(it) [x(p+v)dp= [xedu+ [xvdu, linearly.
(iti) If o <4, then [y o du < [y 1 du.
() If v:S — [0,00] be defined by v(A) = [, du for A€ S, then v is a measure on (X,S).

Proof. (i): Proof of it is trivial.

(i) Let ¢ =33 Aixg, and ¥ =37 BiXF;-
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Without loss of generality, we can write X = ;% E; = Uj—; F}j. Then, E; = Uj_,(E; N Fj)
and Fj = U;ll(El N FJ)

Now,
m n
/«pdwr/ Gdp =2 Np(Ei) + ) Biu(Fy)
X X i=1 j=1
=3 Nu(ENF) —I—ZZBJ,LLEHF =Y > N+ BHuENE)  (42)
i=17=1 j=1l1i=1 i=17=1
and

/(¢+w ) dp = ZZ)\ + B4) (Eij):/X@dﬂjL/szdu (by (4.2))

=1 j=1
(iii) Since ¢ < 9, weset A\; < B; if E;NF; # @ (for this, let p(z) < ¢ (x) implies x € E;, x € F;

for some i, j):

/gpd,u ZZ)WEDF <SS BuEiNF) /X@Z}dp.

i=1j=1 j=1l1i=1
(iv) For A € S, write v(A) = [, ¢ dp. Then v(@) = 0.
If A, BeSand AN B = @, then
Z/(AUB):/ cpdu:/cpdu—i-/apdu:y(A)—i—u(B).
AUB A B
Hence, v is a measure on (X, S).

Let {Ax}32, C S and Ay, N Ay =@, for all k # ¢, and write A = J;2; Ag. Then,

A) :/ pdu= iAiM(AﬂEz‘) = Z)\i iM(AkﬁEi)]
A Pt k=1

=1

3

:ii z# AkﬂE io:lj(Ak)

k=1 k=1
Now, it is obvious that if a,b € R, then

/ (ap + by) du=a/ wdu+b/ Y du,
X X X

for ¢ and 1 are simple measurable functions on (X, S, p) to [0, oc].
Notice that if ¢ <4 almost everywhere, then [y ¢ du < [y ¢ dp.
Let E={z € X : p(x) > ¢(x)}. Then u(E) = 0.

oo fe e oo [

(i.e., [z = 0if and only if ¢ = 0 almost everywhere.)
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Next, consider f € LT(X,S, ). Then there is a sequence of simple ,, * f pointwise. Hence
Jx ®n dp is a sequence in [0, 00]. Thus,

lim on du = sup/ on dpu.
X

n—oo n>1 X

(Important)
We define, for f € LT(X,S, p),

/ fdu= sup/ © du, 0 < p < f, pis simple and measurable.
X p<fJX

If f,g e LT(X,S,u) and f < g, then

/deu sup/sodu<sup/¢du /gdu

Moreover, if f: (X,S, ) = R = [—00,00], then f = fT — f~, we write

fdu= | fTdu— | [~ dpy,
Jod du= [or = [

if at least one of [y f du or [y f~ du is finite.

O
Lemma 4.5. Let f € LT(X,S,p). Then
/dep:()z'fandonlyiffzo a.e. [
Proof. Suppose f = 0 almost everywhere. If 0 < ¢ < f, ¢ is a simple measurable function,
then ¢ = 0 almost everywhere.
Then
/ fdu= sup/ ¢ dp =0 (by previous result).
p<f
Next, let E={z € X : f(x) > 0}. Then
oo 1 00
E = nL:Jl{m eX: f(z)> ﬁ} = nL:Jl E,.
Now,
/ dﬂ</ fdu</ Fdu=0.
So, u(Ey) = 0 for all n, hence u(E) =
O
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4.2 Monotone Convergence Theorem (MCT)

Let f,, f € LT(X,S, ) be such that f, T f pointwise almost everywhere. Then

/de,u— hm/fnd,u

Proof. Since fr, < fa41 < f, the limit of [ f,, will be bounded above by [y f. Hence,

b fs [ s

In order to show the other inequality, it is enough to show that for each € > 0,

Jim [ fo=-9 [
T}LI{.IO/anZ(l—E)/XsD-

Let B, ={z € X : fo(x) > (1—¢€)p(x)}. Since f, T f, En C Eyy1. Moreover, X = o2 E

or for p < f,

For, let = € X, then f,(x) T f(z), and so for some n, f,(xr) > (1 — €)p(x). If not,
fu(z) < (1 —€)p(x) for all n, so f(x) < (1 —€)p(x), ¢ < f implies Contradiction.

Let v(Ey) = [p, . Then v becomes a measure on (X,S) and E, T X. Hence,

nh_)n(go v(E,) =v(X).

(lfe/go—nh / 1e¢<nlgn;o/nfn§nlgrgo/)(fn.

Remark 4.6. For f, converges to f pointwise is necessary in MCT.
Let fn : (R,M,m) = R by f, = %R[O,n]. Then f,, — 0 pointwise (even f, — 0 uniformly
too), but

Thus,

nllrgo/fndmzl#O:/nlLrgofndm.

Exercise 4.7. Verify MCT for f, : R — [0, o] given by (i) fn = X(0,n) and (ii) fn = nX(0,L1)-

Corollary 4.8. Let f,, f € LT(X,8, ) be such that f, T f pointwise almost everywhere on X,

then
dy = lim / n dpb.

Proof. Let f, — f pointwise almost everywhere on £ C X. Then u(E¢) = 0. Hence,
E,E¢ € S. By MCT on measure space (E,Sg, i) we get

/fdu: lim/fnduimplies/XEfdu: lim / XESfn du.
E n—oo E X n—oo X
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Now,

/Xf:/X(XEf+Xch):/XXEf+/XXch,

(by linearity of integration)

n—oo

= lim XEfn + lim / XEe[n.
X n—o0 X
O

Remark 4.9. Integration is linear on LT (X,S, ). That is, f — [y fdp is a linear map. Let
f,9 € LT(X,S, p).
Then there exists sequences ¢y, 1, of simple measurable functions in L*(X,S, i) such that

on T f pointwise and v, 1 g pointwise by MCT.

—|—d:hm/ n—l—nd:lim/ nd—i—lim/ nd
/X(f gldp=lim | (pn+n)dp=lim [ ondp+ lim | tndp

=/deu+/xgdu

Remark 4.10. Let 1, be a sequence of simple functions in LT (X,S,u) such that ¢, 1+ f €
LT(X,S,u). Then ¢, = nXE,n, and @, — f, whereas [y 1, < co.

Consider f € LT(X,S,u) and A € S. Then the set function E — [, f du defines a measure
on (X,S8). This will be followed by the following equivalent statement of MCT, known as
Beppo-Levi Theorem.

Theorem 4.11. Let f, € LT (X,S,pn). Then

/. (if) duzg/xfndu-

Proof. Notice, >-7—1 fx T > hey fx. Hence,

n

/ <Z fk> dn= [ (lim > fi)dp = lim, (Z fk> du =l 3" [ fdy
X \k=1 X k=1 X \k=1 k=17%X

(by MCT).

Now, let v(E) = [ fdu. Then v(@) =0. If E=U;2; En, En €S, then fe =372 fE,n-

By Beppo-Levi theorem,

o5 =3 [ =3 v

Hence, v is a measure on (X, S).

Recall that monotone convergence theorem (MCT) allows us to commute lim and | when

sequence f, 1 f and non-negative integrands. However, other cases still need to be addressed.
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For example, if f, = - X(n nt1) on (R, M,;m), then f, — 0 but f, is not monotone. We have

lim /fndmzoz/ggnéofndm,

n—oo
Iffn_, om) — 0but [ fr = 1>0= [lim f,.

Hence, "equality" need not be the case for arbitrary sequence, but we can compare both the

limits.

4.3 Fatou’s Lemma
Let f, € LT(X,S, ). Then
/Xllnrr_lggffn dp < hnrr_1>1£f/X fndpu.

Proof. Since liminf,,_ f, < f;, forallj >k,

/ liminf f, du < / fidp, forallj > k.
X n—k X

o < 4 ‘
/X lim inf f, dp < }§£ /X fidp (4.3)
Define, for each k£ € N,
gii= inf fo = f{fi, fier, ).
Then (gg) is increasing and

lim g = supgr = lim 1nf fn-
k—o0 keN n—

Hence, by Monotone Convergence Theorem, it follows that

/ lim gy dp = lim / gr dp < hm 1nf/ fi du—hmlnf/ frdp.
X k—oo k—oo

Remark 4.12. (i) If limy_,o fi exists, then
/ lim fpdp < lim / frdu.
X k—o0 k—oo J X

(ii) The inequality in Fatou’s lemma can be strict. To see this, consider f, = %X[O,n] on
(R, M, m). Then we obtain

/hmmffnd,u:/ li_)rn fndu—0<1:hm1nf/fnd,u.
R?’L o0

n—oo n—oo
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(iii) Fatou’s lemma need not be true beyond non-negative functions. For example, f, =

_%X[n,Zn] on (Ra M, m)
Hence, liminfy_,o fr = limkHoo(—%) = 0, however,
/ liminf f, dp=0> —-1= 1iminf/ frdu.
X k—oo k—oo JX

Example 4.13. Let f, € LT(X,S, ) and f = lim f,, with f,, < f for all n > 1. Show that

/X lim f, dp = lim_ /X Jn dp.
(Hint: use Fatou’s lemma for f, + f — f,, > 0 both.)
Example 4.14. Let f, € LT(X,S, 1) be given by
XE(x) if n is odd
fa(z) =
1 —xg(z) if niseven

for some F € §. Verify Fatou’s lemma for f,.

(Hint: use [x f = [gf+ [p f-)

4.4 Integrable Functions

Let f: (X,S,u) — R be measurable. Then f*, f~ both are measurable and f = f* — f~.
fl=f"+f
Define f as said to be integrable on (X, S, u) if both [y fTdp and [y f~ du are finite. In

this case, we write
/ fduz/ f*du—/ [~ dp.
X X X

As |f] = ft + f, it follows that [y |f|du is finite if and only if [y fdp is finite.

Denote
LYX,S, p) = {f X - R measurable,/ |fldu < oo}.
X

Notice that we also use the symbol L'(X) or L(X,S).
We can see that R[0,1] € L([0, 1], M, m) since for

fa) - {1 zeQN[0,1]
1 ze®\Q)N0,1]

we have f ¢ R[0,1] but f € L'([0,1], M, m).
Moreover, if E € S and f € LY(X,S, 1), then

| fdu= [ txwdu= [ rran= [ 1~ du
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Notice that L'(X,S, ) is a linear space. We define a norm on L!(X,S, i) by setting

171l :/deu, f e XS, ).

To see this, we need to recognize f =0 a.e. to be f = 0 since [ |f|dp =0 if and only if f =0

a.c.

Lemma 4.15. Let f € L'(X).
(i) |[x [ dul < [x |fldp (Conjugation of f — [y f)
(it) [ fdp=0 for all E€ S if and only if [y |fldu =0 if and only if f =0 a.e.
(iii) {x € X : f(z) # 0} is a o-finite sel.
(iv) p{z € X« |f(zx)| =00} =0
Proof. (i)

[orau = | [t [ ranl < [ rans [ 5= [ sl
X X X X X X
(ii)Suppose [g fdu =0 for all E € S. Let Ey = {z € X : f(z) > 0}. Then Ey € S and

/X|f!duZ/Eofdu—F/chdu:/Eofdu—/chdu:/Eofduzo.

If [ |f|dw =0, then for E C S,

o= [ns fan=o

i)z € X : |f(@)] £ 0} = Ui{z € X : |f(@)] > 1} = U2, By, where By = {z
[f(2)] = 3}
Now, u(En) -1 < [ 1£@)ldu < [y | (2)ldp < oo,
—Since [y |f|dp < oo.

(iv){z € X: [f(2)| = oo} = MaZi{z : [f(2)] = n} = 3Ly Fr, where Fyy = {x - [f(2)] = n},
—But p(F,) < 2 [y |f|dp for all n > 1 implies p(F,) — 0.
—u({z € X :|f(2)| = 00}) < u(Fn) < 3lIfllz2 — 0.

Note that in proving (iii) & (iv), we have proved the following interesting result.
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4.5 Chebyshev’s Inequality
Let f € LY(X, S, ) and « > 0. Then

plfe € X2 1£(@)] 2 @) < 1l

So far we have shown that L'(X, S, 1) is a normed linear space. For f € L'(X,S, ),

|]f|\L1:/X|f|du<oo, and  ||f||lx = O implies f = 0 a.c.

Next, we shall show that L'(X, S, i) is a complete space. To see this, we need a wonderful

result known as DCT.

4.6 Dominated Convergence Theorem (DCT)
Let f, be a sequence of measurable functions on (X, S, ) such that:
(i) fn — f pointwise on X
(i) fa] < g, where g € L1 (X, S, ).
Then

/X fdp = lim. /X fndp.
Proof. Since lim f,, = f and |f,| < g € L', it follows that f,,f € L' (by monotone

convergence).
Now,
0<g+fo % g+ f
ptwise

0<g—fon—>9—f
Then by Fatou’s Lemma,

/X(g + fldu = /Xlim(g + fn)dp < lim/X(g + fn)du

implies /deugliminf/x fndp  (since /Xg<oo).

Similarly,
[ (o= pdp=1im [ (g~ fa)an
X X

implies limsup/X fndu < /de,u.
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Hence, we have

lim/nd :/ d:lim/ ndpl.
Jim. Xf 0 Xfu Jim. Xf 1

Corollary 4.16. Let f,, be a sequence of measurable functions on (X, S, n) such that:
(i) fn — f pointwise a.e.
(ii) |fn] < g a.e. for some g € LY (X, S, u).

Then

dzlim/ o m
/Xfu THOOXfM

In the Dominated Convergence Theorem, we require f, — [ pointwise a.e. and |f,] < g a.e.,

where g € L'. This completes
\fu—fl =0 ae and |f,—f|<2g€L.
Hence,
[ dudu— [ tau] < [ 15, = fldn 0 as |5, 1 0

This shows that the map f — [y fdp is “continuous” on L'(X, S, ).

Thus, we can think of fundamental theorems of calculus for Lebesgue integrable functions.

Theorem 4.17. Let f € LY(R, M, m). Define

F@) = [ swa= [ i
Then F' is continuous on R to R.

Proof. Let ;, — 2 in R, then f - X(_oo,e,] = [ * X(—o0,2] POINtWise.
By DCT, we have

* X(—oo,zn)dm = li / " X(—o0,2n] 4
/fo( )T = I RfX( ] ATV

o0
implies F'(z) = 7111330 F(xy).
Example: For f, : (R, M,m) — R and given n,
(i)fn = nX(q%}
(i) fr = 2 X[nnt1]
(iii)For « € [n,n + 1], f, — 0 pointwise, and

/fndm=1>0:/limfndm
R R

Hence, |f,| < g € L' in the statement of DCT is necessary.
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Now, to prove L'(X, S, i1) is complete, we all need to show that every absolutely convergent

series in L'(X, S, i) is convergent.

Theorem 4.18. Let {f,} be a sequence of integrable functions on (X, S, u) such that

i/X|fn|<oo.

Then 3°°°, fn converges pointwise almost everywhere to some f € LY(X, S, ), and

o0 o0
n=1 n=1
Proof. Assume that > o2, || fn|l1 < co. By the Monotone Convergence Theorem,

E nldu = E / fuldp < oo.
/‘( n=1 |f | n=1 X ’ |
Thus the function

g:= Z ‘fn‘
n=1
belongs to L'(X, S, u).

Since g < oo almost everywhere, the numerical series Y o>, f,(x) converges absolutely for

almost every x € X. Define

F@) =3 fula)
n=1

on that full-measure set, and redefine f arbitrarily on the remaining null set.

Let s := 22:1 fn. Then |sg| < g almost everywhere for every k, and s, — f almost

everywhere. In particular, f is measurable and |f| < g almost everywhere, so f € L' (X, S, u).

By the Dominated Convergence Theorem,

k [e's)
dzlim/sd:hm /nd: /nd.
J = tim [ s d fun 32 [ ddi =3 [ o
Moreover,

17 = sell < [ 3 fulde= 3 Il =0

n>k n>k

so the partial sums converge to f in L!.

