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MA543: Functional Analysis

Introduction
Functional analysis studies linear phenomena in infinite-dimensional settings by combining
algebraic structure, metric or topological structure, and the action of linear operators.
The central principle running through these notes is that a carefully chosen notion of
size—typically a norm or inner product—turns qualitative questions about convergence,
approximation, extension, compactness, and solvability into precise structural statements.
From this point of view, completeness, duality, and spectral theory are not isolated topics;
they are successive manifestations of the same general program.

The manuscript is organized as a progressive introduction to that program. It begins
with normed spaces and the classical model examples ℓp, Lp, and spaces of continuous
functions, and then passes to Banach spaces, where completeness becomes the decisive
hypothesis behind the Baire category method and the three fundamental principles of
operator theory. The Hahn–Banach theorem is treated as the main extension mechanism
and as the starting point of duality. The later chapters develop weak and weak∗ topologies,
reflexivity, spectral theory, compact operators, Hilbert space geometry, and finally the
spectral theorem for compact self-adjoint operators. The ordering reflects both the internal
logic of the subject and the demands of a first serious course in functional analysis.

Standing conventions. Throughout, F denotes either R or C. For a normed space X,
its continuous dual is denoted by X∗. If T : X → Y is a bounded linear operator, then
∥T∥ denotes its operator norm. For a subset M of a normed space, M denotes norm
closure unless another topology is explicitly specified. In Hilbert-space chapters, inner
products are written in the standard bracket notation and all orthogonality statements
are understood with respect to that inner product.

Expository policy. These notes are written as a rigorous course manuscript rather than
as an encyclopedic reference. Proofs are presented in a form intended to be both fully
reliable and pedagogically useful: standard reductions are made explicit when they clarify
the mechanism of an argument, key examples are inserted near the relevant definitions,
and closely related results are grouped so that their logical dependence remains visible.
Where several proofs are possible, a single coherent route is chosen in order to preserve
continuity of method across chapters.

Syllabus alignment and reading strategy. The notes may be read linearly from
beginning to end, but they are also modular enough for use in a one-semester course. A
first reading should concentrate on the definitions, the classical examples, and the four
indispensable pillars of the subject: completeness, Baire category, Hahn–Banach extension,
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and bounded inverse phenomena. A second reading may then emphasize weak compactness,
reflexivity, adjoints, and spectral questions. The problem sets are designed to support
both readings by converting standard arguments into techniques the reader can reuse
independently.

Course roadmap (syllabus alignment). The material is organized to align with a
standard first graduate or advanced undergraduate syllabus in functional analysis:

• Normed spaces and classical examples: norms, metric/topology, completeness,
ℓp, Lp, C(K) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Chapter 1

• Banach spaces: closed subspaces, quotients, separability, Baire category Chapter 2
• Bounded linear operators: operator norm, extensions, and the three fundamental

principles (uniform boundedness, open mapping, closed graph) . . . . . . . . Chapter 3
• Hahn–Banach: extension, separation, annihilators; concrete dual identifications

Chapter 4
• Duality and weak topologies: weak/weak∗ convergence, Banach–Alaoglu, reflex-

ivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Chapter 5
• Spectral theory in Banach spaces: resolvent, spectrum, spectral radius

Chapter 6
• Compact operators: compactness, basic spectral structure . . . . . . . . . . Chapter 7
• Hilbert space theory: orthogonality, projections, Riesz representation, orthonormal

bases, adjoints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Chapter 8
• Spectral theorem: compact self-adjoint operators . . . . . . . . . . . . . . . . . . . Chapter 9

The Problem Sets at the end are designed to reinforce definitions and standard proof
techniques; they may be used either as homework assignments or as guided practice while
reading the chapters.
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Chapter 1

Normed Spaces and Fundamental
Examples
This chapter lays the foundational language of functional analysis by introducing seminorms,

norms, and the metric and topological structures they induce on vector spaces. Its main
purpose is to show how analytic geometry emerges from the interaction of algebraic structure
and quantitative control. The standard sequence spaces and function spaces are treated
systematically, with particular attention to the mechanisms that make them workable
examples rather than merely formal constructions. The continuity of vector addition, scalar
multiplication, and the norm is established in a unified manner, thereby placing normed
spaces within the broader framework of topological vector spaces. The chapter culminates
in Hölder’s and Minkowski’s inequalities, which provide the structural estimates underlying
the basic ℓp and Lp theories developed throughout the remainder of the course.

1.1 Topological motivation and seminorms
Functional analysis begins when linear structure is studied together with topology. Semi-
norms and norms provide the basic bridge between these two viewpoints, and they explain
how algebraic operations acquire continuity, convergence, and local geometric meaning.

We begin by placing normed spaces inside the broader framework of topological vector
spaces. A normed linear space combines the linear structure of a vector space with a
compatible notion of “size which induces a natural topology. Concretely, let X be a vector
space over F . The algebraic operations

(x, y) 7−→ x+ y (X ×X → X), (a, x) 7−→ ax (F ×X → X)

suggest studying topologies on X for which addition and scalar multiplication are con-
tinuous. A vector space equipped with such a topology is called a topological vector
space.
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In the normed setting, the topology is induced by a function p : X → [0,∞) satisfying
homogeneity and the triangle inequality. If one defines dist(x, y) = p(x−y), then translation
invariance and homogeneity are built into the geometry.

x1

x2

x

αx

0

Figure 1.1: Scalar multiplication: the vector αx lies on the ray generated by x.

Definition 1.1 (Seminorm and norm). A map p : X → [0,∞) is called a seminorm if,
for all x, y ∈ X and a ∈ F ,

p(ax) = |a| p(x), p(x+ y) ≤ p(x) + p(y), p(0) = 0.

A seminorm p is a norm if, in addition, p(x) = 0 implies x = 0. In this case (X, p) is a
normed linear space and ∥x∥ := p(x) denotes the norm of x.

The metric induced by a norm is given by d(x, y) = ∥x− y∥, and the induced topology
is the norm topology. Unless explicitly stated otherwise, all closures and convergences
below are taken with respect to the norm topology.

Proposition 1.2 (Continuity of the basic operations). Let (X, ∥·∥) be a normed linear
space. Then the maps

(x, y) 7−→ x+y (X×X → X), (a, x) 7−→ ax (F×X → X), x 7−→ ∥x∥ (X → R)

are continuous. In particular, every normed space is a topological vector space.

Proof. For addition, let (x, y), (x0, y0) ∈ X ×X. Then

∥(x+ y) − (x0 + y0)∥ ≤ ∥x− x0∥ + ∥y − y0∥,

4



MA543: Functional Analysis 1. Normed Spaces and Fundamental Examples

which establishes continuity. For scalar multiplication, let (a, x), (a0, x0) ∈ F ×X. Then

∥ax− a0x0∥ ≤ ∥ax− a0x∥ + ∥a0x− a0x0∥
= |a− a0| ∥x∥ + |a0| ∥x− x0∥.

If (a, x) → (a0, x0), then x → x0, so x remains bounded in a neighborhood of x0; hence
the right-hand side tends to 0. Finally, the reverse triangle inequality gives

∣∣∣∥x∥ − ∥y∥
∣∣∣ ≤ ∥x− y∥,

so the norm map is Lipschitz, hence continuous.

1.2 Minkowski’s inequality
The triangle inequality is the decisive structural property behind the definition of a norm.
In the present context, Minkowski’s inequality is precisely the statement that guarantees
stability of the spaces ℓp and Lp under addition and therefore allows these spaces to be
treated as genuine normed linear spaces.

We state first the discrete form, whose proof contains the essential mechanism and
whose integral counterpart follows by the same principle.

Theorem 1.3 (Minkowski’s inequality in ℓp). Let 1 ≤ p ≤ ∞ and let x = (xi)i≥1,
y = (yi)i≥1 ∈ ℓp. Then x+ y ∈ ℓp and

∥x+ y∥p ≤ ∥x∥p + ∥y∥p. (1.1)

Proof. For p = 1 the inequality follows from |xi + yi| ≤ |xi| + |yi| by summation. For
p = ∞ it follows from

∥x+ y∥∞ = sup
i

|xi + yi| ≤ sup
i

|xi| + sup
i

|yi| = ∥x∥∞ + ∥y∥∞.

Assume 1 < p < ∞ and let q be the conjugate exponent, i.e.,

1
p

+ 1
q

= 1. (1.2)

Using |xi + yi| ≤ |xi| + |yi| and the elementary identity

(|xi| + |yi|)p = (|xi| + |yi|)p−1|xi| + (|xi| + |yi|)p−1|yi|,
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we obtain
∞∑
i=1

|xi + yi|p ≤
∞∑
i=1

(|xi| + |yi|)p

=
∞∑
i=1

(|xi| + |yi|)p−1|xi| +
∞∑
i=1

(|xi| + |yi|)p−1|yi|. (1.3)

By Hölder’s inequality (with exponents p and q as in (1.2)),

∞∑
i=1

(|xi| + |yi|)p−1|xi| ≤
( ∞∑
i=1

(|xi| + |yi|)p
) p−1

p
( ∞∑
i=1

|xi|p
) 1

p

=
( ∞∑
i=1

(|xi| + |yi|)p
) p−1

p

∥x∥p, (1.4)

and similarly
∞∑
i=1

(|xi| + |yi|)p−1|yi| ≤
( ∞∑
i=1

(|xi| + |yi|)p
) p−1

p

∥y∥p. (1.5)

Let
A :=

∞∑
i=1

(|xi| + |yi|)p.

Combining (1.3), (1.4), and (1.5) gives

A ≤ A
p−1

p

(
∥x∥p + ∥y∥p

)
.

If A = 0, then the conclusion is immediate. Otherwise, dividing by A(p−1)/p yields

A1/p ≤ ∥x∥p + ∥y∥p.

Since |xi + yi| ≤ |xi| + |yi|, the last inequality implies (1.1).

Remark 1.4 (Equality case). Assume 1 < p < ∞ and x, y ̸= 0. Equality holds in (1.1) if
and only if there exists λ ≥ 0 such that

|xi| = λ|yi| for all i,

and xiyi ≥ 0 for all i (in the real case this reduces to xiyi ≥ 0).

Remark 1.5 (Normed-space consequence). In particular, (1.1) shows that (ℓp, ∥ · ∥p) is a
normed linear space for each 1 ≤ p ≤ ∞.
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1.3 Sequence spaces under the supremum norm
The supremum norm measures the largest coordinate of a sequence and therefore captures
uniform control rather than summability. The spaces ℓ∞, c, and c0 provide the first
important examples in which boundedness, convergence, and decay at infinity must be
carefully distinguished.

The space
ℓ∞ := {x = (xn)n≥1 : sup

n≥1
|xn| < ∞}

becomes a normed linear space when equipped with the supremum norm

∥x∥∞ := sup
n≥1

|xn|.

Two important subspaces are

c := {x = (xn) : xn converges}, c0 := {x = (xn) : xn → 0}.

