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Introduction

Functional analysis studies linear phenomena in infinite-dimensional settings by combining
algebraic structure, metric or topological structure, and the action of linear operators.
The central principle running through these notes is that a carefully chosen notion of
size—typically a norm or inner product—turns qualitative questions about convergence,
approximation, extension, compactness, and solvability into precise structural statements.
From this point of view, completeness, duality, and spectral theory are not isolated topics;
they are successive manifestations of the same general program.

The manuscript is organized as a progressive introduction to that program. It begins
with normed spaces and the classical model examples 7, LP, and spaces of continuous
functions, and then passes to Banach spaces, where completeness becomes the decisive
hypothesis behind the Baire category method and the three fundamental principles of
operator theory. The Hahn—-Banach theorem is treated as the main extension mechanism
and as the starting point of duality. The later chapters develop weak and weak* topologies,
reflexivity, spectral theory, compact operators, Hilbert space geometry, and finally the
spectral theorem for compact self-adjoint operators. The ordering reflects both the internal

logic of the subject and the demands of a first serious course in functional analysis.

Standing conventions. Throughout, I’ denotes either R or C. For a normed space X,
its continuous dual is denoted by X*. If T': X — Y is a bounded linear operator, then
|T|| denotes its operator norm. For a subset M of a normed space, M denotes norm
closure unless another topology is explicitly specified. In Hilbert-space chapters, inner
products are written in the standard bracket notation and all orthogonality statements

are understood with respect to that inner product.

Expository policy. These notes are written as a rigorous course manuscript rather than
as an encyclopedic reference. Proofs are presented in a form intended to be both fully
reliable and pedagogically useful: standard reductions are made explicit when they clarify
the mechanism of an argument, key examples are inserted near the relevant definitions,
and closely related results are grouped so that their logical dependence remains visible.
Where several proofs are possible, a single coherent route is chosen in order to preserve

continuity of method across chapters.

Syllabus alignment and reading strategy. The notes may be read linearly from
beginning to end, but they are also modular enough for use in a one-semester course. A
first reading should concentrate on the definitions, the classical examples, and the four
indispensable pillars of the subject: completeness, Baire category, Hahn—Banach extension,



MAS543: Functional Analysis Contents

and bounded inverse phenomena. A second reading may then emphasize weak compactness,

reflexivity, adjoints, and spectral questions. The problem sets are designed to support

both readings by converting standard arguments into techniques the reader can reuse

independently.

Course roadmap (syllabus alignment). The material is organized to align with a

standard first graduate or advanced undergraduate syllabus in functional analysis:

Normed spaces and classical examples: norms, metric/topology, completeness,
P LR C(H) o Chapter 1

Banach spaces: closed subspaces, quotients, separability, Baire category Chapter 2

Bounded linear operators: operator norm, extensions, and the three fundamental
principles (uniform boundedness, open mapping, closed graph) ........ Chapter 3

Hahn—Banach: extension, separation, annihilators; concrete dual identifications
Chapter 4

Duality and weak topologies: weak/weak* convergence, Banach—Alaoglu, reflex-
VI Y Chapter 5

Spectral theory in Banach spaces: resolvent, spectrum, spectral radius
Chapter 6

Compact operators: compactness, basic spectral structure .......... Chapter 7

Hilbert space theory: orthogonality, projections, Riesz representation, orthonormal
bases, adjoints .. ... Chapter 8

Spectral theorem: compact self-adjoint operators ................... Chapter 9

The Problem Sets at the end are designed to reinforce definitions and standard proof

techniques; they may be used either as homework assignments or as guided practice while

reading the chapters.
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CHAPTER 1

Normed Spaces and Fundamental

Examples

This chapter lays the foundational language of functional analysis by introducing seminorms,
norms, and the metric and topological structures they induce on vector spaces. Its main
purpose is to show how analytic geometry emerges from the interaction of algebraic structure
and quantitative control. The standard sequence spaces and function spaces are treated
systematically, with particular attention to the mechanisms that make them workable
examples rather than merely formal constructions. The continuity of vector addition, scalar
multiplication, and the norm is established in a unified manner, thereby placing normed
spaces within the broader framework of topological vector spaces. The chapter culminates
in Hélder’s and Minkowski’s inequalities, which provide the structural estimates underlying

the basic (P and LP theories developed throughout the remainder of the course.

1.1 Topological motivation and seminorms

Functional analysis begins when linear structure is studied together with topology. Semi-
norms and norms provide the basic bridge between these two viewpoints, and they explain

how algebraic operations acquire continuity, convergence, and local geometric meaning.

We begin by placing normed spaces inside the broader framework of topological vector
spaces. A normed linear space combines the linear structure of a vector space with a
compatible notion of “size which induces a natural topology. Concretely, let X be a vector
space over F'. The algebraic operations

(z,y) —2+y (X xX—=X), (a,2) —> ax (FxX — X)

suggest studying topologies on X for which addition and scalar multiplication are con-
tinuous. A vector space equipped with such a topology is called a topological vector

space.
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In the normed setting, the topology is induced by a function p : X — [0, 00) satisfying
homogeneity and the triangle inequality. If one defines dist(z,y) = p(x—y), then translation
invariance and homogeneity are built into the geometry.

T
A axr

>
|

0 HA]

Figure 1.1: Scalar multiplication: the vector ax lies on the ray generated by .

Definition 1.1 (Seminorm and norm). A map p: X — [0,00) is called a seminorm if,
forall z,y € X and a € F,

plax) = la|p(x),  plr+y) <plz)+ply),  p0)=0.

A seminorm p is a norm if, in addition, p(z) = 0 implies x = 0. In this case (X,p) is a
normed linear space and ||z|| :== p(z) denotes the norm of z.

The metric induced by a norm is given by d(z,y) = ||z — y||, and the induced topology
is the norm topology. Unless explicitly stated otherwise, all closures and convergences

below are taken with respect to the norm topology.

Proposition 1.2 (Continuity of the basic operations). Let (X, ||-||) be a normed linear
space. Then the maps

(x,y) — x4y (X xX — X)), (a,2) — ax (FxX — X), z— |lz|| (X = R)
are continuous. In particular, every normed space is a topological vector space.
Proof. For addition, let (z,y), (¢, y0) € X x X. Then

Iz +y) = (2o +yo)ll < llz = 2ol + [ly = oll;
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which establishes continuity. For scalar multiplication, let (a,x), (ag, o) € F' x X. Then

llax — apxo|| < |lax — apx|| + [|aoxr — apzol|

= la = aol ||[ + lao| [lz = zo]-

If (a,x) — (ap,xp), then © — ¢, so x remains bounded in a neighborhood of zy; hence
the right-hand side tends to 0. Finally, the reverse triangle inequality gives

2l = llyll| < lle = wll,

so the norm map is Lipschitz, hence continuous. O

1.2 Minkowski’s inequality

The triangle inequality is the decisive structural property behind the definition of a norm.
In the present context, Minkowski’s inequality is precisely the statement that guarantees
stability of the spaces /7 and LP under addition and therefore allows these spaces to be

treated as genuine normed linear spaces.

We state first the discrete form, whose proof contains the essential mechanism and

whose integral counterpart follows by the same principle.

Theorem 1.3 (Minkowski’s inequality in ¢). Let 1 < p < oo and let © = (x;);>1,
Y= (Y;)i>1 € P. Then v +y € (P and

1z +yllp < llzlly + [yll,- (1.1)

Proof. For p = 1 the inequality follows from |z; + y;| < |z;| + |y;| by summation. For
p = oo it follows from

12+ Ylloo = sup |z; + y;| < sup |z;| +sup [yi| = [|z[|oc + [|y]oo-
Assume 1 < p < oo and let ¢ be the conjugate exponent, i.e.,
-+-=1 (1.2)

Using |x; + yi| < |z;| + |y;| and the elementary identity

(| + 1yal)? = (il + Tal )~ aeal + (il + Tl )~ .
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we obtain
Dotz yal” <D (|| + wil)P
i=1 i=1
IEXMJ+MMPW%P+§:WJ+WMPW%\ (1.3)
=1 =1

By Holder’s inequality (with exponents p and ¢ as in (1.2)),

[e.9] o

3 (ol + el < (Sl + ) * (Zuw)

p—1

(EEWA+RA )P|Mm, (1.4)

and similarly
p=1

S~ (il + o)l < (Sl + bl ™ ol (15)

i=1
Let -
A= (] + |wil)P

i=1
Combining (1.3), (1.4), and (1.5) gives

A< AT (2], + llyl,)-
If A =0, then the conclusion is immediate. Otherwise, dividing by A®~D/P yields

AP <l + N1yl

Since |z; + yi| < || + |ys|, the last inequality implies (1.1). O

Remark 1.4 (Equality case). Assume 1 < p < oo and z,y # 0. Equality holds in (1.1) if
and only if there exists A > 0 such that

|z;| = My;| for all 4,

and z;7; > 0 for all 7 (in the real case this reduces to z;y; > 0).

Remark 1.5 (Normed-space consequence). In particular, (1.1) shows that (7, || - ||,) is a
normed linear space for each 1 < p < .
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1.3 Sequence spaces under the supremum norm

The supremum norm measures the largest coordinate of a sequence and therefore captures
uniform control rather than summability. The spaces £*°, ¢, and ¢y provide the first
important examples in which boundedness, convergence, and decay at infinity must be
carefully distinguished.

The space

0 :={x = (p)p>1 : sup |z,| < oo}
n>1

becomes a normed linear space when equipped with the supremum norm
|2||oo := sup |z,
n>1
Two important subspaces are
c:={x = (z,): x, converges}, co :=A{r = (x,) : z, — 0}.

Both are linear subspaces of £°°, and ¢y C ¢ C £°°.

Proposition 1.6. The following inclusions are strict:
P CrPCceCeC e

Proof. If x € (', then Y°°, |z,| < oo, hence z,, — 0 and sup,, |z,| < ||z]|;. Therefore
x € £ and

[e.e] o0

> lanl* < (suplanl) 3 foal < .
n>1

n=1 n=1

so x € 2. Thus /' C (2.

Next, if 2 € £2, then Y |z,|* < oo, so necessarily x, — 0; hence £* C ¢;. The sequence
(1/n),>1 belongs to ¢ \ £2, so the inclusion is strict.

The constant sequence 1 = (1,1,1,...) belongs to ¢\ ¢y, while the bounded oscillatory
sequence ((—1)™),>1 belongs to £\ c. This establishes the remaining strict inclusions. [

Proposition 1.7 (Comparison of the standard norms on F"). For z = (z1,...,x,) € F"

one has
[zlloo < [lzll2 < [lz]l1 < nfl7|o, z]l2 < V|2l so-

In particular, all standard norms on a finite-dimensional space are equivalent.
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Proof. The inequalities ||z]|s < ||z||2 < ||z||; are immediate from

n n 2
max [z,* < 3 [l < (Z \a:l-|> .

i=1 i=1

The estimate ||z||; < n||z|l follows from Y7, |z;| < S0 [|z]|ec = n||Z||eo, and then

z]|2 < /1 ||7]|s follows by squaring. O

1.4 Geometry of spheres in /7

Although all norms on a finite-dimensional space induce the same topology, they need
not encode the same geometry. Examining the unit balls for different values of p helps
build geometric intuition for convexity, extremal points, and the very different analytic

behaviour that the same underlying vector space may exhibit under different norms.

For 0 < p < oo, consider (R", [| - [|1), (R™, || - fl2), (R", [ - [|), (R™, ][ - [[oc)-
The geometry of the unit ball varies significantly with p. In dimension two, the basic

shapes are illustrated in Figure 1.2.

pﬁ_ p =00

Figure 1.2: Comparison of the unit balls in R? for the norms || - ||1, || - |2, and || - ||oo,
together with the intermediate geometry for 1 < p < oco.

1.5 The space of finitely supported sequences c

The space cgg consists of elementary sequences with only finitely many nonzero coordinates.
It plays the role of a tractable algebraic core inside the classical sequence spaces, and
its density explains why many arguments can first be carried out for finitely supported

sequences and then extended by approximation.

Let
coo = {x = (n)n>1 : ©, = 0 for all but finitely many n}.

8
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This is a linear subspace of every sequence space introduced above. In particular, it is a

subspace of P for each 1 < p < oo and of £°°.

Definition 1.8 (Dense subset). Let (X, || -||) be a normed space and let A C X. We
say that A is dense in X if for every x € X and every ¢ > 0 there exists a € A such that
|z — a|| < e. Equivalently, A = X.

Proposition 1.9. For 1 < p < oo, the space coo is dense in (7] - ||,)-

Proof. Let x = (z,,) € £ and define the truncations

W) = (x1,...,2n,0,0,...) € coo.
Then
o =5 = 3l 50
so #V) — 1z in (7. O]
Proposition 1.10. In ({*°,|| - ||s) one has oo = co. In particular, coy is not dense in €.

Proof. If © = (z,,) € ¢, then x, — 0. Given ¢ > 0, choose N such that |z,| < ¢ for all
n > N and let

.’I?(N) = ($1,...,IN,0,0,...) € Coo-
Then
|z — 2™||oe = sup |z, < e,
n>N
SO ¢cg C Cqo-

Conversely, ¢g is closed in ¢ (see Example 2.4), and since coy C ¢ it follows that ¢y C cq.

Hence ¢y = . O

Remark 1.11 (Density versus openness). Because every proper linear subspace of a normed
space has empty interior, ¢y is not open in either 7 (1 < p < oo) or £*. Thus, in
infinite-dimensional spaces, density and openness are fundamentally different notions.

1.6 Basic function spaces

Spaces of functions furnish the most important examples in functional analysis. Even at
this preliminary stage, it is useful to compare different ways of measuring the size of a
function, since the resulting norm or seminorm determines which analytic features—uniform

behaviour, integrability, or mere boundedness—are being emphasized.
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Let [a,b] C R.
o Cla,b] denotes the space of continuous functions on [a, b], equipped with the supremum
norm
1 flleo == sup |f(2)]-
t€la,b]

» R[a,b] denotes the space of Riemann integrable functions on [a, b]. The quantity

71 = [ 170

satisfies the triangle inequality, but it is only a seminorm on Rla,b] (it may vanish for

nonzero functions).

o Bla,b] denotes the space of bounded functions on [a, b], equipped with || - ||co-
Thus Cla,b] C R|a,b] C Bla,b].

1.7 Lebesgue spaces and the fundamental inequalities

Lebesgue spaces form one of the principal arenas of modern analysis. The inequalities
established here, especially Holder’s and Minkowski’s inequalities, are the basic estimates
that make LP spaces workable and prepare the ground for later results on completeness,
duality, and operator theory.

Let (2, M, 1) be a measure space. For 1 < p < oo we define

LP(Q)) := {f measurable : /Q |f|Pdp < oo}/ ~,

where f ~ g if and only if f = g p-a.e., and we set

5= ([ 1) "

For p = oo, we set

L>(Q) := {f measurable : esssup | f| < oo}/ ~, | flloo := esssup | f].
0 Q
Lemma 1.12. If f € LY(Q) and ||f|l1 =0, then f =0 u-a.c.
Proof. Let E = {x € Q:|f(x)| > 0} = Up>1 £y with E, = {2 : [f(x)| > 1/n}. Then

p(E) = [ tdu<n [ Ifldup<n [ |fldp=o,
En En Q

10
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so u(E) =0. O

Theorem 1.13 (Holder’s inequality). Let 1 < p < oo and let q be the conjugate exponent,
14 % =1. If f € LP(Q) and g € LY(QY), then fg € L' (Q) and

p
1 gllx < 1 £l llgllq-
Proof. Young’s inequality ab < %p + % for a,b > 0 gives, after setting

U 1 N i
£ 1l lgllq

that

LIfP 1 |gl7
|f9] S*vu+,mu‘
1flpllglle = 2 IFIE  allglld

Integrating over €2 yields

gl 11

<S4 -=1
£ llpllglly =2 g

]

Theorem 1.14 (Minkowski’s inequality). Let 1 < p < oo and let f,g € LP(2). Then
f+ge€L”(Q) and
1f +gllp < [ £l + llgllp-

Proof. The case p = 1 follows from [ |f +g| < [|f] + []g|]- Assume 1 < p < oo and let
q= 1%‘ Then
1F+glp= [ 17 +gl1f+ o= < [ 17117+ g7+ [lgl1f + g

Applying Holder’s inequality to each term gives

1F =+ gll2 < (1l + Nglly) 1 + 977

Since (p — 1)q = p, we have H|f + g|p*1H =|f+ g||§*1, and dividing yields the claim. [J
q

A remark on inclusions between L” spaces

On a finite measure space (€2, ) (for instance 2 = [0, 1] with Lebesgue measure), one has

the continuous inclusion

LQ) — LP(Q) (1<p<q<o0),

11
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with the estimate || f]|, < M(Q)%fénfnq

On Q = R equipped with Lebesgue measure, no inclusion holds between L'(R) and
L*(R):

o f(z) =272 x(0.1)(x) belongs to L'(R) but not to L*(R).
e g(z) = (1+ |z|)~! belongs to L*(R) but not to L'(R) since

o 1
/|g(x)|dx:2/ dr = 0.
R 0

1+z

Example 1.15 (A disjoint-translate construction). Let f(z) = 272 x(o1)(z) and define

fo(x) = f(x —n+ 1), so that supp(f,) C (n — 1,n) are pairwise disjoint. Set

h(z) = i 2 £ (2).

Then h € L'(R) but h ¢ L*(R). Indeed,

Bl =>_ 27" I fully = [[fllL D_ 27" < o0,
n=1 n=1

while

1703 =D 27| fullz = >_ 27" 00
n=1

n=1

oo,

since || f||2 = oc.

12
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CHAPTER 2

Banach Spaces and the Baire
Category Method

The organizing principle of this chapter is completeness and its far-reaching consequences.
After defining Banach spaces and establishing completeness for the standard examples, the
discussion turns to the structural permanence properties of completeness, including closed
subspaces, quotient spaces, and related constructions. The chapter then develops the Baire
category theorem in a form suited to functional analysis and shows how completeness yields
global information that is invisible at the level of pointwise arguments. This transition from
local control to global structure is one of the decisive themes of the subject, and it prepares
the ground for the major operator-theoretic principles proved in subsequent chapters.

2.1 Banach spaces

Completeness is the point at which a normed space becomes robust enough for limiting
procedures to behave properly. In practice, many of the deepest global theorems of
functional analysis depend not merely on linearity and continuity, but on the assurance
that Cauchy sequences genuinely converge inside the space under consideration.

The basic concept is formalized in the following definition.

Definition 2.1 (Completeness and Banach spaces). A normed linear space (X, || -||) is
complete if every Cauchy sequence in X converges to a point of X. A complete normed
linear space is called a Banach space.

Proposition 2.2 (Closed subspaces of Banach spaces). If X is a Banach space and
M C X is a closed linear subspace, then M is a Banach space with the induced norm.

Proof. Let (z,) be a Cauchy sequence in M. Then (z,) is also a Cauchy sequence in X,
and since X is complete, there exists x € X such that z, — z in X. Because M is closed
in X and each x,, belongs to M, it follows that x € M. Hence every Cauchy sequence in
M converges in M, and therefore M is complete. O

13
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Example 2.3 (The scalar field). The space (R,|-|) is a Banach space because every
Cauchy sequence in R converges.

Example 2.4 (The space ¢; is Banach). Let
Co = {x = (Tp)n>1: Tn — O} C 0, |2 || so := sup |z,].
n>1
Then (co, || - ||«) is a Banach space.

Proof. Tt suffices to show that ¢q is a closed subspace of the Banach space £°°, and then
invoke Proposition 2.2.

Let %) € ¢y and assume z®) — 2 in ¢, i.e.,

||:L‘(k) — |00 = Sli%) |x$lk) — | m 0. (2.1)

Fix ¢ > 0 and choose ko such that sup, [#(*0) — x,| < £/2. Since 2(*0) € ¢, there exists N
such that |z(%0)| < ¢/2 for all n > N. Hence, for every n > N,

[@a] < | — 2f] + 2] <e.

Thus z,, — 0 as n — 00, so x € ¢y. Therefore ¢y is closed in £*°. O

Example 2.5 (Continuous functions on a compact interval). Let C([a,b]) denote the

space of continuous functions on [a, b] equipped with the supremum norm

[ flloo := sup £ ()]

te€la,b

Then (C([a,b]),] - ||) is & Banach space.

Proof. Let (f,) be Cauchy in (C([a,b]), || - [|). Then, for every € > 0 there exists N such
that
[ fn = fulloo < € for all m,n > N. (2.2)

Fix t € [a,b]. From (2.2) we obtain
) = fa@)] < I fom = falloo <& forall m,n> N.

Thus (f,(t)) is a Cauchy sequence in R, and hence convergent. Define f(t) := lim, o fu(t).

14
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Letting n — oo in (2.2) (for fixed m > N) gives
|fm(t) — f(t)] <€ for all ¢ € [a,b] and all m > N,

which implies || f,, — flloo < € for all m > N. Hence f,, — f uniformly on [a,b]. Since a
uniform limit of continuous functions is continuous, f € C([a, b)), so C([a,b]) is complete.
[

Example 2.6 (An incomplete norm on continuous functions). Equip C([0, 1]) with the

norm

1
1£[h = /0 £ (2)] dt.
Then (C([0,1]), ]| - [[1) is not complete.

Proof. For n € N define f,, € C([0,1]) by

nt, 0<t<4i,
fu(t) := (2.3)
1, 1<t<1
If m > n, then a direct computation gives
171 1
n—fmlli==({———. 24
o= fulli =5 (5 = =) 24)

Therefore (f,,) is Cauchy in (C([0,1]),] - [|1)-
Let f := 1o (with the convention f(0) = 0). Then f € L([0,1]) but f ¢ C([0,1]), and

A AU T S — 25)

n mn—oo

Thus (f,) converges in L*([0,1]) to a function f which is not continuous, showing that
(C([0,1]),]| - [J1) is not complete. O

Proposition 2.7 (Inclusion on finite measure spaces). Let (€, 1) be a measure space with
w(Q) < oo, and let 1 < p < q < oo. Then L) C LP(R2) and

Iflly < (3| flly,  f € L), (2.6)

where we interpret % =0 when q = 0.

15
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Mer Loy f,

I
I
i I
I
I

m

Y

1 ¢
n
Figure 2.1: The functions f, and f,, from (2.3) (here m > n), together with their

pointwise limit f =1 1.

Proof. First assume that ¢ < oo and let r := % > 1, so that the conjugate exponent

satisfies 1 4+ & = 1. Writing |f[? = |f|? - 1 and applying Holder’s inequality gives

Lisvan< ([irman)” ([ an)” = isiguce)=t

Taking pth roots yields (2.6). The case ¢ = oo follows similarly from [, |f|? < || f]|%, ©(€2).
[l

Theorem 2.8 (Completeness of LP(R)). Let 1 < p < oco. Then LP(R) is a Banach
space. Moreover, if f, — f in LP(R), then there exists a subsequence (f,,) such that

fo. (@) = f(x) for almost every x € R.