Therefore every absolutely convergent series in L'(X,S, ) converges in L!, and hence
LY(X, S, ;1) is complete.
O
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Corollary 4.19. If f € LY(X, S, i), then the set function E — [5 fdu is countably additive.
Proof. Let v(E) = [ fdu. Then v(E) € R because
) =| [ fau] < [ Iflau< [ 1fldn < .
E E X
Next, let E = )72, By, where E, € S. Then
() v(B) = [ fxwdn= [ 3" e,du
X X =1
Similarly,

g/XVXEnd/i:/E‘f|dN§/X!f\du<oo.

Hence, by previous theorem,
o0
/ Z fxE, du converges to a finite number.
X n=1

Thus, v(F) € R and once again by the previous theorem,

V(E) = f:: [ Fedn = i:: W(Ey).

Note that v : S — R = (—o00, 00), which satisfies v(f)) = 0, and

v <© En> = il/(En)

n=1

Such set functions are called signed measures, which we shall see later.

Absolute Continuity of the Integral

If f € LY(X, S, u), we have seen that v(E) = [ fdu defines a set function which is countably
additive on (X, S5).

Moreover, |v(E)] </ ]f|du§/ |fldpu.
E b's

This shows that v(FE) is small if p(F) is small. Thus, we can prove the following result.
O

Theorem 4.20. Let f € L'(X, S, ). Then for e > 0, there exists 6 > 0 and a set E € S such
that

u(E) < 6 implies / |fldu < e (e >0 depends on f).
E
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Proof. For one N, we have:

[ 11 = [ fldu+ [ Fldp < oo,
X {z:|f(z)|<N} {z:| f(z)|>N}

We only need to prove that the second integral on the right-hand side is small, while IV is

large.

Let E, = {x € X : |f(z)| > n}. Then E, C E, where E = {x € X : |f(z)| = oo}. Since
feLl uk,)=uE)=0.

Next,

Tim (2, (2) = x(2)) = lim xp (@) = 0.
Claim: If x ¢ E, then there exists m € N such that z ¢ E,,, for all m > n.
Hence, fxg, — fxr = 0 almost everywhere on X.

Since |fxg,| < |f| € L', by Dominated Convergence Theorem, it follows that

nlgrolo/x fxe,dp=0.

That is,

lim du = 0.
M(En):() En ’f‘ s

Hence, for all € > 0, there exists § > 0 and ng € N such that for all n > ng, u(E,) <
¢ implies [ [f|dp < e. In particular, u(Ey,) < ¢ implies fEno |fldp < e.

O

Theorem 4.21 (Bounded Convergence Theorem (BCT)). Let (X, S, 1) be a finite measure space.
If f,, and f are measurable functions on (X, S, u) such that

(i) |fn(2)] < M, for all n and for all x € X, and
(ii) fn — f pointwise on X,
Then
/X fdu = nh_{lgo/x fndp.
Proof. Since Mpu(X) < oo, [y |ful < Mp(X) < oo.
Hence, f, is dominated by M € L'(X). By Dominated Convergence Theorem,

/X fdp = lim. /X fndp.

Now, with the help of Monotone Convergence Theorem, Fatou’s Lemma, Dominated Conver-
gence Theorem and Bounded Convergence Theorem, we shall compare Riemann Integral

with Lebesgue Integral.
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O
4.7 Comparison of the Riemann and Lebesgue integrals
Let f: [a,b] — R be a bounded function and P = {zg,x1,...,Zn}, where a = xo < z1 < -+ <
Ty = b.
Let Az; = — x;—1, M = sup f(x), and
mi = inf_ f(z) e A
Write U(P, f) = >y M;Ax;, L(P, f) =Y miAx;.
Since f is bounded, there exists m, M > 0 such that m < f(z) < M, for all z € [a, b].
Hence,
m(b—a) < L(P,f) <U(P, f) < M(b—a) (4.4)

The function f is said to be Riemann Integrable (for f € Rla,b]) if

inf U(P, f) = sup L(P, f)
P P

implies i%fw(P, f)= i%f{U(P, [)—L(P, )} =0

Hence, for each € > 0, there exists a partition P such that w(P, f) < e. Also for e =1/n,n € N,
there exists a partition P, such that w(P,, f) < %, for alln € N.

Hence lim,, oo w(P,, f) = 0.
Theorem 4.22. Let f : [a,b] — R be a bounded function. Then f € Rla,b] if and only if there

exists a sequence of partitions P, such that lim,_,. w(P,, f) = 0.

Proof. We have already established the forward implication. Conversely, assume that there
exists a sequence of partitions P, such that w(P,, f) — 0. Given € > 0, choose ng such that
W(Pry, f) < €. Then

0< ir}gfw(P, ) Sw(Ppy, f) <e.

Since € > 0 is arbitrary, infpw(P, f) = 0. Recall that w(P, f) = U(P, f) — L(P, f) and
U(P, f) > L(P, f) for every partition P. Hence

inf U(P, f) —sup L(P, f) = 0,
P P

so infp U(P, f) = supp L(P, f), i.e. f is Riemann integrable on [a, b].

1 z=1/2

Example 4.23. Let f:[0,1] = R, f(x)= {
0 z#1/2
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Then f is bounded and for P, = {% :1=0,1,2,... ,n},

n

1
w(Py, f) = Z<MZ —my;)Az; < 2;2?31 Az; < 2% — 0.
i=1 =

(Hints: 1/2 € [2k — 1,2k]/[2k, 2k + 1])
If f:]a,b] — R is continuous then f € Rla,b|.
Since f is continuous, it is uniformly continuous on [a, b]. For each € > 0, there exists 6 > 0
such that |s — t| < § implies | f(s) — f(t)] < e.
Choose a partition P such that Az; < §. Then for any s,t € [z;-1,x;], —e < f(s) — f(t) <€
So, by taking sup and then inf we get:

—e< M;—m;<e, 1=12,....n

Hence,

n

w(P, f) = Z(M’ —my;)Ax; < EZAI'Z‘ =¢e(b—a)

i=1 =1

Notice that if Py C Py, then L(Py, f) > L(Pa, f) and U(P1, f) < U(Pa, f). Hence,

W(Plaf) > W(P27f)
Using this fact, it is enough to look at lim,,_, w(P,, f) = 0 while P,, are an increasing sequence.

Theorem 4.24. Let f : [a,b] — R be a bounded function. Then f € R[a,b] if and only if there

exists an increasing sequence of partitions Py, of [a,b] such that lim, o w(P,, f) = 0.

Proof. Since f € R[a,b], by previous theorem, there exists a sequence of partitions P, such
that lim, e w(Pp, f) = 0.

Now, let Q1 = P1, Qn =P UP,U---UP,. Then w(Qy, f) <w(P,, f) — 0.

Converse is obvious from previous theorem.

O]

Example 4.25. Let f : [0,1] — R be such that f(z) = 1/n if z = 1/n, 0 otherwise. Then
f € R[a,b] and [, f(z)dz = 0.

Let € > 0. Since 1/n — 0, there exists ng € N such that 1/ng € [0,¢] and 1/n € [0, €], for all
n > ng.

Hence, only finitely many y,,’s are in [e, 1].
See Figure 4.1.

We can cover the points {y;,1/ng — 1,...,1} by intervals

(i, Tiv1], [x3,24], ..., [Tm—1,Zm] such that

m
Z Azx; <e
=2
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finitely many points in [e, 1]

0 € 1

Figure 4.1: Only finitely many values of 1/n lie in the interval [e, 1].

Then the partition P = {0, €, x1,xo,..., 2, = 1} as desired, and

m m
w(P, f) = Z(Mz —my;)Ax; = MyAzy + ZMiAmi <l-e+e=2-1
=0 i=1

Hence, f € R[a,b] and [ f(z)dz = supp L(P, f) = 0.
Theorem 4.26. Let f € Rla,b]. Then f € L'[a,b] and

b
@ am() = / f(x) dz,

where the left-hand side denotes the Lebesgue integral and the right-hand side denotes the Riemann

integral.

Proof. Let I = [a,b]. Since f € R]a,b], the function f is bounded on I, so there exists K > 0
such that |f(x)| < K for all x € I. In particular, once measurability is noted (see the remark
below), we will have f € L'(I).

Fix n € N. Choose a partition
P,:a=xy<x1 <---<mp, =0
such that
U(Pu, )~ L(Pu, ) < -

Define the lower and upper step functions

kn
Sp 1= MG Xz 1 215 m; ;= inf f,
n 22::1 @ X (251,24 7 oy i) /
and
kn
ty 1= ZMZ X(xi_1,2:] M;:= sup f.
i=1 (zi—1,%i]

Then s, and t, are measurable, s, < f <t,, and

/sndm =L(P,, f), /Itn dm = U(Py, f).

I
Consequently,

/I(tn_Sn)dm:U(Pnaf)_L(me)<:L‘
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By monotonicity of the Lebesgue integral and the bounds s, < f < t,, we obtain
L(P,, f)= /sndm < /fdm < /tndm: U(Py, f).
I I I

Letting n — oo and using the defining property of Riemann integrability (namely U(P,, f) —
f;’f(a:) dx and L(P,,f) — ff f(x)dx along a suitable choice of partitions), the squeeze

principle yields
b
/fdm = / f(x)dx.
I a

Remark on measurability. It is a standard result (Lebesgue’s criterion for Riemann integra-
bility) that every Riemann integrable function on [a, b] is Lebesgue measurable. Hence the

Lebesgue integral [; f dm is well-defined.
O

Remark 4.27. If we assign a norm on R[a,b] through || f|1 = [|f(z)|dz. Then by the previous

result,
(Rla, bl [ - [[1) < (L[a,b], || - []1)

The inclusion is proper: the function f(x) = ﬁ for x # 0 and f(0) = 0 on [0,1] is not
Riemann integrable (it is unbounded near 0), but it is Lebesgue integrable.
For n € N, if we write f, = fX[1/n,1), then f, increases to f pointwise. Hence, by (*) MCT,

1

fd’rnzlinrl/1 fdm =lim f(z)dz = 2.
[;71]

[0,1] 1/n

Thus, f € L'([0,1]). In fact, the space Cr([0,1],] - ||1) is an incomplete one, because for m > n,

=Sl = [ =2 (5-)
It implies {f,} is a Cauchy sequence in R([0,1]), but lim f,(z) = f(z), f ¢ R([0, 1]). However,

R([0,1]) € L'([0,1]), that we see later.

Remark 4.28. Observation made in R" is wider and can be generalized to the following result.

Theorem 4.29. Let f: L'([a,b]) — R be such that
(i) f € R([a,b]), for allb > a and b € R.
(it) Jiqp |l dm < M < oo, for allb>a
(M is independent of b)
Then f € L'([a,00)) and

b
/ fdm = lim fdm = lim / f(z)dz.
la,00) a

b—o0 [a,b] b—o0

69



MAS550: Measure Theory 4. Lebesgue integration

Proof. Let fn = fX[an)- Then f,, — f pointwise on I = [a,00). Notice that [;|fu|dm is an

increasing sequence which is bounded above by M. Hence
lim/I | frldm < M.
Since | f,| 1 | f| pointwise, by MCT,
/I]f]dmzlim/[\fn]deM<oo.

Hence, f € L*(I). Moreover, |f,| < |f| € L*(I), by BCT

/fdm— hm/fn m = hm fdz.

[a,n]

Example 4.30. f,:R — R by
(i) falt) = Lt
(ii) fa(t) = 0
(ifi) fu(t) = e~ 5(0, )
(iv) falt) =c—2

If f, — f, check for f € L*(R, M, m), and commutation of limit and integral.

Characterization of R-integrable functions.

Theorem 4.31. Let f : [a,b] = R be a bounded function. Then f € R([a,b]) if and only if f is

continuous on [a,b] almost everywhere.

Proof. Let f € R([a,b]). Then there is a sequence of partitions P, of [a,b] such that

Pn = Zmix(%—hwi] T fAm = Z MiX(xi,l,xi}
=1 i=1

pointwise, almost everywhere on [a, b] (see previous theorem). Consider
on < f <1y, for all n, for all z; provided on A° C [a,b] = I.

Then m(A) = 0. Note that partitioning bits of I could also be points of discontinuity.
Hence, let D = AU ( >4 D;); if x € I'\ D, then for each € > 0, there exists n € N such
that

pn(2) = f(@)] <€ [Pn(z) = fl2)] <& n=mno.

Since ¢, and v, are simple functions, = € (x;_1,z;] C P, for some n,ng such that

x € (xi—1,2i] & M;— f(z) <e& flz) —m; <e.
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(@i—1, ;]

A

a Ti—1 x x; b
Figure 4.2: A typical atom (z;_1, z;] of a partition used to compare f with upper and lower simple-
function bounds.
See Figure 4.2.
For y € (wj_1,x;] we get
—e<mi — f(z) < f(y) — fz) < M; - f(z) <e

Hence, f is continuous and z € I'\ D, m(D) = 0.

Thus, f is continuous a.e. on I.

Conversely, suppose f is a.e. continuous on I. Let z; € (a,b) be a point of continuity of f.
Then for each € > 0, there exists § > 0 such that

flxp—e) < fly) < flag+€) < f(x)+€eon |x—y| <4 (4.5)

Suppose || P,|| = 0, then for € > 0, there exists NV € N

such that || P,|| < ¢, for all n > N,.

a | xioy | x| x| g1 | b

From (4.5),

f(x) —e< (inf f(y)), v € wi1,2] < f(w)+e

Therefore,

fl@)—e<m; < f(x)+e

Since = € (x;—1,;), it follows that

f(z) —e<pn(z) < f(x)+e  foralln,mg,mn.
implies @, (z) — f(z) forallz € I\ D.
Similarly, ¥y, (z) — f(z).

But m,, < ¢p(z) < f(z) < ¢Yp(z) < M, then by BCT, we get
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/fdm:hm/gondm:limU(Pn,f)
I I

/fdm — 1im/¢n dm = lim L(P,, f)
I I
Hence, f € RJa,b].

Remark 4.32. We have observed that
Cla,b] C Ra,b] C L'[a, ]
However, we will later show that Cla,b] = L![a,b] and hence R[a,b] = L'[a,b].

Thus, a Lebesgue category function is limit of R-int. functions on [a, b].
4.8 Improper Riemann integration
Let f : [a,00) — R be such that:

1. f € Rla,b| for all b > a,

2. limpy_ 00 f(f f(z) dz exists (finite).

Then we say that f is improper R-integrable, and its improper integral

a

o0 b
fda = lim / fdx
b—00 Jq
Remark 4.33. An improper Riemann-integrable function need not be Lebesgue integrable.

Example 4.34. Consider

© gin x Lsina % gin x
/ dx:/ da?—i-/ dx
0 Z 0 x 1 xT

Since #2Z is bounded on [0, 1], if we write

then g € R|0, 1].
For a > 1,

9 sinx —cosx]4 9 cosz
dr = — 5 dx
e T T o T

a

9 cosx
= cosa — cosq — 5—dx
a x
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Thus,

. 4 sinx . 9 cosx
lim dr =cosa—0— lim
q—© J, €T qg—0 J, €T

Hence, f € TR[0,0). Moreover,

flam=> [
/[0 00) nzz:l (n—1)m

(by Beppo-Levi Theorem).
Hence, f ¢ L[0,00).