Both are linear subspaces of ℓ∞, and c0 ⊂ c ⊂ ℓ∞.

Proposition 1.6. The following inclusions are strict:

ℓ1 ⊊ ℓ2 ⊊ c0 ⊊ c ⊊ ℓ∞.

Proof. If x ∈ ℓ1, then ∑∞
n=1 |xn| < ∞, hence xn → 0 and supn |xn| ≤ ∥x∥1. Therefore

x ∈ ℓ∞ and
∞∑
n=1

|xn|2 ≤
(

sup
n≥1

|xn|
) ∞∑
n=1

|xn| ≤ ∥x∥2
1,

so x ∈ ℓ2. Thus ℓ1 ⊂ ℓ2.

Next, if x ∈ ℓ2, then ∑ |xn|2 < ∞, so necessarily xn → 0; hence ℓ2 ⊂ c0. The sequence
(1/n)n≥1 belongs to c0 \ ℓ2, so the inclusion is strict.

The constant sequence 1 = (1, 1, 1, . . . ) belongs to c \ c0, while the bounded oscillatory
sequence ((−1)n)n≥1 belongs to ℓ∞ \ c. This establishes the remaining strict inclusions.

Proposition 1.7 (Comparison of the standard norms on F n). For x = (x1, . . . , xn) ∈ F n

one has
∥x∥∞ ≤ ∥x∥2 ≤ ∥x∥1 ≤ n∥x∥∞, ∥x∥2 ≤

√
n ∥x∥∞.

In particular, all standard norms on a finite-dimensional space are equivalent.
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Proof. The inequalities ∥x∥∞ ≤ ∥x∥2 ≤ ∥x∥1 are immediate from

max
i

|xi|2 ≤
n∑
i=1

|xi|2 ≤
( n∑
i=1

|xi|
)2
.

The estimate ∥x∥1 ≤ n∥x∥∞ follows from ∑n
i=1 |xi| ≤ ∑n

i=1 ∥x∥∞ = n∥x∥∞, and then
∥x∥2 ≤

√
n ∥x∥∞ follows by squaring.

1.4 Geometry of spheres in ℓp

Although all norms on a finite-dimensional space induce the same topology, they need
not encode the same geometry. Examining the unit balls for different values of p helps
build geometric intuition for convexity, extremal points, and the very different analytic
behaviour that the same underlying vector space may exhibit under different norms.

For 0 ≤ p ≤ ∞, consider (Rn, ∥ · ∥1), (Rn, ∥ · ∥2), (Rn, ∥ · ∥p), (Rn, ∥ · ∥∞).
The geometry of the unit ball varies significantly with p. In dimension two, the basic

shapes are illustrated in Figure 1.2.

x1

x2
p = ∞p = 1

p = 2

1 < p < ∞

Figure 1.2: Comparison of the unit balls in R2 for the norms ∥ · ∥1, ∥ · ∥2, and ∥ · ∥∞,
together with the intermediate geometry for 1 < p < ∞.

1.5 The space of finitely supported sequences c00

The space c00 consists of elementary sequences with only finitely many nonzero coordinates.
It plays the role of a tractable algebraic core inside the classical sequence spaces, and
its density explains why many arguments can first be carried out for finitely supported
sequences and then extended by approximation.

Let
c00 := {x = (xn)n≥1 : xn = 0 for all but finitely many n}.

8
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This is a linear subspace of every sequence space introduced above. In particular, it is a
subspace of ℓp for each 1 ≤ p < ∞ and of ℓ∞.

Definition 1.8 (Dense subset). Let (X, ∥ · ∥) be a normed space and let A ⊂ X. We
say that A is dense in X if for every x ∈ X and every ε > 0 there exists a ∈ A such that
∥x− a∥ < ε. Equivalently, A = X.

Proposition 1.9. For 1 ≤ p < ∞, the space c00 is dense in (ℓp, ∥ · ∥p).

Proof. Let x = (xn) ∈ ℓp and define the truncations

x(N) := (x1, . . . , xN , 0, 0, . . . ) ∈ c00.

Then
∥x− x(N)∥pp =

∑
n>N

|xn|p −−−→
N→∞

0,

so x(N) → x in ℓp.

Proposition 1.10. In (ℓ∞, ∥ · ∥∞) one has c00 = c0. In particular, c00 is not dense in ℓ∞.

Proof. If x = (xn) ∈ c0, then xn → 0. Given ε > 0, choose N such that |xn| < ε for all
n > N and let

x(N) := (x1, . . . , xN , 0, 0, . . . ) ∈ c00.

Then
∥x− x(N)∥∞ = sup

n>N
|xn| < ε,

so c0 ⊂ c00.

Conversely, c0 is closed in ℓ∞ (see Example 2.4), and since c00 ⊂ c0 it follows that c00 ⊂ c0.
Hence c00 = c0.

Remark 1.11 (Density versus openness). Because every proper linear subspace of a normed
space has empty interior, c00 is not open in either ℓp (1 ≤ p < ∞) or ℓ∞. Thus, in
infinite-dimensional spaces, density and openness are fundamentally different notions.

1.6 Basic function spaces
Spaces of functions furnish the most important examples in functional analysis. Even at
this preliminary stage, it is useful to compare different ways of measuring the size of a
function, since the resulting norm or seminorm determines which analytic features—uniform
behaviour, integrability, or mere boundedness—are being emphasized.

9
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Let [a, b] ⊂ R.
• C[a, b] denotes the space of continuous functions on [a, b], equipped with the supremum

norm
∥f∥∞ := sup

t∈[a,b]
|f(t)|.

• R[a, b] denotes the space of Riemann integrable functions on [a, b]. The quantity

∥f∥1 :=
∫ b

a
|f(t)| dt

satisfies the triangle inequality, but it is only a seminorm on R[a, b] (it may vanish for
nonzero functions).

• B[a, b] denotes the space of bounded functions on [a, b], equipped with ∥ · ∥∞.
Thus C[a, b] ⊂ R[a, b] ⊂ B[a, b].

1.7 Lebesgue spaces and the fundamental inequalities
Lebesgue spaces form one of the principal arenas of modern analysis. The inequalities
established here, especially Hölder’s and Minkowski’s inequalities, are the basic estimates
that make Lp spaces workable and prepare the ground for later results on completeness,
duality, and operator theory.

Let (Ω,M, µ) be a measure space. For 1 ≤ p < ∞ we define

Lp(Ω) :=
{
f measurable :

∫
Ω

|f |p dµ < ∞
}
/ ∼,

where f ∼ g if and only if f = g µ-a.e., and we set

∥f∥p :=
(∫

Ω
|f |p dµ

)1/p
.

For p = ∞, we set

L∞(Ω) := {f measurable : ess sup
Ω

|f | < ∞}/ ∼, ∥f∥∞ := ess sup
Ω

|f |.

Lemma 1.12. If f ∈ L1(Ω) and ∥f∥1 = 0, then f = 0 µ-a.e.

Proof. Let E = {x ∈ Ω : |f(x)| > 0} = ⋃
n≥1 En with En = {x : |f(x)| ≥ 1/n}. Then

µ(En) =
∫
En

1 dµ ≤ n
∫
En

|f | dµ ≤ n
∫

Ω
|f | dµ = 0,

10
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so µ(E) = 0.

Theorem 1.13 (Hölder’s inequality). Let 1 < p < ∞ and let q be the conjugate exponent,
1
p

+ 1
q

= 1. If f ∈ Lp(Ω) and g ∈ Lq(Ω), then fg ∈ L1(Ω) and

∥fg∥1 ≤ ∥f∥p ∥g∥q.

Proof. Young’s inequality ab ≤ ap

p
+ bq

q
for a, b ≥ 0 gives, after setting

a = |f |
∥f∥p

, b = |g|
∥g∥q

,

that
|fg|

∥f∥p∥g∥q
≤ 1
p

|f |p

∥f∥pp
+ 1
q

|g|q

∥g∥qq
.

Integrating over Ω yields
∥fg∥1

∥f∥p∥g∥q
≤ 1
p

+ 1
q

= 1.

Theorem 1.14 (Minkowski’s inequality). Let 1 ≤ p < ∞ and let f, g ∈ Lp(Ω). Then
f + g ∈ Lp(Ω) and

∥f + g∥p ≤ ∥f∥p + ∥g∥p.

Proof. The case p = 1 follows from
∫

|f + g| ≤
∫

|f | +
∫

|g|. Assume 1 < p < ∞ and let
q = p

p−1 . Then

∥f + g∥pp =
∫

|f + g| |f + g|p−1 ≤
∫

|f | |f + g|p−1 +
∫

|g| |f + g|p−1.

Applying Hölder’s inequality to each term gives

∥f + g∥pp ≤ (∥f∥p + ∥g∥p)
∥∥∥|f + g|p−1

∥∥∥
q
.

Since (p− 1)q = p, we have
∥∥∥|f + g|p−1

∥∥∥
q

= ∥f + g∥p−1
p , and dividing yields the claim.

A remark on inclusions between Lp spaces
On a finite measure space (Ω, µ) (for instance Ω = [0, 1] with Lebesgue measure), one has
the continuous inclusion

Lq(Ω) ↪→ Lp(Ω) (1 ≤ p ≤ q ≤ ∞),

11



MA543: Functional Analysis 1. Normed Spaces and Fundamental Examples

with the estimate ∥f∥p ≤ µ(Ω)
1
p

− 1
q ∥f∥q.

On Ω = R equipped with Lebesgue measure, no inclusion holds between L1(R) and
L2(R):
• f(x) = x−1/2 χ(0,1)(x) belongs to L1(R) but not to L2(R).
• g(x) = (1 + |x|)−1 belongs to L2(R) but not to L1(R) since

∫
R

|g(x)| dx = 2
∫ ∞

0

1
1 + x

dx = ∞.

Example 1.15 (A disjoint-translate construction). Let f(x) = x−1/2 χ(0,1)(x) and define
fn(x) = f(x− n+ 1), so that supp(fn) ⊂ (n− 1, n) are pairwise disjoint. Set

h(x) =
∞∑
n=1

2−nfn(x).

Then h ∈ L1(R) but h /∈ L2(R). Indeed,

∥h∥1 =
∞∑
n=1

2−n∥fn∥1 = ∥f∥1

∞∑
n=1

2−n < ∞,

while
∥h∥2

2 =
∞∑
n=1

2−2n∥fn∥2
2 =

∞∑
n=1

2−2n · ∞ = ∞,

since ∥f∥2 = ∞.

12
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Chapter 2

Banach Spaces and the Baire
Category Method
The organizing principle of this chapter is completeness and its far-reaching consequences.

After defining Banach spaces and establishing completeness for the standard examples, the
discussion turns to the structural permanence properties of completeness, including closed
subspaces, quotient spaces, and related constructions. The chapter then develops the Baire
category theorem in a form suited to functional analysis and shows how completeness yields
global information that is invisible at the level of pointwise arguments. This transition from
local control to global structure is one of the decisive themes of the subject, and it prepares
the ground for the major operator-theoretic principles proved in subsequent chapters.