Proof. Let (f,) be a Cauchy sequence in LP(R). Choose a subsequence (f,, ) such that

[ frner = Fanllp <27%  forall k > 1. (2.7)

Define .
9(@) = | for (@) + D [frpps (@) = (), 2 €R, (2.8)

k=1

Let gr(z) := | fa, (2)] + S pei [ fanyr (8) — fup ()] Then gx T g pointwise. By Minkowski’s
inequality and (2.7),

K
lgsclly < N llo + D2 s = Frallp < Ml fuallp + 1. (2.9)
k=1
Applying Fatou’s lemma to gh- 1 ¢* and using (2.9) gives g € LP(R).

16



MAS543: Functional Analysis 2. Banach Spaces and the Baire Category Method

Now consider the partial sums

K
SK = fm + Z(ka+1 - fnk) = an+1' (2'10)
k=1

By (2.8), the series Y >1(fn,., — fn.)(x) is absolutely convergent for almost every x
(because g(z) < oo a.e.). Therefore sk (z) = fu,,, (7) converges pointwise a.e. to some

measurable function f.

Finally, we show f, — f in LP(R). From (2.8) and (2.10) we have, for each K,

o (@) = F@)] < D0 [ fann (@) = fur(2)] < g(z)  ace
k=K+1
Moreover, |fn,,, — f|? — 0 pointwise a.e. as K — co. Since ¢g” € L'(R), the dominated
convergence theorem yields

Voeer = £ = [ s = FV =2 0.

K—oo
Thus f,, — fin LP(R). As (f,) was Cauchy, it follows that the whole sequence f,, — f
in LP(R).

The subsequence assertion is proved by applying the construction above to the convergent
sequence (f,,): we can choose (f,, ) satisfying (2.7), which then converges pointwise a.e. to
f by the argument following (2.10). O

2.2 Functions vanishing at infinity

The space Cy(R) is a natural substitute for continuous functions on a compact interval
when the domain is noncompact. It retains the analytic convenience of the supremum
norm while encoding the decay condition that many problems on unbounded domains

require.

A function f: R — R is said to vanish at infinity if

lim f(x)=0.

|x|—o00

If f is continuous and vanishes at infinity, then f is bounded: choose R > 0 such that
|f(z)] <1 for all |z| > R, and note that f is bounded on the compact interval [—R, R] by
continuity. Hence f is bounded on R.

17
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Let
Co(R) ={f:R —= R f continuous and lim f(x) = 0}.

|z|—o00

Then (Co(R), || - ||) is & complete normed space, where
[flloe = sup [f ()]
z€R

If (f,,) is a Cauchy sequence in (C’O(R), || - Hoo), then for each fixed € R the sequence
(fu(z)) is Cauchy in R, hence convergent. Define

f(z) := lim f,(x).

n—o0

Moreover, the Cauchy property in the sup norm implies uniform convergence: given
e > 0, choose ng such that || f,, — finlleo < € for all n,m > ng, and let m — oo to obtain
| fn — fllo < € for all n > ng. Thus f, — f uniformly on R, and in particular f is
continuous.

Finally, we show that f vanishes at infinity. Fix ¢ > 0 and choose ny as above so that
| f = faolloo < &. Since f,,, € Co(R), there exists R > 0 such that |f,,(z)| < & whenever
|z| > R. For such z,

[F(@)] < [f(2) = fao(2)] + | o (2)] < 2e.

Since € > 0 was arbitrary, limjy f(z) = 0, i.e. f € Cy(R). Hence (Co(R), || - [l«) is
complete.

2.3 The space L>*(F)

In measure-theoretic analysis one often needs a notion of boundedness that ignores ex-
ceptional null sets. The space L>®°(E) captures exactly this idea through the essential
supremum and therefore complements the scale of LP spaces in a manner that is indis-

pensable for duality and interpolation arguments.

Let E C R be Lebesgue measurable. A measurable function f : £ — F' is said to be
essentially bounded if there exists M > 0 such that

m({x € B:|f(z)] > M}) =0.

18
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The smallest such bound is the essential supremum of |f|, denoted by
1f |l := esssup |f(z)] = inf{M >0:m(fe e B:|f(2)] > M}) = o}.
el

As in the case of LP, functions are identified when they agree almost everywhere.

exceptional value

Figure 2.2: Essential boundedness ignores values attained only on a null set.

Remark 2.9 (Superlevel sets below the essential supremum). If 0 < o < || f||c0, then the set
{z € E:|f(z)| > a} has positive measure. Otherwise, v would already be an admissible

essential upper bound.

Proposition 2.10 (Comparison with L” on finite measure sets). If m(E) < oo and
1 <p< oo, then L*(E) C LP(E) and

Iflly < m(E) P flse (f € L¥(E)).

Proof. Since |f(z)| < ||f|lo almost everywhere,

L1 de < 7 m(E),
and the claimed estimate follows on taking pth roots. O]

Theorem 2.11. For every measurable set E C R, the space L>(E) is a Banach space.
Proof. Let (f,) be a Cauchy sequence in L*°(E). Choose a subsequence (f,, ) such that

19
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For each & let
A ={z € E:|fn,, (x) = fa.(x)] > 27"},

Then m(A;) = 0. Hence the exceptional set A := U;>; A also has measure zero, and for
every x € '\ A we have

[frn (@) = fu (@) <278 (R >1).

Therefore the series >~ 1(fn,,, (¥) — fn, (z)) converges absolutely for x € E\ A, so (f,, (z))
converges pointwise there to a measurable function f.

Moreover, for m > k and z € F '\ A,

m—1
| fam () = fa(@)] < D0 277 <27

J=k

Letting m — oo gives
1f(2) = fo (@) <27FY forae z € FE.

Hence

_ < —k+1 )
||f fnkHoo <2 mo

Since (f,) is Cauchy in norm and a subsequence converges to f, the entire sequence
converges to f in L*(FE). Thus L>®(F) is complete. O

Proposition 2.12 (Limit of LP-norms as p — o0). Let E C R be measurable with
0 <m(E) < oo, and let f € L*(F). Then

Jim (£l = £l
Proof. The upper bound follows from the previous proposition:

1£1ly < m(E)?]| £l

so limsup, o [ fllp < || floo-

Fix € > 0 and consider the set

Ge:={z e E:[f(2)] > [Ifll — €}

20
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By the defining property of the essential supremum, m(G,) > 0. Therefore

17l = [ 17 de > [ 177 do > (7] — €)'m(G).

Taking pth roots and letting p — oo yields

liminf [ fll, = | fllc — <.

Since € > 0 is arbitrary, the conclusion follows. O]

2.4 Characterization of Banach spaces

A useful way to test completeness is to ask whether every absolutely convergent series
converges in the space. This criterion is conceptually important because it translates the
metric notion of completeness into a statement about infinite linear combinations, thereby
linking topology and algebra in a very effective form.

In R or C, absolute convergence implies convergence. The same principle characterizes

completeness in a normed space.

Example 2.13 (A non-complete normed space). Let () € cqy be the sequence whose
kth coordinate is 1/k% and all other coordinates are 0; thus

™ =(0,...,0,%,0,...).

Then

5 2 e = 3 5 < o0,

k=1 k=1
so the series is absolutely convergent with respect to || - ||«. Its partial sums are

n

Su=> 2" =(1g,...,700,...)

k=1

and hence

Sn—= (1, 55,58,---)

in £°°. The limit belongs to ¢y but not to cyg. Therefore cyg is not complete in the
supremum norm, and
[I-lloo

Coo = Cp-

Theorem 2.14 (Series characterization of completeness). A normed linear space (X, || - ||)
is a Banach space if and only if every absolutely convergent series in X converges in X.
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Proof. First assume that X is complete, and let (z;) C X satisfy

o
>z < oo (2.11)
k=1

Define

n
Yn ‘= Z Tk
k=1

If m > n, then by the triangle inequality,

m m
1Ym =yl = || 2= wel| < D2 Mol ——20,
k=n+1 k=n+1 ’

so (yy,) is Cauchy. Since X is complete, y, — y € X, and therefore Y32, zx = .

Conversely, assume that every absolutely convergent series in X converges. Let (y,) be a
Cauchy sequence in X. Choose inductively integers

ny<ng <ng<---

such that
Ynr =yl <27% (k2 D).
Set
Tk = Ynpy1 = Yny-
Then

o x
Z |kl < Z 27F < o0,
k=1 =1

so the series Y 72, x; converges by hypothesis. Since its partial sums telescope,

N
Z Tk = ynN+1 - yn17
k=1

we conclude that (y,, ) converges in X. A Cauchy sequence with a convergent subsequence
must converge to the same limit; hence (y,) converges. Thus X is complete. O

Definition 2.15 (Equivalent norms). Let || - ||; and || - ||2 be two norms on a linear space

X. We say that they are equivalent if there exist constants a, > 0 such that

allells < lzfly < Bllzl, (2 € X).
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Proposition 2.16 (All norms are equivalent in finite dimensions). FEvery two norms on a

finite-dimensional vector space are equivalent.
Proof. Let X be finite dimensional, and fix a basis ey, ..., e,. Identify X with F™ via
(T1, ... Xy) —> T1€1 + -+ + Tyl

Let || - || denote the Euclidean norm on F™, and let || - ||; be any other norm on X.
Consider the map

O: " — R, D(z1,...,2,) = ||x1e1 + - - + Tpenlr.
By the triangle inequality, ® is continuous. On the Euclidean unit sphere
Si={x e F":| x| =1},
which is compact, ¢ attains its minimum and maximum:
m = Igflelgq)(x), M = IilélSX(I)(J?)

Because ®(x) = 0 only when = = 0, we have m > 0. If x # 0, then z/||z|2 € S, and

therefore
m < <I>< * > < M.
2|2

mllzlly < llzfly < Mzl

Multiplying by ||z||2 yields

Thus the two norms are equivalent. O

Remark 2.17 (Topological equivalence of norms). Equivalent norms generate the same
topology. Indeed, if
allzlls < [lzfly < Bl

then for every r > 0,

BY,(0)c BV(0)  and  BU)(0) c BP(0).

r/a

Hence a set is open for one norm if and only if it is open for the other.
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Remark 2.18 (Non-equivalent norms in infinite dimensions). In infinite-dimensional spaces,

norms need not be equivalent. For example, on C([0,1]) the norms
1
Il = [ 1f@lde and |flle = sup [£(2)]
0 t€[0,1]

are not equivalent. We always have || f||1 < ||f]|co, but there is no constant B > 0 such
that

Iflle < Bllfll (f € C([0,1])).
Indeed, for f,(t) = t" we have || f,||c = 1 while

1 1
R

—
n 4+ 1 n—oo
Thus no such B can exist.

Exercises. Show that || - [|; and || - ||2 are not equivalent on L*([0, 1]), and likewise that

|- |l and || - ||2 are not equivalent on L'([0,1]).

2.5 Quotient spaces

Quotient spaces allow us to collapse a subspace to zero and thereby isolate the genuinely
new directions that remain. They appear naturally whenever one studies extensions,
annihilators, or solvability modulo constraints, and they provide one of the standard

mechanisms for passing from local information to global structure.

Let X be a normed space and let M C X be a linear subspace. Define an equivalence
relation on X by
r~Yy <= zx—yeb

The equivalence class of x is the coset x + M = {z +m : m € M}, and the set of all cosets
is the quotient space
X/M:={x+M:ze X}

It is a linear space with (x + M)+ (y+ M) = (x +y) + M and ANz + M) = (A\z) + M.

The quotient norm. For x € X define
|z 4+ M| x/nr := dist(z, M) := 1r61]fw |z —m]|.

This quantity depends only on the coset  + M and is always a seminorm on X /M. If; in
addition, M is closed, then || - |[x/a is a norm.
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z+ M

(fist(\a\:, M

Figure 2.3: Geometric interpretation of the quotient norm: the norm of the coset
x + M is the distance from x to the subspace M.

Proposition 2.19. Let X be a normed space and let M C X be a closed subspace. Then
|z + Ml[xar = inf [lz —m]]
defines a norm on X/M.

Proof. We verify the norm axioms.

Well-definedness. Suppose © + M =y + M. Then y = x 4+ mg for some my € M. Hence
Jnf fly —m| = inf [z~ (m—mo)| = inf |lz—ml,

because m — m — my is a bijection of M onto itself.

Homogeneity. For A € F and \ # 0,
1Az +M)[[xne = inf [[Az—ml| = inf [[Ae—Am[| = [A] inf [lz—m]] = |A[{z+M|[x/

The case A = 0 is immediate.

Triangle inequality. Given € > 0, choose mq, mo € M such that

|z —mill <llz+ Mlxm+e, ly—ma| <lly+ Mlxm+e.
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Then my + mo € M and therefore

[ +y) + Ml xm < [[(z +y) = (m1 + my)]
<lz —mul + [ly — ma]
< |z + M|x/ar + ly + M|l x/nr + 2e.

Since € > 0 is arbitrary, the triangle inequality follows.

Definiteness. If ||z + M| x/n = 0, then there exists a sequence (m,,) C M with ||z —m,| —
0. Hence m, — x. Because M is closed, x € M, so x + M = M, the zero vector of
X/M. H

Remark 2.20 (The quotient map). The quotient map
q: X — X/M, q(x) =2+ M,
is linear, continuous, and surjective. Moreover,
la()lx/ar = dist(z, M) <[],

so [lqfl < 1.

Example 2.21 (A one-dimensional quotient). Let X = C([0,1]) with the supremum

norm, and let
M :={feC(0,1]) : f(0) =0}.

Then M is a closed subspace of X, and X/M is naturally isometrically isomorphic to F.

Proof. Define
b X/M — F, O(f+ M) = f(0).

This is well defined: if f + M = g+ M, then f —g € M, so (f — ¢)(0) = 0, whence
f(0) = ¢(0). The map is linear, injective, and surjective. Finally,

1+ Mllxpnr = mf{[|h]lec - 2 € C([0,1]), h(0) = f(0)}.

Every such h satisfies ||h||o > |h(0)] = |f(0)], while the constant function h = f(0) attains
this bound. Therefore

1f + Mlixne = [FO)] = |®(f + M),

so ® is an isometric isomorphism. ]
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Example 2.22 (The quotient £ /cy). For x = (z,,) € £, let T =a + ¢o € (°°/cy. Then
1] = lim sup |2y,|.
n—oo
Proof. Set L :=limsup,,_,, |zn]. If y = (yn) € co, then y, — 0, so

limsup |z, — yn| = limsup |z, | = L.
n—oo n—oo

Since the supremum norm dominates the limsup,

2 =ylloe = L (y € o),

and hence ||Z|| > L.

Conversely, fix € > 0. By the definition of limsup, there exists N such that |z,| < L +¢
for all n > N. Define
Tp, N <N,

0, n=>N.

Yn =
Then y € ¢, and |(z — y)n| < L + ¢ for all n. Therefore
2 = Ylloo < L +e.

Taking the infimum over y € ¢y and then letting € | 0 gives ||Z|| < L. O

Example 2.23 (The quotient ¢/cy). If + = (z,) € ¢ and z,, — ¢, then for the coset
T =1x+ ¢y € c/cy we have

2]l = fel.

In particular, the map
U:c/cy— F, U(z + o) = lim ay,
is an isometric isomorphism.
Proof. Since x,, — ¢, the sequence x — 1 belongs to ¢q, where 1 = (1, 1,...). Hence

%:£1+C0.
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Applying the previous example to the bounded sequence (1 yields
IZ]] = 11€1 + col| = lim sup |¢] = |¢].

It follows that W is linear and norm-preserving, and therefore an isometric isomorphism

from ¢/cq onto F'. O

Theorem 2.24. If M is a closed subspace of a Banach space X, then the quotient space
X/M is a Banach space.

Proof. By Theorem 2.14, it is enough to show that every absolutely convergent series in
X/M converges. Let (Z,) C X/M satisty

oo
3 @] < oo.
n=1

Choose representatives z,, € X of the cosets z,,, and for each n pick m,, € M such that
[0 — ma|l < [|Zn]] + 27"

Then

oo
Z |2 — my|| < oo.
n=1

Since X is Banach, the series Yo%, (x, — m,,) converges to some y € X. Therefore, in
X/M,

N N N
Zin:Z(aEnqLM): (T —mpy+ M) — y+ M.
n=1 n=1 n=1

Thus Y0° | ,, converges in X /M. O

Theorem 2.25. Let M be a complete subspace of a normed space X. If X/M is complete,
then X is complete.

Proof. Again using Theorem 2.14, let (z,) C X satisfy

[ee)
n=1

Write sy = ZnN:1 x, and let g : X — X /M be the quotient map. Since
n=1 n=1
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the series Y ¢(x,) converges in X/M to some ¢(y). Hence
q(sy —y) —0 (N — ).
For each N choose my € M such that
lsn =y +mwll < lla(sy —y)ll +277.
Then ||sy —y + myl|| — 0. For N > K we therefore have
Iy —mill < llmy +y = snll + llsy = skll + llsx —y —mx]

N
<llsv —y+mull+ D llaall + sk —y +mgl.
n=K+1

The right-hand side tends to 0 as K, N — oo, so (my) is Cauchy in M. Since M is
complete, my — m € M. Finally,

o = @ —m)]| < lls — g+ ma]l + my —m]| ——0.

Thus ) x,, converges in X, and X is complete. O

Example 2.26 (The space ¢ is Banach). Since ¢/cy = F and ¢, is Banach, Theorem 2.25
implies that ¢ is Banach.

Proposition 2.27 (The quotient map is open). Let M be a closed subspace of a normed
space X, and let ¢ : X — X/M be the quotient map. Then q is linear, continuous,
surjective, and open.

Proof. Continuity and surjectivity are clear. To prove openness, it suffices to show that
the image of every open ball is open. Let r > 0. Then

q(Bx(O,T’)) = {3?+M S X/M : HQZ—i— MHX/M < 7’} = BX/M(O,T).

Indeed, if x € Bx(0,7), then ||q(z)||x/m < ||2]] < r. Conversely, if ||z + M|/ x/n < 7, then
by definition of the quotient norm there exists m € M such that ||x —m|| < r, and hence

r+ M= (x—m)+M=q(x—m) e q(Bx(0,7)).

By translation, ¢(Bx(xo,7)) = Bx/m(q(x0),r) for every zy € X, so ¢ is open. O]
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Proposition 2.28 (First isomorphism theorem for normed spaces). Let X and Y be
normed spaces, and let T : X — 'Y be a bounded surjective linear map. Then the induced

map

T:X/kerT =Y, T(z+kerT)="Txz,

is a well-defined bounded linear bijection. If, in addition, X and Y are Banach spaces,

then T is an isomorphism of Banach spaces.

Proof. If x + kerT =y + kerT', then x — y € ker T, so Tx = Ty; thus T is well defined.
Linearity is immediate, surjectivity follows from surjectivity of 7', and injectivity is clear

from the definition of the kernel.

If g: X — X/kerT denotes the quotient map, then T = T o q. Hence, for z € X,
IT(q(@)ll = ITz|| < T |l
Taking the infimum over all representatives of the coset ¢(z) yields
1T (2 + ker T)|| < [|T| |z + ker T,

so T is bounded. If X and Y are Banach, then X / ker T is Banach by Theorem 2.24, and
the open mapping theorem implies that 7! is also bounded. O]

Remark 2.29 (Riesz’s lemma as a substitute for nearest-point projection). In finite-
dimensional Euclidean geometry, a point outside a closed subspace admits a nearest
point in that subspace. In general normed spaces this need not be true. Riesz’s lemma
provides a useful substitute: although an exact nearest-point projection may fail to exist,
one can still find unit vectors that stay uniformly away from a given proper closed subspace.

Theorem 2.30 (Riesz lemma). Let M be a proper closed subspace of a normed linear
space X. Then for every 0 <t < 1, there exists a unit vector xy € X such that

diSt(.It, M) > t.
Proof. Choose u € X \ M and set

§:= inf |lu—m].
meM
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Because M is closed and u ¢ M, we have 6 > 0. Fix 0 < ¢ < 1. Since 0 < §/t, the
definition of the infimum gives my € M such that

)
§ < |lu—my| < -.

t
Define
U — my
A —
[l = m|
Then ||z:|| = 1. For any m € M, the vector mg+ ||u — my||m also belongs to M, and hence
e = ml) = —— lu = (mo + lu — mollm)]| = —2— > ¢
[l —m| [l — mol|
Taking the infimum over m € M proves the claim. ]

Remark 2.31 (Noncompactness of the unit ball in infinite dimensions). A standard con-
sequence of Riesz’s lemma is that the closed unit ball of an infinite-dimensional normed
space cannot be compact. Indeed, one can recursively choose unit vectors (z,) such that

(n=2),

N | —

dist (xn, span{zy,... ,l"n—1}) >

which implies ||z, — @, > 5 for n # m. Thus (z,,) has no convergent subsequence.

Theorem 2.32. The closed unit ball of a normed linear space X is compact if and only

if X is finite dimensional.
Proof. First assume that the closed unit ball
B0)={zxe X :|z| <1}

is compact. Suppose, toward a contradiction, that X is infinite-dimensional. Choose
x1 € X with ||z1|| = 1, and recursively define

M, :=span{xy,...,z,}.

Since each M, is a proper finite-dimensional subspace, Riesz’s lemma yields a unit vector
ZTnt1 € X such that
dist(xp41, M,) >

N[

In particular, for m < n we have z,, € M,_1, so
1
|zn — Zm|| > 5.
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Thus (z,) C B(0) has no convergent subsequence, contradicting compactness. Hence X

must be finite dimensional.

Conversely, assume that dim X = n < oo. Choose a basis ey, ..., e, of X, and define the

coordinate map

T:X — F", T(inei):(xl,...,xn).
i=1

Then T is a linear bijection. By Proposition 2.16, both 7" and 7! are continuous, so T’

is a homeomorphism. The set T'(B(0)) is closed and bounded in F™, hence compact by
-1

Heine-Borel. Therefore B(0) = T~ (T(B(0))) is compact. O

2.6 Separable normed and Banach spaces

Separability is a fundamental smallness condition in analysis. A countable dense set
permits approximation by discrete data, makes diagonal arguments possible, and often
allows general theorems to be reduced to constructions on countable families.

Separability is a basic “size” invariant for metric spaces.

Definition 2.33 (Separable space). A normed space (X, | -||) is separable if it contains a
countable dense subset.

Example 2.34 (Finite-dimensional spaces are separable). The set Q is countable and
dense in R. More generally, Q™ is countable and dense in R", so every finite-dimensional

normed space is separable.

Proposition 2.35. For 1 <p < oo, the space (¢*,| - ||,) is separable.

Proof. By Proposition 1.9, the subspace cq is dense in /P. Let D C coy denote the set of
finitely supported sequences whose coordinates belong to Q in the real case, and to Q +:iQ
in the complex case. Then D is countable. Since every element of ¢oy has finite support,
its nonzero coordinates may be approximated arbitrarily well by rational (respectively,

Gaussian rational) numbers, so D is dense in ¢y, and therefore dense in /7. O

Proposition 2.36. (g, || - ||«) s separable.