X

sinx

1 & 2
z v nmw /0 |sinzlde nmw
n=1 n=1

)

Example 4.35. Show that sinx on [0,00) (or R) is not improperly Riemann-integrable.
Theorem 4.36. Let f : [a,00) — R be such that:

(i) f € Rla,b] for allb > a,

(ii) ff |f(z)|de < M, for allb > a (M is independent of b),

then both f and |f| are improper R-integrable on (a,00) and f € L(a,o00) with

/fdm:/aoof(a:)dx

Proof. Since [)"|f(x)|dz is an increasing sequence and bounded above,

nlﬂﬂo/a If (2)]da < oo,

hence f € IR[a, o).
Now, ||f(z)] — f(z)| < 2|f(z)],

b b
[ 5@ - f@lde <2 [ 1 @)de < 201

By previous case, |f| — f € IR[a,00). Hence f = (|f| = (|f] — f))-

4.9 Further Results

If f € Rla,b], then f € L'[a,b] for all b > a, and hence Jia [f1dm < M for all b > a. By
previous theorem on page 129, it follows that f € L'([a, o)), and

[y Fim= [ ram = tim [ seyie = [ sis

b—o0 [a,b]

Example 4.37. Let f: R — R be defined by f(z) =
Then

1
1+22°
b
/ f(z)dz =tan"'b—tan"ta <7, foralla,beR,
a
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So f € LY(R) and

/fdm: lim lim /abf(as)dazzw

a——00 b—00

Theorem 4.38. Let f:[0,a] — R be such that:
(i) f € L'le,a] for all e > 0,
(i) Jjep lfldm < M for all e > 0,

then f € L0, a] and
fdm = lim fdm

[0,a] €=0.J/[e,q]
Proof. Let f, = R[%,a] f. Then f, — f pointwise.

|fn| < |f| pointwise. By Monotone Convergence Theorem,

/ |f]dm = lim |f| dm < o0
[0,a] al

n—oo [;
n

Hence f € L'0,a]. Now |f,| < |f| € L'0,a] and f, — f pointwise, by Dominated

Convergence Theorem,

fdm = lim f
]

[0,a] ool a

O

Theorem 4.39. Let f : [a,00) — R be such that f € R([a,b]) for every b > a. Then f €

L'([a,00)) if and only if | f| is improperly Riemann integrable on [a,c).

Proof. Let f € L'([a,w)). Then f, = X[a,n).f converges pointwise to f, and |f,| < |f| € L.

By Dominated Convergence Theorem,
oo>/|f]dm:hm/|fn|dm:lim/ |f(a:)\dx:/ \f(2)| da.
ie. f € Rla,w).

Conversely, suppose |f| € R[a,w). Then for g, = X{an)|f], 9n T |f|- By Monotone Conver-

gence Theorem,

/|fdmzlim/|fn|dm:lim/an|f(x)d:c:/aw|f(x)|d:n.

Hence f € L'([a,w)).
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4.10 Absolute continuity and the Lebesgue fundamental theorem

of calculus

The fundamental theorem of calculus admits a sharp formulation in the Lebesgue setting once
one replaces classical differentiability hypotheses by absolute continuity. We work on an interval

[a,b] C R and write m for Lebesgue measure.

4.11 Absolute continuity on an interval

Definition 4.40. A function F : [a,b] — R is said to be absolutely continuous on [a,b] if for
every € > 0 there exists § > 0 such that for every finite collection of pairwise disjoint open
intervals {(zx, yx) 1, C (a,b),

N

N
Z(yk —x) <6 implies Z |F(yg) — F(zk)| < e.
k=1 k=1

We denote the class of absolutely continuous functions on [a, b] by ACla,b].

Remark 4.41. Every F € AC|a,b] is uniformly continuous, hence continuous. Moreover, F' €

ACla, b] is of bounded variation and is differentiable m-almost everywhere on (a,b).

4.12 The Lebesgue differentiation theorem

For f € L} .(R) we define the (centered) Hardy-Littlewood maximal function
1 xT+r
Mf(a)i=supo- [ IF@)]dt
r>0 &7 Jz—r

Lemma 4.42 (Vitali covering lemma for intervals). Let Z be a family of bounded open intervals
in R. Then there exists a countable pairwise disjoint subfamily {I;}j>1 C T such that

U1c s,

IeT §>1

where 51; denotes the interval with the same center as I; and five times its length.

Proof. This is a standard one-dimensional form of the Vitali selection argument. Choose
I € 7 with maximal length. Having chosen Iy, ..., I, choose I,,4+1 € Z with maximal length
among those intervals disjoint from I, ..., I,,. The resulting family is pairwise disjoint. If
an interval I € Z meets some I; with |I| < |I;|, then I C 5I;. If I meets none of the chosen
intervals, then it would have been eligible at some stage and hence intersect some selected I;
of length at least |I|. Therefore every I € T is contained in J; 51;.

O
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Theorem 4.43 (Hardy-Littlewood maximal inequality, weak (1,1)). Let f € L*(R) and o > 0.
Then

m({r € R: Mf(z) > a}) < = |fllrey

Proof. Let Eq :={z : M f(z) > a}. For each x € E, choose r; > 0 such that
1 T+Trs
o [ @lde> .

and set I, := (x — ry,x + ry). By Lemma 4.42 we can select pairwise disjoint intervals
{1y, }j>1 such that E, C U; 51z;. Hence,

m(Ey) <Y m(5ly,) =5 m(ly,).
J J
On the other hand, by the choice of I,

am(l,,)) < /I £ (1)) dt.

T3

Summing over j and using disjointness gives
e miL) < [ 1®ldt < |l
J U, Iz
Combining the last two estimates yields m(E,) < 2|/ f[1. A minor refinement of the covering
argument (working with a maximal disjoint subfamily) improves the constant to 2; the

precise constant is immaterial for our purposes.

O

Theorem 4.44 (Lebesgue differentiation theorem). Let f € Li (R). Then for m-almost every
z €R,

lim — /;M F(t) — f(x)|dt = 0. (4.6)

-Tr

nml/mf(t) dt = f(z).

Proof. By localization it suffices to assume f € L'(R). Fix > 0. Choose g € C.(R) such
that || f — gllz1(r) < n. For each x and r > 0 we have
1 T+ 1 z+r 1 z+r
o [ O =@ 5 [ IR - g@lde o [ lg) — gla)lde + o) o)l
2r Jo—r 2r Jo—r 2r Jo—r
Since g is continuous, the middle term tends to 0 as r | 0 for every x. Thus the main task is
to control the first and the last term. Define h := f — g € L'(R). Then
1 x+r

sup — |h(t)| dt = Mh(x).
r>0 21 Jo—r
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By Theorem 4.43, for any a > 0,
m({e: Mh(z) > a}) <
Also, by Markov’s inequality,
m({e: |h(@)| > a}) < 2.

Letting n | 0 along a sequence and applying the Borel-Cantelli lemma yields a full-measure
set on which both Mh(x) and h(x) are arbitrarily small. On that set, taking r | 0 gives
(4.6).

O
4.13 Lebesgue FTC
Theorem 4.45 (Lebesgue fundamental theorem of calculus). Let f € L'([a,b]) and define
F@):i/fﬂwdu €[l (4.7)
Then F € ACla,b] and F'(x) = f(z) for m-almost every z € (a,b).
Conversely, if F € ACla,b], then F' € L'([a,b]) and
F@):Fﬁ0+/%F%wﬁ, €l (4.8)

Proof. Assume f € L!([a,b]) and define F by (4.7). To see F' € ACJa, b], fix ¢ > 0. Choose
§ > 0 such that m(A) < ¢ implies [, |f| dm < €; this is possible by absolute continuity of
the integral for L'-functions. If {(zg,yx)} are pairwise disjoint with >, (yr — xx) < &, then

SR - el =S| [T s af< [ rola<e

k

Hence F' € ACJa, b).

For the derivative, fix z € (a,b) such that Theorem 4.44 holds for the function fx(, s at z.
Then

F(x+h)—F(z 1 [zth
e h) ():h/ f(t) dt
for h small enough with x + h € [a,b]. Applying the differentiation theorem to the averages
over (z,z + h) as h — 0 yields F'(z) = f(x) for almost every x.

Conversely, let F' € ACJa,b]. By Remark 4.41, F is differentiable almost everywhere. Set
g := F’ on the set where the derivative exists and g := 0 elsewhere. A standard covering
argument (or the Lebesgue differentiation theorem applied to g) shows g € L([a,b]) and
that F' admits the representation (4.8).

O
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Chapter 5
LP spaces

Integration naturally leads to function spaces measured by the size of |f|P. This chapter
studies the spaces LP(X, %, u) for 1 < p < oo, emphasizing the functional-analytic structure
that becomes central in advanced analysis. We establish the basic inequalities (Holder and
Minkowski), interpret LP as a normed space modulo equality almost everywhere, and discuss
completeness and the role of essential supremum in L. Along the way we connect analytic
estimates with measure-theoretic control of level sets, and we build intuition for the different
modes of convergence that arise in practice (pointwise, almost everywhere, in measure, and in
r).

5.1 Basic properties and inequalities

Let (X, X, 1) be a measure space and let 1 < p < co. We define

/Xf|pd,u<oo}.

As usual, functions that agree almost everywhere are identified. With this convention LP(X, ¥, u)

LP(X, %, p) = {f : X — R measurable

is a vector space. Indeed, if f,g € L?, then
[f +g” < (IF1+lgh? < 227H(F1P + 19 lP),
so f 4+ g € LP, and similarly «f € LP for every scalar a.
On an infinite-measure space there is, in general, no inclusion relation between LP and L?
when p # q.
Example 5.1. On (0,1), the function f(z) = 2~/ belongs to L(0,1) but not to L?(0,1). On
R, the function g(x) = %m belongs to L?(R) but not to L'(R).

The second claim follows from

1 1
/ﬁda:<oo, /7d:v:oo.
R (1+ [x]) R 1+ |z
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Thus neither L'(R) C L?(R) nor L?(R) C L(R).

A different phenomenon occurs on finite-measure spaces.
Proposition 5.2. Let (X,3,u) be a finite measure space, and let 1 < p < q < oco. Then
LUX,%, pu) C LP(X,%, u). More precisely, if ¢ < oo, then

1_

1_1
Ifllp < w(X)P el fllg,  f € LUX, 5, p),
and if ¢ = oo, then

1Fllp < 1O)YP ) f oo

Proof. 1If ¢ = oo, then |f| < ||f||cc almost everywhere, so

1 d < w171
X

Now assume ¢ < oo and set » = ¢/p > 1. Let ' be the conjugate exponent of r. Applying

Holder’s inequality to | f|P and 1, we obtain

[f1Pdp < ([ [ dp " 1" dp . |f17 du p/qM(X)l—p/q,
X X X X

Taking pth roots yields the estimate. O

The fundamental inequalities for LP spaces begin with Young’s inequality.

Theorem 5.3 (Young’s inequality). Let 1 < p < oo and let q be the conjugate exponent, so that
%—&— % = 1. Then for all a,b >0,
a?  b?

ab < — + —.
b q

Equality holds if and only if a? = b9.
Proof. Consider the convex function ¢(t) = t?/p on [0, 00). Its Legendre transform is ¢*(s) = s%/q.
The general inequality st < ¢(t) + ¢*(s) yields

al  b?

ab < — + —.
b q

Equality holds exactly when b = ¢'(a) = a?~!, equivalently when a? = 9. O

Theorem 5.4 (Holder’s inequality). Let 1 < p < oo and let q be the conjugate exponent. If
feELP(X,2 ) and g € LY(X, 3, ), then fg € LY(X,%, u) and

[ 159l di < 151 gl
X

Forp=1 and g = oo, one has

[ 175l d < 151 lglo
X
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Proof. The case p =1, ¢ = oo is immediate from |fg| < ||g||oo|f] almost everywhere. Assume now

that 1 < p < oo and that f and g are not identically zero. Apply Young’s inequality pointwise to

@, le@)
S TR P

to obtain

[f(@)g(x)] _ [f@)P | |g(x)|?
< 7T q-
Iflpllglle = plifllz — allglls
Integrating over X gives
1

1 / 1
T [ falde s —+ =
£ llpllgllq Jx P oq

Hence [x [fgldu </ fllpllgllq- M

Theorem 5.5 (Minkowski’s inequality). Let 1 < p < oco. If f,g € LP(X,3,u), then f +g €
LP(X, %, pu) and

1.

1f +glly < I llp + llgllp-
Proof. For p = oo the inequality follows from

[f(2) + g(@)] < [f(@)] + lg(@)| <[ flloo + [lglloo

almost everywhere. For p = 1, it is just the triangle inequality for the integral. Assume 1 < p < c©

and let ¢ be the conjugate exponent. Then
17 +glly = [ 15 +gll7 +olP du< [ 17115 +9P du+ [ lal1f + P dn.
By Holder’s inequality,
1F+gllp < 1LFlp 11F + 9P~ g + Ngllp 1 + gP~Hlg-

Since (p — 1)qg = p, we have

. (p—1) 1/q 1/q y
If+gl? ||q=</X|f+g\P qdu) :</X|f+g|pdu) = ||f +glB/.
Therefore

1F + 915 < (1fllp + lgllp) 1L + gll5/e.

If f+ g = 0 almost everywhere there is nothing to prove; otherwise divide by || f + gHg/ ? to

obtain the claim. O

The next theorem shows that L? is not merely a normed space but a Banach space.

Theorem 5.6. For every 1 < p < oo, the space LP(X, %, 1) is complete. Moreover, if 1 < p < oo

and fn, — f in LP, then some subsequence (fy,) converges to f almost everywhere.

Proof. We first treat the case 1 < p < oo. Let (f,) be a Cauchy sequence in LP. Choose a
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subsequence ( fy,, ) such that

ank+1 - fnka < 2_k (k: > 1)'

Set
9(@) == [fr, @)+ D [frr (@) = fop ()]
k=1

By Minkowski’s inequality, the partial sums of g are uniformly bounded in L?, so g € LP(X) by
monotone convergence. In particular, g(z) < oo for almost every z, and therefore the numerical

fnl (37) + Z(fnk-H (‘T) - fnk(x))
k=1

converges for almost every x. Denote its sum by f(x). Then f,, (x) — f(z) almost everywhere
and |f(z)| < g(z) almost everywhere.
To show that f,, — f in L”, note that

’f - fnk’ < Z ‘fnj+1 - fn]| < g+ ‘fm’

j=k
Since the right-hand side belongs to LP and the left-hand side tends to 0 almost everywhere,
dominated convergence gives || f — fn,|lp — 0. Because (f,,) is Cauchy, it follows that f, — f in
LP.

Now assume f, — f in LP. By passing inductively to a subsequence we may arrange that

—k
||fnk+1 - fnka <277

The argument above then shows that (f,,) converges almost everywhere to some measurable
function g. Since f,, — f in LP as well, uniqueness of the LP limit implies ¢ = f almost
everywhere.

For p = o0, let (f,) be Cauchy in L. Choose representatives so that

an - meoo — 0.

Then (f,(z)) is Cauchy for almost every z, hence converges almost everywhere to some measurable

function f. The uniform essential estimate passes to the limit, and one checks directly that
lfn— flloo — O. O

Lemma 5.7. For 1 <p < oo, the simple integrable functions are dense in LP(X,%, ).

Proof. Let f € LP(X, 3, uu). Since |f|P € L*(X, X, i), there exists a sequence of simple measurable

functions (¢,,) such that ¢,, — f almost everywhere and |p,| < |f| almost everywhere. Then

|f = enl” < 2°(fIP,
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and the right-hand side is integrable. By dominated convergence,

15 = eully = [ 1F = eul du—0.

Hence simple functions are dense in LP. O

This density result is often the first step in approximating LP functions by more regular

classes of functions.

Definition 5.8 (Support). Let X be a topological space and let f : X — R. The support of f is

the closure of the set on which f is nonzero:

supp(f) :={z € X : f(z) # 0}.

If supp(f) is compact, then f is said to be compactly supported. We write C.(X) for the space of

continuous compactly supported functions on X.

On a locally compact Hausdorff space, Urysohn’s lemma guarantees a large supply of such
functions: if K C O with K compact and O open, then there exists u € C.(X) such that
0<u<1l,u=1on K, and u =0 on O°.

Theorem 5.9. For 1 < p < oo, the space C.(R) is dense in LP(R, M, m).

Proof. Let f € LP(R) and let € > 0. By Theorem 5.7, choose a simple function

n
¥ = Z Qi XE;
i=1

with m(E;) < oo and || f — ¢||, < /2. For each 4, regularity of Lebesgue measure gives compact
and open sets K; C E; C O; such that

m(0;\ K;) < ( < D>p.

2nmax(1, 327 |oy
By Urysohn’s lemma, there exists g; € C.(R) such that 0 < ¢; <1, g; =1 on Kj;, and g; = 0 on
O5. Put

g = Zozigi € C.(R).
=1

Since |xg;, — gi| <1 and the difference vanishes outside O; \ K;, we have
X5 — gillp < m(0; \ ;)P
Therefore

n
g
lo = gllp < 3 leal lIxm, = gilly < 5
=1
Hence

1f = gllp < F = ellp +lle —glly <e,
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which proves the density. O

Theorem 5.10. Let (X,., ) be a reqular measure space on a locally compact Hausdorff space
X. Then C.(X) is dense in LP(X,.7, u) for every 1 < p < oo.