2.1 Banach spaces
Completeness is the point at which a normed space becomes robust enough for limiting
procedures to behave properly. In practice, many of the deepest global theorems of
functional analysis depend not merely on linearity and continuity, but on the assurance
that Cauchy sequences genuinely converge inside the space under consideration.

The basic concept is formalized in the following definition.

Definition 2.1 (Completeness and Banach spaces). A normed linear space (X, ∥ · ∥) is
complete if every Cauchy sequence in X converges to a point of X. A complete normed
linear space is called a Banach space.

Proposition 2.2 (Closed subspaces of Banach spaces). If X is a Banach space and
M ⊂ X is a closed linear subspace, then M is a Banach space with the induced norm.

Proof. Let (xn) be a Cauchy sequence in M . Then (xn) is also a Cauchy sequence in X,
and since X is complete, there exists x ∈ X such that xn → x in X. Because M is closed
in X and each xn belongs to M , it follows that x ∈ M . Hence every Cauchy sequence in
M converges in M , and therefore M is complete.

13
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Example 2.3 (The scalar field). The space (R, | · |) is a Banach space because every
Cauchy sequence in R converges.

Example 2.4 (The space c0 is Banach). Let

c0 :=
{
x = (xn)n≥1 : xn → 0

}
⊂ ℓ∞, ∥x∥∞ := sup

n≥1
|xn|.

Then (c0, ∥ · ∥∞) is a Banach space.

Proof. It suffices to show that c0 is a closed subspace of the Banach space ℓ∞, and then
invoke Proposition 2.2.

Let x(k) ∈ c0 and assume x(k) → x in ℓ∞, i.e.,

∥x(k) − x∥∞ = sup
n≥1

|x(k)
n − xn| −−−→

k→∞
0. (2.1)

Fix ε > 0 and choose k0 such that supn |x(k0)
n − xn| < ε/2. Since x(k0) ∈ c0, there exists N

such that |x(k0)
n | < ε/2 for all n ≥ N . Hence, for every n ≥ N ,

|xn| ≤ |xn − x(k0)
n | + |x(k0)

n | < ε.

Thus xn → 0 as n → ∞, so x ∈ c0. Therefore c0 is closed in ℓ∞.

Example 2.5 (Continuous functions on a compact interval). Let C([a, b]) denote the
space of continuous functions on [a, b] equipped with the supremum norm

∥f∥∞ := sup
t∈[a,b]

|f(t)|.

Then (C([a, b]), ∥ · ∥∞) is a Banach space.

Proof. Let (fn) be Cauchy in (C([a, b]), ∥ · ∥∞). Then, for every ε > 0 there exists N such
that

∥fm − fn∥∞ < ε for all m,n ≥ N. (2.2)

Fix t ∈ [a, b]. From (2.2) we obtain

|fm(t) − fn(t)| ≤ ∥fm − fn∥∞ < ε for all m,n ≥ N.

Thus (fn(t)) is a Cauchy sequence in R, and hence convergent. Define f(t) := limn→∞ fn(t).

14
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Letting n → ∞ in (2.2) (for fixed m ≥ N) gives

|fm(t) − f(t)| ≤ ε for all t ∈ [a, b] and all m ≥ N,

which implies ∥fm − f∥∞ ≤ ε for all m ≥ N . Hence fn → f uniformly on [a, b]. Since a
uniform limit of continuous functions is continuous, f ∈ C([a, b]), so C([a, b]) is complete.

Example 2.6 (An incomplete norm on continuous functions). Equip C([0, 1]) with the
norm

∥f∥1 :=
∫ 1

0
|f(t)| dt.

Then (C([0, 1]), ∥ · ∥1) is not complete.

Proof. For n ∈ N define fn ∈ C([0, 1]) by

fn(t) :=


nt, 0 ≤ t < 1

n
,

1, 1
n

≤ t ≤ 1.
(2.3)

If m > n, then a direct computation gives

∥fn − fm∥1 = 1
2

( 1
n

− 1
m

)
. (2.4)

Therefore (fn) is Cauchy in (C([0, 1]), ∥ · ∥1).

Let f := 1(0,1] (with the convention f(0) = 0). Then f ∈ L1([0, 1]) but f /∈ C([0, 1]), and

∥fn − f∥1 =
∫ 1/n

0
(1 − nt) dt = 1

2n −−−→
n→∞

0. (2.5)

Thus (fn) converges in L1([0, 1]) to a function f which is not continuous, showing that
(C([0, 1]), ∥ · ∥1) is not complete.

Proposition 2.7 (Inclusion on finite measure spaces). Let (Ω, µ) be a measure space with
µ(Ω) < ∞, and let 1 ≤ p ≤ q ≤ ∞. Then Lq(Ω) ⊂ Lp(Ω) and

∥f∥p ≤ µ(Ω)
1
p

− 1
q ∥f∥q, f ∈ Lq(Ω), (2.6)

where we interpret 1
q

= 0 when q = ∞.

15
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t

f(t)

1
n

1
m

1
fn

fm

f = 1(0,1]

Figure 2.1: The functions fn and fm from (2.3) (here m > n), together with their
pointwise limit f = 1(0,1].

Proof. First assume that q < ∞ and let r := q
p

≥ 1, so that the conjugate exponent
satisfies 1

r
+ 1

r′ = 1. Writing |f |p = |f |p · 1 and applying Hölder’s inequality gives

∫
Ω

|f |p dµ ≤
( ∫

Ω
|f |pr dµ

)1/r( ∫
Ω

1r′
dµ
)1/r′

= ∥f∥pq µ(Ω)1− p
q .

Taking pth roots yields (2.6). The case q = ∞ follows similarly from
∫

Ω |f |p ≤ ∥f∥p∞ µ(Ω).

Theorem 2.8 (Completeness of Lp(R)). Let 1 ≤ p < ∞. Then Lp(R) is a Banach
space. Moreover, if fn → f in Lp(R), then there exists a subsequence (fnk

) such that
fnk

(x) → f(x) for almost every x ∈ R.

Proof. Let (fn) be a Cauchy sequence in Lp(R). Choose a subsequence (fnk
) such that

∥fnk+1 − fnk
∥p ≤ 2−k for all k ≥ 1. (2.7)

Define
g(x) := |fn1(x)| +

∞∑
k=1

|fnk+1(x) − fnk
(x)|, x ∈ R. (2.8)

Let gK(x) := |fn1(x)| +∑K
k=1 |fnk+1(x) − fnk

(x)|. Then gK ↑ g pointwise. By Minkowski’s
inequality and (2.7),

∥gK∥p ≤ ∥fn1∥p +
K∑
k=1

∥fnk+1 − fnk
∥p ≤ ∥fn1∥p + 1. (2.9)

Applying Fatou’s lemma to gpK ↑ gp and using (2.9) gives g ∈ Lp(R).

16
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Now consider the partial sums

sK := fn1 +
K∑
k=1

(fnk+1 − fnk
) = fnK+1 . (2.10)

By (2.8), the series ∑k≥1(fnk+1 − fnk
)(x) is absolutely convergent for almost every x

(because g(x) < ∞ a.e.). Therefore sK(x) = fnK+1(x) converges pointwise a.e. to some
measurable function f .

Finally, we show fnk
→ f in Lp(R). From (2.8) and (2.10) we have, for each K,

|fnK+1(x) − f(x)| ≤
∞∑

k=K+1
|fnk+1(x) − fnk

(x)| ≤ g(x) a.e.

Moreover, |fnK+1 − f |p → 0 pointwise a.e. as K → ∞. Since gp ∈ L1(R), the dominated
convergence theorem yields

∥fnK+1 − f∥pp =
∫
R

|fnK+1 − f |p −−−→
K→∞

0.

Thus fnk
→ f in Lp(R). As (fn) was Cauchy, it follows that the whole sequence fn → f

in Lp(R).

The subsequence assertion is proved by applying the construction above to the convergent
sequence (fn): we can choose (fnk

) satisfying (2.7), which then converges pointwise a.e. to
f by the argument following (2.10).

2.2 Functions vanishing at infinity
The space C0(R) is a natural substitute for continuous functions on a compact interval
when the domain is noncompact. It retains the analytic convenience of the supremum
norm while encoding the decay condition that many problems on unbounded domains
require.

A function f : R → R is said to vanish at infinity if

lim
|x|→∞

f(x) = 0.

If f is continuous and vanishes at infinity, then f is bounded: choose R > 0 such that
|f(x)| < 1 for all |x| > R, and note that f is bounded on the compact interval [−R,R] by
continuity. Hence f is bounded on R.

17
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Let
C0(R) = {f : R → R | f continuous and lim

|x|→∞
f(x) = 0}.

Then (C0(R), ∥ · ∥∞) is a complete normed space, where

∥f∥∞ = sup
x∈R

|f(x)|.

If (fn) is a Cauchy sequence in
(
C0(R), ∥ · ∥∞

)
, then for each fixed x ∈ R the sequence

(fn(x)) is Cauchy in R, hence convergent. Define

f(x) := lim
n→∞

fn(x).

Moreover, the Cauchy property in the sup norm implies uniform convergence: given
ε > 0, choose n0 such that ∥fn − fm∥∞ < ε for all n,m ≥ n0, and let m → ∞ to obtain
∥fn − f∥∞ ≤ ε for all n ≥ n0. Thus fn → f uniformly on R, and in particular f is
continuous.

Finally, we show that f vanishes at infinity. Fix ε > 0 and choose n0 as above so that
∥f − fn0∥∞ ≤ ε. Since fn0 ∈ C0(R), there exists R > 0 such that |fn0(x)| ≤ ε whenever
|x| ≥ R. For such x,

|f(x)| ≤ |f(x) − fn0(x)| + |fn0(x)| ≤ 2ε.

Since ε > 0 was arbitrary, lim|x|→∞ f(x) = 0, i.e. f ∈ C0(R). Hence (C0(R), ∥ · ∥∞) is
complete.

2.3 The space L∞(E)
In measure-theoretic analysis one often needs a notion of boundedness that ignores ex-
ceptional null sets. The space L∞(E) captures exactly this idea through the essential
supremum and therefore complements the scale of Lp spaces in a manner that is indis-
pensable for duality and interpolation arguments.

Let E ⊂ R be Lebesgue measurable. A measurable function f : E → F is said to be
essentially bounded if there exists M ≥ 0 such that

m
(
{x ∈ E : |f(x)| > M}

)
= 0.

18
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The smallest such bound is the essential supremum of |f |, denoted by

∥f∥∞ := ess sup
x∈E

|f(x)| = inf
{
M ≥ 0 : m

(
{x ∈ E : |f(x)| > M}

)
= 0

}
.

As in the case of Lp, functions are identified when they agree almost everywhere.

x

|f(x)|

M

|f | ≤ M a.e.

exceptional value

Figure 2.2: Essential boundedness ignores values attained only on a null set.