Proof. By Proposition 1.10, we have o = ¢ in £>°. Let D C ¢op be the set of finitely
supported sequences whose coordinates are rational in the real case, and belong to Q + iQ
in the complex case. Then D is countable and dense in cqy, hence dense in cy. O

Proposition 2.37. (C([0,1]), | - |l) s separable.
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Proof. By the Weierstrass approximation theorem, the polynomials are dense in C([0, 1])
with respect to the supremum norm. Let D be the set of polynomials whose coefficients
lie in Q in the real case, and in Q + ¢Q in the complex case. Then D is countable. Since
the coefficients of any fixed polynomial may be approximated arbitrarily well by rational
(respectively, Gaussian rational) numbers, D is dense in the set of all polynomials, and

therefore dense in C'([0, 1]). Hence C([0, 1]) is separable. O
Proposition 2.38. ({*°,|| - ||s) is not separable.
Proof. Let

S={r=(z,) €~ :2, €{0,1}}.
Then S is uncountable. Moreover, if © # y in S, then ||z — y|l« = 1, so the open balls
{B(x,3):x € S} are pairwise disjoint.

If A C (> were countable and dense, then every ball B(z, %) would meet A, which is

impossible because the balls are disjoint while A is countable. O]

)
OO

disjoint balls B(-, ) in (€%, || - [|c)

Figure 2.4: A schematic picture of pairwise disjoint balls used in the non-separability
of £°°.

Example 2.39 (Exercises on separability). (i) Show that cypllle = ¢y and deduce
that (co, || - [|«) is separable.

(ii) Show that (C'([0,1]), || - [|s) is separable (use Weierstrass approximation and poly-
nomials with rational coefficients).

(iii) Show that LP(]0,1]) is separable for 1 < p < oo, but L*°([0, 1]) is not separable
(hint: consider f; = xjo,q for ¢t € (0,1)).

Proposition 2.40. Let M be a closed subspace of a normed space X. Then X is separable
if and only if both M and the quotient space X /M are separable.

Proof. First assume that X is separable. Any subspace of a separable metric space is

separable, hence M is separable. Moreover, the quotient map 7 : X — X/M, n(z) = 2+ M,
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is continuous and onto, so 7(X) = X /M is separable as the continuous image of a separable

space.

Conversely, assume that M and X/M are separable. Let {m;};en C M be dense in M,
and let {z, + M },en C X/M be dense in X/M, where we choose representatives xz,, € X.
Consider the countable set

E:={x,+m;: n,jeN}CX.
We now show that £ = X. Fix z € X and € > 0. Choose n such that
| (x4 M) = (zn + M) || x/m < €/2,

i.e. dist(x — x,, M) < e/2. Then there exists m € M with ||z — z,, —m]|| < £/2. Choose j
with ||m —m,|| < e/2. Hence,

| = (zn +my)|| < [z — 20 —mf| + [[m —my]| <e.
Thus E' is dense, and X is separable. O

Dense subspaces of L?(R)

Density questions are central in analysis because they allow one to pass from simple model
functions to arbitrary elements of a Banach space by approximation. For LP(R), the
most useful dense classes are the simple functions, the step functions, and the compactly

supported continuous functions.

Proposition 2.41 (Density of simple functions). For 1 < p < oo, the set of simple

functions with finite-measure support is dense in LP(R).

Proof. Let f € LP(R). By the standard approximation theorem for measurable functions,
there exists a sequence of simple measurable functions (¢,) such that ¢, — f pointwise

almost everywhere and |p,| < |f| almost everywhere for every n. Then
|f = enl” < 2°|fI” € L'(R),
so the dominated convergence theorem yields

_ yZ— _ p

Replacing each ¢, by ©,X[-n,n if necessary, we may moreover assume that the support
has finite measure. O
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Theorem 2.42 (Density of C.(R) in LP(R)). For1 < p < oo, the space C.(R) of compactly
supported continuous functions is dense in LP(R).

Proof. Fix f € LP(R) and £ > 0. By the preceding proposition, choose a simple function
Y = Z ajXE;
j=1

with measurable sets £} of finite measure such that || f — ||, < /2.

By regularity of Lebesgue measure, for each j there exist a compact set K; and an open
set O; such that

c p
K,C E; C O, d AR |
jCE;CO;  an m(0;\ J)<(2mmax{1a\%|}>

By Urysohn’s lemma on R, there exists g; € C.(R) such that 0 < g; <1, g; =1 on Kj,
and g; = 0 on Of. Then |xg; — g;| < 1 and the difference vanishes outside O; \ Kj, so

IxE; — 9515 <m(0;\ Kj).

Set .
Z a;g; € Ce(R
Then
- 3
1 = glly < 2 lajl Ixe; = gillp < 5
j=1
Hence
1f = glle < F = llp + ¥ = gll, <,
which proves the density of C.(R). O

Corollary 2.43 (Separability of LP(R)). For 1 < p < oo, the space LP(R) is separable.

Proof. By the preceding theorem, it is enough to approximate elements of C.(R). Every
function in C.(R) can be approximated uniformly on its compact support by piecewise
linear functions whose breakpoints are rational and whose values at those breakpoints are
rational (or belong to Q + ¢Q in the complex case). The collection of all such functions is
countable. Since uniform approximation on a fixed compact support implies convergence
in LP(R), this countable family is dense in LP(R). Hence LP(R) is separable. O
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Remark 2.44 (A bounded-interval analogue). On a bounded interval [a,b], the same
argument shows that the Riemann integrable functions are dense in LP([a, b]) for 1 < p < oo.
By contrast, C.(R) is not dense in L>°(R) with respect to the essential-supremum norm.

Proposition 2.45 (Closure of C.(R) in Co(R)). The closure of C.(R) in (Co(R), || - ||c)
is all of Co(R). In particular, Co(R) is separable.

Proof. Let f € Cp(R) and fix € > 0. Since f vanishes at infinity, there exists R > 0 such
that |f(z)| < e whenever |x| > R. Choose n € C.(R) with 0 <7 <1 and n(z) =1 for
|z] < R. Then h:=nf € C.(R) and

[f(z) = ha)| = 1 =n(@)|[f(x)] <e  (z€R),

so ||f — h|lee < e. Hence Cc(]R)Moo = Co(R). Since C.(R) itself contains a countable
sup-norm dense subset given by rational piecewise linear compactly supported functions,
Co(R) is separable. O

We conclude this section with two standard remarks that will be useful later.

Banach—Mazur theorem. Every separable Banach space X is linearly isometric to a
subspace of C'(]0,1]). A proof may be found, for example, in Fabian, p. 240, Theorem 5.8.
We shall return to this result when discussing the weak* topology.

Schauder basis. Let (X, || - ||) be a normed space. A sequence (e,),>1 in X is called a

Schauder basis if every x € X admits a unique expansion
oo
r = Z a;e;,
i=1
where the series converges in norm, that is,

—0 as k — oo.

k
Z a;e; — T
=1

In finite-dimensional spaces, Schauder bases coincide with Hamel bases. In contrast, for
(co, || |lso), the canonical unit vectors form a Schauder basis but not a Hamel basis; indeed,
every Hamel basis of ¢q is uncountable.

Theorem 2.46. If a normed space (X, || - ||) has a Schauder basis, then (X,| - ) is

separable.
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Proof. Let (ej);>1 be a Schauder basis for X. Consider the set
D = {quej :meN, g E@}
=1

in the real case, and the analogous set with ¢; € Q +¢Q in the complex case. Since it is a

countable union of countable sets, D is countable.

We now show that D is dense in X. Fix z € X and € > 0. Since (e;) is a Schauder basis,

there exist scalars (a;) such that
oo
T =24,
j=1

and the partial sums converge to x. Hence there exists m such that

4 €
xr — Z a;e;ll < =.
— 2
j
Choose rational numbers ¢y, ..., ¢, (or elements of Q + iQ in the complex case) so close
to ai,...,a,, that
U €
|Z(% — 4| < 5
j=1
Then
=Y gie;l| < llz =D ajei| + 1D (a; — gj)ej|| <e.
j=1 j=1 j=1
Thus D is countable and dense in X, so X is separable. O

2.7 Baire category theorem

The Baire category theorem is the first major structural consequence of completeness and
lies behind several of the cornerstone results of operator theory. Its force comes from the
principle that a complete metric space cannot be exhausted by countably many sets that

are topologically negligible.

The Baire category theorem is one of the first genuinely global consequences of com-
pleteness. Informally, it says that a complete metric space cannot be assembled from
countably many “small” pieces. In particular, an infinite-dimensional Banach space cannot

behave like a countable-dimensional algebraic object.

Definition 2.47 (Nowhere dense, meager, and second category). Let X be a topological
space.
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(i) A set A C X is called nowhere dense if int(A) = @.
(ii) A set M C X is called meager (or of first category) if it can be written as a countable

union of nowhere dense sets.
(iii) A set is said to be of second category if it is not meager.

Example 2.48 (Standard meager and nowhere dense sets). The set Z is nowhere dense

in R. The rational numbers Q are meager in R because
o=z
a n=1 n 7

and each set n='Z is nowhere dense. The Cantor set is another standard example of a
nowhere dense set: it is closed, uncountable, and has empty interior.

Theorem 2.49 (Baire category theorem, Version I). Let X be a complete metric space.
Then every countable union of nowhere dense subsets of X has empty interior. Equivalently,

X cannot be written as a countable union of nowhere dense sets.

Proof. Let X =U;>; Ay, where each A,, is nowhere dense. To prove that the union has
empty interior, fix a nonempty open set W C X and show that W & U2, A,..

Replacing A, by A, if necessary, we may assume that each A, is closed and has empty
interior. Since A; has empty interior and W is nonempty open, the set W'\ A; is nonempty
and open. Hence we may choose a closed ball

E:Bqﬂ(l‘ﬁ CW\Al, 7 < 1.
Assume inductively that closed balls FJ = B%.( j) have been chosen for 1 < 7 < n so that

B; C Bj_1\ 4, v <27 (j >2),

with By := W. Because A, ;1 has empty interior, the open set B, \ A, 1 is nonempty.
Therefore we may choose a closed ball

Bn+1 = B’Yn+1 (wn-i-l) C B, \ An-i-la Ynt1 < 2_(n+1)'

Thus the balls are nested: B, 1 C B, for every n.

If m > n, then x,,,x, € B, so

|Tm — x| < 279, < ot—n
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By = B(x2,72)

By = B(x1,7)
T1

Figure 2.5: The nested-ball construction in the proof of the Baire category theorem.

Therefore (x,,) is a Cauchy sequence. Since X is complete, there exists x € X such that
Z, — x. Because all but finitely many terms of the sequence lie in each B, and B, is
closed, we have

T e E

13

In particular, z € W, and since B, C X \ A, for every n, we also have x ¢ A, for all n.
Thus

zeW\ 4.

n=1
Since every nonempty open set W contains a point outside ;> ; A, the union has empty

interior. O
Corollary 2.50. Let X be a Banach space. If X = U2, A,, then there exists ng € N
such that int(A,,) # @.

Proof. If every A, had empty interior, then each A, would be nowhere dense. This
would imply that X =2, A, is a countable union of nowhere dense sets, contradicting
Theorem 2.49. Therefore A, has nonempty interior for at least one index n. O

Theorem 2.51 (Baire category theorem, Version II). Let X be a complete metric space.

Then every countable intersection of dense open subsets of X is dense.

Proof. Let (V,,)n>1 be dense open subsets of X. To prove density of 72, V,,, fix a nonempty
open set W C X and show that

wWnV,#e.

n=1
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Since V; is dense and open, W NV} is nonempty and open. Choose a closed ball

E:BWI(JJ)CWQV&, ’)/1<1.
Assume inductively that closed balls B; = B, (x;) have been chosen for 1 < j < n so that

B;C BNV, oy <27 (j2>2),

with By := W. Because V11 is dense and open, the set B,, NV, is again nonempty and
open. Hence we may choose a closed ball

Bn-l—l - B%+1<xn+1) c BN Vn—&-h Tn+1 < 2_(n+1)'

As in the proof of Theorem 2.49, the centers (z,) form a Cauchy sequence. Let z = lim x,,.
Then z € B,, C V,, N W for every n, and therefore

reWn ﬂVn.
n=1

Since every nonempty open set W meets the intersection, that intersection is dense in
X. m

Proposition 2.52 (Infinite-dimensional Banach spaces have no countable Hamel basis).
Let X be an infinite-dimensional Banach space. Then X does not admit a countable Hamel

basis.
Proof. Suppose that X had a countable Hamel basis (e,),>1. For each n € N let
F, :=span{ey, ..., e, }.

Then each F), is finite-dimensional, hence closed. Because X is infinite-dimensional, every
F,, is a proper subspace of X; therefore F;, has empty interior. Indeed, if a proper linear
subspace contained a nonempty open ball, translation and scaling would show that it
equals all of X.

Since (e,,) is a Hamel basis, every vector of X belongs to some F},, so
(o)
X = U E,.
n=1

This expresses the Banach space X as a countable union of nowhere dense sets, contradicting
Theorem 2.49. O
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Remark 2.53 (On the Hamel dimension of (7). For 1 < p < oo, the space (7 is infinite-
dimensional and separable, so Proposition 2.52 shows that every Hamel basis of ¢ is
uncountable. A sharper result, proved later using Hahn—Banach arguments, is that every
Hamel basis of an infinite-dimensional Banach space has cardinality at least ¢. Since ¢?
itself has cardinality ¢, it follows that the Hamel dimension of ¢ is exactly c.

Exercise 2.54 (Interior and closure identities). Let A C X be a subset of a topological
space X. Prove that

(1) (X\A)=X\4

(i) X\A=X\A°.
Example 2.55 (Deriving Version II from Version I). Let (V,,),>1 be dense open subsets
of a complete metric space X, and set

A, =X\ V,.

By part (ii) of the preceding exercise, A,, = X \ V,° = X \ V,,, because V,, is open. Since V,,

is also dense, we have int(A4,) = &, so each A, is nowhere dense. Applying Theorem 2.49

to the complement of N>°, V,, yields Theorem 2.51.

Example 2.56 (A smooth function that is locally a polynomial). Let f € C*°(R) and
suppose that for each ¢t € R there exists n, € N such that f(™)(¢) = 0. Then f agrees with

a polynomial on some nonempty open interval.
Proof. For each m € N let
En={zeR: f™(z)=0}.

Each E,, is closed, and the hypothesis gives R = J;>_; E,,. By Theorem 2.49, some E,,,

has nonempty interior. Hence there exists a nonempty open interval (a, b) such that

Fr) =0 (te (b))
Therefore f is a polynomial of degree at most mg — 1 on (a, b). ]

Remark 2.57 (Failure of Version II without completeness). Enumerate Q = {q1, ¢, ...}
and define
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Each V,, is open and dense in Q (with the subspace topology inherited from R), yet

This does not contradict Theorem 2.51, because Q is not complete.

Exercise 2.58 (A meager dense subspace). Show that C.(R) is a dense meager subspace
of (Co(R), [|-{]oc)-
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CHAPTER 3

Bounded Linear Operators and the

Fundamental Principles

This chapter develops the basic analytic theory of bounded linear operators between
normed and Banach spaces. After introducing the operator norm and the natural modes
of convergence for operators, it establishes the extension and continuity results that allow
operator-theoretic arguments to be carried out efficiently. Its central achievement is the
proof of the three fundamental principles of functional analysis—the uniform boundedness
principle, the open mapping theorem, and the closed graph theorem—each of which reveals
a deep interaction between linear structure, continuity, and completeness. Together these
theorems form the principal technical engine of the subject and will be invoked repeatedly
in the chapters that follow.

3.1 Continuous linear transformations

In functional analysis the relevant morphisms are linear maps that respect the topology
induced by the norm. The present section shows that, for linear operators, continuity,
boundedness, and local control at the origin are equivalent viewpoints, a fact that makes
operator theory both flexible and computationally effective.

Let X and Y be normed linear spaces over F'. For linear maps, continuity is completely
determined by the behaviour at the origin, and this in turn is equivalent to the existence
of a global linear bound.

Definition 3.1 (Bounded linear map). A linear map 7 : X — Y is said to be bounded if
there exists M > 0 such that

[Tzlly < Mljzllx (€ X).

Proposition 3.2. For a linear map T : X — 'Y, the following are equivalent:
(1) T is continuous on X;

(i) T is continuous at 0;
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(iii) T is bounded.

Proof. The implication (i)=-(ii) is immediate. Assume (ii). Then there exists § > 0 such
that
lz]|lx <d = ||Tz|y <1.

If y #£0,set z:= my. Then ||z|]|x = /2 < 4, so

)
T y)
H <2Hyllx

2
ITylly < Sllylx,

< 1L
Y

By linearity,

so T is bounded. Finally, if 7" is bounded, say ||Tz||y < M||z|x, then x, — x implies
[Tz = Tally = T (zn — 2)lly < Mljzn —2z[x — 0.
Therefore (iii)=-(i). O
Definition 3.3 (Operator norm). If T' € B(X,Y), its operator norm is
T :==1inf{M > 0: |Tz|y < M|z|x for all z € X}.
Lemma 3.4. ForT € B(X,Y),

|

|T|| =sup ~—+ = sup ||Tz| = sup ||Tz|.
0 ||z]l = lzl|<1
Proof. Set
o s | Tx||
= sup .
w0 |||

Then ||Tz| < a|z| for every  # 0, and the same estimate holds for z = 0. Hence

|T|| < a. Conversely, by definition of the operator norm,

| Tz||
ED < |7l (z #0),

so a < ||T)|. Thus a = |7
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If [|z]| = 1, then [[T'z[| < ||T[, hence sup, = [|Tz|| < ||T|. On the other hand, for any
x # 0, writing u = z/||z|| gives

= [Tl < sup [T

|ul|=1

Taking the supremum over z # 0 yields ||T']| < supy,; [|[Tz[. The equality with
SUD||z <1 || 7] is immediate. O

Proposition 3.5. IfY is a Banach space, then B(X,Y) is a Banach space with respect

to the operator norm.

Proof. Let (T,,) be a Cauchy sequence in B(X,Y). For each fixed z € X,
[Toe = Tl < [T = Tl 1],

so (T,x) is Cauchy in Y. Since Y is Banach, there exists Tz € Y such that T,z — Tx.
This defines a map T': X — Y. Since pointwise limits of linear maps are linear, T is

linear.

Since (7},) is Cauchy in norm, it is bounded: choose M > 0 such that ||7,,|| < M for all n.
Then
[Tzl = lim [[Thz] < Mz,

n—oo

so T € B(X,Y). Finally, if € > 0, choose N such that ||7,, — T,,|| < € whenever m,n > N.
For n > N and ||z|| < 1, letting m — oo gives

|(T, = Tell = lim (T, — T)al <.
Taking the supremum over the unit ball yields |7, — T'|| < e for alln > N. Hence T,, — T
in B(X,Y). O
Example 3.6 (A diagonal operator on 7). For 1 < p < oo, define

To I3 Tn
T(.Tl,xQ,.ng’...):(xl,2,3,...,n,... .

Then T € B(¢?,(P) and ||T|| = 1.

Proof. For 1 <p < oo,

o)

1Ty ="

n=1

Tn

P o0
< D |zl = Il
n=1
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and similarly ||Tz|/s < ||2||co When p = 0o. Thus ||T|| < 1. Equality follows by evaluating
T at e; = (1,0,0,...). O

Example 3.7 (The Volterra operator on continuous functions). Define T7": C([0, 1]) —
C([0,1]) by

T

() @) = [ f(t)d.

Then T € B(C([0,1]), C([0,1])) and ||T]| = 1.

Proof. For z € [0, 1],

(TH@] < [ 1FW]dE <l

50 T f]lee < |If]lee and hence ||T|| < 1. Taking f =1 gives (T'f)(z) = z, 50 |Tf]loc = 1 =
[ f1lso-

Example 3.8 (Integral operators on function spaces). Let ¢ : [0,1] x [0,1] — C be

U

continuous, and define
(TH@) = [ ele0f0)d.
Then T defines a bounded operator on C([0, 1]), with
1
TN < sup | leo(z,t)]dt.

z€[0,1]

Moreover, the same formula defines a bounded operator T : L?([0, 1]) — L?([0,1]), and
11 1/2
7l < ([ [ et npded)
0 Jo
Proof. For f € C([0,1]),

T I [ ot 0ldr

which gives the stated bound after taking the supremum in x.

For f € L*([0,1]), the Cauchy—Schwarz inequality gives

el < ([ letwora) 1

Squaring and integrating in « yields the L? estimate. O]
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Example 3.9 (Cesaro averaging operator). Let BC([0,00)) denote the space of bounded
continuous functions on [0, c0), equipped with the supremum norm. Define

1f§f(s)ds, t >0,
£(0), (=0

(Th)() =

Then T € B(BC([0,00)), BC([0,00))) and ||| = 1.

Proof. Fort > 0, o
(THOI< 5 [ 1F5)]ds < [ flles

and the same bound holds at ¢t = 0. Hence [|Tf|lcc < || f]lco- Continuity at ¢ = 0 follows

from

Lot
lim - | f(s)ds = £(0),
by continuity of f. Equality ||7']| = 1 follows from 71 = 1. O

Example 3.10 (Differentiation). The differentiation operator need not be bounded unless
the domain is equipped with a stronger norm.

(i) The map D : C*([0,1]) = C([0,1]), Df = f’, is bounded when C*([0, 1]) is endowed

with the norm

fller = 1l flloo + 11f Nl co-
In fact, |Df|loc < ||f|lc1, so ||D]| <1, and equality holds.

(ii) If one instead regards differentiation as a map from (C*([0, 1]), || - [|oo) to (C([0, 1]),]| -
||oo), then it is unbounded. Indeed, for f,(t) = ™ we have || f,|lcc = 1 but || f}||cc =

n — o00.

3.2 Extension of uniformly continuous functions

Density is useful only when data prescribed on a dense subset determine a unique object
on the ambient space. Uniform continuity is exactly the hypothesis that allows such data
to pass to limits unambiguously, and the resulting extension principle will serve as the

model for extending bounded linear operators from dense subspaces.

A uniformly continuous function defined on a dense subset extends uniquely to the
closure of that subset. This serves as the prototype for several extension principles used
later.
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Proposition 3.11. Let A be a dense subset of a metric space (M,d), and let f: A — R
be uniformly continuous. Then there exists a unique uniformly continuous extension
f A= R such that f|, = f.

Proof. Fix z € A. Choose a sequence (x,) C A with z,, — z. Since (z,,) is Cauchy and f
is uniformly continuous, (f(x,)) is Cauchy in R, hence convergent. Define

f(@) = lim f(z,).

n—oo

A standard argument shows that this value does not depend on the approximating sequence,
SO f is well defined.

To prove uniform continuity, let € > 0, and choose § > 0 such that
dlu,v) <6 = |f(u)— f(v)|<e (u,v € A).

Take x,y € A with d(z,y) < §/3, and choose sequences z,,,y, € A converging to z and v,
respectively. For large n we have d(z,,z) < §/3 and d(y,,y) < §/3, hence d(z,,y,) < 6.
Therefore | f(z,) — f(yn)| < €, and letting n — oo yields

)

[f(@) = Jy)l < e

Thus f is uniformly continuous.