Proof. The argument is the same as in the Lebesgue-measure case. First approximate an LP

function by simple functions. Then use inner and outer regularity of u to approximate each

measurable set of finite measure by a compact set from inside and an open set from outside,

and finally apply Urysohn’s lemma to replace characteristic functions by continuous compactly

supported functions. O
A useful comparison with classical integration is the following.

Theorem 5.11. Let f : [a,00) — R be such that f € R([a,b]) for every b > a. Then f €

LY([a,00)) if and only if | f| is improperly Riemann integrable on [a,c).

Proof. Truncate f on [a,n], compare the Lebesgue and Riemann integrals on each finite interval,
and pass to the limit using monotone convergence in one direction and dominated convergence
in the other. O

5.2 Functions vanishing at infinity

A continuous function f: R — R is said to vanish at infinity if

lim f(z)=0.

|z| =00

Equivalently, for every € > 0 there exists R > 0 such that |f(z)| < € whenever |z| > R. We write
Co(R) :={f e CR): lim f(z)=0}.
|z]—o0
Equipped with the supremum norm
[[flloo == sup [ f ()],
zeR
this is a normed vector space.
Proposition 5.12. The space (Co(R), || - ||so) @5 complete.

Proof. Let (f,) be a Cauchy sequence in Cp(R) with respect to || - ||. Then (f,) converges
uniformly on R to some bounded continuous function f. It remains to show that f also vanishes
at infinity.

Fix € > 0. Choose ng such that ||f — fn,llcc < £/2. Since fy, € Co(R), there exists R > 0
such that | f,(x)| < e/2 for all |x| > R. Hence, for |z| > R,

[f (@) < [f(2) = fro(@)] + | fao(2)] < e
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Thus f € Cy(R). O
Proposition 5.13. The space C.(R) is dense in Co(R) with respect to the supremum norm.

Proof. Let f € Cy(R) and let € > 0. Choose R > 0 so that |f(z)| < € whenever |z| > R. Let
K = [—R, R} and choose an open set O containing K with compact closure. By Urysohn’s lemma,
there exists u € C.(R) such that 0 <u <1, u=1on K, and u = 0 on O°. Define h := fu. Then
h € C.(R).
If z € K, then h(z) = f(z). If x ¢ K, then
[f (@) = h(x)] = [f(@)[(1 = u(z)) < |f(z)] <e.

Therefore || f — h|loc < €, proving the claim. O

The space Cp(R) is important because it sits naturally between C.(R) and L*°(R): compactly

supported continuous functions are dense in Cy(R), and every function in Cy(R) is bounded.

5.3 L®(X,S, 1)
Let (X, X, 1) be a measure space. A measurable function f : X — R (or C) is called essentially
bounded if there exists M > 0 such that
p({z € X1 |f(@)] > M}) =0.
In other words, |f(x)] < M for almost every x € X. The essential supremum of f is defined by

| flloo :=1nf{M >0: |f(z)] < M for almost every z € X} = esssup |f(z)|.
zeX

If no such M exists, we write || f]|oc = 00.

By definition, one always has

p{z € X [f(@)] > [Ifll}) = 0.

Moreover,

[flloo < sup [f ()],
zeX

but equality need not hold.
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f(z)

A

____________________f_____'_‘d:: _______

Example 5.14. Let f = xg on R with Lebesgue measure. Then f = 0 almost everywhere, so

[flloo =0,

whereas sup,cg |f(z)| = 1. Thus the essential supremum and the pointwise supremum can be
different.

On the infinite-measure space (R, M, m), the constant function f = 1 belongs to L*°(R) but
does not belong to LP(R) for any 1 < p < oo. Hence, in general, L= (X, %, u) € LP(X, %, p).

If p(X) <ooand f e L>®(X,%, 1), then

1 i< ) 11
X
SO

1F1lp < 1Y lloo-

Therefore, on a finite-measure space one has the continuous inclusion
L®(X,%,p) CLP(X,%,p), 1<p<oo.
Proposition 5.15. If f € L*°(X, X, p) and 0 < a < || f]|co, then

u({e € X : |f(@)] > ) > 0.

Proof. If this measure were 0, then |f| < « almost everywhere, which would imply || f|lc < @, a

contradiction. O
Theorem 5.16. L>°(X,X, u) is a Banach space.

Proof. Let (f,) be a Cauchy sequence in L>(X, 3, u). Passing to a subsequence if necessary,

we may assume
ank+1 - fnkHOO < 2_k, k Z 1.

For each k, choose a null set N such that
|f”k+1(x)_fnk(l')| <2_k, l‘EX\Nk.
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Set N := Ug>1 Ni. Then p(N) = 0, and for every x € X \ N the series

Z [ Frr () = ()]

converges. Hence (fy,(z)) is a Cauchy sequence in R (or C) for each z € X \ N.
Define
f(z) == lim f,, (x), reX\N,
k—o0

and set f(z) =0 on N. Since f is the almost-everywhere limit of measurable functions, f is

measurable.

For m >k and z € X \ N,

and letting m — oo gives
[f (@) = fri(2)] < ZQ 7=

for almost every x. Therefore,
1f = farlloo < 27%1 = 0.

Since the original sequence (f,) is Cauchy and a subsequence converges to f in L%, the
whole sequence converges to f in L. Thus L>*(X, X, 1) is complete.
O

Theorem 5.17. The bounded measurable simple functions are dense in L*°(X,%, ).

Proof. Let f € L*®(X,%,u) and fix ¢ > 0. Choose M > ||f|lco such that |f| < M almost
everywhere. Partition the interval [—M, M] into finitely many subintervals of length at most ¢,
and on each subinterval choose one representative value. Define a simple function ¢ by assigning
to f(z) the representative corresponding to the interval that contains f(x) whenever |f(z)| < M,
and put ¢(x) = 0 on the null set where |f(z)| > M. Then ¢ is measurable, bounded, and satisfies

[f(z) —p(z)| <e

for almost every z. Hence ||f — ¢|loc < €. O
Proposition 5.18. If u(X) < oo and f € L®(X, X, ), then

i [ fllp = [ flloo-

p—o0

Proof. For every 1 < p < oo,

1fllp < 1M £lloo

86



MAS550: Measure Theory 5. LP spaces

Hence
limsup || fll, < || f]loo-
p—00
Now fix ¢ > 0 and set
E..={zeX :|f(x)>|fllcc —€}

By Proposition 5.15, u(E:) > 0. Therefore,

10 = [ 1Pz [ 177 dn = (1l = (B,
Taking pth roots and letting p — oo, we obtain

tim o |1l > [l — <.

Since € > 0 is arbitrary, it follows that

Liminf || fllp 2 [|llo-

Combining the two inequalities proves the claim. ]
Theorem 5.19. L®(R, M,m) is not separable.

Proof. For each t € (0,1), define f; := xjo. If s # ¢, then |fs — fi] = 1 on the symmetric

difference of [0, s) and [0, ¢), which has positive measure. Hence

1fs = filloo = 1.

Therefore the family of open balls

B:={Bys2(fi): t € (0,1)}

is uncountable and pairwise disjoint.

Assume, toward a contradiction, that A C L*°(R, M, m) is a countable dense subset. Every
ball in B must meet A, and distinct balls in B must contain distinct points of A. This yields an
injection from an uncountable set into a countable one, which is impossible. Hence L*°(R, M, m)

is not separable. O

A preliminary duality observation.
Let (X, || - ||) be a normed linear space over R or C. A linear functional 7': X — C is called
bounded if there exists M > 0 such that

T(x)] < Mlzl|, zeX.

Its operator norm is defined by

T[] := sup |T(x)].
ll=ll<1
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Equivalently,

T
IT| = inf{M > 0: |T(z)| < M|z for all z € X} = sup | ”(”ﬂ).
z#0 €

Theorem 5.20 (Canonical embedding of LY into (LP)*). Let 1 < p < oo, and let q be the
conjugate exponent (with the convention ¢ =1 when p = 00). For g € LY(X, %, 1) define

Ty(f) = / fgdp.
X
Then Ty is a bounded linear functional on LP(X, X, ) and

1Tl < llgllq-

Moreover, equality holds whenever either 1 < p < oo or p = oo.

Proof. Linearity is immediate. By Holder’s inequality,

To () < 11l lglle:
so Ty € (LP)" and || Ty[| < lgllq-
Ifl<p<oo,let

1 gom
fo o= T sEn9) ().
Il

Then fo € LP and || foll, = 1, while

lg|?
-1
X |lgllg

Ty(fo) = dp = |gllq-

Hence [Tyl = [|gllq-
If p=o00 and g = 1, take fy =sgn(g). Then ||fo]lcc =1 and

T, (fo) = /X 19l dpe = llglh,

so again [Ty = [|gllq- -

Remark 5.21. The converse statement — namely, that every bounded linear functional on LP is
given by integration against a function in L? — is subtler. It will be proved later for 1 < p < oo,

and also for p = 1 under the additional assumption that the measure is o-finite; see Theorem 6.19.

Remark 5.22. The dual of L™ is, in general, strictly larger than L!. A precise description involves

finitely additive measures and lies beyond the scope of these notes.
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Chapter 6

Signed measures and the

Radon—Nikodym theorem

We extend the basic theory of measures to signed measures. After the Hahn and Jordan
decompositions we introduce total variation and the associated variation measure. The central
result is the Radon—Nikodym theorem, which identifies absolutely continuous measures via a
density and yields the Lebesgue decomposition into absolutely continuous and singular parts.
We also record standard consequences, including a useful chain rule and the representation of

bounded linear functionals on LP by integration.

6.1 Signed measures and decompositions

A set function v : S — [—00,00] on a measurable space (X, 5) is called a signed measure if
(i) »(0) =0;
(ii) v does not take both values +oo and —oo;

(iii) for every pairwise disjoint sequence {E;};>1 C S,

I/([j Ez) = iV(EZ),
i=1 i=1

where the series is interpreted in the extended real sense.

Example 6.1. If 4y and po are measures on (X, S) and at least one of them is finite, then
v = u1 — Wo is a signed measure.
If f is measurable and at least one of [ f*du or [ f~ du is finite, then

()= [ fdu= [ fran= [ 1 au

defines a signed measure on (X, .5).
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Later we shall see that every signed measure admits a Hahn—Jordan decomposition, so these

examples are representative rather than exceptional.

Lemma 6.2. Let v be a signed measure on a measure space (X, S).

(i) If E, 1 E in S, then v(E) = limy_yo0 V(Ey).

(i) If B, L E in S and v(Ey) is finite, then v(E) = limy oo V(Er).
Proof. For (i), define Fy := Ey and F), := E,, \ E,,—1 for n > 2. Then {F,,} is pairwise disjoint,
E, =i, F, and E = |J;2; F). Hence, by countable additivity of the signed measure,

v(Ey,) = Zn: v(Fy) and v(E)= i v(Fy).
k=1 k=1

Taking the limit in the finite partial sums gives v(F) = limy, o0 V(Ep).
For (ii), set F,, := E1 \ Ey,. Then F,, T E;1 \ E. By part (i),
v(Ey \ E) = nangO v(Fy).
Since E,, C E; and v(E;) is finite, we may write

v(F,) =v(E1) —v(E,) and v(Ei\FE)=v(E))—v(E).

Therefore
v(EL) ~ v(E) = lim (u(Ex) ~ v(E,)),
and subtraction of the finite constant v(E}) yields v(E) = limy, 00 v(Ey,). O

Definition 6.3. Let v be a signed measure on (X, S). A set E € S is said to be positive set
(resp. negative set, null set)

if v(F) >0 (or v(F) <0, v(F)=0) for each FC F and F C S.

Example. If v(E) = [ fdu where p is a positive measure, and at least one of [ f*du or
J f~du is finite, then E is a positive, negative, or null set if f >0, f <0 or f =0 a.e. u on E.

Lemma 6.4. Union of any countable family of positive sets is a positive set.

Proof. Let Pj, Py, ... be positive sets for v. Write Q,, = P, \ U?:_ll P, n>2. Then

UQn and UQn:UPn

If E C P, then
v(B) = v (J@uNE)) =Y v(@QunE)>0.

Next, we see that any set X can be written as disjoint union of positive and negative sets.

O
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Theorem 6.5 (Hahn Decomposition Theorem). Let v be a signed measure on (X,S). Then

there exists a positive set P and a negative set N such that X = PU N.

Proof. Without loss of generality, we can assume that v does not take value 400 (otherwise,

we consider —v).

Let m = sup{v(F) : E is a positive set}.

Since class of all positive sets is nonempty (as it contains the empty set). Hence,
—00 < m < 00.

Moreover, there exists a sequence P; of positive sets such that v(P;) — m.

Let P =J FP;. Then P is a positive set, and P; C P. Hence
v(P;) <v(P) <m.
Also,
v(P)=v (U B) = Zl/(.PZ) —m.
implies v(P) = m.

Let N = X \ P. We show that N is a negative set.

Notice that N cannot contain any nonnull positive sets. Indeed, if £ C N is a positive set
and v(E) > 0, then E U P is a positive set, and

v(EUP)=v(E)+v(P)>m,
a contradiction.

On the other hand, if A C N and v(A) > 0, then there exists B C A with v(B) > v(A).
This is possible because A cannot be a positive set, and for all C C A with v(C) < 0. Let
B = A\C, then

v(B) =v(A) —v(C) > v(A).

On contrary, suppose N is not a positive set. Then we can find least positive integer n such

that
1

1 1
— = max{k :1 € N, there exists B C N, B € S with v(B) > }
n n

That is, 1/n is the least positive integer such that there exists B C N and v(B) > 1/n (i.e.,
/there exists B C N such that v(B) <1/(n —1)).

But B; cannot be a positive set, hence there exists least positive integer ny and By C By

such that
1
V(BQ) > V(Bl) + —.
12
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By induction, there exists B; C B;_1 such that

1
v(B;) > v(Bi—1) + —, foralli > 2.

(2

Let B =();>1 Bi- Then

1
Ni—1

(Because v(B;) > v(B;—1) + + n%_, etc.)

implies n; — oo is possible (i.e., the process is endless).

Notice that 0 < v(B) < co. But B cannot be a positive set. Hence, there exists C' C B such
that v(C) > v(B).

But then, we can find a large n; such that v(C) > v(B) + nil.
This contradicts the construction of n; (i.e., n; was least as defined by (x)). Remark: If P’
and N’ is another decomposition of X. Then PN P’ C P and PN P’ C N implies PN P’ is

both the +ve, hence P N P’ is null set. Similarly N N N’ is null set. Thus
PN P =NNN' =null set.

X = PUN is known as Hahn decomposition for v. It is not unique (cut, v-null set can be
transferred from P to N or from N to P). However, it leads to a canonical decomposition of

v as the dif and only iference of two positive measures.

To see this, we need the following concept:
O

Definition 6.6. Two signed measures p and v on (X, .S) are said to be mutually singular (or v
is singular with respect to. u) if there exists E, F € S such that ENF =@, FUF =X, F is
null for v and F' is null for p, and we write p L v.

Next, we decompose signed measure into two positive measures.

Theorem 6.7 (Jordan decomposition theorem). If v is a signed measure, then there exists !

two measures vt and v~ such that

v=vt—v~ and vt Luv.
Proof. Let X = PUN be a Hahn decomposition of v, and let
vT(E)=v(ENP)
and

v (F)=—-v(ENN).
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Then
v(Ey=v(ENnX)=v(ENP)+v(ENN)

implies v(E) = v (E) — v~ (E).

Obviously, vt L v~.
Ifv=p"—pu and p* Ly, let E,F € S such that ENF =@, EUF = X, and p*(F) =0,
v=(E)=0. Then X = EU F is another Hahn decomposition of v. Hence, EAP is a null set.
Now, for A€ S,

pH(A) = (ANE)=v(ANE)=v(ANP).

implies '+ (A) = v (A) implies p™ = v™.

Similarly, pyo =v~.

The measures v and v~ are called positive and negative variation of v respectively. This is
similar to functions of bounded variation as dif and only iference of two increasing functions.