Remark 2.9 (Superlevel sets below the essential supremum). If 0 < α < ∥f∥∞, then the set
{x ∈ E : |f(x)| > α} has positive measure. Otherwise, α would already be an admissible
essential upper bound.

Proposition 2.10 (Comparison with Lp on finite measure sets). If m(E) < ∞ and
1 ≤ p < ∞, then L∞(E) ⊂ Lp(E) and

∥f∥p ≤ m(E)1/p∥f∥∞ (f ∈ L∞(E)).

Proof. Since |f(x)| ≤ ∥f∥∞ almost everywhere,∫
E

|f |p dx ≤ ∥f∥p∞ m(E),

and the claimed estimate follows on taking pth roots.

Theorem 2.11. For every measurable set E ⊂ R, the space L∞(E) is a Banach space.

Proof. Let (fn) be a Cauchy sequence in L∞(E). Choose a subsequence (fnk
) such that

∥fnk+1 − fnk
∥∞ ≤ 2−k (k ≥ 1).
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For each k let
Ak := {x ∈ E : |fnk+1(x) − fnk

(x)| > 2−k}.

Then m(Ak) = 0. Hence the exceptional set A := ⋃
k≥1 Ak also has measure zero, and for

every x ∈ E \ A we have

|fnk+1(x) − fnk
(x)| ≤ 2−k (k ≥ 1).

Therefore the series ∑k≥1(fnk+1(x)−fnk
(x)) converges absolutely for x ∈ E \A, so (fnk

(x))
converges pointwise there to a measurable function f .

Moreover, for m > k and x ∈ E \ A,

|fnm(x) − fnk
(x)| ≤

m−1∑
j=k

2−j ≤ 2−k+1.

Letting m → ∞ gives

|f(x) − fnk
(x)| ≤ 2−k+1 for a.e. x ∈ E.

Hence
∥f − fnk

∥∞ ≤ 2−k+1 −−−→
k→∞

0.

Since (fn) is Cauchy in norm and a subsequence converges to f , the entire sequence
converges to f in L∞(E). Thus L∞(E) is complete.

Proposition 2.12 (Limit of Lp-norms as p → ∞). Let E ⊂ R be measurable with
0 < m(E) < ∞, and let f ∈ L∞(E). Then

lim
p→∞

∥f∥p = ∥f∥∞.

Proof. The upper bound follows from the previous proposition:

∥f∥p ≤ m(E)1/p∥f∥∞,

so lim supp→∞ ∥f∥p ≤ ∥f∥∞.

Fix ε > 0 and consider the set

Gε := {x ∈ E : |f(x)| > ∥f∥∞ − ε}.
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By the defining property of the essential supremum, m(Gε) > 0. Therefore

∥f∥pp =
∫
E

|f |p dx ≥
∫
Gε

|f |p dx ≥ (∥f∥∞ − ε)pm(Gε).

Taking pth roots and letting p → ∞ yields

lim inf
p→∞

∥f∥p ≥ ∥f∥∞ − ε.

Since ε > 0 is arbitrary, the conclusion follows.

2.4 Characterization of Banach spaces
A useful way to test completeness is to ask whether every absolutely convergent series
converges in the space. This criterion is conceptually important because it translates the
metric notion of completeness into a statement about infinite linear combinations, thereby
linking topology and algebra in a very effective form.

In R or C, absolute convergence implies convergence. The same principle characterizes
completeness in a normed space.

Example 2.13 (A non-complete normed space). Let x(k) ∈ c00 be the sequence whose
kth coordinate is 1/k2 and all other coordinates are 0; thus

x(k) = (0, . . . , 0, 1
k2 , 0, . . . ).

Then ∞∑
k=1

∥x(k)∥∞ =
∞∑
k=1

1
k2 < ∞,

so the series is absolutely convergent with respect to ∥ · ∥∞. Its partial sums are

Sn =
n∑
k=1

x(k) = (1, 1
22 , . . . ,

1
n2 , 0, 0, . . . ),

and hence
Sn → (1, 1

22 ,
1
32 , . . . )

in ℓ∞. The limit belongs to c0 but not to c00. Therefore c00 is not complete in the
supremum norm, and

c00
∥·∥∞ = c0.

Theorem 2.14 (Series characterization of completeness). A normed linear space (X, ∥ · ∥)
is a Banach space if and only if every absolutely convergent series in X converges in X.
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Proof. First assume that X is complete, and let (xk) ⊂ X satisfy

∞∑
k=1

∥xk∥ < ∞. (2.11)

Define
yn :=

n∑
k=1

xk.

If m > n, then by the triangle inequality,

∥ym − yn∥ =
∥∥∥∥∥∥

m∑
k=n+1

xk

∥∥∥∥∥∥ ≤
m∑

k=n+1
∥xk∥ −−−−→

m,n→∞
0,

so (yn) is Cauchy. Since X is complete, yn → y ∈ X, and therefore ∑∞
k=1 xk = y.

Conversely, assume that every absolutely convergent series in X converges. Let (yn) be a
Cauchy sequence in X. Choose inductively integers

n1 < n2 < n3 < · · ·

such that
∥ynk+1 − ynk

∥ < 2−k (k ≥ 1).

Set
xk := ynk+1 − ynk

.

Then ∞∑
k=1

∥xk∥ ≤
∞∑
k=1

2−k < ∞,

so the series ∑∞
k=1 xk converges by hypothesis. Since its partial sums telescope,

N∑
k=1

xk = ynN+1 − yn1 ,

we conclude that (ynk
) converges in X. A Cauchy sequence with a convergent subsequence

must converge to the same limit; hence (yn) converges. Thus X is complete.

Definition 2.15 (Equivalent norms). Let ∥ · ∥1 and ∥ · ∥2 be two norms on a linear space
X. We say that they are equivalent if there exist constants α, β > 0 such that

α∥x∥2 ≤ ∥x∥1 ≤ β∥x∥2 (x ∈ X).

22



MA543: Functional Analysis 2. Banach Spaces and the Baire Category Method

Proposition 2.16 (All norms are equivalent in finite dimensions). Every two norms on a
finite-dimensional vector space are equivalent.

Proof. Let X be finite dimensional, and fix a basis e1, . . . , en. Identify X with F n via

(x1, . . . , xn) 7−→ x1e1 + · · · + xnen.

Let ∥ · ∥2 denote the Euclidean norm on F n, and let ∥ · ∥1 be any other norm on X.
Consider the map

Φ : F n → R, Φ(x1, . . . , xn) := ∥x1e1 + · · · + xnen∥1.

By the triangle inequality, Φ is continuous. On the Euclidean unit sphere

S := {x ∈ F n : ∥x∥2 = 1},

which is compact, Φ attains its minimum and maximum:

m := min
x∈S

Φ(x), M := max
x∈S

Φ(x).

Because Φ(x) = 0 only when x = 0, we have m > 0. If x ≠ 0, then x/∥x∥2 ∈ S, and
therefore

m ≤ Φ
(

x

∥x∥2

)
≤ M.

Multiplying by ∥x∥2 yields
m∥x∥2 ≤ ∥x∥1 ≤ M∥x∥2.

Thus the two norms are equivalent.

Remark 2.17 (Topological equivalence of norms). Equivalent norms generate the same
topology. Indeed, if

α∥x∥2 ≤ ∥x∥1 ≤ β∥x∥2,

then for every r > 0,

B
(2)
r/β(0) ⊂ B(1)

r (0) and B
(1)
r/α(0) ⊂ B(2)

r (0).

Hence a set is open for one norm if and only if it is open for the other.
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Remark 2.18 (Non-equivalent norms in infinite dimensions). In infinite-dimensional spaces,
norms need not be equivalent. For example, on C([0, 1]) the norms

∥f∥1 =
∫ 1

0
|f(t)| dt and ∥f∥∞ = sup

t∈[0,1]
|f(t)|

are not equivalent. We always have ∥f∥1 ≤ ∥f∥∞, but there is no constant B > 0 such
that

∥f∥∞ ≤ B∥f∥1 (f ∈ C([0, 1])).

Indeed, for fn(t) = tn we have ∥fn∥∞ = 1 while

∥fn∥1 =
∫ 1

0
tn dt = 1

n+ 1 −−−→
n→∞

0.

Thus no such B can exist.

Exercises. Show that ∥ · ∥1 and ∥ · ∥2 are not equivalent on L2([0, 1]), and likewise that
∥ · ∥1 and ∥ · ∥2 are not equivalent on L1([0, 1]).

2.5 Quotient spaces
Quotient spaces allow us to collapse a subspace to zero and thereby isolate the genuinely
new directions that remain. They appear naturally whenever one studies extensions,
annihilators, or solvability modulo constraints, and they provide one of the standard
mechanisms for passing from local information to global structure.

Let X be a normed space and let M ⊂ X be a linear subspace. Define an equivalence
relation on X by

x ∼ y ⇐⇒ x− y ∈ M.

The equivalence class of x is the coset x+M = {x+m : m ∈ M}, and the set of all cosets
is the quotient space

X/M := {x+M : x ∈ X}.

It is a linear space with (x+M) + (y +M) = (x+ y) +M and λ(x+M) = (λx) +M .

The quotient norm. For x ∈ X define

∥x+M∥X/M := dist(x,M) := inf
m∈M

∥x−m∥.

This quantity depends only on the coset x+M and is always a seminorm on X/M . If, in
addition, M is closed, then ∥ · ∥X/M is a norm.
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M

x+M

xdist(x,M)

Figure 2.3: Geometric interpretation of the quotient norm: the norm of the coset
x + M is the distance from x to the subspace M .

Proposition 2.19. Let X be a normed space and let M ⊂ X be a closed subspace. Then

∥x+M∥X/M := inf
m∈M

∥x−m∥

defines a norm on X/M .

Proof. We verify the norm axioms.

Well-definedness. Suppose x+M = y +M . Then y = x+m0 for some m0 ∈ M . Hence

inf
m∈M

∥y −m∥ = inf
m∈M

∥x− (m−m0)∥ = inf
m∈M

∥x−m∥,

because m 7→ m−m0 is a bijection of M onto itself.

Homogeneity. For λ ∈ F and λ ̸= 0,

∥λ(x+M)∥X/M = inf
m∈M

∥λx−m∥ = inf
m∈M

∥λx−λm∥ = |λ| inf
m∈M

∥x−m∥ = |λ| ∥x+M∥X/M .

The case λ = 0 is immediate.

Triangle inequality. Given ε > 0, choose m1,m2 ∈ M such that

∥x−m1∥ < ∥x+M∥X/M + ε, ∥y −m2∥ < ∥y +M∥X/M + ε.
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Then m1 +m2 ∈ M and therefore

∥(x+ y) +M∥X/M ≤ ∥(x+ y) − (m1 +m2)∥
≤ ∥x−m1∥ + ∥y −m2∥
< ∥x+M∥X/M + ∥y +M∥X/M + 2ε.

Since ε > 0 is arbitrary, the triangle inequality follows.