Uniqueness follows because any two continuous extensions agreeing on the dense set A
must agree on A. O

3.3 Extension theorem

Many operators are first defined on a simple dense subspace, where formulas can be
checked directly. The extension theorem explains when such preliminary definitions extend
uniquely and continuously to the whole space, and it is therefore one of the basic tools for

constructing operators in analysis.
The precise extension statement is the following.

Theorem 3.12 (Extension from a dense subspace). Let M be a dense subspace of a
normed space X, and let' Y be a Banach space. If T : M —'Y is bounded and linear, then
there exists a unique bounded linear extension T:X =Y such that

Thw=T and |T|=|T].
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Proof. For x € X, choose a sequence (x,) C M with z,, — x. Since T is bounded,
1Tz = Tl < Tl 20 = zml,
so (T'x,) is Cauchy in Y. As Y is Banach, (Tx,) converges. Define

T(z) := lim Tx,.
n—oo
The limit is independent of the approximating sequence, so T is well defined. Linearity
follows from linearity of limits.

Moreover,
[T (2)|| = lim [T, || < [T lim |z, | = [|7] ][],

n—oo n—o0

so T is bounded and ||T|| < ||T||. Since T extends T, we also have ||T|| < ||T||. Hence
IT|| = |IT]|. Uniqueness follows from continuity and density of M. O

Example 3.13 (Finite-dimensional domains). Every linear map from a finite-dimensional
normed space X into a normed space Y is bounded.

: S n
Proof. Choose a basis ey, ..., e, of X. For x =377, aje;,

1Tl < 3 lagl I Te;])-

=1

Since all norms on X are equivalent, there exists C' > 0 such that >7_, [a;| < Cfz]].
Therefore
ITa) < (e 1) 1.
<j<n

which proves boundedness. O

3.4 Open mapping theorem

A surjective bounded operator between Banach spaces carries a large amount of hidden
quantitative information. The open mapping theorem reveals that surjectivity is not
merely algebraic: once completeness is available, images of open sets remain open, and

this principle quickly leads to strong inverse and closed-graph results.

The next result is one of the fundamental consequences of completeness in operator
theory. It is false without linearity: there exist continuous surjections between Banach
spaces that do not send open sets to open sets.
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Theorem 3.14 (Open mapping theorem). Let X and Y be Banach spaces and let
T € B(X,Y) be surjective. Then T is an open map: for every open set U C X, the image
T(U) is open in Y.

Proof. 1t suffices to prove that T(Bx(0,1)) contains a ball centered at 0; once this is
established, scaling and translation yield openness for arbitrary open sets.

Since T' is surjective,

Y = D T(Bx(0,n)) = fjlnT<BX(O, 1)).

n=1

Set E:=T(Bx(0,1)). Then Y = U,>, nE. Each nFE is closed, so by the Baire category
theorem there exist ng € N and yg € Y and r > 0 such that

By (yo,7) C nokE.

By translation invariance of balls,

By(O, T) Cnoll —nglk C TL()T(BX) — TLQT(B)() C T(Bx(o, 27’1,0))
After rescaling X (replace Bx(0,1) by Bx(0,2ng)), we may assume that

By(0,1) c T(Bx(0, 1)). (3.1)

Claim. Under (3.1), one has By (0,3) C T(Bx(0,1)).

Fix y € Y with ||y| < % To ensure that the eventual preimage lies in the open unit ball,
we use the following scaled consequence of (3.1): for each k& > 1,

By (0,27%) € T(Bx(0,27%)). (3.2)

Indeed, multiplying (3.1) by 27 gives 27¥By(0,1) = By (0,27%) C 27*T(Bx(0,1)) =
T(27+Bx(0,1)).

Define the residuals 7 := y and, having chosen z1, ..., xy, set 1, :=y — T(x1 + -+ - + xp).
Since ||y|| < 27!, by (3.2) with & = 1 we can choose x; € Bx(0,271) so that ||ro — Tz || <
272 hence ||ry|| < 272 Inductively, if ||ry_1]] < 27%, then r,_; € By(0,27%), and (3.2)
yields an element x, € By (0,27%) with ||ry_; — Tap]| < 27**Y, so that ||ry|| < 2-*+D,
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Now the series Y ;5 x5 converges in X because Y psi||ze|| < Yps1 27%F = 1. Let z :=
> k>1 2k then [jz]| < 1, and

ly =Tz + -+ zn)ll = lrall — 0 (0= 00),

so Tz = y by continuity of T. Hence y € T(Bx(0, 1)), proving the claim.

Returning to the original scaling, we conclude that T'(Bx(0,1)) contains an open ball
centered at 0, and hence 7' is open. O]

3.5 Inverse mapping theorem

A bijective bounded operator need not, a priori, have a bounded inverse, since the inverse is
initially defined only at the algebraic level. The inverse mapping theorem shows that in the

Banach setting algebraic invertibility automatically upgrades to topological invertibility.

It is most natural to formulate the result as an immediate consequence of the open
mapping theorem.

Corollary 3.15 (Inverse mapping theorem). Let X and Y be Banach spaces and let
T € B(X,Y) be bijective. Then T™':Y — X is bounded.

Proof. By Theorem 3.14, T is an open map. Hence T(Bx (0, 1)) contains a ball By (0, r)
for some r > 0. If y € Y and y # 0, write y = ||y|| ”37” and note that ﬁy € By (0,r), so0
oy = T for some x with ||| < 1. Therefore

1Tyl = 1| < Hiyll

Thus | T < 1/r. O

3.6 Closed graph theorem

Continuity of a linear operator can be difficult to verify directly from its formula, especially
when the operator is defined implicitly. The closed graph theorem provides a powerful
criterion: it is enough to know that convergence of inputs and outputs is compatible with
the graph of the operator.

The theorem below replaces direct norm estimates by a geometric condition on the

graph.
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Theorem 3.16 (Closed graph theorem). Let X and Y be Banach spaces and let T : X —
Y be linear. Then T is bounded if and only if its graph

GgT)=A{(z,Tx):x e X} C X xY
is closed (with respect to the product norm ||(z,v)| := ||z| + ||yl|)-

Proof. 1f T is bounded and (z,, Tz,) — (x,y) in X x Y, then z,, — x and Tx,, — y. By
continuity of 7', we also have T'x,, — Tz, hence y = T'z. Therefore (x,y) € G(T), so the
graph is closed.

Conversely, assume that G(7T) is closed. Since X x Y is Banach, G(T') is Banach as a
closed subspace. Consider the projection

P:G(T)— X, P(z,Tx) = x.
This map is linear, bijective, and bounded because
1P(z, Tz)|| = [lz]| < llzl| + [T]| = ||(z, T2)].-

By the inverse mapping theorem, P~! : X — G(T') is bounded. Therefore there exists
C > 0 such that
o]l + | Tz]| = |P~'2]| < Cllaf| (2 € X).

Therefore ||Tx|| < (C — 1)||z||, so T is bounded. O

Remark 3.17 (Why completeness is needed). Completeness is essential in Theorems 3.14—

3.16. For instance, the identity map
(1) = (o)

is bounded, but its inverse is not bounded, because the ¢! norm cannot be controlled by

the £ norm on /.

Example 3.18 (Coordinatewise multiplication on 7). Let (a,) be a scalar sequence with
the property that for every x = (z,,) € 7, the sequence (a,x,) again belongs to ¢7. Define

T:0° — (P, T(x,) = (anTy).

Then T is bounded.
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Proof. We verify that the graph of T is closed. Suppose *) — z in 7 and Tz® — y in
¢P. Then for each coordinate n,

x;k) — X, and anx;k) — Y-

Therefore y,, = a,x, for every n, so y = Tx. Therefore the graph of T" is closed, and the
closed graph theorem implies that 7" is bounded. O

Example 3.19 (Multiplication operators on L'(R)). If ¢ € L*(R) and T : L'(R) —
L'(R) is defined by
() = el

then 7T is bounded and
IT] = |l oo-

Conversely, if ¢ is measurable and ¢f € L'(R) for every f € L'(R), then the same formula
defines a bounded operator on L'(R); in particular, necessarily ¢ € L>®(R).

Proof. If ¢ € L*°, then
IT(H)h = [ le@)f(@)]d < llelloll /I
so ||T]| < ||¢lleo- To obtain the reverse inequality, fix € > 0 and consider
E.:={z eR:|p(z)| > |l —c}-

This set has positive measure. Choose a measurable subset F' C E. with 0 < m(F) < oo,
and set

Then || f|; = 1, and

1
175l = oy [ o@)l e = gl ==

Therefore || T|| > ||¢]l — €, and letting € | 0 gives ||T']| = [|¢||oo-

For the converse, assume merely that ¢ f € LY(R) for every f € L}(R). Define T(f) = ¢f.
If f, = fin L' and T'f,, — ¢ in L', then by passing to a subsequence we may assume
that f,(z) — f(x) and T'f,(z) — g(z) almost everywhere. Thus g(x) = p(z)f(x) almost
everywhere, so the graph of T is closed. By the closed graph theorem, T is bounded.
Applying the first part now shows that necessarily ¢ € L*(R) and ||T|| = ||| co- O
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Remark 3.20 (The general LP case). The same argument works on LP(R) for every
1 < p < oo: whenever multiplication by a measurable function ¢ maps LP(R) into itself,
the resulting operator is automatically bounded, and necessarily ¢ € L>(R).

3.6.1 Banach—Steinhaus theorem (uniform boundedness princi-
ple)

Pointwise estimates for a family of operators are often straightforward to obtain, whereas
a uniform operator-norm bound is typically much more delicate. The Banach—Steinhaus
theorem shows that completeness bridges this gap and converts pointwise boundedness

into a global statement on bounded subsets.

A family of continuous linear maps can be pointwise bounded without being uniformly
bounded on the whole unit ball if the underlying space is incomplete. Completeness is
precisely the ingredient that rules out this pathology.

Theorem 3.21 (Banach-Steinhaus theorem). Let X be a Banach space, let'Y be a normed
space, and let {T; :i € I} C B(X,Y). Define

E = {sc € X :sup||Tiz|| = oo}.
i€l

Then exactly one of the following alternatives holds:
(1) supier [|Ti]] < oo;
(i) E is a dense Gs subset of X.

Proof. For each n € N, let
E, := {x € X :sup ||Tz] > n}
il
Then
X\E,={z€X:|Tiz|| <n},

i€l

which is closed because each T; is continuous. Hence every F, is open, and

E =) En
n=1

First assume that each E,, is dense in X. By the Baire category theorem, £/ = ,,>; ), is
a dense Gy set, so alternative (ii) holds.
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Now assume that some F, is not dense. Then there exists a ball B(x,7) such that
B(zg, )N E, = @.

Equivalently,
sup || izl < n (x € B(xg,r)).
il

If ||z]| <7, then x 4+ x¢ € B(x¢,r), and therefore
[Tix|| < Tz + wo)|| + [[Tixol| <20 (2 € 1).

Now let y € X be arbitrary, y # 0, and set 2 = zry. Then |x|| =r/2 <7, so

|
()] =
‘ <2l|y||

4n .
1Tl < "l e,

Hence

which implies ||T;|| < 4n/r for all ¢ € I. Thus alternative (i) holds. O

Corollary 3.22 (Uniform boundedness principle). Let {T;}ier C B(X,Y), where X is
Banach, and suppose that for each x € X,

sup || Tiz|| < oo.
i€l

Then
sup || T3] < oo.
icl

Proof. Under the pointwise boundedness hypothesis, the exceptional set F appearing in
Theorem 3.21 is empty. Consequently, alternative (ii) in that theorem is impossible, and
therefore alternative (i) holds. This is exactly the asserted conclusion. ]

Remark 3.23 (Failure without completeness). Completeness of X is essential. Consider
the vector space P(R) of all real polynomials, equipped with the norm

Pl == sup lajl,  plx)=ao+ax+ -+ agz’.
]2

For n € N define .
T.(p) :== Z a;.
§=0

%)



MAS543: Functional Analysis3. Bounded Linear Operators and the Fundamental Principles

For each fixed polynomial p, the sequence {T,,(p)} is eventually constant, so the family
{T,} is pointwise bounded. On the other hand, if p,(x) =1+ 2z + -+ 2", then ||p,|; =1
and T,,(p,) = n+ 1, so [|[T,,|| = n+ 1 — oco. Thus uniform boundedness fails on this

incomplete normed space.

Corollary 3.24 (Pointwise limits of bounded operators). Let X be a Banach space, let
Y be a normed space, and let (T,,) C B(X,Y'). Suppose that for every x € X the limit

T(z) := lim T,(z)
exists in Y. Then T € B(X,Y) and
17| < lim sup ||75,]|.
n—oo
In particular, if |T,|| — L, then |T|| < L.

Proof. For each = € X, the sequence {T,,x} converges and is therefore bounded. By the
uniform boundedness principle, there exists M > 0 such that ||7,,]| < M for all n. Passing

to the limit in
| Toz]| < M|zl

gives || Tz|| < M||z||, so T is bounded.

Moreover, for every z € X,
Tz = lim |Tal] < (timsup |7,]) o
n—oo
Taking the supremum over ||z|| < 1 yields the stated bound. O

3.6.2 Application: divergence of Fourier series for some continu-
ous functions

One of the strengths of the uniform boundedness principle is that it detects pathological

behaviour from seemingly harmless pointwise formulas. The present application illustrates

this vividly by showing that Fourier partial sum operators cannot remain uniformly
controlled on C([—m,7]).

For f € C(|—m,n]), the Fourier coefficients of f are defined by

= o [ e a, kez,

" 21 ) s
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and the nth symmetric partial sum of the Fourier series is

_ zn: f(k)ezkm

k=—n
Using the Dirichlet kernel
b sin((n+3))
D = ikt _ % 2T
n(t) k;ne Sln(t/Q) (t ¢ ™ )7
we may write .
SulF)@) = 5 L £(5) Dl — ) ds.

We now use the uniform boundedness principle to show that the Fourier series of a

continuous function need not converge even at a single point.

Proposition 3.25. For f € C(|—n,7]), define

_ 217T /_7; F(£)Dy(t) dt.

Then T, € B(C(]—m,]),C) and

170 = o [ IDa)]dt.

Proof. The upper bound follows immediately:

TP < e 5 [ 1Du(0)]

SO

1 T
1Tl < 5= [ IDato)]d.

For the reverse inequality, approximate the sign of D,, by continuous functions. For § > 0

define
D, (t)

fno(t) = XIS
Then f,s € C([—m, 7)) and || frsllc < 1. Moreover,

ol ol 610
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and the integrands are dominated by |D,| € L'([—m, 7]). By dominated convergence,

lim (fns) = ;ﬂ/ﬂ Dy ()] dt.

Since || fnsllco < 1, this shows that ||T5,|| is at least the right-hand side. Therefore equality
holds. O

Lemma 3.26 (Growth of the L' norm of the Dirichlet kernel). There exists an absolute
constant ¢ > 0 such that, for alln > 1,

/W DL ()] dt > clog(n + 1),

—T

In particular,

| Dl ((—m)) — 00

Proof. Recall that
sin((n + $)t)

D,(t) =
®) sin(t/2)
Form=0,1,...,n — 1 set
(2m + ) T Ly = [t — 6, £y + 0] C (0, 7)
m::7’ .:7’ m: m )y m 77T‘
2n +1 dn + 2

The intervals I,,, are pairwise disjoint. If ¢t € I,,,, then

(4 )t = (n+ Pt] < (04 )5 =7,
SO

sin((n+ 3)t)| > sin(r/4) = f

Also, for ¢t € (0, 7) we have sin(t/2) < t/2, hence 1/|sin(¢/2)| > 2/t. Therefore
V2
t

| Dn(8)] = (t € In).-

Integrating over these disjoint intervals gives

/yD |dt>\/_2/m+ dat \/inft%

0o"m
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A direct computation shows that - + 5 = Tno3- Hence

"1
[ 1Dt 'dt>f24m+3 2 Xm

Doubling the estimate proves the claim. O

Theorem 3.27 (A dense set of continuous functions with divergent Fourier series). There
exists a dense Gs set G C C([—m,m]) such that for every f € G,

sup |5, (f)(0)] = oc.

n>1

In particular, the Fourier series of f diverges at 0.
Proof. By Proposition 3.25 and Lemma 3.26,

ITall = 5 / (1)] dt — oc.

n—0o0

Thus the family {7}, },>1 C B(C(|—m,7]),C) is not uniformly bounded. Since C([—7,7])
is Banach, Theorem 3.21 implies that the set

= {f e cl=mm) s (1) = oo}
is a dense G4 subset of C([—m,7]). But T,,(f) = S.(f)(0), so the asserted divergence
follows. H

Summary: the three fundamental principles

In this chapter we have seen how completeness (via the Baire category theorem) forces
strong operator-theoretic consequences. The uniform boundedness principle controls
operator norms from pointwise bounds; the open mapping theorem upgrades surjectiv-
ity to quantitative openness; and the closed graph theorem turns graph-closedness into
boundedness. These results will be used repeatedly in duality and spectral theory.
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CHAPTER 4

The Hahn—Banach Theorem and Its
Applications

The Hahn—Banach theorem is one of the decisive structural results of functional analysis.
It shows that bounded linear functionals admit norm-preserving extensions and thereby
makes duality into an effective tool rather than a merely formal notion. From this extension
principle one derives the fundamental geometric consequences of the theory: separation
of points and convex sets, identification of duals of quotient spaces and subspaces, and
the canonical embedding of a normed space into its bidual. The chapter emphasizes both
the abstract mechanism of the theorem and the concrete ways in which it converts local
information into global linear functionals.

4.1 Swublinear functionals

The Hahn—Banach theorem is fundamentally a theorem about extending linear functionals
while preserving domination by a larger, typically nonlinear gauge. Sublinear functionals
supply exactly the right framework for expressing this domination in a flexible and

geometrically meaningful way.
Throughout this chapter X is a real or complex vector space.

Definition 4.1 (Sublinear functional). A function p : X — R is sublinear if
p(z+y) <px)+ply),  plaz)=ap(z) forall a > 0.

A seminorm is a sublinear functional satisfying p(—z) = p(x).

Example 4.2 (Norms and Minkowski functionals). If X is a normed space, then p(z) =
||| is sublinear. More generally, if C' C X is convex and absorbs X, the Minkowski
functional po(z) = inf{t > 0 : 2 € tC'} is sublinear.
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4.2 The extension step

The proof of Hahn—Banach is built from a deceptively simple local mechanism: extend
the functional by one new direction while maintaining the required bound. Once this
one-dimensional step is understood, the full theorem follows by a maximality argument.

The key local lemma is the following.

Lemma 4.3 (One-dimensional extension). Let M C X be a linear subspace, letp : X — R
be sublinear, and let fo : M — R be linear with fo(z) < p(x) for allx € M. Fizzyg € X\ M.
Then there exists a linear extension f1: M + Rxog — R of fo such that fi(x) < p(x) for all
r € M + Rxy.

Proof. For m € M set

A= ig%(fo(m) —p(m—x)), B:= %g&(p(m +20) = fo(m)).
Sublinearity gives A < B. Choose any « € [A, B] and define fi(m + tzg) := fo(m) + ta.
Then f; is linear, extends fy, and the choice a € [A, B] is exactly the condition that f; < p
on M + Ruxg. O

4.3 Hahn—Banach theorem

The Hahn—Banach theorem is one of the foundational results of functional analysis. It
ensures that continuous linear functionals are abundant enough to detect geometry, separate
points from subspaces, and provide a workable duality theory even in infinite-dimensional
settings.

We record first the real version, which contains the essential extension argument.

Theorem 4.4 (Hahn-Banach, real version). Let X be a real vector space, letp: X — R
be sublinear, and let M C X be a subspace. If fo : M — R is linear and fo(x) < p(x) for
all z € M, then there exists a linear f : X — R extending fy such that f(x) < p(x) for all
reX.

Proof. Let F be the collection of pairs (N, fy) where N is a subspace with M C N C X
and fy : N — R is linear, extends fy, and satisfies fy < p on N. Partially order F
by extension. Every chain has an upper bound given by the union of domains and the

compatible linear functionals, so by Zorn’s lemma there is a maximal element (Npax, fmax)-

If Npax # X, pick 29 € X \ Npax- By Lemma 4.3, fi.c extends to Npa.x + Rz while
preserving the inequality f < p, contradicting maximality. Hence N., = X. O
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Theorem 4.5 (Hahn—Banach, norm-preserving form). Let X be a normed space over
F € {R,C}, let M C X be a subspace, and let fo € M*. Then there ezists f € X*
extending fo with || f|| = || foll-

Proof. First assume F' = R. Apply Theorem 4.4 to p(z) = || foll||x]|. Then fo(x) <
| follllz]| = p(x) on M, so we obtain an extension f with f(z) < p(x) on X. Replacing x
by —x yields |f(z)] < [[follllz[l, hence [|f]| < [[foll- Since f extends fo, also [|f]| = [ fol-

For F = C, apply the real version to the real-linear functional R f, and then recover a
complex-linear extension by the standard formula f(z) := Rf(z) — i Rf(ix). The norm
equality follows from || f|| = ||Rf]|. O

4.4 Separation and supporting functionals

The power of Hahn—Banach becomes especially visible in its geometric consequences.
Separation theorems show that linear functionals can distinguish points and convex sets,
while supporting functionals encode tangent hyperplanes and furnish sharp norm-attaining

information.

We begin with the separation of a point from a closed subspace by means of a continuous

linear functional.

Theorem 4.6 (Separation from a closed subspace). Let X be a normed space, let M C X
be a closed subspace, and let xy ¢ M. Then there exists f € X* such that f|y = 0,
Il =1, and

f(xo) = dist(xg, M).

Proof. Let ¢ = dist(xg, M) > 0. Define g on the subspace M + span{xy} by
glm +txg) =16 (me M, telF).
Then g is linear and g|p; = 0. Moreover, for ¢ # 0,
lg(m + two)| = |¢] 5 = [¢] dist(zo, M) = ¢ dist(:co, -2y M) < |lm + tzo|),

while the case t = 0 is trivial. Thus |g(2)| < ||z|| for every z € M + span{x,}, so ||g|| < 1.

On the other hand, for every m € M we have

0 = lg(zo —m)| < |lgll lzo — ml[.
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Figure 4.1: Geometric separation: a functional f vanishes on M and separates xg

from M at distance dist(xg, M).

Taking the infimum over m € M yields 6 < ||g|| 0, and since § > 0 we obtain [|g|| > 1.
Hence ||g|| = 1.

By Theorem 4.5, g extends to a functional f € X* with || f|| = ||g]| = 1. Since f extends
g, we still have f|y; = 0 and

f(zo) = g(xg) = 6 = dist(xg, M).