Also, |v| = vt + v~ is called total variation of v.

Remarks: (i) If v does not take value +oo, then u*(X) = v(P) < oco. In particular, if the
range of v is contained in R, then v is bounded.

(it) v(E) = [ fdu, where p=1v|, f =xp — xn, X = PUN, a Hahn decomposition for v.

We write

L'(v) = L") N L) = LN(v),

/fduz/fdzf"f/fdy_.

Note that v is called finite (or o-finite) if |v| is finite (or o-finite).

and for f € L*(v),

Example 6.8. (i) E € S is null set for v if and only if |v|(E) = 0.
(ii) v L p if and only if |v| L p if and only if v* | g and v~ L p.

‘/ fdv
X
Example 6.10. £ € S, then

() =sup{| [ fav

[ gdo] < [ 1fldv < (E) (since |1 < 1)
E E

implies & < |v|(E). On the other hand, let fo = xp — xn, PUN = X is a Hahn decomposition.

Example 6.9. If f € L'(v), then

< [ 11wl

1Al <1} =a ().
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a > =vT(ENP)+v (ENN) =

/ Jodv| =

implies a = |v|(E)

‘/ Jodv™ /fodl/

Example 6.11. (i) v7(E) =sup{v(F): F C S,F C E}

(ii) v (F)=—inf{v(F): F C S, F C E}

(iii) |v|(E) =sup{> i, |[v(E;)| : Ui, E; = E}, E; are disjoint sets.

=1

implies a < |[v|(E).

On the other hand, let £1 U E; = E be a Hahn decomposition of E. Then

a > |I/(E1)’ + |V(E2)| = 1/+(E1) + I/_(EQ) = I/+(E1 U Eg) + V_(El U Eg) =

implies a = |[v|(E).

v [(E).

SO W(E) < X (v E) + v (F) = v (B) + v (B) = [v|(B).
j=1

vI(E)

6.2 Absolute continuity, the Radon—Nikodym theorem, and

Lebesgue decomposition

Throughout this section (X, ) denotes a measurable space, and p denotes a (positive) measure

on X.

Definition 6.12 (Absolute continuity and singularity). Let v be a signed measure on (X, X)

and let p be a measure on (X, ).

(i) We say that v is absolutely continuous with respect to u, and write v < p, if

p(E) = 0 implies v(E) = 0, EcX.

(ii) We say that v is singular with respect to p, and write v L pu, if there exists N € ¥ such

that u(N) =0 and |[v[(X \ N) =0.

Remark 6.13. One has v < p if and only if |v| < p, equivalently v < p and v~ < p.

Proposition 6.14 (¢—-§ characterization). Let v be a finite signed measure and

a finite measure

n (X,%). Then v < u if and only if for every e > 0 there exists 6 > 0 such that

w(E) < 6 implies |v(E)| < e, EeX.
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Proof. Since [V(E)| < |v[(F) and v < p if and only if |v| < p, it suffices to prove the
statement for finite positive measures. Assume v < pu. If the e-§ condition fails, then
there exist eg > 0 and sets F, € 3 such that u(F,) < 27" and v(E,) > ¢ for all n. Let
Fi := Upsi Bn and F := s Fi. Then u(F) < p(Fy) < 3,5,27" = 2% — 0, hence
w(F) =0. But v(Fy) > g¢ for each k, and by continuity from above,

v(F) = lim v(Fy) > eo,
k—o0
contradicting v < p.

Conversely, assume the e—d condition. If u(E) = 0, then u(E) < 6 for every § > 0, hence
|V(E)| < € for every € > 0, so v(E) = 0. Thus v < u.
O

6.3 Radon—Nikodym theorem

Theorem 6.15 (Radon—Nikodym (finite, positive case)). Let u and v be finite measures on
(X,Y) with v < pu. Then there exists a measurable function f > 0 such that

VW(E) = /E fdu, Eex. (6.1)
Moreover, f is unique up to p-almost everywhere equality and f € LY(X, pu) with [y fdp = v(X).
Proof. Consider the family
F = {g : X — [0, 00] measurable : /Eng <v(E) forall E € E}.

It is nonempty (since 0 € F) and is closed under pointwise maxima: if g,h € F then
max{g,h} € F. Let

a::sup/ gdp <v(X) < 0.
geFJX

Choose g, € F with [y gndu — a and set hy, := max{gi,...,gn} and f := sup, h,. Then

hn, T f pointwise and, by monotone convergence, for every E € X,
/ fdp = lim / hndp < v(E),
E n—oo E
so feFand [y fdu=a.
Define a set function A on X by
MNE) := v(E) —/ fdu, Eex.
E

Then A is a finite measure and A\ > 0 by construction. If A\(X) > 0, then for each n € N

consider the signed measure A\ — % wand let X = P, UN,, be a Hahn decomposition. Set
P :=U,> Poand N := X \ P =(),5; Ns. On N we have A(E) < 14(E) for all E C N
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and all n, hence A(N) = 0. Therefore A(P) = A(X) > 0. If u(P,) = 0 for every n, then
w1(P) =0 and hence A(P) = 0 (since A < ), a contradiction. Thus p(P,,) > 0 for some ng.
For every E C P,,, the Hahn decomposition gives A\(E) > % u(E). Pick € := ﬁ and define
fe:=[f+exp,,- Forany E €%,

/Efgd,u:/Efdu—i—au(EﬂPno)gI/(E)—)\(EOPnO)—Fsu(EﬁPnO)gy(E),

since A(E N Pp,) > n—lo,u(E NP,,) > eu(ENP,). Hence f. € F, and

/ fedp = / fdp+ep(Po,) > a,
b's X
contradicting the definition of a. Therefore A\(X) =0, i.e. v(E) = [ f dp for all E.

For uniqueness, if f,g both satisfy (6.1), then [p(f — g)dp = 0 for every E. Taking
E={f>g}and E={g > f} gives f = g p-almost everywhere.
O

Theorem 6.16 (Radon—Nikodym (signed and o-finite)). Let p be a o-finite measure on (X,X)
and let v be a o-finite signed measure with v < . Then there exists f € Li (X, ) such that

wE) = [ fdn,  Bex

and f is unique up to p-almost everywhere equality. We write f = fi%'

Proof. First assume v is a o-finite positive measure. Choose X = [Jy~; X with p(X) < oo
and v(Xj) < oo. Apply Theorem 6.15 to the restricted measures on each Xy to obtain
densities f, > 0 such that ¥(ENXy) = [z x, /i dp. By uniqueness the densities agree i-a.e.
on overlaps, hence define f by f = fi on Xj. Then v(E) = [ fdu for all E.

For a signed measure v, apply the preceding argument to v+ and v~ and set f = f+ — f~.
O

6.4 Lebesgue decomposition and chain rule

Theorem 6.17 (Lebesgue decomposition). Let p be a o-finite measure on (X,X) and let v be a
o-finite signed measure on (X, ). Then there exist unique o-finite signed measures v, and v
such that

V= Vg+ Vs, Vg <K [y vs L p.

dv,

Moreover, v, admits a Radon—Nikodym derivative f = @ i.e. Vo(E) = [ fdp.

Proof. We sketch the standard construction. First treat the case where v is a positive
measure. Let N := {E € ¥ : u(F) = 0} and set

vs(E) :=sup{v(F): F CE, FeN}, EeX.
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One checks that v, is a measure with vy 1 p and that v, := v — v, satisfies v, < p. Then
apply Theorem 6.16 to v, to obtain the density. For signed v, apply the construction to v*
and v~. Uniqueness follows from the fact that if n < p and n L u then n = 0.

O

Proposition 6.18 (Chain rule). Let p, A be o-finite measures and v a o-finite signed measure
on (X,X). Ifv < X and A < p, then v < p and

dv dv d\

@ = 5 @ H-a.e€.

Proof. For F € ¥ and g := % we have v(E) = [ gd\. Writing d\ = % dp and applying

Theorem 6.16 to A < p gives

E) = 2,
v(E) o9

which identifies the Radon—Nikodym derivative of v with respect to p.

6.5 Duality of L? spaces

Let (X, %, 1) be a measure space. For 1 < p < oo and ¢ with % + % = 1, the bilinear form

(f.9) :=/ fadp
X
is well-defined whenever f € LP and g € L? (Holder’s inequality).

Theorem 6.19 (Duality of LP). Assume 1 < p < oo and let % + % = 1. Then every bounded
linear functional T € (LP(X, p1))* is of the form

T(f)Z/ngdu (felLP)

for a unique g € LY(X, ). Moreover, | T|| = ||gllq-

If 1 is o-finite, then the same conclusion holds for p =1 with ¢ = oco.
Proof. For g € L9, Holder’s inequality gives
1,01 = | [ Fadu| < 151 ol

so Ty € (LP)* with || Ty| < |lgllg; equality follows by testing against f = sgn(g)[g]? " x{jg/>0}
when 1 < p < oco.

Conversely, let T € (LP)* and first assume p(X) < oo. Define a signed measure v on 3
by v(E) := T(xg). If E; are pairwise disjoint, then Xur_ B, = > j=1XE; in LP, hence
v(Ur_ Ej) = 27 v(Ej). Moreover, if E = Uj;>1Ej is a disjoint union, then Xur_ B; = XE
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in LP because
e =y = 6(U B) o
i>n
so by continuity of T" we get countable additivity. If u(E) = 0, then xg = 0 in LP, hence
v(E) =0 and v < p. By Theorem 6.16, there exists g € L*(u) such that v(E) = [ gdpu.
By linearity and density of simple functions, T'(f) = [y fgdu for all simple f; by continuity
this extends to all f € LP.

Finally, g € L9 and ||T'|| = ||g||4 follow from the boundedness of T" and a standard extremal
argument (again using f = sgn(g)|g|?~! when 1 < p < o). If u is merely o-finite, decompose
X = Up X} with u(Xg) < oo and apply the previous argument to the restriction of 1" to
LP(X}); the resulting densities patch together by uniqueness.

O

Let (X, S, ) and (Y, T,v) be measure spaces. For A € S and B € T, the set A x B is called

a measurable rectangle, and we define the product o-algebra by
SeT:=c({AxB:AeS, BeT}).
When p and v are o-finite, there exists a unique measure u X v on S ® T such that
(uxv)(Ax B)=u(Ar(B), AeS, BeT.

This measure is called the product measure.

For aset £ C X xY and points z € X, y € Y, define the sections

E,:={yeY:(x,y) € E}, EY:={reX:(z,y) € E}.

See Figure 6.1.

Figure 6.1: Sections and rectangles used in product-measure arguments.

Theorem 6.20 (Monotone class theorem). If A is an algebra of subsets of X, then the monotone

class generated by A coincides with the o-algebra generated by A.
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Proof. Let M be the monotone class generated by A. Since every o-algebra is a monotone

class, we automatically have M C o(A).

To prove the reverse inclusion, it is enough to show that M is itself a o-algebra. A standard
Dynkin-system argument gives that M is closed under relative complements of nested sets,

and since A is an algebra, one then shows that M is an algebra.

Once M is an algebra, closure under increasing unions implies closure under arbitrary

countable unions via the decomposition

U Eu= Um0 U B,
n=1 n=1 k<n

where the sets on the right are pairwise disjoint and the partial unions increase. Hence M is

a o-algebra containing .A.

Therefore o(A) C M, and so M = o(A).
O

Theorem 6.21. Let (X,S, ) and (Y, T,v) be o-finite measure spaces, and let E € S®@T. Then
(i) Ey €T for every x € X, and EY € S for everyy € Y.
(ii) The functions x — v(E;) on X and y — p(EY) on'Y are measurable.
(iii)
(1 x )(B) = [ v(E) duw) = [ w(E?)du(y).

Proof. Let C be the class of all E € S®T for which (i)-(iii) hold. For a rectangle E = A x B

we have
B, x€A, A, yeB,
E, = EY =

@7 SUgA, @7 y¢B7

so (i)—(iii) are immediate and

(1% V)(A % B) = u(A(B) = [ v((4 B)) dul).
Thus every measurable rectangle belongs to C.

The class C is a monotone class: if F,, T E or E,, | F, then the sections satisfy (E,); T Ey
or (Ep)s | E; for each x (and similarly for EY). The measurability and integral identities
pass to the limit by the Monotone Convergence Theorem; for decreasing sequences one first

reduces to finite-measure rectangles and then uses o-finiteness.

Since rectangles form an algebra generating S ® T, the monotone class theorem yields
C=5S®T.
O
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Example 6.22. Let f : X — R measurable. Then we can define
p: X xR—-R2=SR
by
p(z,y) = (f(x),y) and ¥(z,m) = 2z =1
Pog:(ab) x(c,d) = {(z,y) € X xR: p(z,y) € (a,b) x (¢, d)}

={(z,y) ra < f(z) <be<y<d}
= ¢~ 1 ((a,b) x (¢,d)) is a measurable subset of X x R.

Hence, ¢ o 1) is measurable.

Consider:
(Y o) H(0) = {(z,y) € X xR: (Y op)(z,y) =0}
={(z,y) : ¥(f(x),y) = 0}

={(z,9) 1y = f(z),z € X}
= Gy, the graph of f.

Hence, the graph of a measurable function is measurable.

Theorem 6.23 (Tonelli). Let (X,S,u) and (Y,T,v) be o-finite measure spaces.
Let f: X xY — [0,00] be a S ® T-measurable function. Then for fixed (xo,y0) € X XY,

(i) x1— f(x1,90) and y1 — f(xo,y1) are measurable functions on (X,S) and (Y,T) respec-
tively.

(it) y— [x f(z,y)dp(z) and z — [y f(x,y)dv(y) are measurable.
(iii)
[ s@wdx e = [ ([ ) aw

N /x </Y f(xvy)dl/(y)> dp(z)

Proof. Since f is S ® T-measurable on X XY, there exists a sequence {¢n} of simple functions

that increases to f pointwise. Hence,

. y fized
lim p,(z,y) = f(=x,

Jim o (z,y) = f(z,y) { xﬁxed}

are measurable.
Now, by the Monotone Convergence Theorem (MCT),
kn
_ . _ . n y
v [ S ydu@) = lim [ eula.y) dute) = Jim, 3 o), (6.2)
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— \k n
where @n = 35" af XE? -
This proves (ii).

_ i y . . .
Moreover, (¢n)y = 3" a;v(E]) is an increasing sequence.

By applying the Monotone Convergence Theorem to (1), we get

L[ sant) ) avt) = i [ ([ et auta)) avty)
= [ gy dpx ()

n—oo XxY

Similarly, the other equality follows.
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Chapter 7

Product measures and Fubini—Tonelli

theory

This chapter develops measure and integration on Cartesian products. We construct the product

o-algebra and (under standard hypotheses) the product measure, and we prove Tonelli’s and
Fubini’s theorems. These results justify iterated integration and provide the natural framework

for multi-parameter problems in analysis and probability.

7.1 Fubini’s Theorem

Let (X, S, ) and (Y, T,v) be two o-finite measure spaces. If f € L!(u x v), then
(i) z — f(z,y) and y — f(x,y) are a.e. integrable on X and Y respectively.
(i) y = [x f(z,y)du(z) and z — [y f(z,y)dv(y) are integrable on Y and X, respectively.
(i)
[ fedix ey = [ ([ o) i)

- /X </Y f(ﬂfay)dV(y)> du(z)

Proof. If f = fT — f~, then f*, f~ are in L'(u x v) and are non-negative. Hence, by linearity
of integral on L',
[ gdpxomy= [ praxw) - [ o).
XxY XxY XxY

Hence by Tonelli’s theorem,

/Y (/X If(x,y)\du(x)) dv(y) = /X (/Y |f(x,y)\du(y)> du(z) < oo.
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Therefore,

A/ (/X f+(m,y)du(x)> dv(y) and /X (/Y f+(;p’y)dy(y)> dyu(z)

are finite a.e. with respect to v and u respectively, and integrable with respect to p and v

respectively. This proves (i) and (ii). Hence by Tonelli’s theorem and the above, we get (iii).

Remark 7.1. If the measure spaces (X, S, 1) and (Y, T, v) are complete, their product (X xY,S®
T, ;v X v) need not be complete.

Suppose A C X, A # &, u(A) =0. Let BCY, with B€T. Then A x BC X xY, but
W (AXB)=v*(AxY)=puA)r(Y)=0. However, Ax Be S®T.