Definiteness. If ∥x+M∥X/M = 0, then there exists a sequence (mn) ⊂ M with ∥x−mn∥ →
0. Hence mn → x. Because M is closed, x ∈ M , so x + M = M , the zero vector of
X/M .

Remark 2.20 (The quotient map). The quotient map

q : X → X/M, q(x) = x+M,

is linear, continuous, and surjective. Moreover,

∥q(x)∥X/M = dist(x,M) ≤ ∥x∥,

so ∥q∥ ≤ 1.

Example 2.21 (A one-dimensional quotient). Let X = C([0, 1]) with the supremum
norm, and let

M := {f ∈ C([0, 1]) : f(0) = 0}.

Then M is a closed subspace of X, and X/M is naturally isometrically isomorphic to F .

Proof. Define
Φ : X/M → F, Φ(f +M) = f(0).

This is well defined: if f + M = g + M , then f − g ∈ M , so (f − g)(0) = 0, whence
f(0) = g(0). The map is linear, injective, and surjective. Finally,

∥f +M∥X/M = inf{∥h∥∞ : h ∈ C([0, 1]), h(0) = f(0)}.

Every such h satisfies ∥h∥∞ ≥ |h(0)| = |f(0)|, while the constant function h ≡ f(0) attains
this bound. Therefore

∥f +M∥X/M = |f(0)| = |Φ(f +M)|,

so Φ is an isometric isomorphism.
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Example 2.22 (The quotient ℓ∞/c0). For x = (xn) ∈ ℓ∞, let x̃ = x+ c0 ∈ ℓ∞/c0. Then

∥x̃∥ = lim sup
n→∞

|xn|.

Proof. Set L := lim supn→∞ |xn|. If y = (yn) ∈ c0, then yn → 0, so

lim sup
n→∞

|xn − yn| = lim sup
n→∞

|xn| = L.

Since the supremum norm dominates the limsup,

∥x− y∥∞ ≥ L (y ∈ c0),

and hence ∥x̃∥ ≥ L.

Conversely, fix ε > 0. By the definition of limsup, there exists N such that |xn| ≤ L+ ε

for all n ≥ N . Define

yn :=

xn, n < N,

0, n ≥ N.

Then y ∈ c0, and |(x− y)n| ≤ L+ ε for all n. Therefore

∥x− y∥∞ ≤ L+ ε.

Taking the infimum over y ∈ c0 and then letting ε ↓ 0 gives ∥x̃∥ ≤ L.

Example 2.23 (The quotient c/c0). If x = (xn) ∈ c and xn → ℓ, then for the coset
x̃ = x+ c0 ∈ c/c0 we have

∥x̃∥ = |ℓ|.

In particular, the map

Ψ : c/c0 → F, Ψ(x+ c0) = lim
n→∞

xn,

is an isometric isomorphism.

Proof. Since xn → ℓ, the sequence x− ℓ1 belongs to c0, where 1 = (1, 1, . . . ). Hence

x̃ = ℓ1 + c0.
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Applying the previous example to the bounded sequence ℓ1 yields

∥x̃∥ = ∥ℓ1 + c0∥ = lim sup
n→∞

|ℓ| = |ℓ|.

It follows that Ψ is linear and norm-preserving, and therefore an isometric isomorphism
from c/c0 onto F .

Theorem 2.24. If M is a closed subspace of a Banach space X, then the quotient space
X/M is a Banach space.

Proof. By Theorem 2.14, it is enough to show that every absolutely convergent series in
X/M converges. Let (x̃n) ⊂ X/M satisfy

∞∑
n=1

∥x̃n∥ < ∞.

Choose representatives xn ∈ X of the cosets x̃n, and for each n pick mn ∈ M such that

∥xn −mn∥ ≤ ∥x̃n∥ + 2−n.

Then ∞∑
n=1

∥xn −mn∥ < ∞.

Since X is Banach, the series ∑∞
n=1(xn − mn) converges to some y ∈ X. Therefore, in

X/M ,
N∑
n=1

x̃n =
N∑
n=1

(xn +M) =
N∑
n=1

(xn −mn +M) −→ y +M.

Thus ∑∞
n=1 x̃n converges in X/M .

Theorem 2.25. Let M be a complete subspace of a normed space X. If X/M is complete,
then X is complete.

Proof. Again using Theorem 2.14, let (xn) ⊂ X satisfy

∞∑
n=1

∥xn∥ < ∞.

Write sN := ∑N
n=1 xn and let q : X → X/M be the quotient map. Since

∞∑
n=1

∥q(xn)∥ ≤
∞∑
n=1

∥xn∥ < ∞,
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the series ∑ q(xn) converges in X/M to some q(y). Hence

q(sN − y) → 0 (N → ∞).

For each N choose mN ∈ M such that

∥sN − y +mN∥ ≤ ∥q(sN − y)∥ + 2−N .

Then ∥sN − y +mN∥ → 0. For N > K we therefore have

∥mN −mK∥ ≤ ∥mN + y − sN∥ + ∥sN − sK∥ + ∥sK − y −mK∥

≤ ∥sN − y +mN∥ +
N∑

n=K+1
∥xn∥ + ∥sK − y +mK∥.

The right-hand side tends to 0 as K,N → ∞, so (mN) is Cauchy in M . Since M is
complete, mN → m ∈ M . Finally,

∥sN − (y −m)∥ ≤ ∥sN − y +mN∥ + ∥mN −m∥ −−−→
N→∞

0.

Thus ∑xn converges in X, and X is complete.

Example 2.26 (The space c is Banach). Since c/c0 ∼= F and c0 is Banach, Theorem 2.25
implies that c is Banach.

Proposition 2.27 (The quotient map is open). Let M be a closed subspace of a normed
space X, and let q : X → X/M be the quotient map. Then q is linear, continuous,
surjective, and open.

Proof. Continuity and surjectivity are clear. To prove openness, it suffices to show that
the image of every open ball is open. Let r > 0. Then

q(BX(0, r)) = {x+M ∈ X/M : ∥x+M∥X/M < r} = BX/M(0, r).

Indeed, if x ∈ BX(0, r), then ∥q(x)∥X/M ≤ ∥x∥ < r. Conversely, if ∥x+M∥X/M < r, then
by definition of the quotient norm there exists m ∈ M such that ∥x−m∥ < r, and hence

x+M = (x−m) +M = q(x−m) ∈ q(BX(0, r)).

By translation, q(BX(x0, r)) = BX/M(q(x0), r) for every x0 ∈ X, so q is open.
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Proposition 2.28 (First isomorphism theorem for normed spaces). Let X and Y be
normed spaces, and let T : X → Y be a bounded surjective linear map. Then the induced
map

T̃ : X/ kerT → Y, T̃ (x+ kerT ) = Tx,

is a well-defined bounded linear bijection. If, in addition, X and Y are Banach spaces,
then T̃ is an isomorphism of Banach spaces.

Proof. If x + kerT = y + kerT , then x − y ∈ kerT , so Tx = Ty; thus T̃ is well defined.
Linearity is immediate, surjectivity follows from surjectivity of T , and injectivity is clear
from the definition of the kernel.

If q : X → X/ kerT denotes the quotient map, then T = T̃ ◦ q. Hence, for x ∈ X,

∥T̃ (q(x))∥ = ∥Tx∥ ≤ ∥T∥ ∥x∥.

Taking the infimum over all representatives of the coset q(x) yields

∥T̃ (x+ kerT )∥ ≤ ∥T∥ ∥x+ kerT∥,

so T̃ is bounded. If X and Y are Banach, then X/ kerT is Banach by Theorem 2.24, and
the open mapping theorem implies that T̃−1 is also bounded.

Remark 2.29 (Riesz’s lemma as a substitute for nearest-point projection). In finite-
dimensional Euclidean geometry, a point outside a closed subspace admits a nearest
point in that subspace. In general normed spaces this need not be true. Riesz’s lemma
provides a useful substitute: although an exact nearest-point projection may fail to exist,
one can still find unit vectors that stay uniformly away from a given proper closed subspace.

Theorem 2.30 (Riesz lemma). Let M be a proper closed subspace of a normed linear
space X. Then for every 0 < t < 1, there exists a unit vector xt ∈ X such that

dist(xt,M) > t.

Proof. Choose u ∈ X \M and set

δ := inf
m∈M

∥u−m∥.
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Because M is closed and u /∈ M , we have δ > 0. Fix 0 < t < 1. Since δ < δ/t, the
definition of the infimum gives m0 ∈ M such that

δ ≤ ∥u−m0∥ <
δ

t
.

Define
xt := u−m0

∥u−m0∥
.

Then ∥xt∥ = 1. For any m ∈ M , the vector m0 + ∥u−m0∥m also belongs to M , and hence

∥xt −m∥ = 1
∥u−m0∥

∥∥∥u− (m0 + ∥u−m0∥m)
∥∥∥ ≥ δ

∥u−m0∥
> t.

Taking the infimum over m ∈ M proves the claim.

Remark 2.31 (Noncompactness of the unit ball in infinite dimensions). A standard con-
sequence of Riesz’s lemma is that the closed unit ball of an infinite-dimensional normed
space cannot be compact. Indeed, one can recursively choose unit vectors (xn) such that

dist
(
xn, span{x1, . . . , xn−1}

)
>

1
2 (n ≥ 2),

which implies ∥xn − xm∥ > 1
2 for n ̸= m. Thus (xn) has no convergent subsequence.

Theorem 2.32. The closed unit ball of a normed linear space X is compact if and only
if X is finite dimensional.

Proof. First assume that the closed unit ball

B(0) = {x ∈ X : ∥x∥ ≤ 1}

is compact. Suppose, toward a contradiction, that X is infinite-dimensional. Choose
x1 ∈ X with ∥x1∥ = 1, and recursively define

Mn := span{x1, . . . , xn}.

Since each Mn is a proper finite-dimensional subspace, Riesz’s lemma yields a unit vector
xn+1 ∈ X such that

dist(xn+1,Mn) > 1
2 .

In particular, for m < n we have xm ∈ Mn−1, so

∥xn − xm∥ > 1
2 .
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Thus (xn) ⊂ B(0) has no convergent subsequence, contradicting compactness. Hence X
must be finite dimensional.

Conversely, assume that dimX = n < ∞. Choose a basis e1, . . . , en of X, and define the
coordinate map

T : X → F n, T
( n∑
i=1

xiei

)
= (x1, . . . , xn).

Then T is a linear bijection. By Proposition 2.16, both T and T−1 are continuous, so T
is a homeomorphism. The set T (B(0)) is closed and bounded in F n, hence compact by
Heine–Borel. Therefore B(0) = T−1(T (B(0))) is compact.

2.6 Separable normed and Banach spaces
Separability is a fundamental smallness condition in analysis. A countable dense set
permits approximation by discrete data, makes diagonal arguments possible, and often
allows general theorems to be reduced to constructions on countable families.

Separability is a basic “size” invariant for metric spaces.

Definition 2.33 (Separable space). A normed space (X, ∥ · ∥) is separable if it contains a
countable dense subset.