]

Corollary 4.7 (Norming functionals). For every x € X with x # 0 there exists f € X*
with || f[| =1 and f(z) = =]

Proof. Apply Theorem 4.6 with M = {0} and zy = z. Since dist(x,{0}) = ||z, the
resulting functional f € X* satisfies || f|| =1 and f(z) = ||z]|. O

4.5 Annihilators, subspaces, and quotients

Once the dual space is available, subspaces of X naturally correspond to orthogonality-type
conditions in X*. The language of annihilators clarifies this correspondence and explains
how quotient constructions on the primal side reappear as subspaces on the dual side.

For a subspace M C X define its annihilator
M+ :={feX*: f(m)=0forallme M}.

Proposition 4.8 (Dual of a subspace). Let M C X be a subspace. The restriction map
Res : X* — M*, Res(f) = f|u, is surjective and ker(Res) = M~*. Consequently, M* is

isometrically isomorphic to the quotient X*/M*.
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Proof. Surjectivity of Res is precisely Theorem 4.5. Its kernel consists of those functionals

in X* that vanish on M, namely M*. Therefore Res induces a well-defined bijection
Res : X*/M* — M*,

The induced map is isometric because Theorem 4.5 provides norm-preserving extensions
from M* to X™. ]
Proposition 4.9 (Dual of a quotient). If M C X is a closed subspace and 7w : X — X/M
is the quotient map, then the pullback

d:(X/M)* — M+, d(p)=ypom

is an isometric isomorphism.

Proof. If ¢ € (X/M)*, then ¢ o  vanishes on M, so ® indeed maps into M+. To prove
injectivity, suppose ®(¢) = 0. Then ¢(7(x)) = 0 for every z € X, and since 7 is surjective,
it follows that ¢ = 0.

For surjectivity, let f € M*. Define

oz + M) = f(a).

This is well defined because if x + M = y+ M, then x —y € M, and therefore f(x —1y) = 0.
It is also bounded, since

o(x+ M) = |f(@)] < [LF] [l

for every representative x, and taking the infimum over all representatives gives
(2 + M)[ < [[f][ |z + M].

Finally, ®(¢) = f, and the norm computation shows that ||¢|| = ||f||. Hence ® is an

isometric isomorphism. O

4.6 The dual of /7

Abstract duality becomes much more transparent once it is computed in concrete examples.
The identification of (¢7)* with ¢9 is a model result: it exhibits how analytic inequalities
translate into exact descriptions of bounded linear functionals.

Let 1 < p < oo and write ¢ for the conjugate exponent (% + % = 1, with the convention

g=ocifp=1).
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Theorem 4.10. For 1 < p < oo, the dual (¢P)* is isometrically isomorphic to (7 via the
PaITINg

(T,9) = > Tuln.
n=1

For p = oo, the map (* < (£{>°)* given by the same pairing is an isometric embedding, but

not onto.

Proof. Assume 1 < p < oco. For y € (¢ define f,(z) = (z,y). Holder’s inequality yields
|fy(@)] < llzl|lp |lyllg, hence f, € ()" and || f,|| < ||yll;- Taking x supported where y is
large (standard extremal choice) shows || f,|| = ||y||,-

Conversely, let f € (7)* and set y,, = f(e,), where (e,) is the standard basis. For x € ¢go
(finitely supported sequences), linearity gives f(x) = 3 x,y,. Using boundedness of f on
(P and the standard finite-dimensional duality argument shows (y,,) € €7 and ||y|/, < ||f]-
Since ¢y is dense in 7, f = f,.

For p = oo, the same construction gives an isometric embedding ¢! — (£°°)*. It is not
surjective because > is not separable whereas (£!)* = (> is. ]

65



MAS543: Functional Analysis

CHAPTER 5

Duality, Weak Topologies, and
Reflexivity

This chapter develops the weak forms of convergence and compactness that dominate
the modern structure theory of Banach spaces. Beginning with adjoint operators and
annihilators, it introduces the weak and weak®™ topologies as the natural topologies generated
by the dual pairing. The Banach—Alaoglu theorem is then proved carefully through Tychonoff
compactness, showing that bounded sets in dual spaces possess compactness properties
unavailable in the norm topology. The discussion concludes with metrization results in the
separable setting and with the standard criteria and consequences for reflexivity, thereby
clarifying how duality, compactness, and geometric structure fit together.

5.1 Dual spaces and adjoint operators

Duality provides a systematic way to test vectors by functionals and operators by their
action on functionals. The adjoint operator is the natural bridge between these two
viewpoints, and it will reappear repeatedly in the study of weak topologies, quotient spaces,
and spectral theory.

We begin by fixing the basic dual-space language.

Definition 5.1 (Dual space). Let X be a normed linear space over F. The continuous
dual of X is
X" :={p: X — F: pis linear and bounded}.

It becomes a normed linear space with the operator norm
lell = sup{le(z)| : [lz]| < 1}
Proposition 5.2. For every normed linear space X, the dual space X* is a Banach space.

Proof. Let (p,) be a Cauchy sequence in X*. Then for each fixed z € X,

|on(7) — om(2)| < |lon — omll |||,
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so (¢ (7)) is a Cauchy sequence in F. Since F' is complete, the limit

o(x) = lim p,(z)

n—o0

exists for every x € X.

Since pointwise limits of linear maps are linear, ¢ is linear. We now show that ¢ is bounded
and that p,, — ¢ in norm. Since (¢,) is Cauchy in X* it is bounded: choose M > 0 such
that ||p,|| < M for all n. Then

p(@)] = lim [¢a(e)| < Mlle]l (2 € X),

so p € X* and ||¢| < M.

Finally, fix ¢ > 0. Choose N such that ||¢, — ¢m| < € whenever m,n > N. For n > N
and [|z]] <1 we may let m — oo to obtain

[on () — w(z)| = lim |pn(z) — pm(z)] < e

m—0o0

Taking the supremum over ||z|| < 1 gives ||¢, — ¢|| < e for n > N. Hence ¢, — ¢ in
X*. O]

Definition 5.3 (Adjoint (transpose) operator). Let T': X — Y be a bounded linear map

between normed spaces. Its adjoint (or transpose) is the map
Tr:Y" — X*, (T"g)(x) := g(Tx).
Theorem 5.4. [fT € B(X,Y), then T* € B(Y*, X*) and
177 = [IT°[]

Moreover, if S € B(Y, Z), then
(ST)* =T*S™.

If T is invertible, then T™ is invertible and
() =Ty
Proof. For g € Y* and x € X,

(T g) ()] = lg(Tx)| < gl IT=[| < gl 1T l1],
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hence T*g € X* and | T*g|| < ||T|| |lg||. Therefore ||T*|| < ||T|l.

If T'= 0, there is nothing further to prove. Assume T # 0. By definition of the operator

norm, for each £ > 0 there exists z. € X with ||z.|| = 1 and
[Tl > [IT]| —e.

By the Hahn-Banach theorem there exists g. € Y* with ||g.|| = 1 and
9e(Twe) = [T |-

Hence
1T > [[T*gell = [(T"ge)(x)| = |ge(Txe)| = [|[Txe|| > || T — e

Letting € | 0 gives ||T*|| > ||T'||, and so [|T*|| = ||T||.

The identity (ST)* = T*S* is immediate from the definition:

((ST)*h)(z) = h(STx) = (S*h)(Tx) = (T*S*h)(x).

If T is invertible, then
T*(T—l)* — (T—IT)* — IY*, (T—1>*T* —_ (TT—I)* _ ]X*,

so (T*)" = (T~ O

5.2 Annihilators and quotient duals

The formal similarities between subspaces of X and subspaces of X* become sharper when
one studies annihilators on both sides simultaneously. This viewpoint leads to clean dual
descriptions of quotients and clarifies how geometric constraints are encoded by linear

functionals.
The fundamental construction is the annihilator of a subspace.

Definition 5.5 (Annihilator). If M C X is a subspace, its annihilator is
M+ :={pec X*:p(m)=0forall me M}.
If N C X* is a subspace, we define

tN:={z € X :¢(x)=0forall p € N}.
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Proposition 5.6. Let M be a subspace of a normed space X. Then M* is a closed
subspace of X*. Moreover, if M is dense in X, then M+ = {0}. If M is a proper closed
subspace, then M+ # {0}.

Proof. The fact that M~ is a linear subspace is immediate. If ¢, € M+ and ¢, — ¢ in
X*, then for every m € M,
p(m) = lim @,(m) =0,

n—oo

so ¢ € M+. Thus M~ is closed.

If M is dense and ¢ € M+, then ¢ vanishes on a dense set. By continuity, ¢ = 0 on all of
X, so M+ = {0}.

If M is a proper closed subspace and xy ¢ M, then by the Hahn—Banach separation
theorem there exists ¢ € X* such that |y = 0 and p(zg) # 0. Hence p € M+ \ {0}. O

Theorem 5.7 (Dual of a quotient). Let M be a closed subspace of a normed space X .
Then
(X/M)* = M+

isometrically, via
Ae (X/M) — ppr:=Aog,

where q : X — X/M is the quotient map.
Proof. Let A € (X/M)* and define oy = A o q. Then ¢, is bounded and vanishes on M,
SO pp € M.

Conversely, if ¢ € M+, define
Pz + M) := p(z).

This is well-defined: if x + M = y + M, then x —y € M and hence p(x —y) = 0, so
o(x) = ¢(y). The map @ is linear and bounded, and p = g o q.

Thus the correspondence A — A o ¢ is bijective between (X/M)* and M*. For norm
preservation, note first that

leall < I lgll = 1AL,

since ||¢|| = 1. Conversely, if ||« + M|| < 1, choose m € M with ||z +m|| < 1+ e. Then
[A(z + M) = [oa(z +m)| < [lall(1+ ).

Taking the supremum over ||z + M|| < 1 and letting € | 0 gives ||A|| < [|¢all. Hence the

correspondence is an isometry. O
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Theorem 5.8 (Dual of a subspace). Let M be a closed subspace of a normed space X.
Then

isometrically.

Proof. Define
R: X" — M*, R(¢) = |m-

This is a bounded linear map with ||R|| < 1, and ker R = M*. By the Hahn—Banach
theorem, every g € M* extends to some ¢ € X* with ||¢|| = ||g]|, so R is surjective.

Therefore the induced map
R:X*/M*— M,  Rlp+M")=o|u,

is a linear bijection.

For ¢ € X* we have

|R(p + M5 = llplull < inf i+ v = o+ M.
PpeM

Therefore ||R|| < 1. Conversely, given g € M*, choose by Hahn Banach an extension
p € X* with |||l = ||lg]|- Then

lo+ M < el = llgl = 1 R(e + M)

Thus R is an isometry. O

5.3 Weak and weak® topologies

Norm convergence is often too strong for compactness arguments in infinite-dimensional
spaces. Weak and weak* topologies remedy this by retaining exactly the continuity of

linear functionals, thereby providing weaker but far more flexible notions of convergence.
The two basic weak topologies are defined as follows.

Definition 5.9 (Weak topology). The weak topology on a normed space X is the smallest
topology for which every functional in X* is continuous. It is denoted by o (X, X*). A net
(z4) converges to x in o(X, X*) if and only if

o(xa) = p(z) for every p € X™.
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directed set |net a — z, X peX”
(A, =) (weak topology)

o(X,X*)
Ty ———— T

= ¢(za) > p(z) Ve X
Figure 5.1: Weak convergence is expressed by testing against all continuous linear

functionals.

Definition 5.10 (Weak* topology). The weak®™ topology on X* is the smallest topology
for which all evaluation maps

€z :X*_>F7 €$(90):90<$)7

are continuous. It is denoted by o(X*, X). A net (¢,) converges to ¢ in o(X*, X) if and
only if
valz) = p() for every z € X.

Remark 5.11 (Comparison with norm convergence). Norm convergence implies weak
convergence, and norm convergence in X* implies weak® convergence. The converse

implications fail in infinite dimensions.

Proposition 5.12. FEvery weakly convergent sequence in X is norm bounded. More

generally, every weakly Cauchy sequence in X is norm bounded.

Proof. Let (z,) be weakly Cauchy. Then for each ¢ € X* the scalar sequence (p(x,)) is
Cauchy, hence bounded. Define

F,: X" = F, F.(p) == o(z,).
Each F,, is a bounded linear functional on X*, and

[l = sup |@(zn)| = [|zn]l
lell<1

by the Hahn-Banach theorem. Since (F,,(¢)) is bounded for each ¢ € X*, the uniform
boundedness principle yields

sup || Fr|| < oo.
n
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Therefore sup,, ||z,| < oc. O

Proposition 5.13. Let M be a norm-dense subspace of X*, and let (x,) be a norm-
bounded sequence in X . Suppose there exists x € X such that

f(z,) = f(x) for every f € M.

Then x, — x weakly in X.

Proof. Set C :=sup,, ||z.|| + ||z] < co. Fix ¢ € X* and € > 0. Choose f € M such that

3

Then for all n,

|o(wn) — (@) < [p(wn) = f@n)|+[f (@) = f(@)[+]f(2) —p(2)] < §+|f(xn)—f(x)!+§-

Since f(x,) — f(x), the middle term is < ¢/3 for all large n. Hence p(z,) — ¢(z) for
every ¢ € X*. O]

5.4 Banach—Alaoglu theorem

In infinite-dimensional normed spaces the closed unit ball is almost never compact in
the norm topology. The Banach—Alaoglu theorem identifies the correct replacement:
compactness is recovered in the weak* topology, and this fact becomes a basic compactness
principle throughout the subject.

The central compactness statement is the following.

Theorem 5.14 (Banach—Alaoglu). For a normed space X, the closed unit ball
Bx- ={p e X" [lol| <1}

is compact in the weak® topology.

Proof. For each x € X define the compact set
Dyi={z € F: 2| < |lo}.

Consider the product space

D = H D,,

zeX
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equipped with the product topology. By Tychonoft’s theorem, D is compact.

Define
®: Bx« — D, D(p) = (o(7))rex-

If ¢ € By, then |p(z)| < |l¢| |lz]] < ||z]|, so ®(¢) € D. The map & is injective, because
if ®(¢) = @(¢)) then p(z) = ¢(x) for all z € X, hence ¢ = 1.

The product topology on D is precisely the topology of coordinatewise convergence.
Therefore, by definition of the weak® topology, ® is a homeomorphism from By- (with its
weak* topology) onto its range ®(Bx«).

It remains to show that ®(By-) is closed in D. Let £ = (&,).cx belong to the closure of
®(By+). Then there exists a net (¢,) C By« such that

O(py) = & in D.
Coordinatewise convergence means

¢o(z) = & for every z € X.

Define ¢ : X — F by p(z) := &,. Since pointwise limits of linear maps are linear, ¢ is

linear. Moreover,
()] = lim[pa(2)] < 2] (z € X),
S0 ¢ € Byx«. Finally,
P(p) = (¢(2))sex = (&)oex =&

Therefore £ € ®(By-+), so the image is closed in the compact space D. Therefore ®(Bx+)
is compact, and since ® is a homeomorphism onto its image, Bx+ is weak* compact. []

Corollary 5.15 (Banach—-Mazur embedding). FEvery normed space X is isometrically
isomorphic to a subspace of C(K) for some compact Hausdorff space K. If X is Banach,

the image is closed.

Proof. Take
with the weak* topology. By theorem 5.14, K is compact Hausdorff.
For each € X define 7 € C(K) by
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This function is continuous because weak* convergence is exactly pointwise convergence
on X. The map
J: X = C(K), J(z) =17,

is linear. Also,
17(2)|loe = sup |e(z)] < |[z]].
peK

By the Hahn-Banach theorem there exists, for each x # 0, some ¢ € X* with ||¢|| =1
and ¢(x) = ||z||. Thus
17 (@)]lec = lp(2)] = ll2]],

so ||J(z)]|eo = ||| for every x € X. Hence J is an isometry.

If X is Banach, then J(X) is complete in the supremum norm and therefore closed in the
Banach space C'(K). O

Theorem 5.16 (Metrization of the weak* topology on the dual ball). Assume X is
separable, and let {x}32, be a countable dense subset of the unit sphere of X. Define, for

3072/} S BX*; ~ )
d(p, ) = Z ok lo(wr) — P ()]

Then d is a metric on Bx«, and the metric topology coincides with the weak™ topology on
Byx-.

Proof. Because ||¢||, ||| < 1 and ||zg|| = 1, we have

lp(xr) — V()] < 2,

so the series defining d converges absolutely. The triangle inequality is immediate. If
d(p,1) = 0, then ¢(x) = ¥(xy) for all k. Since the {x} are dense in the unit sphere
and ¢ — 1 is continuous and homogeneous, it follows that ¢ = 1) on all of X. Thus d is a

metric.

First suppose that d(¢,, ) — 0. Then for each fixed k,

lon () — @(ar)] — 0.

Let + € X and ¢ > 0. Choose k such that ||z/||z| — x| < ¢ when = # 0. Since
lenlls ¢l < 1, we obtain

on(@) — @(@)| < Izl en(e) — o(@p)] + 2]l e.

74



MAS543: Functional Analysis 5. Duality, Weak Topologies, and Reflexivity

Letting n — oo and then ¢ | 0 shows ¢, () — ¢(x) for every x € X, i.e. ¢, — ¢ weak™.

Conversely, assume ¢, — ¢ weak*. Then ¢, (zr) — ¢(zx) for each k. Fix ¢ > 0 and
choose N such that

Y2 < e)2.

k>N

For the finitely many indices 1 < k < N, choose ng such that

3

[on(zr) —len)l < o (1< k<N, n=ng).
2N
Then for n > ny,
N
1 € 1 € €
Upn ) Y o+ Y o2 < Skt —e
— 2k 2 ISN 2k 2 2
Therefore d(¢y,, ¢) — 0. O

Corollary 5.17. If X is separable, then every bounded sequence in X* has a weak"

convergent subsequence.

Proof. Let (¢,) be bounded in X*, and choose M > 0 such that ||¢,| < M for all n. Then
the sequence (M !¢, is contained in the weak* compact set Bx-. By theorem 5.16, the
weak® topology on By« is metrizable; hence compactness implies sequential compactness.
Therefore (M ~¢p,) has a weak* convergent subsequence. Multiplying that subsequence
by M gives a weak* convergent subsequence of (¢,,). O

5.5 Reflexive spaces

A space is reflexive when duality does not create genuinely new directions beyond those
already present in the original space. Reflexivity occupies a central position because it ties
together weak compactness, structural finiteness properties, and the geometry of Banach

spaces.
The definition is expressed through the canonical embedding into the bidual.
Definition 5.18 (Canonical embedding and reflexivity). For x € X, define Jx € X** by

(Jo)(p) = p(z)  (p € X7).

The map J : X — X** is called the canonical embedding. The space X is said to be

reflexive if J is onto.
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Proposition 5.19. The canonical embedding J : X — X** is linear and isometric.

Proof. Linearity is immediate. For ||| < 1 we have

[(Jz) ()] = | ()] < =],

so ||[Jz| < ||x||. Conversely, if x # 0, the Hahn-Banach theorem yields ¢ € X* with
o]l = 1 and (z) = ||z|. Then

[J]l = () ()] = lp(x)] = [l=]].
Therefore ||Jz|| = ||z]|. O

Remark 5.20 (Basic examples and consequences). Every reflexive space is Banach, because
it is isometric to the Banach space X**. Finite-dimensional spaces are reflexive. Moreover,
¢? and LP are reflexive for 1 < p < oo, whereas 1, (>, co, and L' are not reflexive.

Theorem 5.21 (Reflexive spaces have weakly compact unit balls). If X is reflexive, then
its closed unit ball Bx is compact in the weak topology of X.

Proof. Under the canonical embedding J : X — X**, the set J(Bx) is the closed unit
ball of J(X). If X is reflexive, then J(X) = X**, so J(Bx) = Bx«. By Banach—Alaoglu,
By« is compact in the weak* topology o(X**, X*). The weak topology on X is exactly
the topology transported from this weak* topology via J, because

(Jza)(f) = f(7a) (f € X7).

Therefore By is weakly compact. m
Theorem 5.22 (Goldstine’s theorem). For every normed space X, the canonical image

J(Bx) is weak* dense in Bxs.

Remark. The proof may be obtained from the Hahn—Banach separation theorem. We
record the result here because it is the standard bridge from Banach—Alaoglu compactness
to the characterization of reflexive spaces. n

Theorem 5.23 (Kakutani characterization of reflexivity). A Banach space X is reflexive

if and only if its closed unit ball Bx is weakly compact.

Proof. One implication is theorem 5.21. Conversely, assume By is weakly compact. Let
€ X* with ||2**]| < 1. By Goldstine’s theorem, J(Bx) is weak® dense in Bx«. Hence
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there exists a net (z,) C By such that Jx, — 2** in the weak* topology of X**. Since
By is weakly compact, the net has a subnet (x3) converging weakly in X to some x € By.
For every f € X* we then have

£() = lin(Js) (f) = lim f(5) = f(@) = (J2) ().
Thus ™ = Jx. Hence every element of the unit ball of X** lies in J(X), so J is onto and
X is reflexive. L
Corollary 5.24. Let X be reflexive and let M be a closed subspace of X. Then both M

and X/M are reflexive.

Proof. The closed unit ball of M is
By = Bx N M.
Since M is norm closed, it is also weakly closed; therefore B); is weakly closed in the

weakly compact set Bx. Hence By, is weakly compact. By theorem 5.23, M is reflexive.

For the quotient, let ¢ : X — X/M be the quotient map. The map ¢ is weak-to-weak

continuous, and
q(Bx) = Bx/um.

Therefore the closed unit ball of X/M is weakly compact as the continuous image of a
weakly compact set. Another application of theorem 5.23 yields that X /M is reflexive. []
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CHAPTER 6

Spectra of Bounded Linear Operators

This chapter begins the spectral theory of bounded linear operators on complex Banach
spaces. It introduces the spectrum and resolvent, explains their basic algebraic meaning,
and shows that spectral questions are governed by analytic properties of the resolvent map.
The fundamental facts that the spectrum is nonempty, compact, and controlled by the
operator norm are developed with full rigor, culminating in the spectral radius formula. In
this way the chapter establishes the conceptual and technical framework required for the

later study of compact and self-adjoint operators.

6.1 Resolvent and spectrum

In finite dimensions the behaviour of an operator is strongly influenced by its eigenvalues.
For general bounded operators on Banach spaces, the correct replacement is the spectrum,
defined through invertibility of A\I — T and encoded analytically by the resolvent.

Let X be a complex Banach space and 7" € B(X). The resolvent set is
p(T) = {\ € C: M — T is bijective and (M — 7)™ € B(X)},

and the spectrum is o(T) = C\ p(T).

Proposition 6.1 (Large scalars lie in the resolvent set). If |\ > ||T||, then A € p(T).
Consequently,
o(T) c{re C: A < T},

so the spectrum is compact.

Proof. Write
M-T = A(I - )\‘1T>.

If [\ > ||T||, then |[A7'T|| < 1, so the Neumann series gives the invertibility of I — A7'T,
and hence of A\I —T. Since theorem 6.5 below shows that p(7") is open, the complement
o(T) is closed; combined with the displayed bound, this proves compactness. O
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Figure 6.1: Schematic location of the spectrum: o(7') is compact and contained in
the closed disk {\ € C: |A| < ||T||}, while the resolvent set occupies the complement.