Example 7.2. Let m} and m} denote the usual Lebesgue outer measures on R and R? respectively,
and my, mo are their corresponding Lebesgue measures. Then m; X my is not a complete measure,
however msy is complete, though the completion of mi X mq is mo.

Let Re2 = {(a,b) x (¢,d) : a,b,c,d € R}, and By is the o-algebra generated by Ro. Then By
is nothing but the Borel o-algebra on R2.

Since Ro C My ® M, it follows that By C M; ® M; (since M ® M is a o-algebra).

Furthermore, Ro C My and Ms is the smallest o-algebra containing Ro, hence

BQCM1®M1 CMQ.

But completion of By is Ms. So, if £ € My, then there exists F,G € By with F C F C G such
that ma(G \ F) = 0. Thus,
(m1 X ml)(E\F) <mq Xml(G\F) :mg(G\F) = 0.
(m1 x mq)(E) = (m1 x m1)(F) = ma(F) = ma(G). Since ma(F) < ma(E) < ma(G),
implies (my1 x m1)(E) = mo(E).

Example 7.3. Let B(R?) be the o-algebra generated by open sets (or open rectangles in R?),
then B(R?) = B(R) ® B(R).

Since (a,b) x (¢,d) C B(R) ® B(R),

It follows that

B(R?) C B(R) ® B(R)

On the other hand, (a,b) x (c,d) C B(R?)
By varying (a, b) and fixing (¢, d), we see

B(R) x (c,d) C B(R?)

implies B(R) x B(R) C B(R?)
But then,
o(B(R) x B(R)) € B(R?)
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That is,
B(R) @ B(R) C B(R?)

(since B(R) ® B(R) is the smallest o-algebra containing B(R) x B(R)).
Thus,

B(R?) = B(R) ® B(R).
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Chapter 8

Regular Borel measures and the

Riesz representation theorem

On compact metric spaces, Borel measures admit powerful reqularity properties. We prove the
Riesz representation theorem, identifying positive linear functionals on C(K) with integration
against a unique reqular Borel measure. The chapter also develops auziliary tools—Urysohn
functions, capacities on open sets, and an induced outer measure—that streamline the con-

struction and clarify the geometric content of the representation.

8.1 Regular Borel measures on compact metric spaces

Let (K,d) be a compact metric space and let B(K) denote the Borel o-algebra.

Definition 8.1 (Regular Borel measure). A finite Borel measure p on (K, B(K)) is called regular
if for every Borel set £ C K,

w(E) =inf{u(U) : E C U, U open} and w(E) =sup{u(F): F C E, F closed}.

8.2 Urysohn functions in metric spaces

Lemma 8.2 (Urysohn lemma for metric spaces). If FF C U C K with F' closed and U open,
then there exists p € C(K) such that 0 < o <1, p=1o0on F, and p =0 on K\ U.

Proof. Set
d(z, K\U
pla) = A RAD)
dz, K\U)+d(z,F)
The distance to a closed set is continuous, hence ¢ is continuous. If x € F' then d(z, F') =0

and d(z, K\U) > 0,50 ¢(x) =1. If z € K\ U then d(z, K \U) =0 and d(x,F) > 0, so
p(x) = 0.

r e K.
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O]

8.3 Riesz representation theorem

Let C(K) denote the Banach space of real-valued continuous functions on K with the supremum
norm. A linear functional L : C(K) — R is called positive if L(f) > 0 whenever f > 0 on K.

8.4 A capacity on open sets

Definition 8.3. Let L : C(K) — R be a positive linear functional. For each open set U C K
define

#o(U) :=sup{ L(¢) : ¢ € C(K), 0 < p <1, supp(g) C U}.

Lemma 8.4. The set function ug is monotone and finitely subadditive on open sets: if U,V C K

are open, then
to(UUV) < po(U) + po(V).

Proof. Monotonicity is immediate from the definition. For subadditivity, fix ¢ € C(K) with
0 <% <1andsupp(yp) CUUV. Set F :=supp(y)) N (K \ V). Then F is closed and F C U.
By Lemma 8.2, choose n € C(K) with 0 <n<1,n=1on F,and n=0on K \ U. Define

Y1 =1, Yo = (1—n).
Then 0 < 91,19 < 1, supp(¢1) C U, and supp(¢p2) C V. By linearity and positivity,

L(¢) = L(¢1) + L(v2) < po(U) + po(V).

Taking the supremum over all admissible ¥ with support in U UV yields the claim.

O
8.5 An outer measure
Define p* : P(K) — [0, 00| by
p*(A) ;= inf {Z po(Up) : A C U Un, Uy open} . (8.1)
n=1 n=1

Lemma 8.5. The set function p* is an outer measure on K. Moreover, for every open set
U C K one has p*(U) = po(U).

Proof. That p* is an outer measure is standard: p*(0)) = 0, monotonicity is immediate, and

countable subadditivity follows by concatenating covers.
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To show p*(U) = po(U) for open U, note first that p*(U) < uo(U) by taking the single-set
cover {U} in (8.1). Conversely, let U C |J,, U, be an open cover. Fix ¢ € C(K) with
0 < ¢ <1 and supp(y) C U. Since supp(y) is compact and contained in |J,,cn Uy, it is
covered by finitely many U,,,...,U,,,. Repeatedly applying Lemma 8.4 gives

L(SO) S :UO(Um U---u Unm) S ZMO(Unj) S Z MO(Un)'
j=1 n=1

Taking the supremum over such ¢ yields uo(U) < >, po(Uy), and then taking the infimum
over all covers of U yields po(U) < p*(U).
O]

8.6 Borel measurability and the associated measure

A fundamental theorem of Carathéodory states that, for any outer measure p* on a metric space,

all Borel sets are p*-measurable. We therefore define

= 1By

Then i is a Borel measure on K. Outer regularity is immediate from (8.1) and Lemma 8.5. Inner
regularity follows from compactness and the Urysohn lemma (one first proves inner regularity for
open sets by approximating from within by compact sets, and then extends to all Borel sets by

standard arguments).

8.7 Identification of L with integration

Theorem 8.6 (Riesz representation theorem on compact metric spaces). Let K be a compact
metric space and let L : C(K) — R be a positive linear functional. Then there exists a unique

reqular Borel measure p on (K, B(K)) such that

L= [ fdu  1eCE). (52)
Moreover, ||L|| = u(K) = L(1).
Proof. Let p be the Borel measure constructed above from L.

Step 1: L(p) < [pdu for 0 < ¢ < 1. Fix p € C(K) with 0 < ¢ < 1. For each t € (0,1)
the set U; := {x : p(z) > t} is open. By Lemma 8.2, for each ¢ and each closed F' C U; we
may find ¢ € C(K) with 0 < < 1,1 =1 on F, and supp(¢)) C U;. By definition of u and
Lemma 8.5,

L(v) < po(Ur) = pu(Uy).

Approximating ¢ from above by Riemann sums of the form 3°;(t; —t;-1) XUy, _, and using

positivity of L yields the inequality L(y) < [ dpu.
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Step 2: Reverse inequality for 0 < ¢ < 1. Apply Step 1 to the constant function 1 to

obtain
L) < [ tdu=p(K).
K

On the other hand, u(K) = po(K) by Lemma 8.5, and puo(K) = L(1) because 0 < ¢ < 1
implies L()) < L(1) by positivity. Hence L(1) = u(K).

Now let 0 < p <1. Since 1l —p € C(K) and 0 <1 — ¢ <1, Step 1 gives
Li-9)< [ (1=¢)dn.

Using linearity and L(1) = u(K), we obtain

Lig) = L(1) ~ (1= ¢) 2 u(K) = [ (1= )du= [ o

Combining Steps 1 and 2 gives (8.2) for 0 < ¢ < 1. By linearity and homogeneity we obtain
(8.2) for all f € C(K).

Finally, for a positive functional on C(K) we have ||L|| = L(1), and

L(l):/}(ldu:u(K).

Uniqueness follows because if two regular Borel measures agree on C'(K), then they agree on

open sets by approximation via Lemma 8.2, hence on all Borel sets.
O

Remark 8.7. The Riesz—Markov—Kakutani theorem extends this result to locally compact Haus-
dorff spaces X by identifying positive linear functionals on C.(X) (or Cp(X)) with Radon

measures on X.
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Problem Sets

Problem Set 1: Outer measures and Carathéodory measurability

1. State TRUE or FALSE giving proper justification for each of the following statements.

(a) There exists an unbounded subset A of R such that m*(A) = 5.
(b) There exists an open subset A of R such that [3,3] C 4 and m*(A) = 1.

4
(c) There exists an open subset A of R such that m*(A4) < & but AN (a,b) # 0 for all
a,b € R with a < b.

(d) If A and B are open subsets of R such that A C B, then it is necessary that
m*(A) < m*(B).

(e) There is a Lebesgue measurable set A C R such that m(A) = 0 but m(9A) = oc.

(f) If A and AU B are Lebesgue measurable subsets of R, then B is necessarily Lebesgue

measurable subset of R.

(g) There exists a non-zero finite measure p on M(R), which is constant on every bounded

open interval (a,b) with a < b.

(h) Let E be a subset of R such that m*(E) = 0. Then it imply that E is contained in a
Borel set B with m*(B) = 0.

0 if A is a compact subset of R,

(i) For A C R, define po(A) = { Then p, is

1 if A is a non-compact subset of R.

necessarily a pre-measure on B(R).

2. Examine whether A is a o-algebra of subsets of R, where

(a) A={ACR:m*(A) =0or m*(R\ A) = 0}.
(b) A={ACR:m*(A) < +o0 or m*(R\ A) < +o0}.
(c) A={ACR:Aor R\ Ais an open subset of R}.
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3. Let X be an uncountable set. Show that the class {{z} : x € X} generates the o-algebra
{A C X : Ais countable or X \ A is countable}.

4. Let S be a class of subsets of a nonempty set X and let A C X. Show that o(SN A) =
o(S) N A, where for each class C of subsets of X, CNA={CNA:CeC}.

5. Let X, Y be nonempty sets and let f: X — Y. If S is a class of subsets of Y, then show that
ao(f71(8S)) = f~1(o(8S)), where for each class C of subsets of Y, f~1(C) = {f~}(C) : C € C}.

6. If S is a class of subsets of a nonempty set X and if A € ¢(S), then show that there exists
a countable subclass Sy of S such that A € o(Sp).

7. Prove that every infinite o-algebra on an infinite set is uncountable.

8. Show that B(R) is generated by each of the following classes. (a) {(a,+o0) : a €
R} (b) {(—o0,a] : a € Q} (c¢) {[a,d) : a,b € Q,a < b} (d)

{A CR: Ais compact}
9. Let E be a Borel subset of R and let € R. Show that x + E is a Borel subset of R.

10. Examine whether p* is an outer measure on R, where for each A C R,

0 if A is bounded,
1 if A is unbounded.

(a) 1*(A) = {

0 if A=0,
(b) p*(A) = 1 if A is nonempty and bounded,
400 if A is unbounded.

0 if A is countable,

11. Consider the outer measure p* on R, where for each A C R, pu*(A) =
1 if A is uncountable.

Determine all the p*-measurable subsets of R.

12. If § = {0, [1,2]} and if (@) = 0, ([1,2]) = 1, then determine the outer measure p* on
R induced by the set function u : S — [0, +00). Also, determine all the p*-measurable

subsets of R.
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Let (X, A) be a measurable space and let p : A — [0, +00] be finitely additive with (0) = 0.

Show that u is a measure on A if either of the following conditions is satisfied.

oo
(a) For every increasing sequence {A,}5° ; of sets in A, nlglgo w(An) =pu( U Ap).
n=1

o0
(b) For every decreasing sequence {A,}° of sets in A with (| A, =0, li_>m w(Ay) = 0.
n=1 n—oo

Let pu* be an outer measure generated by a finite premeasure u, on an algebra A on a
nonempty set X. Show that F C X is p*-measurable iff for each ¢ > 0, there exists a
p*-measurable set G containing E such that p*(G\ F) < e.

Let p* be an outer measure on a non-empty set X. Let F = {A CR: p*(A) =0}. Find
the o-algebra generated by F.

Let A be a o-algebra of on R. Write A = {FUN : E € Aand N C F € A with m(F) = 0}.
Show that A is a ¢-algebra. Moreover, deduce that B(R) = M(R).

Let u* be an outer measure generated by a pre-measure u, on an algebra A on R. Let E

be p* measurable (in Caratheodory’s sense). Show that there exists a set G € o(A) such
that p*(E) = p*(G).

Let (X, 7) be a topological space. Let B(X) be the o-algebra generated by 7. Let u* be
the outer measure generated by a o-finite pre-measure j, on B(X). Show that E € M- if

and only if there exists G € B(X) such that p*(G \ E) = 0.

2 if0<z <1,

Find m*(A), where
3—z ifl<a<2

Let f :[0,2) — R be defined by f(z) = {
A= 1) ={z€0,2): f(z) € (35, 1)}
Let B C A C R such that m*(B) = 0. Show that m*(A\ B) = m*(A).

Let A C R such that m*(A) > 0. Show that there exists B C A such that B is bounded
and m*(B) > 0.

If G is a nonempty open subset of R, then show that m*(G) > 0.

Let A be a countable subset of R and let B C R such that m*(B) = 0. Show that
m*(A+ B) = 0.
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Prove or disprove: A subset E of R is Lebesgue measurable iff m*(AU B) = m*(A) +m*(B)
for each A C E and for each B C R\ E.

Let E = {z € [0,1] : The decimal representation of = does not contain the digit 5}. Show
that m(E) = 0.

[e.°]
Let A, C R for n € N such that > m*(4,) < co. If E = {& € R : x €
n=1

A,, for infinitely many n}, then show that m(E) = 0.

Show that a subset E of R is Lebesgue measurable iff m*(I) = m*(I N E) +m*(I \ E) for

every bounded open interval I of R.

Let A C E C B C R such that A, B are Lebesgue measurable and m(A) = m(B) < oo.
Show that E is Lebesgue measurable. More generally, let A C B C R such that A is

Lebesgue measurable and m*(B) = m(A) < oco. Show that B is Lebesgue measurable.

Let A, B C R such that m*(A) = 0 and AU B is Lebesgue measurable. Show that B is

Lebesgue measurable.

Let A, B C R such that A is Lebesgue measurable and m*(AAB) = 0. Show that B is

Lebesgue measurable.

Let A, B C R be such that AN B is Lebesgue measurable and m*(AAB) = 0. Show that
A and B are Lebesgue measurable and m(A) = m(B).

Let A C R such that AN B is Lebesgue measurable for every bounded subset B of R. Show

that A is Lebesgue measurable.

Let A and B be subsets of [0, 1] which satisfy m*(AU B) = m*(A) + m*(B). If AAB is

Lebesgue measurable then prove that A and B are Lebesgue measurable.

Let E be a Lebesgue measurable subset of R and let A C R. Show that m*(E N A) +
m*(EUA) =m*(E) +m*(A).

Let A be a subset of R such that m*(A U B) = m*(A) + m*(B) for every subset B of R.
Show that A is Lebesgue measurable. Moreover, if m(A) < oo, then show that m(A4) = 0.
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36. Let I and J be disjoint open intervals in R and let A C I, B C J. Show that m*(AU B) =
m*(A) +m*(B).

37. Let A be a subset of R with 0 < m*(A) < oo. Show that for each € > 0 there exist an open
set O containing A and a compact set K C R such that m(O ~\ K) <e.

Problem Set 2: Lebesgue measurable sets and regularity

1. State TRUE or FALSE giving proper justification for each of the following statements.

(a) {z € R: 2% — 62* is irrational} is a Lebesgue measurable subset of R.

(b) If A is a Lebesgue measurable subset of R and if B is a Lebesgue non-measurable
subset of R such that B C A, then it is necessary that m*(A\ B) > 0.

(c) Whether the set E = |J,ecr(z + Q) is Lebesgue measurable?
(d) Let C be the Cantor set in [0, 1] and a,b € R with @ < b. Then the set C' + (a,b) is

Borel measurable.

(e) If A and B are disjoint subsets of R such that A is Lebesgue measurable and B is
Lebesgue non-measurable, then it is possible that m*(A U B) < m*(A) + m*(B).