Example 2.34 (Finite-dimensional spaces are separable). The set Q is countable and
dense in R. More generally, Qn is countable and dense in Rn, so every finite-dimensional
normed space is separable.

Proposition 2.35. For 1 ≤ p < ∞, the space (ℓp, ∥ · ∥p) is separable.

Proof. By Proposition 1.9, the subspace c00 is dense in ℓp. Let D ⊂ c00 denote the set of
finitely supported sequences whose coordinates belong to Q in the real case, and to Q+ iQ
in the complex case. Then D is countable. Since every element of c00 has finite support,
its nonzero coordinates may be approximated arbitrarily well by rational (respectively,
Gaussian rational) numbers, so D is dense in c00, and therefore dense in ℓp.

Proposition 2.36. (c0, ∥ · ∥∞) is separable.

Proof. By Proposition 1.10, we have c00 = c0 in ℓ∞. Let D ⊂ c00 be the set of finitely
supported sequences whose coordinates are rational in the real case, and belong to Q + iQ
in the complex case. Then D is countable and dense in c00, hence dense in c0.

Proposition 2.37. (C([0, 1]), ∥ · ∥∞) is separable.
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Proof. By the Weierstrass approximation theorem, the polynomials are dense in C([0, 1])
with respect to the supremum norm. Let D be the set of polynomials whose coefficients
lie in Q in the real case, and in Q + iQ in the complex case. Then D is countable. Since
the coefficients of any fixed polynomial may be approximated arbitrarily well by rational
(respectively, Gaussian rational) numbers, D is dense in the set of all polynomials, and
therefore dense in C([0, 1]). Hence C([0, 1]) is separable.

Proposition 2.38. (ℓ∞, ∥ · ∥∞) is not separable.

Proof. Let
S = {x = (xn) ∈ ℓ∞ : xn ∈ {0, 1}}.

Then S is uncountable. Moreover, if x ̸= y in S, then ∥x − y∥∞ = 1, so the open balls
{B(x, 1

2) : x ∈ S} are pairwise disjoint.

If A ⊂ ℓ∞ were countable and dense, then every ball B(x, 1
2) would meet A, which is

impossible because the balls are disjoint while A is countable.

x

y

z

disjoint balls B(·, 1
2) in (ℓ∞, ∥ · ∥∞)

Figure 2.4: A schematic picture of pairwise disjoint balls used in the non-separability
of ℓ∞.

Example 2.39 (Exercises on separability). (i) Show that c00
∥·∥∞ = c0 and deduce

that (c0, ∥ · ∥∞) is separable.
(ii) Show that (C([0, 1]), ∥ · ∥∞) is separable (use Weierstrass approximation and poly-

nomials with rational coefficients).
(iii) Show that Lp([0, 1]) is separable for 1 ≤ p < ∞, but L∞([0, 1]) is not separable

(hint: consider ft = χ[0,t] for t ∈ (0, 1)).

Proposition 2.40. Let M be a closed subspace of a normed space X. Then X is separable
if and only if both M and the quotient space X/M are separable.

Proof. First assume that X is separable. Any subspace of a separable metric space is
separable, hence M is separable. Moreover, the quotient map π : X → X/M , π(x) = x+M ,
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is continuous and onto, so π(X) = X/M is separable as the continuous image of a separable
space.

Conversely, assume that M and X/M are separable. Let {mj}j∈N ⊂ M be dense in M ,
and let {xn +M}n∈N ⊂ X/M be dense in X/M , where we choose representatives xn ∈ X.
Consider the countable set

E := {xn +mj : n, j ∈ N} ⊂ X.

We now show that E = X. Fix x ∈ X and ε > 0. Choose n such that

∥ (x+M) − (xn +M) ∥X/M < ε/2,

i.e. dist(x− xn,M) < ε/2. Then there exists m ∈ M with ∥x− xn −m∥ < ε/2. Choose j
with ∥m−mj∥ < ε/2. Hence,

∥x− (xn +mj)∥ ≤ ∥x− xn −m∥ + ∥m−mj∥ < ε.

Thus E is dense, and X is separable.

Dense subspaces of Lp(R)
Density questions are central in analysis because they allow one to pass from simple model
functions to arbitrary elements of a Banach space by approximation. For Lp(R), the
most useful dense classes are the simple functions, the step functions, and the compactly
supported continuous functions.

Proposition 2.41 (Density of simple functions). For 1 ≤ p < ∞, the set of simple
functions with finite-measure support is dense in Lp(R).

Proof. Let f ∈ Lp(R). By the standard approximation theorem for measurable functions,
there exists a sequence of simple measurable functions (φn) such that φn → f pointwise
almost everywhere and |φn| ≤ |f | almost everywhere for every n. Then

|f − φn|p ≤ 2p|f |p ∈ L1(R),

so the dominated convergence theorem yields

∥f − φn∥pp =
∫
R

|f − φn|p dx −−−→
n→∞

0.

Replacing each φn by φnχ[−n,n] if necessary, we may moreover assume that the support
has finite measure.
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Theorem 2.42 (Density of Cc(R) in Lp(R)). For 1 ≤ p < ∞, the space Cc(R) of compactly
supported continuous functions is dense in Lp(R).

Proof. Fix f ∈ Lp(R) and ε > 0. By the preceding proposition, choose a simple function

ψ =
m∑
j=1

ajχEj

with measurable sets Ej of finite measure such that ∥f − ψ∥p < ε/2.

By regularity of Lebesgue measure, for each j there exist a compact set Kj and an open
set Oj such that

Kj ⊂ Ej ⊂ Oj and m(Oj \Kj) <
(

ε

2mmax{1, |aj|}

)p
.

By Urysohn’s lemma on R, there exists gj ∈ Cc(R) such that 0 ≤ gj ≤ 1, gj = 1 on Kj,
and gj = 0 on Oc

j . Then |χEj
− gj| ≤ 1 and the difference vanishes outside Oj \Kj, so

∥χEj
− gj∥pp ≤ m(Oj \Kj).

Set
g :=

m∑
j=1

ajgj ∈ Cc(R).

Then
∥ψ − g∥p ≤

m∑
j=1

|aj| ∥χEj
− gj∥p <

ε

2 .

Hence
∥f − g∥p ≤ ∥f − ψ∥p + ∥ψ − g∥p < ε,

which proves the density of Cc(R).

Corollary 2.43 (Separability of Lp(R)). For 1 ≤ p < ∞, the space Lp(R) is separable.

Proof. By the preceding theorem, it is enough to approximate elements of Cc(R). Every
function in Cc(R) can be approximated uniformly on its compact support by piecewise
linear functions whose breakpoints are rational and whose values at those breakpoints are
rational (or belong to Q + iQ in the complex case). The collection of all such functions is
countable. Since uniform approximation on a fixed compact support implies convergence
in Lp(R), this countable family is dense in Lp(R). Hence Lp(R) is separable.

35



MA543: Functional Analysis 2. Banach Spaces and the Baire Category Method

Remark 2.44 (A bounded-interval analogue). On a bounded interval [a, b], the same
argument shows that the Riemann integrable functions are dense in Lp([a, b]) for 1 ≤ p < ∞.
By contrast, Cc(R) is not dense in L∞(R) with respect to the essential-supremum norm.

Proposition 2.45 (Closure of Cc(R) in C0(R)). The closure of Cc(R) in (C0(R), ∥ · ∥∞)
is all of C0(R). In particular, C0(R) is separable.

Proof. Let f ∈ C0(R) and fix ε > 0. Since f vanishes at infinity, there exists R > 0 such
that |f(x)| < ε whenever |x| ≥ R. Choose η ∈ Cc(R) with 0 ≤ η ≤ 1 and η(x) = 1 for
|x| ≤ R. Then h := ηf ∈ Cc(R) and

|f(x) − h(x)| = |1 − η(x)| |f(x)| ≤ ε (x ∈ R),

so ∥f − h∥∞ ≤ ε. Hence Cc(R)∥·∥∞ = C0(R). Since Cc(R) itself contains a countable
sup-norm dense subset given by rational piecewise linear compactly supported functions,
C0(R) is separable.

We conclude this section with two standard remarks that will be useful later.

Banach–Mazur theorem. Every separable Banach space X is linearly isometric to a
subspace of C([0, 1]). A proof may be found, for example, in Fabian, p. 240, Theorem 5.8.
We shall return to this result when discussing the weak∗ topology.

Schauder basis. Let (X, ∥ · ∥) be a normed space. A sequence (en)n≥1 in X is called a
Schauder basis if every x ∈ X admits a unique expansion

x =
∞∑
i=1

aiei,

where the series converges in norm, that is,
∥∥∥∥∥
k∑
i=1

aiei − x

∥∥∥∥∥ → 0 as k → ∞.

In finite-dimensional spaces, Schauder bases coincide with Hamel bases. In contrast, for
(c0, ∥ · ∥∞), the canonical unit vectors form a Schauder basis but not a Hamel basis; indeed,
every Hamel basis of c0 is uncountable.

Theorem 2.46. If a normed space (X, ∥ · ∥) has a Schauder basis, then (X, ∥ · ∥) is
separable.
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Proof. Let (ej)j≥1 be a Schauder basis for X. Consider the set

D :=


m∑
j=1

qjej : m ∈ N, qj ∈ Q


in the real case, and the analogous set with qj ∈ Q + iQ in the complex case. Since it is a
countable union of countable sets, D is countable.

We now show that D is dense in X. Fix x ∈ X and ε > 0. Since (ej) is a Schauder basis,
there exist scalars (aj) such that

x =
∞∑
j=1

ajej,

and the partial sums converge to x. Hence there exists m such that∥∥∥∥∥∥x−
m∑
j=1

ajej

∥∥∥∥∥∥ < ε

2 .

Choose rational numbers q1, . . . , qm (or elements of Q + iQ in the complex case) so close
to a1, . . . , am that ∥∥∥∥∥∥

m∑
j=1

(aj − qj)ej

∥∥∥∥∥∥ < ε

2 .

Then ∥∥∥∥∥∥x−
m∑
j=1

qjej

∥∥∥∥∥∥ ≤

∥∥∥∥∥∥x−
m∑
j=1

ajej

∥∥∥∥∥∥+
∥∥∥∥∥∥
m∑
j=1

(aj − qj)ej

∥∥∥∥∥∥ < ε.

Thus D is countable and dense in X, so X is separable.

2.7 Baire category theorem
The Baire category theorem is the first major structural consequence of completeness and
lies behind several of the cornerstone results of operator theory. Its force comes from the
principle that a complete metric space cannot be exhausted by countably many sets that
are topologically negligible.

The Baire category theorem is one of the first genuinely global consequences of com-
pleteness. Informally, it says that a complete metric space cannot be assembled from
countably many “small” pieces. In particular, an infinite-dimensional Banach space cannot
behave like a countable-dimensional algebraic object.