Definition 6.2 (Point, continuous, and residual spectra). Let T' € B(X). The point
spectrum o,(T") consists of the eigenvalues of T', i.e.

op(T) ={A € C:ker(A\] —T) # {0}}.

The continuous spectrum o.(T') consists of those A for which AT — T is injective with dense,
proper range. The residual spectrum o,(T) consists of those A for which AI — T is injective
but its range is not dense. Thus

with the three parts pairwise disjoint.

Remark 6.3 (Finite-dimensional versus infinite-dimensional spectra). The decomposition
above is useful for concrete examples. In finite-dimensional spaces the continuous and
residual spectra are empty, so the spectrum reduces to the set of eigenvalues. In infinite
dimensions, however, all three phenomena can occur.

Lemma 6.4 (Neumann series). If [|S|| < 1 for some S € B(X), then I — S is invertible
and

(I-8)" =Y 5"
n=0

with convergence in operator norm.
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Proof. Since ||S]| < 1, the series >0 ||S™|| converges, so the operator series

A=) 5"
n=0
converges in B(X). For each N,

(J—S)fjsnzf—SN“:iS"(I—S).

n=0

Letting N — oo and using [|SY*Y| < [|S]|V*! — 0, we obtain
(I—S)A=A(I—S)=T1.

Thus A= (I — §)~. 0

Proposition 6.5. The resolvent set p(T') is open and the resolvent map
Re(\) i= (\[ = T)!
is holomorphic on p(T'). Consequently, o(T') is closed.
Proof. Let \g € p(T). Then
M =T =N —T) (1 — (o= NI — T)—1>.
If

A= 2o| < [[(Aol =T) 7,

then
(Mo = A (Aol —=T)7H| < 1.

By theorem 6.4, the factor in parentheses is invertible, so A € p(T"). Hence p(T') is open.

Moreover, in that same neighborhood,
-1 [e's) .
Rr(\) = (1 (- )\)RT()\O)) Rr(Mo) = 3 (ho — N Rr(Ag)",

n=0

an operator-norm convergent power series in A. Thus Ry is holomorphic on p(T'). Since
o(T) = C\ p(T), the spectrum is closed. O
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Theorem 6.6 (Non-emptiness of the spectrum). If X # {0} is complex and T € B(X),
then o(T) # 0.

Proof. Assume, for contradiction, that o(T) = (). Then p(T') = C, so the resolvent
Rr(\) = (M —-T)™*

is an entire operator-valued function.

Fix x € X and f € X*, and define the scalar entire function

9(A) == f(Br(A)z).
For || > ||T||, we may write
M T = A(I _ /\‘1T>,
hence by the Neumann series,
Rr(\) =71 i ATV
n=0
Therefore

I7| 1
mr < () = o 09> 1T

so ¢ is bounded outside a large disk. Being entire, g is bounded on the whole plane and
hence constant by Liouville’s theorem. Since Ryp(A) — 0 in norm as |A\| — oo, we have
g(A\) = 0,50 g=0.

Because this holds for every f € X*, the Hahn—Banach theorem implies Rp(\)x = 0 for
every A and every x € X, a contradiction to invertibility. Hence o(T) # 0. O]

Proposition 6.7 (Resolvent identity). For A\, u € p(T') one has
Ry (X) = Ry(p) = (1 = A Rr(A) R (p).
Proof. Since (Al —T)Rr(X) =1 = (ul —T)Rr(p), we obtain

Rr(\) = Rr(n) = Rr(\) ((uI = T) = (A = T)) Ry (p)
= (M - )\)RT()\)RT(#)-
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]

6.2 Spectral radius

The spectrum contains qualitative information about an operator, but one often needs a
single numerical quantity that measures its spectral size. The spectral radius serves this
purpose and, through Gelfand’s formula, links spectral information with the asymptotic

growth of operator powers.

The spectral radius is
r(T) =sup{|A| : A € o(T)}.

Theorem 6.8 (Spectral radius formula).
r(T) = lim |7 ”Hl/” = inf ||7 "Hl/”.
n—00 n>1

Proof. Set
ap =T " (n>1).

Since || T < ||T™||||T"]|, the sequence b, := log ||T"|| is subadditive. By Fekete’s

lemma,

b, b,
lim — = inf

n—oo n, n>1 n’

which is equivalent to

lim a, = inf a,, =: L.
n—oo n>1

We first prove r(T') < L. If |\| > L, choose n such that |77 < |A|". Then

[T /A" < 1,
so by the Neumann series,
I— "1
is invertible. Since .
[T =] <1 _ W*T),
k=0

where wy, = e?™*/™ each factor must be invertible. In particular, I — A\~'T is invertible,

i.e. A € p(T). Thus |\ > r(T"), proving r(T") < L.
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For the reverse inequality, let |A| > 7(7T"). Then X\ € p(T) and

Rr(\) =Y A7

n=0

converges in operator norm (as the Taylor expansion of the resolvent at infinity). Hence
sup |A7"T| < oo,
n

which implies
1TV < (A G

for some constant C' > 0. Letting n — oo yields L < |\|. Since this holds for every
|A| > r(T), we obtain L < r(T).

Combining the two inequalities gives L = r(T'). O

83



MAS543: Functional Analysis

CHAPTER 7

Compact Operators and the
Fredholm Alternative

Compact operators form the first major class of infinite-dimensional operators whose
behaviour still resembles finite-dimensional linear algebra. This chapter develops their basic
approximation and continuity properties, emphasizing the extent to which compactness
restores discreteness to spectral phenomena. The central result is the Fredholm alternative,
from which one deduces that every nmonzero spectral value of a compact operator is an
etgenvalue of finite multiplicity. The chapter therefore serves as a bridge between abstract
Banach-space operator theory and the more geometric spectral theory that emerges fully in
Hilbert spaces.

7.1 Compact operators

Compact operators are the infinite-dimensional analogue of matrices with finite-dimensional
range, and many of their properties reflect this near-finite-dimensional character. They
form one of the most tractable and useful classes of operators in analysis, especially in
spectral theory and integral equations.

Let X and Y be normed spaces. A bounded linear operator K : X — Y is compact if
K (By) is relatively compact in Y, where Bx = {x € X : ||z|| < 1}.

Proposition 7.1. Finite-rank operators are compact. The collection KK(X,Y") of compact
operators is a closed subspace of B(X,Y), and if K € K(X,Y) and S € B(Y,Z), R €
B(W,X), then SKR € K(W, Z).

Proof. If F': X — Y has finite-dimensional range, then F'(By) is bounded in a finite-
dimensional subspace of Y. In finite dimensions, bounded sets are relatively compact, so

F' is compact.

If Ky, Ky are compact and «, 3 € F, then

(OéKl + ﬁKQ)(BX) C OéKl(Bx) + 6K2(BX)
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Bx

Figure 7.1: A compact operator carries the unit ball to a relatively compact set;
equivalently, K (Bx) is totally bounded in the target space.

The right-hand side is relatively compact because sums and scalar multiples of relatively

compact sets are relatively compact. Hence aK; + K5 is compact.

Now let K,, — K in operator norm with each K, compact. Fix € > 0. Choose n so large
that
I — K|l <e/3.

Since K, (By) is relatively compact, it can be covered by finitely many balls of radius
e/3. Then K(By) is covered by the same centers with radius e. Thus K (By) is totally
bounded, hence relatively compact; so K is compact.

Finally, if K is compact, then R(Bw ) C ||R|| Bx, so K(R(Bw)) is relatively compact in
Y, and applying the bounded map S preserves relative compactness. Therefore SK R is

compact. 0

7.2 Fredholm alternative for compact operators

For compact perturbations of the identity, injectivity and surjectivity are no longer
independent phenomena. The Fredholm alternative makes this interaction precise and
gives a remarkably clean criterion for solvability of equations of the form (A — K)z = y.

We first isolate the estimate that drives the argument.

Lemma 7.2. Let K € K(X) and let A # 0. If \I — K is injective, then there exists ¢ > 0
such that
A = K)z|| = clle]| (2 € X).

In particular, Ran(\ — K) is closed.

Proof. Assume no such ¢ exists. Then there is a sequence (z,,) with ||z,|| = 1 and

(M — K)x, — 0.
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Since K is compact, passing to a subsequence if necessary, we may assume Kz, — y in
norm. Then
e, = Kx, + (M — K)x, — v,

SO T, — « := A ly in norm. By continuity of \[ — K,

(M — K)z = lim (M — K)z,, = 0.

n—oo

Because \I — K is injective, x = 0, contradicting ||x,|| = 1 and x,, — 0. Hence the stated
inequality holds.

If (Al — K)z,, — z, then the inequality shows that (z,) is Cauchy, so x, — z for some
x € X. Continuity yields (Al — K)z = z, proving that the range is closed. O

Theorem 7.3 (Fredholm alternative). Let K € K(X) and let A # 0. Then either X\ is an
eigenvalue of K, or \I — K is invertible. Equivalently,

o(K)\ {0} = {A#0:ker(\ — K) # {0}}.

Proof. Scaling by A~1, it suffices to prove the statement for A = 1. Thus let S := K and

assume [ — S is injective. We must show that I — .S is surjective.

By theorem 7.2, M; := (I — S)(X) is closed. Define inductively
M, = (I - 8)"(X) (n>1).

Since S commutes with [ — S, each M, is S-invariant. Also, I — S is injective on each
M,,, so by the previous lemma applied to the restriction S|y, , each M, 11 = (I — S)(M,,)
is closed in M, hence in X.

Suppose, for contradiction, that I — S is not surjective, so M; # X. We now show that
then every inclusion
Mn+1 g. Mn

is proper. Indeed, if M, = M, for some n > 1, then for y € M,,_; we have (I —S)y €
M, = M,+;. Hence (I —S)y = (I —S)z for some z € M,. Since I — S is injective,
y =z € M,. Thus M,_; C M,, and therefore M, _; = M,. Repeating this argument
backward gives X = My, contradiction.
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Therefore each M,,,; is a proper closed subspace of M,,. By Riesz’s lemma, for each n we

can choose x,, € M, with

DO | —

lzn] =1 and dist(xy,, Myq1) >
If m > n, then z,, € M,, C M, 1. Also,
Xy — Sxy = (I — S)x, € M, 11.

Therefore 1
|Sz, — Sxp|| > dist(Szy, Myy1) = dist(x,, M) > 3"

Thus the sequence (Sx,) has no Cauchy subsequence, contradicting compactness of S.

This contradiction shows that I — S must be surjective. Since it is already injective and
bounded, the inverse mapping theorem implies that I — S is invertible. Restoring A gives
the result. O

Corollary 7.4. Let K € K(X) and let A # 0. Then the eigenspace
E) :=ker(\ — K)
is finite-dimensional.
Proof. If E\ were infinite-dimensional, then the restriction of K to E) would be
K|g, = Mg,.

Since K|g, is compact and A # 0, it would follow that the identity operator Ip, is
compact. This is impossible on an infinite-dimensional normed space. Therefore E) must

be finite-dimensional. O

Theorem 7.5 (Schauder theorem). Let X and Y be Banach spaces and let T € B(X,Y).
Then T is compact if and only if T : Y* — X* is compact.

Proof. First assume that T is compact, and let (g,,) be a bounded sequence in Y*. Set

K :=T(By) CY,
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which is compact. The restrictions g,|x form an equibounded and equicontinuous family
in C(K), because

190 (y) = g (D) < lgulllly = 2[  (y,2 € K).

By the Arzela—Ascoli theorem, there exists a subsequence (gy,) such that g, |k converges
uniformly on K. Hence, for every 7, k and every = € By,

(790, = T"gn ) (@) = lgn; (Tx) = gn (T)] < SUD |gn, (y) = g, ()]
y
Taking the supremum over € Bx shows that (1™g,;) is Cauchy in X*, hence convergent
because X* is Banach. Thus every bounded sequence in Y* has a norm-convergent image

subsequence under 7%, so T™ is compact.

Conversely, assume that 7™ is compact. Then 7% : X** — Y** is compact by the
implication already proved, applied to T*. Let Jy : X — X*™ and Jy : Y — Y™ be the
canonical embeddings. Since

T**JX == JyT,

and Jx(Bx) is bounded, the set Jy (T(Bx)) = T**(Jx(Bx)) is relatively compact in Y™**.
Because Jy is an isometric embedding, this implies that T'(By) is relatively compact in Y.
Hence T' is compact. 0

Theorem 7.6 (Riesz—Schauder theorem). Let K € K(X), where X is an infinite-
dimensional complex Banach space. Then the nonzero spectrum of K is at most countable,
every nonzero spectral value is an isolated eigenvalue, each corresponding eigenspace is

finite-dimensional, and 0 is the only possible accumulation point of o(K).

Proof sketch. By theorem 7.3, every A € o(K) \ {0} is an eigenvalue, and by theorem 7.4

its eigenspace is finite-dimensional.

Fix Ao € o(K) \ {0} and write
AO = )\QI — K.

Then ker Ag is finite-dimensional and, by the compact Fredholm alternative, Ag has closed

range. Choose a closed complement

X = keer@Z.
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The restriction Ag|z : Z — Ap(Z) is bijective and bounded below, hence has a bounded
inverse onto its range. A standard finite-dimensional reduction of

AAZ:/\]—K:A0+()\—>\0)I

now shows that, for A\ near A\, invertibility of A, is equivalent to invertibility of a linear
operator acting on the finite-dimensional space ker Ay. Consequently, the nonzero spectral
points near \q are exactly the zeros of a finite-dimensional determinant, so they form a

discrete set. Hence )\ is isolated.
It follows that every nonzero spectral value is isolated, and the compactness of o(K)
implies that 0 is the only possible accumulation point. Finally, for each m € N the set

{Aeo(K):|A>1/m}

is finite, because it is a compact discrete subset of C. Therefore

o)\ {0} = U {h € o) |\ > 1/m}

m=1

is at most countable. O
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CHAPTER 8§

Hilbert Space Theory

This chapter develops the distinctive geometric structure of Hilbert spaces, where the
presence of an inner product makes orthogonality, projection, and expansion theory available
in a precise and powerful form. After establishing the basic theory of orthonormal systems,
Parseval’s identity, and the Gram—Schmidt process, the chapter turns to bounded operators
on Hilbert spaces and to the special role of adjoints. The principal operator classes—self-
adjoint, unitary, and normal operators—are introduced in a manner that highlights their
geometric meaning and their first spectral consequences. The chapter thus prepares the

ground for the compact self-adjoint spectral theorem proved next.

8.1 Inner product spaces, orthogonality, and projec-

tions

Hilbert spaces refine Banach-space theory by supplying a notion of angle and orthogonality.
This extra geometric structure leads to projection theorems, best approximation results,
and a far more rigid operator theory than is available in general normed spaces.

Hilbert spaces are the setting in which one can speak of angles, orthogonality, and “best
approximation” by closed subspaces in complete generality. The theory begins with the

notion of an inner product.

Definition 8.1 (Inner product). Let X be a vector space over F, where F =R or C. A
map (-,-) : X x X — F is an inner product if, for all z,y,z € X and o, 3 € F,
(i) (z,z) >0 and (zr,z) =0 if and only if 2 = 0;
(ii) (z,y) = (y,r) (conjugate symmetry);
(iii) (ax + By, z) = a(z,z) + B (y,z) (linearity in the first variable).
The pair (X, (-,-)) is called an inner product space.

Definition 8.2 (Induced norm and Hilbert space). On an inner product space define

Iz := (z,2)'2,  x e X.
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A Hilbert space is an inner product space that is complete with respect to the metric

induced by this norm.

Proposition 8.3 (Cauchy-Schwarz and triangle inequality). Let (X, (-,-)) be an inner

product space with induced norm ||-||. Then for all x,y € X,
[zl < llzllllyll (Cauchy-Schwarz),
and consequently ||z + y|| < ||z|| + [|y||. In particular, ||-|| is @ norm on X.

Proof. If y = 0, the claim is immediate. For y # 0 and ¢ € F we have 0 < ||z — ty||*> =
(x — ty, z — ty), hence

0< [lel> — t {y,2) — T (a,y) + |t 1yl
Choosing ¢ = (x, y)/|ly|12 gives 0 < ]2 = |(z, ) 2/l}y]1% L. |(, )] < llz] Iy Then
o+ ylI” = lell? + Iyl + 2%¢z, y) < (ll2ll + [yll)>

which yields the triangle inequality. O]

Proposition 8.4 (Parallelogram law and polarization). In every inner product space,
lz + gl + |z = yl* = 2(=[ + lyl*) (2,5 € X). (8.1)

Conversely, if a normed space (X, ||-||) satisfies (8.1), then the inner product is recovered

from the norm by the polarization identity:

@ = (le+ ol = o —yl?) F=R),

and
1 . . .
(w.) = 3 (I + I =l =yl +i(lz + igl> = 2 — igl?) ) (F =),

Proof. 1f ||-|| is induced by an inner product, then expanding (xr + y,z £ y) yields (8.1).
Conversely, assume that (8.1) holds. Define (x,y) by the corresponding polarization
identity. A direct verification based on (8.1) shows that (-,-) is sesquilinear, conjugate
symmetric, and positive definite, and that

2] = (2, ).
Hence the given norm is induced by this inner product. O
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Definition 8.5 (Orthogonality and orthogonal complement). Let X be an inner product
space. Vectors z,y € X are orthogonal, written x L y, if (z,y) = 0. For a subset S C X
define

St={r e X:(r,s)=0 foralls c S}

If M is a linear subspace, then M~ is a linear subspace, and it is always closed (in the
norm topology).
Proposition 8.6. Let X be an inner product space and M C X a linear subspace. Then:
(a) M C (M*4)*.

(b) If X is complete (i.e. a Hilbert space), then (M+)+ = M.

Proof. (a) If m € M and z € M=, then (z,m) = 0, hence (m,z) = 0 by conjugate
symmetry; thus m € (M+)L. (b) The inclusion M C (M=*)* follows from continuity of
x — (x,y) for fixed y. For the reverse inclusion, let x € (M1)+ and consider the closed
subspace M. By Theorem 8.7 below, there is a decomposition x = v + v with u € M and
ve M =ML But z € (M)L implies 0 = (z,v) = (u,0) + (v,v) = ||[v||2, hence v = 0
and z = u € M. O

Theorem 8.7 (Orthogonal decomposition and the projection theorem). Let H be a Hilbert
space and let M C H be a closed linear subspace. Then for every x € H there exist unique
elements u € M and v € M+ such that

r=u-+wv.

Equivalently, H = M @ M~*. Moreover:
(a) The element u is the unique minimizer of y — ||x —y|| over y € M, and dist(x, M) =
[l = ul.

(b) The map Py, : H — M given by Pyx = wu is a bounded linear projection (the
orthogonal projection onto M ). If M # {0}, then ||Pyl|| = 1; also P} = Py and
Py, = Py

(¢) Writing Qy = I — Par, one has Qu(H) C M*, Q3 = Qu, and |Qul = 1 if
M+£H.

Proof. Fix v € H and set d := inf )|z — y|. Choose (y,) C M with ||z — y,|| — d. By
the parallelogram law (8.1) and the fact that (y, + ym)/2 € M, one obtains

v = ymll* < 20|z = yall* + 2]}z = y[* = 4d> — 0 (n,m — 00),
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so (y,) is Cauchy. Since M is closed in H, there exists w € M with y, — u. Then
|z — u|| = d by continuity, so u is a best approximation to x from M.

Let v := 2 — u. We now show v € M+. For any m € M and t € R, the point u 4+ tm € M
and minimality of u gives

[o]l* = llz = ull* < llz = (w+ tm)|[* = [lv — tml]|* = [lv]]* — 2t R(v,m) + ¢*[|m]|*.
Thus R(v,m) = 0 for all m € M. Replacing m by im (in the complex case) yields also
S (v, m) = 0, hence (v,m) =0 and v € M*. Therefore z = u+v with u € M and v € M*.

Uniqueness follows: if o = u; +v; = ug + vy with u; € M and v; € M+, then uy — uy =
vy — vy € M N M+ = {0}, s0 u; = uy and v; = vs.

Define Py;x := u. Linearity follows from uniqueness of the decomposition applied to
x1 + x93 and az. Moreover, since © = Pyx + Qprx with orthogonality (Pyrx, Quz) = 0,
we have

[ Pry]| < (| Py + Quez|| = [|f],

so [Pyl < 1. If M # {0} and 0 # m € M, then Pym = m, hence ||Py| > 1 and

| Pyl = 1. The identities P}, = Py and Q3 = Qu are immediate; self-adjointness
Py, = Py follows from (x — Ppx,m) =0 for all m € M. ]
x
-
M
PMx Yy

Figure 8.1: Orthogonal projection: Py € M is the unique point of M closest to x.

8.2 Riesz representation theorem

One of the decisive advantages of Hilbert spaces is that every continuous linear functional
is represented by an inner product against a unique vector. The Riesz representation
theorem converts duality into geometry and is the mechanism behind adjoints, orthogonal

projections, and many variational arguments.

The next theorem identifies the continuous dual of a Hilbert space with the Hilbert
space itself.

93



MAS543: Functional Analysis 8. Hilbert Space Theory

Theorem 8.8 (Riesz representation). Let H be a Hilbert space. For each y € H define
fy:H—=TF by
fy($)=<x,y>, xr € H,

where F = R or C. Then f, € H* and || f,|| = ||yll. Moreover, for every f € H* there
exists a unique y € H such that f = f,.

Proof. For fixed y € H, the Cauchy-Schwarz inequality gives

(@) = [z, )] < [l llyll,

so f, is continuous and || f,|| < ||yl|l- If y # 0, then taking = = y/||y|| vields |f,(x)| = ||y|l,
hence |[f, || = [yl

Conversely, let 0 # f € H* and set M = ker f, a closed subspace of H. Choose zo € H
with f(zo) = 1 and write the orthogonal decomposition

o = mo + 2, mo € M, z € M*.

Then f(z) = f(xg —mg) = 1. For arbitrary x € H we have x — f(x)z € ker f = M, hence
x — f(x)z L z. Taking inner products with z gives

0=(z—f(z)z, 2) = (2, 2) = f(2)(2,2),

SO

<$, Z> . z
f@) =% =z, y) with y=0.
12112 12112
Uniqueness follows because (x,y; — y2) = 0 for all z implies y; = ys». O

Corollary 8.9. If M is a closed subspace of H, then

M= (MY = () kerf,

yeML

In particular, M is the kernel of a single continuous linear functional if and only if
codim M = 1.

Proof. If x € M, then (z,y) = 0 for every y € M=+, and therefore + € (M+)t. Thus
M C (M*)*t. Conversely, let x € (M*)t. Since H = M & M+, we may write z =m +n
with m € M and n € M*. Because x L M*, we have

0= (z,n) = (m,n) + (n,n) = In|*,
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so n = 0 and hence x = m € M. This proves that (M+)t = M. The identity

M= ker(ml—> (x,y))

yeM+
is an equivalent reformulation of the condition z L M*. O

Definition 8.10 (Orthonormal sets and orthonormal bases). A subset E C H is called
orthonormal if every e € F satisfies |le|| = 1 and

(e, f)=0 (e,fE€E, e#f)
An orthonormal set F is called an orthonormal basis of H if
span £ = H.