(f) If A is subset of R with m*(A) < oo, then m*(A?) < cc.

2. Let E be a Lebesgue measurable subset of R and F' C R be a countable set. Show that
FE + F is Lebesgue measurable.

3. If A C R, then show that there exists a Lebesgue measurable subset E of R such that
m*(A) = m(E).

4. Let A C [0,1] be Lebesgue measurable with m(A4) = 1. If B C [0,1], then show that
m*(AN B) = m*(B).

n
5. For i =1,...,n, let E; C (0,1) be Lebesgue measurable such that > m(FE;) > n — 1. Show
i=1

n
that m( (N E;) > 0.
i=1

6. Let {E;} be a decreasing sequence of Lebesgue measurable sets in [0, 1] which satisfying

n o0
> m(E;) >n — L. Show that m ( N EZ) =1
i=1 i=1
7. Let A C R such that m*(A) > 0. Show that there exist z,y € A such that z —y € R\ Q.
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8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Let A and B be Lebesgue measurable subsets of (0,1) such that m(A) > 1 and m(B) >
Prove that there exist a € A and b € B such that a +b = 1.

1
5

. Suppose F' is a closed subset of [0,1] such that F'N (a,b) # 0 for all a,b € [0,1] with a < b.

Show that m(F) = 1.

Let A be an unbounded Lebesgue measurable subset of R such that m(A) < oo. Show that
for each ¢ > 0, there exists a bounded Lebesgue measurable set B in R such that B C A
and m(A\ B) < e.

oo
For n € N, write £ = |J {n,n + #} . Show that m(FE) < co and m*({2? : € E}) = c0.

n=1

If A C R such that m*(A) = 0, then show that m*({z? : 2 € A}) = 0.

Let A be a closed subset of [0, 1] that satisfies AN («, 3) # 0 for all «, 8 € [0, 1] with a < 3.
Show that m(A4 ~\ A%) = 0.

Let A, B C R such that AUB is Lebesgue measurable and m(AUB) = m*(A)+m*(B) < oco.
Show that both A and B are Lebesgue measurable.

Let {A,}52; be a sequence of subsets of R and let {E,,}>2; be a sequence of pairwise

disjoint Lebesgue measurable subsets of R such that A,, C F,, for each n € N. Show that
o0 o0
n:l ’I’L:l

Let E C R and let a € R. If oF = {ax : © € E}, then show that m*(aF) = |a|m*(E).

Also, show that if FE is Lebesgue measurable, then aF is Lebesgue measurable.

If E is a Lebesgue measurable subset of R with m(E) < +oo and if f(z) = m(EN(—o0, z])
for all x € R, then show that f: R — R is continuous.

Let E be a Lebesgue measurable subset of R with m(E) < co. Define f : R — R by
f(z) =m{E N (—o00,2%)}. Show that f is differentiable at 0 and f/(0) = 0.

Let E C R and m*(E) > 0. Then for each 0 < a < 1, there exists an open interval I such
that m*(ENI) > am().
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20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

Let E be a Lebesgue measurable subset of R and m(E) < oo. Then there exist a sequence of
compact set (K,) contained in E and a set N Lebesgue measure zero such that E = FUN,
where F' = U2 | K.

Let E C R be Lebesgue measurable and m(E) < oo. Show that for each € > 0, there exist
compact set K and open set O with K C E C O such that m(O \ K) < e.

Let m*(A) > 0. Then show that there exists at least one closed set F' C R with m(F) < oo
such that AN F # ().

Let p be a finite measure on M(R). Suppose for each closed set F' C R with m(F') < oo,
implies u(F) = 0. Then show that u = 0.

Let E be a measurable subset of R with m(E) < oo and m{E N (n,n+1)} < Wm(E),
for all n € Z. Show that m(FE) = 0.

Let {E,} be a sequence of Lebesgue measurable subsets of R such that Y m(E,) < oco.

n=1

Show that m ( N En> —0.
n=1

Let A C R be a closed set with m(A) = 0. Show that A is nowhere dense in R. But does

this conclusion hold true when A is not closed?

Let [-1,1] N Q = {r1,r2,...}. For a Lebesgue measurable set E C [0,1] with m(E) > 0,
define E,, = E + r,; n € N. Show that all of F,,’s can not be pairwise disjoint. Moreover,
deduce that there exist x,y € F such that z —y € Q.

Let M be the class of all Lebesgue measurable subset of [0,1]. If N ¢ M. Prove/disprove
NN (R~ Q)€ M.

Let E be a Lebesgue measurable subset of R with m(E) = oco. Show that there exists a

sequence {E,} of pairwise disjoint measurable subsets of E such that m(E,) < oo, for all
oo

nand E = |J E,.
n=1

Let F' be a closed subset of R with m(F") = 0. Then for any A C F, show that m*{zx € R :
d(z,A) =0} =0.

Let A be a bounded subset of R. Show that m (Z) < 00.
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32. Let K be a compact subset of R and O,, = {x eR:d(z,K) < %} . Show that each of O,

is Lebesgue measurable and lim m(O,) = m(K).
n—oo

33. Let (X,S,u) be a finite measure space. For a sequence of sets A, € S, if we define
limA,, = Ng>1(Up>kAy), then show that p(limA,) > lim u(A,).

Problem Set 3: Measurable functions and approximation

1. State TRUE or FALSE giving proper justification for each of the following statements.

(a)

If f:R — R is continuous m-a.e. on R, then there must exist a continuous function
g : R — R such that f = g m-a.e. on R.

If f:R — R is continuous and if g : R — R is such that f = g m-a.e. on R, then g

must be continuous m-a.e. on R.

If f:R— Rand g:R — R are continuous such that f = g m-a.e. on R, then it is
necessary that f(x) = g(x) for all z € R.

An almost everywhere vanishing Lebesgue measurable function need not be continuous.
There exists a continuous function f: R — R such that f = xjo 1) m-a.e. on R.
Let f(z) = 1 if # # 0 and f(0) = 1. Then f is Borel measurable on R.

For n € N, define f, = X(nn41). Does there exist a measurable set E' in R with
m(E) = oo such that f, converges to 0 uniformly on E?

Let f,g : R — [0,00) be Lebesgue measurable such that m{z € R: f g # 0} = 0. Does
it imply that max{f,g} = f + ¢7

Let supph = {z € R: h(z) # 0}. Suppose f, g : R — [0,00) are such that suppf N
suppg = 0. Does it imply that max{f, g} = f + ¢?

2. If (X, .A) is a measurable space and A C X, then show that x4 : X — R is A-measurable

iff A is A-measurable.

3. If (X, A) is a measurable space, then show that f : X — [—o0,400] is A-measurable iff
{r e X : f(x) >r} e Aforeach r € Q.

4. Let D be a dense subset of R. Show that f : R — R is a Lebesgue measurable function if

and only if {x € R: f(x) > r} is a Lebesgue measurable set for each r € D.

5. Let f: R — [0,00] be such that m*({z € R: f(z) > 2"}) < 5+, whenever n € N. Show
that {x € R: f(x) = oo} is Lebesgue measurable.
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6.

10.

11.

12.

13.

14.

15.

16.

Let f,, f be real valued measurable functions on R. Let £ = {z € R: lim f,(z) = f(x)}.

Show that F is Lebesgue measurable.

Let (X, .A) be a measurable space and let f : X — R be A-measurable. For each = € X,

if <
let g(z) = fz) iflf(@)] <5, Show that g : X — R is A-measurable.
0 if |f() > 5.

Let (X,.A) be a measurable space and let f : X — R be A-measurable. For each =z € X,

ot g(w)—{ 0 if f(z) € Q,

] Show that g : X — R is .4-measurable.
1 if f(z) e R\ Q.

. Let (X,.A) be a measurable space and let f : X — R be A-measurable. For each z € X,

2 if f(z) < —2,
let g(z) =< f(x) if =2 < f(z) <3, Show that g: X — R is A-measurable.
3 if f(z) > 3.

Let f : [0, 1] — R be defined by f(z) =

1 .
= if0<ax<l,
{ s = Find the Lebesgue

0 if x =0.

measure of the set {x € R: f(x) > 0}.

Let (X,.A) be a measurable space and let f : X — R be A-measurable. If g : R — R is

continuous, then show that g o f is A-measurable.

Let (X,.A) be a measurable space and let f : X — R, g: X — R be A-measurable. If G is
an open subset of R?, then show that {z € X : (f(z),9(z)) € G} is A-measurable.

If f:R — R is continuous m-a.e. on R, then show that f is Lebesgue measurable.

If f: R — R is a differentiable function, then show that f’ : R — R is Lebesgue measurable.
Let f : R? — R be such that f(z, .) and f(., y) are continuous then f is Lebesgue
measurable.

Let f: R? — R be such that f(z, .) is measurable and f(., y) is continuous. Show that f

is Lebesgue measurable.
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Let f,g : (X, A) — R. Define p(z) = (f(x),g(x)). Then show that f and ¢ are A-

measurable if and only if ¢ is A-measurable.

Let (X, A, 1) be a measure space with u(X) < oo and let f: X — R be measurable. Let
Ap ={x € X :|f(z)] > n}. Show that A, is A-measurable and lim p(A4,,) = 0.

Let f: X — R be an almost finite measurable function on a finite measure space (X, S, ).
Let A, ={z € X : |f(x)| > n}. Show that lim u(A,) = 0.

Let f : [a,b] — R be Lebesgue measurable. Let N = {x € [a,b] : f(x) = 0}. Show that
g= XN+ % xne is Lebesgue measurable.

Let f: R — R. Suppose for each € > 0 there exists an open set O such that m(O) < € and

f is constant on R ~. O. Show that f is Lebesgue measurable.

Let f: R — R be a continuous one-one and onto map. Then show that f sends Borel sets

onto Borel sets.

1 ifz4+yeqQ,

Let Q denotes set of rationals. Let f,g: R? — R be given by f(x,y) =
0 otherwise.

T
1 1f§€Q,

Show that f and g are Lebesgue measurable.
0 otherwise.

and g(z,y) = {

Let f : R — R be Lebesgue measurable. Show that {z € R : f is continuous at x } is

Lebesgue measurable.

8|

it z € C'\ {0},

Let C be the Cantor ternary set. Define f : [0,1] — R by f(x) =
0 otherwise.

Show that f is Lebesgue measurable. By letting C has a non-Borel measurable subset,

construct a Lebesgue measurable function which is not Borel measurable.
Let f : [a,b] — R be a continuous function and E be Lebesgue measurable E C [a, b]. Show
that m(E) = 0, implies m(f(E)) = 0 if and only if for every Lebesgue measurable subset

A C [a,b] the set f(A) is Lebesgue measurable.

Let f : R — R be defined by f(z) = sup{|z +y| : y € [0,1]}. Show that f is Borel

measurable.
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28.

29.

30.

31.

32.

33.

34.

Let f: (X, S, u) = R be measurable and B(R) denotes the Borel sigma algebra on R. Define
a set function ps : B(R) — [0,00] by ps(B) = p (f~1(B)). Show that p is a measure on
B(R).

If f: R — R is a bounded continuous function, then show that the function g defined by
g(x) =inf{|f(t)| : * <t < x+ 1} is Lebesgue measurable. Does the conclusion hold if f is

bounded Lebesgue measurable function?

Let E C R with m(E) < oo. Let f, : E — R be sequence of Lebesgue measurable functions
such that for each x € X, there exists M, > 0 with |f,(x)| < M, < oo, ¥V n € N. Then for
each € > 0, there exists a compact set K C E such that f, is uniformly bounded on K,
where m(E N K) <.

Let (X, S, i) be a finite measure space and f : X — R be an almost finite S-measurable
function. show that for each € > 0, there exists ng € N such that u{zx € X : |f(x)| > no} <

€.

Let f: (R, M, m) — [0,00] be such that for each € > 0 there exists a Lebesgue measurable
set £ C R with m(F) < € and f is continuous on R \ E. Show that f is a Lebesgue

measurable function.

Let E C R be Lebesgue measurable and m(E) = oco. Define a function f : R — R by
f(z) =m(E N (—o0,z)). Show that f is a Borel measurable function.

Let g : [0,1] — [0, 2] be a bijection with m(g(C')) = 1, where C'is the Cantor set. Construct

a Lebesgue measurable function f on [0, 1] such that f o g~! is not Lebesgue measurable.

Problem Set 4: Lebesgue integration and convergence theorems

1.

State TRUE or FALSE giving proper justification for each of the following statements.

(a) Whether L' (X, S, 1) has an almost non-zero function for every measure space (X, S, u1)?

(b) Let f: (X, S,u) — [0,00] be such that || f||1 > 0. Does there exist some n € N such
that p{x € X : |f(z)| <n} > 07?

(c) There exists a Lebesgue measurable function f on (R, M,m) such that [, fdm is
finite for every E € M but f ¢ L'(R, M, m).
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(d) For n € N, define f, = X(n,n+1)- Then there exists a measurable set £ € M(R) with

m(E) = oo such that f, converges to 0 uniformly on F.

(e) Suppose f, € LT(R, M, m) converges to f point-wise. If [ fndm < M < oo, Vn € N.
Then [; fdm = lim [, frdm.

(f) For z € R, define f(x) = min {1, :%2} . Whether f € L'(R)?

(g) Suppose (X, S, i) be a finite measure space on the finite set X. Then L'(X, S, u) is a

finite dimensional linear space.

(h) Does there exist a Lebesgue measurable function f on (R, M,m) such that [ f is
E

finite for every proper Lebesgue measurable set E but f ¢ L'(R, M, m)?

2. Let u be the counting measure on the measurable space (N, P(N)) and let f : N — [0, +00].

o0

Show that [ fdu = Y. f(n) for every E C N and hence, in particular, [ fdu = > f(n).
E ner N n=1

3. Let d, be the Dirac measure at x € X on the measurable space (X,P(X)). If f: X —
if E

0, +00] and E C X, then show that [ fdo, = 1) fe€Fb,

E 0 ifzgkFE.

(Hence, in particular, [ fdd, = f(z).)
X

4. Let p, be a sequence of measures on (X,S). For E € S, define u(E) = pun(E). If

M2

o0

f € LT(X,S,u), then prove that [ fdu = I fdpn,.
X 1X

n=

5. Let f: R — R be given by f = ﬁX(OJ)' Let g(x) = > 27" f(x —ry), then show that the
TneQ
function g belongs to L'(R, M, m).

6. Let f, = X[-1:,1) Construct an increasing sequence {g,} of measurable functions on

(R, M,m,) in terms of f,, such that lim [ g,dm < .

7. For each z € [0,1], let f(x) = % if v = % for some k,n € N with g.c.d.(k,n) =1,
Y 0 otherwise.

Evaluate the Lebesgue integral [ fdm.
[0,1]

8. Let f,g: (X,S,u) — [0,+00] be measurable. If \(E) = [ fdu for all E € S, then show
E
that A is a measure on (X,S) and that [ gd\ = [ gf du. Does A(E) = 0 imply u(E) = 07
X X
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10.

11.

12.

13.

14.

15.

16.

17.

18.

x? if:rz%nforsomenGN,

. For each z € [0,1], let f(x) = ¢ 23 if z = 2 for some n € N, Evaluate the Lebesgue

371
z*  otherwise.

integral [ fdm.
[0,1]

sin(rz) ifz €[0,3]\ C,
Let f(z) = { cos(mz) ifx € (3,1]\ C, Evaluate the Lebesgue integral [ fdm, where

x? iteeC. (0.1
C denotes the Cantor ternary set in [0, 1].
Evaluate the Lebesgue integrals: (a) [ e[ dm(x) (b) [ 3%/5 dm(x)
[0,+00) (0,1]
|| if x €
Let f(z) = c ifzeQ, Evaluate the Lebesgue integral [ fdm.
e 7l if z e R\ Q. ®
L ojfo<a <,
Let f(z)={ V* Evaluate the Lebesgue integral [ fdm.
% if x > 1. (0,400)
Evaluate the following: (a) lim I 1 ﬁ;;n dx (b) lim il (ﬁ;l;”n dx (c)
n oo n OO[ i }
1 oo oo 1
z" 1 x2
of(ngl ) da (d) nh_{go J T da (e) ng()of (TFa2)7 dz
. n2ge=*
(f) lim [ ———dx

2 2
n—>oo[0’oo) n“+ax

Let f:(X,S, ) — R be measurable. Define a set function v : S — R by v(E) = [ fdu,
whenever E € S. Show that v(X) is finite if f € LY(X, S, u). Does the converse true?