Definition 2.47 (Nowhere dense, meager, and second category). Let X be a topological
space.
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(i) A set A ⊂ X is called nowhere dense if int(A) = ∅.
(ii) A set M ⊂ X is called meager (or of first category) if it can be written as a countable

union of nowhere dense sets.
(iii) A set is said to be of second category if it is not meager.

Example 2.48 (Standard meager and nowhere dense sets). The set Z is nowhere dense
in R. The rational numbers Q are meager in R because

Q =
∞⋃
n=1

1
n
Z,

and each set n−1Z is nowhere dense. The Cantor set is another standard example of a
nowhere dense set: it is closed, uncountable, and has empty interior.

Theorem 2.49 (Baire category theorem, Version I). Let X be a complete metric space.
Then every countable union of nowhere dense subsets of X has empty interior. Equivalently,
X cannot be written as a countable union of nowhere dense sets.

Proof. Let X = ⋃∞
n=1 An, where each An is nowhere dense. To prove that the union has

empty interior, fix a nonempty open set W ⊂ X and show that W ̸⊂ ⋃∞
n=1 An.

Replacing An by An if necessary, we may assume that each An is closed and has empty
interior. Since A1 has empty interior and W is nonempty open, the set W \A1 is nonempty
and open. Hence we may choose a closed ball

B1 = Bγ1(x1) ⊂ W \ A1, γ1 < 1.

Assume inductively that closed balls Bj = Bγj
(xj) have been chosen for 1 ≤ j ≤ n so that

Bj ⊂ Bj−1 \ Aj, γj < 2−j (j ≥ 2),

with B0 := W . Because An+1 has empty interior, the open set Bn \ An+1 is nonempty.
Therefore we may choose a closed ball

Bn+1 = Bγn+1(xn+1) ⊂ Bn \ An+1, γn+1 < 2−(n+1).

Thus the balls are nested: Bn+1 ⊂ Bn for every n.

If m > n, then xm, xn ∈ Bn, so

∥xm − xn∥ ≤ 2γn < 21−n.
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x1
B1 = B(x1, γ1)x2

B2 = B(x2, γ2)

Figure 2.5: The nested-ball construction in the proof of the Baire category theorem.

Therefore (xn) is a Cauchy sequence. Since X is complete, there exists x ∈ X such that
xn → x. Because all but finitely many terms of the sequence lie in each Bn and Bn is
closed, we have

x ∈
∞⋂
n=1

Bn.

In particular, x ∈ W , and since Bn ⊂ X \ An for every n, we also have x /∈ An for all n.
Thus

x ∈ W \
∞⋃
n=1

An.

Since every nonempty open set W contains a point outside ⋃∞
n=1 An, the union has empty

interior.

Corollary 2.50. Let X be a Banach space. If X = ⋃∞
n=1 An, then there exists n0 ∈ N

such that int(An0) ̸= ∅.

Proof. If every An had empty interior, then each An would be nowhere dense. This
would imply that X = ⋃∞

n=1 An is a countable union of nowhere dense sets, contradicting
Theorem 2.49. Therefore An has nonempty interior for at least one index n.

Theorem 2.51 (Baire category theorem, Version II). Let X be a complete metric space.
Then every countable intersection of dense open subsets of X is dense.

Proof. Let (Vn)n≥1 be dense open subsets of X. To prove density of ⋂∞
n=1 Vn, fix a nonempty

open set W ⊂ X and show that

W ∩
∞⋂
n=1

Vn ̸= ∅.
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Since V1 is dense and open, W ∩ V1 is nonempty and open. Choose a closed ball

B1 = Bγ1(x1) ⊂ W ∩ V1, γ1 < 1.

Assume inductively that closed balls Bj = Bγj
(xj) have been chosen for 1 ≤ j ≤ n so that

Bj ⊂ Bj−1 ∩ Vj, γj < 2−j (j ≥ 2),

with B0 := W . Because Vn+1 is dense and open, the set Bn ∩ Vn+1 is again nonempty and
open. Hence we may choose a closed ball

Bn+1 = Bγn+1(xn+1) ⊂ Bn ∩ Vn+1, γn+1 < 2−(n+1).

As in the proof of Theorem 2.49, the centers (xn) form a Cauchy sequence. Let x = lim xn.
Then x ∈ Bn ⊂ Vn ∩W for every n, and therefore

x ∈ W ∩
∞⋂
n=1

Vn.

Since every nonempty open set W meets the intersection, that intersection is dense in
X.

Proposition 2.52 (Infinite-dimensional Banach spaces have no countable Hamel basis).
Let X be an infinite-dimensional Banach space. Then X does not admit a countable Hamel
basis.

Proof. Suppose that X had a countable Hamel basis (en)n≥1. For each n ∈ N let

Fn := span{e1, . . . , en}.

Then each Fn is finite-dimensional, hence closed. Because X is infinite-dimensional, every
Fn is a proper subspace of X; therefore Fn has empty interior. Indeed, if a proper linear
subspace contained a nonempty open ball, translation and scaling would show that it
equals all of X.

Since (en) is a Hamel basis, every vector of X belongs to some Fn, so

X =
∞⋃
n=1

Fn.

This expresses the Banach spaceX as a countable union of nowhere dense sets, contradicting
Theorem 2.49.
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Remark 2.53 (On the Hamel dimension of ℓp). For 1 ≤ p < ∞, the space ℓp is infinite-
dimensional and separable, so Proposition 2.52 shows that every Hamel basis of ℓp is
uncountable. A sharper result, proved later using Hahn–Banach arguments, is that every
Hamel basis of an infinite-dimensional Banach space has cardinality at least c. Since ℓp

itself has cardinality c, it follows that the Hamel dimension of ℓp is exactly c.

Exercise 2.54 (Interior and closure identities). Let A ⊆ X be a subset of a topological
space X. Prove that

(i) (X \ A)◦ = X \ A;
(ii) X \ A = X \ A◦.

Example 2.55 (Deriving Version II from Version I). Let (Vn)n≥1 be dense open subsets
of a complete metric space X, and set

An := X \ Vn.

By part (ii) of the preceding exercise, An = X \V ◦
n = X \Vn, because Vn is open. Since Vn

is also dense, we have int(An) = ∅, so each An is nowhere dense. Applying Theorem 2.49
to the complement of ⋂∞

n=1 Vn yields Theorem 2.51.

Example 2.56 (A smooth function that is locally a polynomial). Let f ∈ C∞(R) and
suppose that for each t ∈ R there exists nt ∈ N such that f (nt)(t) = 0. Then f agrees with
a polynomial on some nonempty open interval.

Proof. For each m ∈ N let

Em := {x ∈ R : f (m)(x) = 0}.

Each Em is closed, and the hypothesis gives R = ⋃∞
m=1 Em. By Theorem 2.49, some Em0

has nonempty interior. Hence there exists a nonempty open interval (a, b) such that

f (m0)(t) = 0 (t ∈ (a, b)).

Therefore f is a polynomial of degree at most m0 − 1 on (a, b).

Remark 2.57 (Failure of Version II without completeness). Enumerate Q = {q1, q2, . . . }
and define

Vn := Q \ {qn}.
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Each Vn is open and dense in Q (with the subspace topology inherited from R), yet

∞⋂
n=1

Vn = ∅.

This does not contradict Theorem 2.51, because Q is not complete.

Exercise 2.58 (A meager dense subspace). Show that Cc(R) is a dense meager subspace
of (C0(R), ∥·∥∞).
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Chapter 3

Bounded Linear Operators and the
Fundamental Principles
This chapter develops the basic analytic theory of bounded linear operators between

normed and Banach spaces. After introducing the operator norm and the natural modes
of convergence for operators, it establishes the extension and continuity results that allow
operator-theoretic arguments to be carried out efficiently. Its central achievement is the
proof of the three fundamental principles of functional analysis—the uniform boundedness
principle, the open mapping theorem, and the closed graph theorem—each of which reveals
a deep interaction between linear structure, continuity, and completeness. Together these
theorems form the principal technical engine of the subject and will be invoked repeatedly
in the chapters that follow.

3.1 Continuous linear transformations
In functional analysis the relevant morphisms are linear maps that respect the topology
induced by the norm. The present section shows that, for linear operators, continuity,
boundedness, and local control at the origin are equivalent viewpoints, a fact that makes
operator theory both flexible and computationally effective.

Let X and Y be normed linear spaces over F . For linear maps, continuity is completely
determined by the behaviour at the origin, and this in turn is equivalent to the existence
of a global linear bound.

Definition 3.1 (Bounded linear map). A linear map T : X → Y is said to be bounded if
there exists M ≥ 0 such that

∥Tx∥Y ≤ M∥x∥X (x ∈ X).

Proposition 3.2. For a linear map T : X → Y , the following are equivalent:
(i) T is continuous on X;

(ii) T is continuous at 0;
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(iii) T is bounded.

Proof. The implication (i)⇒(ii) is immediate. Assume (ii). Then there exists δ > 0 such
that

∥x∥X < δ =⇒ ∥Tx∥Y < 1.

If y ̸= 0, set x := δ
2∥y∥X

y. Then ∥x∥X = δ/2 < δ, so

∥∥∥∥∥T
(

δ

2∥y∥X
y

)∥∥∥∥∥
Y

< 1.

By linearity,
∥Ty∥Y <

2
δ

∥y∥X ,

so T is bounded. Finally, if T is bounded, say ∥Tx∥Y ≤ M∥x∥X , then xn → x implies

∥Txn − Tx∥Y = ∥T (xn − x)∥Y ≤ M∥xn − x∥X → 0.

Therefore (iii)⇒(i).

Definition 3.3 (Operator norm). If T ∈ B(X, Y ), its operator norm is

∥T∥ := inf{M ≥ 0 : ∥Tx∥Y ≤ M∥x∥X for all x ∈ X}.

Lemma 3.4. For T ∈ B(X, Y ),

∥T∥ = sup
x̸=0

∥Tx∥
∥x∥

= sup
∥x∥=1

∥Tx∥ = sup
∥x∥≤1

∥Tx∥.

Proof. Set
α := sup

x̸=0

∥Tx∥
∥x∥

.

Then ∥Tx∥ ≤ α∥x∥ for every x ̸= 0, and the same estimate holds for x = 0. Hence
∥T∥ ≤ α. Conversely, by definition of the operator norm,

∥Tx∥
∥x∥

≤ ∥T∥ (x ̸= 0),

so α ≤ ∥T∥. Thus α = ∥T∥.
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If ∥x∥ = 1, then ∥Tx∥ ≤ ∥T∥, hence sup∥x∥=1 ∥Tx∥ ≤ ∥T∥. On the other hand, for any
x ̸= 0, writing u = x/∥x∥ gives

∥Tx∥
∥x∥

= ∥Tu∥ ≤ sup
∥u∥=1

∥Tu∥.

Taking the supremum over x ≠ 0 yields ∥T∥ ≤ sup∥x∥=1 ∥Tx∥. The equality with
sup∥x∥≤1 ∥Tx∥ is immediate.

Proposition 3.5. If Y is a Banach space, then B(X, Y ) is a Banach space with respect
to the operator norm.