Equivalently, E is an orthonormal basis if and only if z 1 E implies z = 0.

Proposition 8.11 (Existence of orthonormal bases). Every Hilbert space admits an
orthonormal basis.

Proof. Let F be the family of all orthonormal subsets of H, ordered by inclusion. If C C F
is a chain, then Jgce £ is again orthonormal, so it is an upper bound for C. By Zorn’s

lemma, F has a maximal element, say Ej.

We now show that Ej is complete in the sense that its linear span is dense in H. If not,
then there exists 0 # z € H with x L Ey. After normalization, the set

ao{g)

is orthonormal, contradicting maximality. Hence span Fy = H, so Ej is an orthonormal
basis. 0

Lemma 8.12 (Finite orthogonal expansion and finite Bessel inequality). Let {e1,...,¢e,}

be an orthonormal set in H, and define

Then, for every x € H,
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1Sn]|? = [ (z, e;)]%, (8.3)
j=1
and .
2 — Spa|? = ||lz)|* — ZI(?@‘,GM?- (8.4)

In particular,
n

> M en)” < Jlzff*.

J=1

Proof. For each k € {1,...,n},
(x — Spx,ex) = (x,ex) Z x,e;)(e;, ex) = (x, ex) — (z,ex) =0,
7j=1

which proves (8.2). Next,

n

1Sz ||* = (Snz, Suz) = EH: (,e;) (e ex) = D _l{z, )",

jk=1 =1

o (8.3) holds. Finally, the orthogonality of x — S,z and S,z gives the Pythagorean
identity
2]1* = llz = Suzl|* + | Snzl®,

which, together with (8.3), yields (8.4). O

Lemma 8.13. Let E be an orthonormal set in a Hilbert space H. Then for each x € H,
the set

E, ={ec€ FE:(x,e) #0}

1s countable.

Proof. For each m € N let

B, = {eeE: (2, )2 > 1}.

m

If e1,...,e. € E,, are distinct, then Lemma 8.12 gives

,r_ I8
— <> @, e)]? < le?,
m 4
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so r < ml|z||*. Hence each E,, is finite. Since every e € E, satisfies |(x,€e)|*> > 1/m for

some m, we obtain

which is a countable union of finite sets. O

Theorem 8.14 (Bessel inequality). Let E = {e,}acs be an orthonormal set in H. Then
for every x € H,

Sl ca) [ < Jlo]” (8.5)

acl

The sum is well defined because, by Lemma 8.13, at most countably many terms are

nonzero.

Proof. Enumerate the countable set E, = {e € E : (x,e) # 0} as {e, }n>1. Foreach k € N,
Lemma 8.12 yields

k
>l en)” < [l

n=1

Letting k — oo proves (8.5). O

8.3 Parseval’s identity

An orthonormal basis allows a Hilbert-space vector to be analyzed through its scalar
coordinates, just as in Euclidean space. Parseval’s identity shows that this coordinate
expansion preserves norm exactly, thereby providing the correct infinite-dimensional

analogue of the Pythagorean theorem.
The norm identity associated with an orthonormal basis is the following.

Theorem 8.15 (Parseval’s identity). Let E = {ey}acr be an orthonormal basis of a
Hilbert space H. Then for every x € H,

r = (z,eq)eq, (8.6)

ael

and

l]1* = >z, ea) (8.7)

acl

Again, only countably many terms in these expressions are monzero.
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Proof. Fix x € H and enumerate the countable set E, = {e, : (z,e,) # 0} as {e,}n>1-
Define

n

g = e, e5)es.
j=1
If m > n, then orthonormality gives

Hym - ynH2 = Z |<x7€j>|27

j=n+1
which tends to 0 as m,n — oo by Bessel’s inequality. Hence (y,) is a Cauchy sequence, so
Yn =y € H.

For every a € I, continuity of the inner product gives

(Y, ea) = nli_>rgo<yn,€a> = (7, ¢€q).

Therefore (z — y,e,) = 0 for all @ € I. Since E is complete, this forces r —y = 0, and
(8.6) follows. Finally,

n

l]1* = Jim flynl® = lim > [(z,e5)* = > [z, ea)l?,

n—oo n—
Jj=1 acl

which is (8.7). O

8.4 Gram—Schmidt process

Orthogonality is most useful when one can produce orthonormal systems from arbitrary
linearly independent families. The Gram—Schmidt process is the basic constructive device
that achieves this and thereby connects algebraic bases with the geometric apparatus of
Hilbert spaces.

The constructive orthonormalization procedure may be stated succinctly as follows.

Theorem 8.16 (Gram-Schmidt orthonormalization). Let x,...,x, be linearly indepen-
dent vectors in a Hilbert space H. Define

k—1

vy = 2, Vg =Tk — Z<$k79j>9j (k> 2),
j=1
and set
Vi
gy = (kzl,,n)
vkl
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Then {g1,-..,9n} is an orthonormal set and, for every k < n,
span{zy,...,zr} = span{gy, ..., gr}.

Proof. We argue by induction on k. Since z; # 0, the vector g; = x1/||x1]| is well defined
and has norm one. Assume that gi,...,gr_1 have already been constructed and are
orthonormal. Because xp ¢ span{zi,...,x;_1} = span{gi,...,gr_1}, the vector v is
nonzero. By construction,

Wi g) = (0 0) — S 9o g) =0 G =1,....k 1),

i=1

S0 gr = Vi/||vk|| is orthogonal to ¢i, ..., gx—1 and has norm one. Moreover,
k—1
T =V + Z(xkagj>gj € Span{gb cee 79143}’
j=1
which shows that span{zy,...,zx} C span{gi,...,gr}. The reverse inclusion is immediate
from the definition of the g;. m

Example 8.17 (Hermite functions). Applying the Gram—Schmidt process to the sequence
1,t,t2, ... in the Gaussian-weighted setting leads to the Hermite functions

ho(t) := coHp(t)e /2, n >0,

where H,, denotes the nth Hermite polynomial and ¢, is the normalizing constant. The
family (h,,)n>0 is an orthonormal basis of L?(R).

Sketch of completeness. Suppose g € L*(R) is orthogonal to every h,. Equivalently,
/ gWe PP dt =0 (n>0).
R

Define
G(z) = / g(t)e e dt, 2z € C.
R

Then G is entire, and all derivatives of G' at 0 vanish because the moments above are zero.
Hence G = 0. By uniqueness of the Fourier transform, this implies ¢ = 0. Therefore the
Hermite functions are complete. n

Theorem 8.18. FEvery infinite-dimensional separable Hilbert space is isometrically iso-

morphic to (2.
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Proof. Let {e,}n>1 be a countable orthonormal basis for H. Define
F:H—? F(z) := ((z,e1), (x,ea),...).

By Bessel’s inequality, F(z) € 2 for every x € H, and by Parseval’s identity,
IF@)7 = DKo en)® = [z
n=1

Thus F is an isometry. To see that F is onto, let y = (y,,) € 2. Then the series >°°; y,e,
converges in H because

2 N
= Z |Yn|? —— 0.

m,N—o00

N
> Ynen
n=—m

If we set x := 07 | ynep, then
F(x) = (y1,92,...) = .

Therefore F' is a surjective linear isometry. O]

8.5 Adjoint operators and basic spectral constraints

On a Hilbert space the adjoint packages the interaction between an operator and the
inner product. This additional symmetry makes it possible to distinguish special classes of
operators—such as self-adjoint, unitary, and normal operators—whose spectral behaviour

is far more rigid than in the general Banach-space setting.

The adjoint in a Hilbert space is the Hilbert-space counterpart of the transpose map on
general normed spaces. Its existence is a direct application of the Riesz representation
theorem.

Theorem 8.19 (Existence and uniqueness of the adjoint). Let H be a Hilbert space and
let T € B(H). Then there exists a unique operator T* € B(H) such that

(Tz,y) = (x,T"y)  (2,y € H).
Moreover, |[T*|| = ||T||, (S+T)" = S*+T*, (o) =aT*, and (ST)* = T*S*.
Proof. Fix y € H. The map x +— (T'z,y) is a bounded linear functional on H, with
[T, )| < I {]] lyll-
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By the Riesz representation theorem, there exists a unique vector z, € H such that
(Tw,y) = (v, 2)  (xe€H)

Define Ty := z,. Linearity of T follows from the uniqueness clause in Riesz representation,
and the bound above gives ||T*y|| < [T |ly||. Hence T* € B(H) and |T*| < ||T.
Applying the same argument to T yields ||| < ||7%*||. Thus ||7*|| = ||T"||. The remaining
identities are immediate from the defining relation. m

Proposition 8.20 (Basic norm identities). For every T € B(H),
ITI* = 17Tl = |TT"|.

If T is normal, then ||Tx| = || T*x|| for every x € H. If U is unitary, then ||Ux| = ||z||
for every x € H.

Proof. For x € H,
|IT||* = (T2, Ta) = (T"Tx,2) < |T°T]| |||,

so [|[T]|? < ||T*T||. The reverse inequality follows from submultiplicativity: [|[T*T| <
|7 IT|| = |IT||*. Replacing T by T* gives | TT*|| = ||T||*. If T is normal, then

|IT2|* = (T"Tw,2) = (TT"z,x) = ||T"2|.

If U is unitary, then U*U = I, so |Ux||? = (U*Ux,z) = ||z| O
An operator T is self-adjoint it T = T, unitary if T*T = TT* = I, and normal if
T =TT*.
Proposition 8.21 (Characterizations of the basic classes). Let T' € B(H).
(a) T is self-adjoint if and only if (Tx,x) € R for every x € H.
(b) U is unitary if and only if U is surjective and norm preserving.

(¢) If T is normal, then eigenvectors corresponding to distinct eigenvalues are orthogonal.

Proof. (a) If T'=T*, then (T'z,z) = (T'x,x), so the scalar is real. Conversely, assume
(Tx,z) € R for every x. Polarization applied to the sesquilinear form b(z,y) = (T'z,y) —
(x,Ty) shows that b(z,z) = 0 for every z forces b = 0, hence T' = T™*.
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(b) Every unitary operator is surjective and norm preserving by definition and the previous
proposition. Conversely, if U is surjective and ||Uz|| = ||z|| for every x, then the polarization
identity shows that (Uzx, Uy) = (x,y) for all x,y. Therefore, for every y = Uz,

(Uzx,y) = (Ux,Uz) = (x, 2),
which implies U*y = z = U~'y. Hence U*U = UU* = 1.
(¢) Suppose Tx = Ax and Ty = py with A # u. Then

Mz, y) = (T, y) = (z,T"y).
Since Ty = py, we have (T'— pl)y = 0. The operator T'— pl is normal, so by theorem 8.20,

0= (T = pDyll = (T = mhyl,
which gives T*y = fiy. Therefore
Ma,y) = (@, Ty) = (z, 1y) = iz, y).

Therefore (A — p){x,y) = 0, and since A # u we conclude that (z,y) = 0. O

Proposition 8.22. If T is self-adjoint then o(T) C R. If U is unitary then o(U) C {z €
C:|z| =1}.

Proof. First assume that T'=T" and let A = a +ib € C with b # 0. For any = € H,
ST =Tz, 2) = S(Nal = (T, ) = bl
because (T'z, x) € R for self-adjoint T". Hence
Bllz]* < KA = Tz, 2)] < [|(A] = Tz ||].

Therefore
(AL = T)z[| > [b] ||| (= € H).

So Al — T is injective with closed range. If its range were proper, choose 0 # y orthogonal
to the range. Then

0= ([~ Tha,y) = (e.(\ - T)y) (v € H),
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which implies (A —T")y = 0. Applying the inequality above to X gives y = 0, a contradiction.
Thus Al — T is surjective, hence invertible. Therefore A € p(T"), and so o(T') C R.

Now let U be unitary. If || # 1, then
Uz = Aa||* = |Uz|* + | Aal|” = 2R(Uz, Ax) = [|2|* + AP [l2]]* = 2R(A (U, 2) ).
Since [(Uz, z)| < Uzl [|z]] = llz]]*, we get
1Tz = Al|* = (1= [A)?||]|*.

Therefore U — A is injective with closed range. If its range were proper, choose 0 # y
orthogonal to the range. Then

0=((U-A)z,y) = (2, (U" = X)y) (v €H),

so (U* — A)y = 0. But U* is also unitary, and the same lower bound shows y = 0,
a contradiction. Therefore U — AI is surjective and hence invertible. Thus A € p(U)
whenever |\| # 1, which proves o(U) C {z € C: |z]| = 1}. O
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CHAPTER 9

The Spectral Theorem for Compact
Self-Adjoint Operators

This chapter culminates the Hilbert-space portion of the course with the spectral theorem
for compact self-adjoint operators. The theorem shows that such operators admit a complete
orthonormal set of eigenvectors and therefore possess a convergent diagonal representation
relative to a Hilbert basis. Beyond its immediate consequences, the result provides the
clearest model of how geometry, compactness, and self-adjointness combine to produce an
exact spectral decomposition. It is both a definitive theorem in its own right and a prototype

for the broader spectral theory developed in more advanced settings.

9.1 Spectral theorem

The spectral theorem is the culmination of the compact self-adjoint theory. It shows that
such operators admit an orthonormal basis of eigenvectors and can therefore be diagonalized
in a manner closely analogous to Hermitian matrices, but now in an infinite-dimensional

Hilbert space.
We can now state the central structural theorem of the chapter.

Theorem 9.1 (Compact self-adjoint spectral theorem). Let H be a Hilbert space over C
(or R) and let K € B(H) be compact and self-adjoint. Then there exist an orthonormal
family (en)n>1 C H and real numbers (\,)n>1 such that

Ke, = \e, (n>1),

A #£ 0 for all n, and N, — 0 if the family is infinite. If M = span{e, : n > 1}, then
K|y =0 and for every x € H,

Ky = Z AT, en) en,

n=1

with convergence in norm. In particular, H admits an orthonormal basis consisting of

eigenvectors of K (with eigenvalue 0 on ker K ).
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Proof. We use two standard facts:

(F1) Weak compactness of the unit ball. The closed unit ball of H is compact in the
weak topology.

(F2) Compact operators are weak-to-strong continuous. If K is compact and

T — x weakly with sup,||z.| < oo, then Kz, — Kz in norm.

For completeness, we justify (F2): since { Kz,} is relatively compact, every subnet has a

further subnet converging in norm to some y. For any z € H,
(y,z) = lim(Kx,, z) = lim(z,, Kz) = (z, Kz) = (Kx, 2),

using weak convergence of x, and self-adjointness of K in the middle identity. Hence
y = Kx. Therefore every subnet of Kz, has a further subnet converging to Kz, which
forces Kz, — Kz in norm.

If K = 0 there is nothing to prove. Assume K # 0 and consider the continuous functional
O(z) = (Kz,z)  ([lzfl = 1).

Let o = sup{®(x) : ||z|| = 1}. Choose a net (z3) on the unit sphere with ®(z3) — a. By
(F1) there is a subnet (still denoted x5) converging weakly to some x € H with ||z| < 1.
By (F2), Kzg — Kz in norm, and since xz — = weakly we obtain

O(z5) = (Kxg,x5) — (Ko, z) = O(2).

Thus ®(z) = a. In particular « # 0 implies = # 0. Replacing = by z/||z|| (which does not
change ® because ®(tz) = t?®(z)) we may assume ||z| = 1.

Claim. The maximizer x is an eigenvector of K.

Let v € H with (v,z) = 0 and consider f(t) = @(Hziiz”) for real ¢ near 0. Since t =0 1is a

maximum of f, we have f'(0) = 0. A direct computation (using (v,z) = 0) gives
0= f'(0) =2R(Kz,v),

and replacing v by ‘v in the complex case shows (Kz,v) = 0 for all v L x. Hence
Kz € span{z}, so Kz = Az for some A € R (real because K is self-adjoint). Setting
e; :=x and A\ := A, we obtain Ke; = A\e;q.
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Now let H; = ef and consider the restriction K, := K|y, : Hi — H;. Then K is compact
and self-adjoint. If K; # 0 we repeat the argument to obtain an eigenvector e; € H;
with eigenvalue Ay € R. Proceeding inductively yields an orthonormal family (e, ) with
Ke, = M\ye,, where at each step A, # 0 and |A\,+1| < |\, (choose at each stage an
eigenvalue of maximal modulus on the orthogonal complement; apply the above argument

to either K or —K on that complement to realize the extremum).

If the construction stops, we have K = 0 on the remaining orthogonal complement and
we are done. If it does not stop, compactness forces A, — 0: otherwise there exists
e > 0 and infinitely many n with |\,| > ¢, but then the sequence Ke, = \,e, has no
norm-convergent subsequence (since (e,) is orthonormal), contradicting that K(Bpy) is

relatively compact.

Let M = span{e, :n > 1}. By construction, M is K-invariant and K is diagonal on
span{e, }. If z € M+ and Kz # 0, then K|, is a nonzero compact self-adjoint operator
and the above argument would produce an eigenvector orthogonal to all e,,, contradicting
maximality of the family. Hence K|y = 0.

Finally, for arbitrary = € H write # = xp + x, with 2); € M and z, € M*. Then

Kz, =0 and, for partial sums Syz := >N | A\ (z,e,)en,

n=1

1/2
2 = Swall = | A, enenl < supll (Z |<x’en>‘2> — o

n>N n>N N—e0

since sup,,- y|A.| = 0 and ({z,e,)) € ¢* by Bessel’s inequality. This establishes the

expansion and norm convergence. O
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Problem Sets

These problem sets are intended to reinforce the principal concepts, examples, and proof

techniques developed in the main chapters. They are arranged with a deliberate progression:

early problems test command of definitions and examples, the middle range emphasizes

standard theorem-proof mechanisms, and the later problems encourage the reader to

synthesize ideas drawn from several chapters at once. Some exercises are routine, some are

conceptual, and a number are deliberately phrased so as to train the reader in reusable

abstract arguments rather than one-off computations.

Problem Set 1

Focus: mnorms, completeness, density, quotient spaces, separability, and the classical

sequence and function spaces.

1. State whether each assertion is true or false, giving a complete justification in each

(a)

(b)
()
()

— D
~—

{z € 0" :||z||s < 1} is a bounded set in the Banach space (¢*, | - ||1).
{z € ¢ :||z||; < 1} is an open set in the normed linear space (¢*, || - ||2).
{z € C[0,1] : ||z|lc < 1} is an open set in the normed linear space (C[0,1], ]| - ||1).

[e.e]
If (z,,) is a sequence in a Banach space X such that 3 n?||z,||> < oo, then the
n=1

o0}
series Y. x, must be convergent in X.
n=1

Is it possible that the quotient space £*°/¢q contains a Schauder basis?
Is the set {x € £ : ||x|; < 1} separable in (£*°]| - ||o0)?

Suppose (x,,) is a Cauchy sequence in a normed linear space X and ||z,| — 1.

Does it follow that ( Ln ) is a Cauchy sequence in X7

(2

2. Determine whether || - || defines a norm on R™, where

(a)
(b)

1

(1, ... x0)|| = <2n: |:Ei|p>p for all (z1,...,2,) €R" (n>2and 0 <p < 1).
i=1

(@1, xn)|| = (23 4 223 4+ -+ 1a2)s for all (2y,...,2,) € R".

3. Determine whether || - || defines a norm on C0, 1], where ||z|| = min{||z||o, 2||z|/1 } for

all z

e C[0,1].
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10.

11.

12.

13.

14.

Suppose f: R"™ — R is a convex function which vanishes at most at one point in R"
and satisfies f(ax) = |a|f(z), for each (o, z) € R x R™. Show that f is a norm on R".

Let X be a normed linear space and let x € X. Show that
lz]| = inf {&; : @ € K\ {0}, [|az|| < 1}.
Let M be a proper closed subspace of a normed linear space X. Defineamap f: X — R
by f(z) = in%/[ |z + m||. Show that f is a uniformly continuous function on X.
me
Let x = (x1,...,2,) € R". For 1 <p < g < oo, prove that
1_1
lelly < llall, < Gl

Let Q = {ry,72,...} be an enumeration of the rational numbers. Define a sequence of
functions f, : [0,1] — R by

1, if .o, TerN0,1],
fulr) = . i :ce{.'rl,rQ, T} N[0, 1]
0, otherwise.

Show that (f,,) is a Cauchy sequence in (R[0, 1], - [|1) but it does not converge to a
function in R[0, 1]. Does (f,) converge in L'[0,1]?

Let C]0, 1] denote the space of all continuously differentiable functions on [0, 1]. For
f € CH0,1], define [[f] = [|fllc + If'llc- Show that the space (C*[0,1],]-[) is a
Banach space.

Let X = {f € C'[0,1] : f(0)=0}. For f € X, define || f|l; = ||f]loc + ||/]|co- Prove
that [| f[ly < 2[|flcc-

Let X ={f € C'[0,1] : f(0) = 0}. Then || f|| = (fol |f’\2)5 defines a norm on C'[0, 1].
Is (X, | -||) a Banach space?

Suppose o > 0. For f € L*>|0, 1], write || f|| = min{|| f||cc, @]/ f||1}. Then || - || is a norm
on L>[0,1] if and only if a < 1.

Show that X = {(z,) € ¢* : 30°, n|z,| < oo} is a proper dense subspace of (.

Show that LP[0,1] is a proper dense subspace of L[0,1], whenever 1 < p < co.
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Let Cy denote the class of all continuous functions f : R — R such that for each € > 0,
there exists a compact set K C R such that |f(z)| <€, for all z € R\ K. Show that
(Co, |- ||oo) is a Banach space.

Let C.(R™) denote the space of all compactly supported continuous functions on R™.
(a) Prove that C.(R) is a proper dense subspace of LP(R), whenever 1 < p < co.
(b) Is C.(R) dense in L>®(R)?

(c) Prove that C.(R) is a dense subspace of (Cy, || - [lc) -

(d) Prove that L' N LP(R") is dense in LP(R™), whenever 1 < p < co.

Let 1 < p < ¢ < oo. Prove that L?]0, 1] is a dense proper subspace of L?[0, 1].

Let S(R) be the space of simple functions on R. Prove that S(R) is dense in LP(R), for
1 < p < oo. Why is S(R) not dense in L>(R)?

Let (x,) be a sequence in a normed linear space X which converges to a non-zero vector
z € X. Show that #E=F8e — o if and only if a = 1. If the sequence x,, — 0, prove
that % — 0, for all o > 1.

Let M be a subspace of a normed linear space X. Show that M is closed if and only if
{ye M : |ly|| <1} is closed in X.

Let D ={z € C: |z] < 1}. Let X be the class of all functions f which are analytic
on D and continuous on D. Define ||f|lec = sup{|f(e?)|: 0 <t < 27}. Prove that
(X, || |loo) is a Banach space.

Let M be a closed subspace of a normed linear space X. Prove that projection 7 : X —
X /M defined by 7(z) = ¥ is a continuous map.