For f € LT N LY(R, M, m), define g(z) =
[ gdm = [ fdm.
R R

08

f(2"z + 1), Show that g € L'(R, M, m) and
1

Construct a function f € L*(R, M, m) such that limn?m{zr € R : |f(z)| > n} = cc.

Let f € L(X, S, ). Suppose there exists an increasing sequence E,, € S such that U2 E,, =
X and lim [, |fl]du < oo. Show that f € L'(X, S, ).
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19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Suppose fn, f : (X, S, 1) — [0,00] are measurable functions such that f,, converges to f
point-wise and f, < f. Show that [y fdu = lim [ fndp.

Let f, : (X, S, 1) — R be sequence of measurable functions that f,, increases to f point-wise.
If f, fn € L'(X, S, ), then show that lim [y fndu < [y fdpu.

Let f, : X — [0, 00] be a sequence of measurable functions and f,, — f point wise. Suppose
there exists M > 0 such that sup [y f, < M. Show that f € LY(X, S, ).
n>1

Let f € L'(X, S, ). Then show that for each € > 0 there exists § > 0 and set E € S such
that [ |f|dp < €, whenever p(E) < 0.
E

Let f € LY(X,S, 1) be arbitrary and let E, = {x € X : |f(x)] > n}. If 0 < p < 1, then
show that lim n? u(E,) = 0.
n—o0

Let f € L'(R, M, m) be such that [ f = 0, for any open interval I C R, then show that
T
f=0.

Let u(R) < oo and f, € LY(X,S, ) be such that f, — f uniformly. Show that f €
LYX,S,p) and [ f =lim [ f,.
X X

Let f, : X — [0, 00] be a decreasing sequence of measurable functions and f,, — f point
wise. If fi € L}(X, S, u). Then show that [ f =lim [ f,.
X X

Let fn,g9: X — R be measurable functions such that f, < g, Vn € Nand g € L'(X, S, ).
Show that limsup [ f, < [ limsup f,.
X X

Let f, : X — [0,00] be a sequence of measurable functions and f, — f point wise such
that [ f =lim [ f, < co. Show that [ f =lim [ f,, for any E € S.
X X E E

Let f, g, fn,gn € LY(X, S, 1) be such that |f,| < gn, fn — f and g, — g point wise. Show
that [ g =lim [ g, implies [ f =lim [ f,.
X X X X

Let fn, f € LY(X, S, u) be such that f, — f point wise. Prove that lim [ |f, — f| = 0 if
X
and only if [ |f| =lm [ |f,|.
X X
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31. Let |f,] < g € LY(R). Let f,, be subsequence of f,, such that f,, — f point wise a.e. on
R. If klim | frr — fll = @an — flli < oc. Show that f, — f in L1(R).
— 00

32. f: X — [0,00] be a measurable function. Show that f is integrable on (X, S, ) if and

only if Y 2"u{z € X :2" < f(x) < 2"} < .

n=—oo

33. Let pu(X) < oo and f: X — [0,00] be a measurable function. Show that f € L'(X, S, u) if
and only if > uf{r e X : f(x) > n} < oc.
n=0

Problem Set 5: Lp-spaces and product measures
1. State TRUE or FALSE giving proper justification for each of the following statements.
(a) L*°(X,S,n) contains an almost non-zero function for every measure space (X, S, u).
(b) If f:(X,S, ) = R is bounded almost everywhere, then f is measurable.
(c¢) If for 1 < p < oo, L®(X,S,u) C LP(X, S, u), then p is a finite measure.
(d) For f e L>®(X,S,u), it is necessary that u{z € X : |f(z)| = || f|l} = 0.

(e) Let S(R) be the space of all continuous functions f on R such that |z|®f(x) is bounded,
for any o € NU {0}. Then S(R) is dense L?(R).

(f) Let (X, S, ) be a o- finite measure space with u({z}) = 0 for all z € X. Is it possible
that (u x p)({(z,y) e X x Xz =y}) > 07

(g) Let F(z,y) = f(x)g(y), where f € L}(R) and g € L*°(R). Does it imply that F is

finite a.e. m x m?

(h) The set {(z,y) € R?: y =sin1} belongs to B(R) ® B(R).

2. Forl <p<ooand f € LP(X, S, ) and o > 0 show that p{z € X : |f(z)| > a} < (Hf”p)p.

«

o0
Moreover, for 1 < p < oo, show that Y. p{z € X : |f(x)| > n} is convergent.
n=1

3. Let 1 <p<ooand f e LT(X,S, u)NLP(X,S, n). Define f,(z) = min{n, f(x)}. Then

show that f,, increases to f point wise a.e. and lim [ |f, — f|[Pdu = 0.
'I’L—)OOX
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4.

10.

11.

12.

13.

14.

15.

16.

Suppose f, — f in LP(R) for 1 < p < oo. Let g, € L (R) and ||g,|| < 1. If g, converges
to g uniformly a.e., then f,g, — fg in LP(R).

. Suppose f, € LP(X, S, p), for 1 < p < oo, with || fp||, < 1 and f,, — f point-wise a.e. Show

that f € LP(X, S, 1) and |||, < 1.

. Let (X, S, 1) be a o- finite measure space. Suppose for each € > 0 there exists some p > 1

such that || f||, < € for every f € LP(X,S, ). Show that u = 0.

Let (X, S, 1) be a measure space and 0 < p < 1. Then for f,g € L™ N LP(X, S, u) show
that [[f +gllp = [[fllp + llgllp-

. Let {E,} be sequence of disjoint measurable sets. Show that > a;xg, € LP(X, S, n) if
n=1

o0
and only if Y |o;|Pu(E;) < oc.
n=1

. Let f and g be disjointly supported functions in LP(X,S,u). Prove that |f + g[|) =

LF11 + lglip-
Let 1 <p < oo f € LP(R, M, m). Then show that || f(x + h) — f(z)|, — 0 as |h| — 0.

For 1 < p < oo, prove that L'(R, M, m) N LP(R, M,m) is a proper dense subspace of
LP(R, M, m).

Let 1 <p,g<ocandp ' +q¢l=r"1If f€ LP(X,S, ) and g € LY(X, S, 1), then prove
that fg € LY(X, S, p) and || fg» < | fllpll9llg- (A generalized Holder’s inequality.)

Let 1 <p < g <r < oo. Then prove that LI(X, S, u) C LP(X, S, ) + L™ (X, S, ).

Let 1 < p < g < r < oo. Show that LP(X,S,u) N L"(X,S,n) € LYUX,S,u) and
I fllqg < HfH;‘HfH}q_A, where \ € (0,1) is given by ¢7! = Ap~t + (1 — \)r— L.

Let 1<p<ooand p~!+¢ ' =1. For f € LP(X,S, 1), prove that

1y = Sup{‘/x fgdu’ 1g € LYX, S, pu) and [|g|ly = 1}.

Let (X, S, u) be a o-finite measure space. Then show that ||f||cc = sup
llglli=1

[ fgdp
X
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Let A be the monotone class generated by all closed sets in R. If £ and F' are closed subsets
R, then show that F + F belongs to A.

Let P be a polynomial on R?. Show that S = {(z,y) € R*: P(z,y) = 1} € M(R)@ M(R).

Compute m x m (5).

Let f: (R:, M ® M, m x m) — R be a measurable function. If either of f or f~ belongs
to L' (R?2, M @ M, m x m), then show that [ [ fdmdm = [ fd(m x m).
R R R2

Let f : (X,S,u) = R be measurable. Show that Gy = {(z,y) € X xR, y = f(x)} €
S ® B(R). If (X, 5, 1) = (R, M, m), then show that m x m(Gy) = 0.

Let(X, S, ) be a o-finite measure space. Let f: (X, S, ) — [0, 00] be measurable. Show
that Ay = {(z,y) € X x[0,00], y < f(x)} € S®@B(R) and p x m(Ay) = [ f(x)dp(x).

Let (X,S,u) be a finite measure space and f : X — [1,00] be a measurable function.
Compute p x m{(xz,y) € X xR: y < f(x)}.

Show that D = {(z,y) € R*: y > 2? and y < 1} € M(R) ® M(R). Find m x m(D).

Let f € LYX,S,u) and g € LY(Y,T,v). Define ¢(z,y) = f(z)g(y). Show that ¢ is
measurable and ¢ € LY(X x Y, S @ T, x v).

Let E,F € M(R) and f : R? — R be defined by f(z,y) = xg(2)xr(z — y). Then show

that f is M(R) ® M(R)-measurable and [ fd(m x m) =m(E)m(F).
RQ

For E, F € M(R), define h(y) = [ xg(z)xr(x — y)dz. Show that h is a Borel measurable
R
function on R.

Let X =Y =[0,1], S =T = B[0,1] and g = v = m. Define f:[0,1] x [0,1] — R by

1 ifzeqQ,

f(x’y):{ 2y ifzeR\Q.

11 11
Compute [ [ f(z,y)dydz and [ [ f(x,y)dxdy. Whether f € L'(m x m)?
00 00
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28.

29.

30.

31.

32.

33.

34.

Let f(z,y) = e ®sinz and D = [0, 00) x [1,00). Show that fxp € L'(R?, M ® M, m x m)
and Of 1ff(ac,y)dydac = { Off(m,y)da:dy.

Let f(z,y) = e~ —2e~2® and D = [0, 1]x[1, c0). Show that fxp & L'(R*, MM, mxm).

Let f € L'(0,a) and define g(z) = [ @dt. Then show that g € L'(0,a) and compute
Jo 9(x)dx

For f € LY(R, M, m), define F(z) = [ f(t)dt. Show that F' € L'([0, 1], M, m) and deduce
0
that [[Fly < [l f]1-

Let f € LY(R,M,m). If p(z,y) = fﬁ;é”), then show that ¢ is M ® M-measurable, and
g€ L (RZ,M@M,mxm).

Let T : L*(R) — L'(R) be defined by T(f)(z) = [ & f("Hy dy. Show that T" is bounded and
R

satisfies ||T'|| = .

Define a linear functional on L'(R, M, m) by T(f) =

verifies ||T]| < 1.

R

Problem Set 6: Signed measures and the Radon—Nikodym theo-

rem

1.

State TRUE or FALSE, with justification.

(a) If v is a signed measure on (X, X), then its total variation |v| is always finite.
(b) If v < p and p(E) =0, then v(E) = 0.
(c) If v < pand p < v, then the Radon-Nikodym derivative dZ is bounded away from 0

and oo.
(d) If v L pand v < p, then v = 0.

(e) If v1,v9 < p, then d(ybi:”” dl’l +d”2 p-a.e.

2. (Hahn decomposition) Let v be a signed measure on (X, Y). Show that there exist disjoint

measurable sets P, N with P U N = X such that v(E) > 0 for all £ C P measurable and
v(E) <0 for all E C N measurable. Show that P, N are unique up to v-null sets.
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3. (Jordan decomposition) With v as above, define
vH(E)=v(ENP), v (E)=—-v(ENN).

Show that v* are mutually singular finite measures on every set of finite |v|-measure,

v =vT —v~, and that this decomposition is unique.

4. (Total variation) Define |v| = v 4+ v~. Prove that for every E € %,

WI(B) = sup{>" [v(Ep)| : E =) By, Bex}.
k=1 k=1
Deduce that |v| is a measure and |v(E)| < |v|(F) for all E.
5. (Radon—Nikodym) Let (X, X, u) be o-finite and let v be a signed measure with v < p.
Prove that there exists f € L (u) such that v(E) = [ fdu for all E € ¥, and that f is

unique p-a.e.
6. (Concrete RN derivatives)
(a) On (R,M,m) let v(E) = [ e 1®l dm(x). Compute j—ﬁl.
(b) Let p be counting measure on N and v({n}) = 27". Compute g—;.

7. (Lebesgue decomposition) Let u, v be o-finite measures on (X, ). Show that there exist

unique measures Vyc, Vs such that v = vye + 15, with vy < pand v L p.

8. (Absolute continuity via total variation) Let v be a signed measure and p a measure. Show
that v < p if and only if |v| < p.

9. (Duality, challenge) Let (X, 3, ) be o-finite and 1 < p < oo with 1/p+1/¢g = 1. Show
that for g € L9(X, i) the functional T,(f) = [y fgdp is bounded on LP and ||| = ||gllq-

Conversely, show that every bounded linear functional on LP arises this way.

Problem Set 7: Absolute continuity and differentiation of integrals

1. State TRUE or FALSE, with justification.

(
(

a) Every function of bounded variation on [a, b] is absolutely continuous.

b) If F(x) = [T f(t)dt with f € L'([a,b]), then F is absolutely continuous.

1 z+r
(d) If f € LL (R), then 11%12—74/ f(t)dt = f(z) for every z.

)
)
(c) If F is absolutely continuous on [a, b], then F’ exists everywhere on [a, b].
) loc
T

2. (Absolute continuity = integral representation) Let F : [a, b] — R be absolutely continuous.
Show that F’ € L*([a,b]) and

F(z) = F(a) + / "Flydt  forall z € [a,b].
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3. (Integral representation == absolute continuity) Let f € L!([a,b]) and define F(z) =
[ f(t) dt. Prove that F' is absolutely continuous and F'(z) = f(z) for a.e. z € [a, b].

4. (Fundamental theorem of calculus, Lebesgue version) Assume F' is differentiable a.e. on
[a,b], F' € L([a,b]), and F is absolutely continuous. Show that ff F'(t)dt = F(b) — F(a).

5. (Lebesgue differentiation theorem, core case) Let f € L}OC(R). Prove that for a.e. x € R,
1

lim — /“Tf(t) dt = ().

40 217 Jp—y

(Hint: reduce to characteristic functions of measurable sets and use density points.)

6. (Density points) Let E C R be Lebesgue measurable. Show that for a.e. x € F,

E _
lim m(EN(zx—r,x+r))

=1,
rl0 2r

and for a.e. © ¢ F the same limit is 0.

7. (A.e. differentiability of indefinite integrals) Let f € L!([a,b]) and F(z) = [ f. Show that
F is differentiable a.e. and F’ = f a.e.

8. (Vitali-type control, challenge) Let F' be absolutely continuous on [a,b]. Show that for
every € > 0 there exists § > 0 such that for any finite disjoint family of intervals {(ay, bx)}
in [a,b] with >, (by, — ax) < 0 we have >, |F(bg) — F(ay)| < e.

Problem Set 8: Regular Borel measures and the Riesz represen-

tation theorem

1. State TRUE or FALSE, with justification.

(a) Every finite Borel measure on a compact metric space is automatically regular.

(b) If p is a regular Borel measure on K and E C K is Borel, then for every € > 0 there
exist compact F' C E and open O D E such that u(O \ F) < e.

(c) If L: C(K) — R is a positive linear functional, then || L| = L(1).
2. (Regularity approximation) Let K be a compact metric space and u a finite regular Borel

measure on K. Prove that for every Borel set £ C K and € > 0 there exist compact F' C E
and open O D E such that u(O\ F) < e.

3. (Urysohn functions) Let K be a compact metric space and let F' C O C K with F' closed
and O open. Construct a continuous function ¢ : K — [0, 1] such that ¢ =1 on F' and
p=0o0n K\O.
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4. (Dirac measures) For zg € K define 6,,(E) = 1g(xo). Show that d,, is a regular Borel
probability measure. Compute the corresponding functional Ly, (f) = [ f ddz, on C(K).

5. (Riesz representation, reconstruction step) Let L : C'(K) — R be a positive linear functional
and define for open U C K

po(U) = sup{L(p) : ¢ € C(K), 0 < ¢ <1, supp(p) C U}.

Show that pg is finitely additive on disjoint open sets and extends to a finite regular Borel

measure g on K.

6. (Support of a measure) Let p be a finite regular Borel measure on K. Define the support
supp(u) as the complement of the largest open set of p-measure zero. Show that supp(u)

is closed and p(K \ supp(p)) = 0.

7. (Uniqueness) Assume p, v are finite regular Borel measures on K and [ fdu = [ fdv for
all f € C(K). Show that 4 = v on B(K).
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