Let ¢ be the space of all convergence sequences on C. Prove that the quotient norm on

¢/co is given by H(Z;)H = lim |z,|. Deduce further that ¢/cy = C.
Prove that LP(RR) is separable for 1 < p < oo but L>(RR) is not separable.

Let M be a closed subspace of a normed linear space X. Then show that X is separable
if and only if M and X/M both are separable.

For each n € N, let z,, = 1+ # Determine all p with 1 < p < oo for which (x,,) € ¢P.

Let 1 < p < ¢ < co. Show that
(a) P C ¢
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28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

(b) (¢ C ¢
(© llally < llall, for all @ € ¢

Can you find an element in ¢y which does not belong to /7 for any 1 < p < 00?

Prove the following;:
(a) If v € R", then plgglo z]l, = |12 ]| co-
(b) If = € 7 for some 1 < g < 00, then pll)rgo lz]l, = ||7]] -

(€) 1w € Cla,b], then Jim o], = o]

Prove that ¢ is dense in (co, || - ||oo) and also in (7, | - ||,) for 1 < p < oc.
Show that {(azn) € coyo: ioj Ty = 0} is dense in (¢, || - ||oo)-
n=1

Show that {(z,) € €*: |z,| < & for all n € N} is a compact convex subset of £2 with

empty interior.

Let X be a metric space. Prove that the normed linear space (Cy(X), || - [|o) is finite
dimensional if and only if X is finite.

Let X be a nonzero normed linear space, let z,y € X and let €, > 0. If B.[x] = B;s[y],
then show that x = y and € = 9. Does the result remain true if X is assumed to be
only a metric space?

Let Y be a subspace of a normed linear space X. Show that
(a) Y° 0 if and only if Y = X.
(b) Y is nowhere dense in X if and only if Y is not dense in X.

Let X be a nonzero normed linear space. Show that {x € X : 1 < ||z|| < 2} is neither
an open set nor a closed set in X.

Let A be a subset of a normed linear space. Show that A = N (4 + B,(0)).

r>0

Let A be a nonempty subset of a nonzero normed linear space X. Show that
A+ Bx ={zx e X :d(z,A) <1}.

Show that ||(c,) + co|| = limsup |a,| for each (a,,) € £°.
n—oo
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40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

20.

ol.

If K is a compact set in the Banach space (£°, || - ||o0), then show that {z + ¢y : x € K}
is a compact set in the Banach space £*°/cq with the quotient norm.

Show that a normed linear space X is separable if and only if Sx is separable.

Let (X, || -||) be an infinite-dimensional separable Banach space. Show that there is a
norm || - |l on X such that (X, | - ||o) is nonseparable.
Let (z,,) be a sequence in a Banach space X. Which of the following conditions ensure(s)

that (z,) is convergent in X7

(@) [[zn = zppa]l = 0.

©) £ 70 = 2]l < o0

Let Y be a subspace of a normed linear space X. If for every sequence (y,) in Y and

o
for every x € X satisfying Y vy, = x, we have x € Y, then show that Y is closed in X.
n=1

If a normed linear space X has a complete subspace Y such that X/Y is complete,

then show that X is a Banach space.

If 1 <p < q< oo, then examine whether (¢, || - ||,) is a Banach space.

Show that (co, || - ||) is not a Banach space, where ||(z,)|| = %O: |2, for all (z,,) € .
=1

Consider the normed linear space (£, ]| -||), where ||(z,)| = ioj |2, for all (z,) € £°.
=1

Examine whether (£, || - ||) is a Banach space.

If ||(x,)]| = sup i ;| for all (z,) € ¢!, then show that || - || is a norm on £*.

neN | i=1
Also, examine whether the normed linear space (¢!, - ||) is a Banach space.

1
Let X = {x € C0,1] : fx(t)dt = O}. Prove that (X, || - ||«) is an infinite-dimensional
0

Banach space.

Consider the normed linear space (C0,1], || - ||), where ||z| = sup{t|z(¢)| : t € [0, 1]}.
Show that (C[0,1],]| - ||) is not a Banach space.
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52. Let (X, | - ||) be a normed linear space and let p be a seminorm on X. Show that
p:(X,]-]]) = Ris continuous if and only if there exists o > 0 such that p(x) < af|z||
for all z € X.

53. Let (X,| - ||) be a normed linear space and let p be a seminorm on X. Show that
p:(X,|l]) — R is continuous if and only if {z € X : p(x) = 1} is closed in (X, || - ||)-

Problem Set 2

Focus: bounded operators, Banach-space structure, Baire-category methods, and the three
fundamental principles.

1. State whether each assertion is true or false, giving a complete justification in each

case.

(a) Let P(R) be the space of all polynomials with coefficients in R. Does there exist a
norm || - || on P(R) such that (P(R), || - ||) is a Banach space?

(b) Let C.(R) denote the class of all compactly supported continuous functions on R.
Is the linear functional given by T'(f) = [ f(t) dt continuous in (C.(R), || - |le)?
Is T continuous in (C.(R), || - ||1)?

(¢) Let X and Y be normed linear spaces. If T : X — Y is a linear map such that
inf{||Tz| : ||z|| = 1} > 0, does it follow that 7" is injective?

(d) Let X and Y be normed linear spaces. Suppose 7' € B(X,Y') is open and injective.
Does it follow that T is invertible?

(e) Is the identity map I : (¢*,] - [|1) — (¢}, - ||oo) & closed map?

2. Show that every infinite-dimensional separable normed linear space contains a countable

linearly independent dense subset.

3. Let X be a separable Banach space. Prove that there exists a closed subspace M of ¢!
such that X is isomorphic to ¢*/M.

4. Prove that an infinite-dimensional Banach space X cannot be expressed as the countable

union of compact subsets of X.
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10.

11.

12.

13.

14.

15.

Let f € C*®(R) be such that for each ¢ € R, there exists n;, € N satisfying f")(¢) = 0.
Show that there exist an interval (a,b) and polynomial p(x) such that f(t) = p(¢) for
all t € (a,b).

Let X, Y be normed linear spaces and let 7: X — Y and S : X — Y be linear maps.
Let 29 € X and r > 0 such that Tz = Sz for all x € B,(zy). Show that "= S.

Let X, Y be normed linear spaces and let T': X — Y be linear such that {Tz : = €
X, ||z|]| < 1} is an open set in Y. If G is an open set in X, then show that T'(G) is an
open set in Y.

Let X and Y be normed linear spaces, and let T': X — Y be a linear map. Show that
the following statements are equivalent.

(a) T is bounded.
(b) For every Cauchy sequence (z,) in X, (T'z,) is a Cauchy sequence in Y.
(¢) For every nonempty bounded open subset G of X, T'(G) is a bounded subset of Y.

Let X, Y be normed linear spaces and let 7' : X — Y be a linear map. If T(G) is
bounded in Y for some nonempty open subset G of X, show that T is continuous.

Let X, Y be normed linear spaces and let 7' : X — Y be a linear map such that
{z € X :||Tz| < 1}° # 0. Show that T is continuous.

Let X, Y be normed linear spaces and let T': X — Y be linear. If T(K) is a bounded
set in Y for every compact set K in X, then show that T is continuous.

Let T}, : ¢* — (! be a sequence of linear transformations such that for each x = (x,,) € £},
we have T,,(x1, x2,...) = (Tpi1, Tnyo, . . .). Show that ||T,,(z)|| — 0 but ||7,] = 1.

For f € C'0,1], define its norm by || f|| = max {|| f|lcc, ||/} - Show that the linear
map T : (C*0, 1], |l.]|) — (C[0,1], ||-||s) given by T'(f) = f’ is continuous and ||T'|| = 1.

Let X,Y be normed linear spaces and let T : X — Y be a linear map. If for every

absolutely convergent series Z T, in X, Z Tx, is a convergent series in Y, then show
n=1 n=1
that T is bounded.

For 1 < p < o0, define a linear map on ¢?(N) by T'(x) = (Jcl, 2 ) . Find [|T|.
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Let X = (C[0,1],] - ||oo) - For f € C[0,1] define K(f)(t) = [ f(s)ds. Show that

O —

(a) K is one-to-one but not onto.

(b) For each n € N, the power of operator K satisfies ||K"| =

n!’

(c) Operator T'= I + K is invertible.

Let X = (C[0,7], | - ||) - For f € C[0,n] define T'(f)(z) = [y sin(z + y) f(y)dy. Find
I7°]-

Let T : (L'[0,1], ] - [1) — (C[0,1],] - ||sc) be the linear transformation defined by

xT

T(f)(x) = ({e*tzf(t)dt. Show that T satisfies the condition 5 < ||| < 1.

Let X be a Banach space. If the sequence T,, € B(X, X) converges to T such that 7!
exists and bounded in B(X, X). Then show that T is invertible.

Let X and Y be two Banach spaces and T': X — Y is a continuous linear bijection.
Then show that inf{||z|| : z € X, ||Tz| = 1} < ||T!|]. Does equality hold?

Let ¢ € L*(R). For 1 < p < 00, define an operator on LP(R™) by M,(f) = ¢f. Show
that ||My|| = |||l Is the conclusion still true for p = co?

Let M be a closed subspace of a normed linear space X. Show that the projection
m: X — X/M defined by 7(xz) =« + M is a continuous linear surjective open map
with ||7]| < 1. If M C X then ||« = 1.

Let X ={f € Cl[0,1]: f(0)=0} andM:{fGX: folf(t)dt:O}. Show that

(a) M is an infinite-dimensional closed subspace of X.
(b) There does not exist any f € X with || f||« = 1 such that dist(f, M) = 1.

Let X and Y be two Banach spaces and T' € B(X,Y). Show that the following are
equivalent:

(a) T is injective and has closed range.
(b) There is k > 0 such that ||z|| < k||T(z)|| for all z € X.

Let X and Y be two normed linear spaces and 7' : X — Y such that dim7(X) < oo
and ker T is closed. Then show that 7" is bounded.
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26.

27.

28.

29.

30.

31.

32.

33.

Suppose X can be made into a Banach space with respect to the norms || - [|; and || - [|o.
If there exists m > 0 such that ||z][; < m||z|z for all z € X. Then both norms are

equivalent.

Let X be a Banach space and Y be a normed linear space. Suppose T, € B(X,Y)
such that lim T}, (z) exists for each 2 € X. Write T'(x) = lim T},(x). Show that T is
bounded.

Let (a,) be a sequence of real numbers such that for each x = (x,,) € 2, the sequence
(anz,) belongs to (3(N). Define an operator T on % by T(x1, o, ...) = (a121, asTs, . . .) .
Show that 7" is bounded.

Let X and Y be two normed linear spaces and T,,,T € B(X,Y) such that 7,, — T.
Suppose x,, — x. Then show that T,,x, — Tx in Y.

Let X be a Banach space and let 7" € B(X) with ||T|| < 1. Then show that I — T is
invertible and (I —T)™! = § T" € B(X).
n=0

Let (7,) be a sequence of bounded linear operator on a Banach space X such that
|T,, — T|| — 0. If T,;! exists, Vn € Nand ||T,!| <1, then prove that T-! € B(X).

Let X and Y be two normed linear spaces and T € B(X,Y) sends each open subset in
X to an open subset in Y. Prove that T is onto.

Let T : (C'0,1],] - [Joo) = (C[0,1],] - [|o) be a linear transformation that defined by
Tf(s) = f'(s)+ [ f(t)dt. Show that the graph of T is closed but T" is not continuous.
0

Problem Set 3

Focus: Hahn—Banach extension, separation, duality, weak topologies, and reflexivity.

1.

State whether each assertion is true or false, giving a complete justification in each

case.

(a) If f((zn)) = % 2 for all (x,) € £}, then the linear functional f: (¢1,] - [2) — K
n=1

is continuous.

(b) If X is a normed linear space and f € X*, then {x € X : f(z) # 1} must be
dense in X.
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10.

11.

(c) Let X be a Banach space and f,, — 0 in the weak* topology of X*. Is it necessary
that f, is bounded in X*?

(d) Let M be a proper dense subspace of normed linear space X. Does it imply that
every continuous linear functional on M has a unique Hahn—-Banach extension to
X7?

(e) Suppose (x,) € £2. Does it imply the sequence (%) € 1?

Let f be a linear functional on a normed linear space X. Then f is bounded if and only
if ker f is closed.

Let X* denote the dual space of a normed linear space X. For x € X, show that
|z]| = sup{[f(z)[ : f€ X" and |f[| =1}

Let 1 < p < oo. Define a linear map 7' : P — (7 by T'(z1,x9,...) = (0,21, 29, ...). Find
the adjoint operator T of T.

Show that the linear map 7 : (C1[0,1],] - ||) — (C[0,1], || - ||) defined by (T'f)(t) = f'(t)
does not have a bounded adjoint.

Let X and Y be two normed linear spaces. Suppose T' € B(X,Y). Show that T™* €
B(Y*, X*) and [T = |[T.
Let 1 <p < oo and 1%—1— % = 1. For f € LP(R), prove that

171 = sup {| [ f@)g(@)da]: g € L(R) and gl = 1}.

Define a family of linear functionals f,, : ¢o(N) = C by f,(x) = £ 3}, x;. Show that

lim () =0 but || f,] = 1.

Let M = {(z1,79,...) € {' : 11 + 25 = 0}. Define a linear functional f on M by
f(xy,29,...) = 2x;. Find a norm preserving extension of f to /1.

Let M = {(z,y) € R?: 2z —3y = 0}. Define a linear functional f on M by f(x,y) = .
Find all possible Hahn-Banach extensions of f to (R?, || - [|2).

Let C' be an open subset of a normed linear space X and 0 € C. For x € X, define
p(x) =inf{t > 0: ¢ 'z € C}. Show that there exists M > 0 such that p(z) < M]||z|
for all z € X.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Let ¢o be the space of all sequences on C that converges to 0. Show that the dual of
(co, || * ||so) is isomorphic to (¢ ]| - ||1)

Let Y be a a proper dense subspace of a normed linear space X. Show that the identity
operator on Y cannot be extended as a continuous operator from Y to X.

Let M be a proper subspace of a normed linear space X. Suppose dist(z,, M) =9 >0
for some x, ¢ M. Prove that there exists f € X* such that ||f|| =1, f(z,) = 0 and
f(z) =0 for all € M. Does such f exist uniquely?

Let T : £2 — (2 be a linear map such that T'(xy,zs,...) = (22, z3,...). Find the adjoint
T* of T.

Let M = {(y1,v2,...) € *: 2y; —yo = 0} and z, = (1,%,%,...) . Find y, € M such
that dist(x,, M) = ||z — Yol|2-
Let {e1,e2,...,e,} be a linearly independent set in an infinite-dimensional normed

linear space X. For (ai,as,...,a,) € C", prove that there exists f € X* such that
f(ej) =a;, for j=1,2,....,n.

Suppose the sequence g, € L?[0,1] is defined by

%@%:{v% if0<t<1/n,

0 if 1/n<t<1.
Show that ||g,|l2 = 1 and g,, converges weakly to 0.

For f € L*[—m, 7], define a sequence (p,) of linear functionals by ¢,(f) =
o= 7. f(t)e~™dt. Show that [|¢,|| =1 and ¢, (f) — 0.

Let ¢o be the space of all sequences converging to zero. Show that (c¢p)* = ¢! and
(co)™ = £. Further, show that the map = — }{°z, is weakly continuous on ¢y but

not weak®™ continuous.

Let X and Y be two Banach spaces and 7,,,T € B(X,Y). If T,, — T weakly, show that
sup || 1] < 0.

1

Let X = (C[0,1], | - |lco) - Defineamap T : X — Cby T(f) = [tf(t)dt, forall f € X.
0

Find a vector f € X such that T'(f) = ||T.

117



MAS543: Functional Analysis9. The Spectral Theorem for Compact Self-Adjoint Operators

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Suppose X and Y be two Banach spaces and T : X — Y such that foT € X* for all
f € Y*. Show that T is continuous.

Let X and Y be two normed linear spaces. For T' € B(X,Y), define T* : Y* — X* by
T*(f) = foT, for all f € Y*. Show that

(a) kerT* = (ImT)".

(b) T is bijective then T* is bijective.

Let X and Y be two Banach spaces. Suppose S : X — Y and T": Y* — X* be linear
maps satisfying fo S =T(f) for all f € Y*. Show that S is continuous. (Hint: use the
closed graph theorem.)

Let X and Y be two Banach spaces and T' € B(X,Y’) be such that the range R(7) is
closed. Prove that R(T*) = (ker T)*, where M+ = {f € X*: f(z) =0, Vo € M}, for
M C X.

Let X be a reflexive Banach space and f € X*. Show that there exists x € B(0,1)
such that f(z) = | f]-

Let K be a closed bounded convex subset of a reflexive Banach space X. Prove that K
is weakly compact.

Suppose M is a subspace of a Banach space X. Then M+ is a weak*-closed subspace
of X*.

Let X be a normed linear space and let f € X* with f # 0. If xg € X and if a € K,

then show that d(xz¢,{z € X : f(z) = a}) = %

Let Y = {(z,y) € R? : 2z —y = 0} and let g(x,y) = z for all (z,y) € Y. Determine all
the Hahn-Banach extensions of g to (R?, | - ||2).

Let (x,) be a sequence in a Banach space X and let (f,) be a sequence in X*. Prove
the following:
(a) If x, = x € X, then (x,) is bounded and ||z|| < lim inf | ]|

(b) Tf f = f € X*, then (f,) is bounded and [|f]| < liminf | £,

Let X be a Banach space, let z € X and let f € X*. If (z,) is a sequence in X
such that x,, — x and if (f,,) is a sequence in X* such that f, AN f, then show that
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Problem Set 4

Focus: spectrum, compact operators, Hilbert spaces, adjoints, and the spectral theorem.

1. State whether each assertion is true or false, giving a complete justification in each

case.

(a) Every orthonormal set in a Hilbert space H must be closed in H.

(b) In any infinite-dimensional Hilbert space, there exists a convergent series which is
not absolutely convergent.

(c) If (x,) is a sequence in a Hilbert space H such that § |z,]|> < oo, then the series
n=1

o0

> x, must converge in H.
n=1

(d) If (u,) is an orthonormal sequence in a Hilbert space H and if x € H, then the

(o]
series Y. (z, up)u, must converge in H but not necessarily to x.

n=1

(e) If {u, : n € N} is a countably infinite orthonormal basis of a Hilbert space H and

o0
if x € H, then the series Y (x, u,)u, in H must be absolutely convergent.
n=1

(f) If, in a Hilbert space H, every weakly convergent sequence is norm convergent,
then H must be separable.

2. Let (X, (.,.)) be an inner product space. Prove the following generalized parallelogram
law.

n
Z €Tk

k=1

D

ep==+1

2 n
2
=2"> [l
k=1

3. Let w be a primitive nth root of unity and n > 2. Then Show that for z,y in an inner

product space X following holds.

1
(,5) = — Y wP o+ oy

4. Let X be an inner product space, let € X and let (x,) be a sequence in X such that
|zn|| = ||z|| and (z,,x) — (z,z). Show that x, — x in X.

5. Let X be an inner product space and (x,) and (y,) be sequences in B(0, 1) such that
15 (zn 4+ yn)|| = 1 as n — oco. Show that ||z, — yn|| — 0 as n — oco.

6. Let X be an inner product space and let y,z € X. If Tz = (z,y)z for all z € X, then
show that [T = [|y[[|[=]-
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7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

Consider Cg[0, 1] with the usual inner product. Let S = {p, : n=0,1,2,...}, where

pn(t) =t" for all t € [0,1] and for n =0, 1,2, .... Prove that the orthogonal complement

of S in Cg[0,1] is {0}.

Let M be a closed subspace of a Hilbert space H. If x € M and if (x,) is a sequence

in M, then show that z,, =  in H if and only if z, = x in M.

Using Riesz representation theorem, show that {(z,) € ¢? : i% ﬁxn = 0} is not a
n=1

closed subset of the Hilbert space £2.

Determine ||f|| for the linear functional f : (¢, |- |l2) — C, defined by f(z) =

n§1 ﬁ, for all x = (21, 29,...) € (2
Let {e, : n € N} be an orthonormal basis of a Hilbert space H. If f(z) = § 3 (T, en)
n=1

for all € H, then determine || f]|.

Let H be a Hilbert space and let (7;,) be a sequence in B(H, H) such that for each
xr,y € H, T}Lrgo(Tnx,y> exists. Show that sup{||7,] : n € N} < oc.

Let (X, || -]|) be a separable Hilbert space with an orthonormal basis {e,, : n € N}. If

|lz|lo = § > |(z, en)] for all z € X, then show that || - [|o is a norm on X which is not

equivalent to |- 1.

Let T : L?[0,1] — L?0,1] be a linear map which is defined by (T'f)(z) =
Define (T'f, g) = (f,T*g). Find the adjoint operator T* of T.

O —z

F(t)dt.

Let T be linear operator on a Hilbert space H such that (T'z,y) = (z, Ty). Show that

T is continuous.

Let H be a Hilbert space and let T : H — H be linear. If (T?z,z) > 0 and (Tx,z) =0
for all x € H, then show that T = 0.

If A is a subset of an inner product space such that A° # (), then show that A+ = {0}.

If A is a dense subset of an inner product space, then show that A+ = {0}.
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19.

20.

21.

22.

23.

24.

25.

26.

27.

Let {e, : n € N} be an orthonormal basis for a separable Hilbert space H. Define a
linear map T7': H — H by T'(e,) = anen, n=1,2,.... Show that T" is bounded if and
only if sequence {a,} is bounded.

Let T be a normal operator on a Hilbert space H. Show that ||T7?|| = ||T||*.

Let M be a closed subspace of a Hilbert space H and let x € H \ M. Prove that
d(z, M) = sup{|(z,y)| : y € M+, [ly|| < 1}.

Let {e,} be an orthonormal basis for a Hilbert space H and (a1, as,...) € £°. Define
a linear map T : H — H by T(x) = § (x,en)ane,. Prove that T is continuous and
n=1

17| = sup o).

Let ¢ be a bounded function on R. Define T': L?(R) — L*(R) by T'(f)(t) = @(t)f(t).
Show that T is a bounded operator. Find the adjoint operator 7™ of T.

Suppose T' is a bounded linear operator on a complex Hilbert space H such that
(Tx,x) =0, for all x € H. Show that T' = 0.

Let T be a bounded and self-adjoint operator on a Hilbert space H. Suppose there
exists k > 0 such that ||Tz|| > k||z||, for each x € H. Prove that the equation Tz =y
has a unique solution for each y € H.

Let £ = {e, : a € I} be an orthonormal basis of a Hilbert space H. For each z € H,
show that the set {ea € E: [{x,el)|* > (% — e‘”) ||:U||2} is a finite set for each fixed
n € N.

Let M be a proper closed subspace of a Hilbert space H. Define 7 : H — H/M by
n(z) = x 4+ M. Show that ||x|| = 1. Further, if there exists 0 # = € H such that
|7(x)]] = |||, then there exists a unique 0 # 2z € M such that ||z]|> = 2Re(z, 2).
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