Proof. Let (Tn) be a Cauchy sequence in B(X, Y ). For each fixed x ∈ X,

∥Tnx− Tmx∥ ≤ ∥Tn − Tm∥ ∥x∥,

so (Tnx) is Cauchy in Y . Since Y is Banach, there exists Tx ∈ Y such that Tnx → Tx.
This defines a map T : X → Y . Since pointwise limits of linear maps are linear, T is
linear.

Since (Tn) is Cauchy in norm, it is bounded: choose M > 0 such that ∥Tn∥ ≤ M for all n.
Then

∥Tx∥ = lim
n→∞

∥Tnx∥ ≤ M∥x∥,

so T ∈ B(X, Y ). Finally, if ε > 0, choose N such that ∥Tn − Tm∥ < ε whenever m,n ≥ N .
For n ≥ N and ∥x∥ ≤ 1, letting m → ∞ gives

∥(Tn − T )x∥ = lim
m→∞

∥(Tn − Tm)x∥ ≤ ε.

Taking the supremum over the unit ball yields ∥Tn −T∥ ≤ ε for all n ≥ N . Hence Tn → T

in B(X, Y ).

Example 3.6 (A diagonal operator on ℓp). For 1 ≤ p ≤ ∞, define

T (x1, x2, x3, . . . ) =
(
x1,

x2

2 ,
x3

3 , . . . ,
xn
n
, . . .

)
.

Then T ∈ B(ℓp, ℓp) and ∥T∥ = 1.

Proof. For 1 ≤ p < ∞,

∥Tx∥pp =
∞∑
n=1

∣∣∣∣xnn
∣∣∣∣p ≤

∞∑
n=1

|xn|p = ∥x∥pp,
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and similarly ∥Tx∥∞ ≤ ∥x∥∞ when p = ∞. Thus ∥T∥ ≤ 1. Equality follows by evaluating
T at e1 = (1, 0, 0, . . . ).

Example 3.7 (The Volterra operator on continuous functions). Define T : C([0, 1]) →
C([0, 1]) by

(Tf)(x) =
∫ x

0
f(t) dt.

Then T ∈ B(C([0, 1]), C([0, 1])) and ∥T∥ = 1.

Proof. For x ∈ [0, 1],
|(Tf)(x)| ≤

∫ x

0
|f(t)| dt ≤ ∥f∥∞,

so ∥Tf∥∞ ≤ ∥f∥∞ and hence ∥T∥ ≤ 1. Taking f ≡ 1 gives (Tf)(x) = x, so ∥Tf∥∞ = 1 =
∥f∥∞.

Example 3.8 (Integral operators on function spaces). Let φ : [0, 1] × [0, 1] → C be
continuous, and define

(Tf)(x) =
∫ 1

0
φ(x, t)f(t) dt.

Then T defines a bounded operator on C([0, 1]), with

∥T∥ ≤ sup
x∈[0,1]

∫ 1

0
|φ(x, t)| dt.

Moreover, the same formula defines a bounded operator T : L2([0, 1]) → L2([0, 1]), and

∥T∥ ≤
(∫ 1

0

∫ 1

0
|φ(x, t)|2 dt dx

)1/2
.

Proof. For f ∈ C([0, 1]),

|(Tf)(x)| ≤ ∥f∥∞

∫ 1

0
|φ(x, t)| dt,

which gives the stated bound after taking the supremum in x.

For f ∈ L2([0, 1]), the Cauchy–Schwarz inequality gives

|(Tf)(x)| ≤
(∫ 1

0
|φ(x, t)|2 dt

)1/2
∥f∥2.

Squaring and integrating in x yields the L2 estimate.
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Example 3.9 (Cesàro averaging operator). Let BC([0,∞)) denote the space of bounded
continuous functions on [0,∞), equipped with the supremum norm. Define

(Tf)(t) =


1
t

∫ t
0 f(s) ds, t > 0,

f(0), t = 0.

Then T ∈ B(BC([0,∞)), BC([0,∞))) and ∥T∥ = 1.

Proof. For t > 0,
|(Tf)(t)| ≤ 1

t

∫ t

0
|f(s)| ds ≤ ∥f∥∞,

and the same bound holds at t = 0. Hence ∥Tf∥∞ ≤ ∥f∥∞. Continuity at t = 0 follows
from

lim
t↓0

1
t

∫ t

0
f(s) ds = f(0),

by continuity of f . Equality ∥T∥ = 1 follows from T1 = 1.

Example 3.10 (Differentiation). The differentiation operator need not be bounded unless
the domain is equipped with a stronger norm.

(i) The map D : C1([0, 1]) → C([0, 1]), Df = f ′, is bounded when C1([0, 1]) is endowed
with the norm

∥f∥C1 := ∥f∥∞ + ∥f ′∥∞.

In fact, ∥Df∥∞ ≤ ∥f∥C1 , so ∥D∥ ≤ 1, and equality holds.
(ii) If one instead regards differentiation as a map from (C1([0, 1]), ∥·∥∞) to (C([0, 1]), ∥·

∥∞), then it is unbounded. Indeed, for fn(t) = tn we have ∥fn∥∞ = 1 but ∥f ′
n∥∞ =

n → ∞.

3.2 Extension of uniformly continuous functions
Density is useful only when data prescribed on a dense subset determine a unique object
on the ambient space. Uniform continuity is exactly the hypothesis that allows such data
to pass to limits unambiguously, and the resulting extension principle will serve as the
model for extending bounded linear operators from dense subspaces.

A uniformly continuous function defined on a dense subset extends uniquely to the
closure of that subset. This serves as the prototype for several extension principles used
later.
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Proposition 3.11. Let A be a dense subset of a metric space (M,d), and let f : A → R
be uniformly continuous. Then there exists a unique uniformly continuous extension
f̂ : A → R such that f̂ |A = f .

Proof. Fix x ∈ A. Choose a sequence (xn) ⊂ A with xn → x. Since (xn) is Cauchy and f
is uniformly continuous, (f(xn)) is Cauchy in R, hence convergent. Define

f̂(x) := lim
n→∞

f(xn).

A standard argument shows that this value does not depend on the approximating sequence,
so f̂ is well defined.

To prove uniform continuity, let ε > 0, and choose δ > 0 such that

d(u, v) < δ =⇒ |f(u) − f(v)| < ε (u, v ∈ A).

Take x, y ∈ A with d(x, y) < δ/3, and choose sequences xn, yn ∈ A converging to x and y,
respectively. For large n we have d(xn, x) < δ/3 and d(yn, y) < δ/3, hence d(xn, yn) < δ.
Therefore |f(xn) − f(yn)| < ε, and letting n → ∞ yields

|f̂(x) − f̂(y)| ≤ ε.

Thus f̂ is uniformly continuous.

Uniqueness follows because any two continuous extensions agreeing on the dense set A
must agree on A.

3.3 Extension theorem
Many operators are first defined on a simple dense subspace, where formulas can be
checked directly. The extension theorem explains when such preliminary definitions extend
uniquely and continuously to the whole space, and it is therefore one of the basic tools for
constructing operators in analysis.

The precise extension statement is the following.

Theorem 3.12 (Extension from a dense subspace). Let M be a dense subspace of a
normed space X, and let Y be a Banach space. If T : M → Y is bounded and linear, then
there exists a unique bounded linear extension T̂ : X → Y such that

T̂ |M = T and ∥T̂∥ = ∥T∥.
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Proof. For x ∈ X, choose a sequence (xn) ⊂ M with xn → x. Since T is bounded,

∥Txn − Txm∥ ≤ ∥T∥ ∥xn − xm∥,

so (Txn) is Cauchy in Y . As Y is Banach, (Txn) converges. Define

T̂ (x) := lim
n→∞

Txn.

The limit is independent of the approximating sequence, so T̂ is well defined. Linearity
follows from linearity of limits.

Moreover,
∥T̂ (x)∥ = lim

n→∞
∥Txn∥ ≤ ∥T∥ lim

n→∞
∥xn∥ = ∥T∥ ∥x∥,

so T̂ is bounded and ∥T̂∥ ≤ ∥T∥. Since T̂ extends T , we also have ∥T∥ ≤ ∥T̂∥. Hence
∥T̂∥ = ∥T∥. Uniqueness follows from continuity and density of M .

Example 3.13 (Finite-dimensional domains). Every linear map from a finite-dimensional
normed space X into a normed space Y is bounded.

Proof. Choose a basis e1, . . . , en of X. For x = ∑n
j=1 ajej,

∥Tx∥ ≤
n∑
j=1

|aj| ∥Tej∥.

Since all norms on X are equivalent, there exists C > 0 such that ∑n
j=1 |aj| ≤ C∥x∥.

Therefore
∥Tx∥ ≤ C

(
max
1≤j≤n

∥Tej∥
)

∥x∥,

which proves boundedness.

3.4 Open mapping theorem
A surjective bounded operator between Banach spaces carries a large amount of hidden
quantitative information. The open mapping theorem reveals that surjectivity is not
merely algebraic: once completeness is available, images of open sets remain open, and
this principle quickly leads to strong inverse and closed-graph results.

The next result is one of the fundamental consequences of completeness in operator
theory. It is false without linearity: there exist continuous surjections between Banach
spaces that do not send open sets to open sets.
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Theorem 3.14 (Open mapping theorem). Let X and Y be Banach spaces and let
T ∈ B(X, Y ) be surjective. Then T is an open map: for every open set U ⊂ X, the image
T (U) is open in Y .

Proof. It suffices to prove that T (BX(0, 1)) contains a ball centered at 0; once this is
established, scaling and translation yield openness for arbitrary open sets.

Since T is surjective,

Y =
∞⋃
n=1

T
(
BX(0, n)

)
=

∞⋃
n=1

nT
(
BX(0, 1)

)
.

Set E := T (BX(0, 1)). Then Y = ⋃
n≥1 nE. Each nE is closed, so by the Baire category

theorem there exist n0 ∈ N and y0 ∈ Y and r > 0 such that

BY (y0, r) ⊂ n0E.

By translation invariance of balls,

BY (0, r) ⊂ n0E − n0E ⊂ n0T (BX) − n0T (BX) ⊂ T (BX(0, 2n0)).

After rescaling X (replace BX(0, 1) by BX(0, 2n0)), we may assume that

BY (0, 1) ⊂ T (BX(0, 1)). (3.1)

Claim. Under (3.1), one has BY (0, 1
2) ⊂ T (BX(0, 1)).

Fix y ∈ Y with ∥y∥ < 1
2 . To ensure that the eventual preimage lies in the open unit ball,

we use the following scaled consequence of (3.1): for each k ≥ 1,

BY (0, 2−k) ⊂ T
(
BX(0, 2−k)

)
. (3.2)

Indeed, multiplying (3.1) by 2−k gives 2−kBY (0, 1) = BY (0, 2−k) ⊂ 2−kT (BX(0, 1)) =
T
(
2−kBX(0, 1)

)
.

Define the residuals r0 := y and, having chosen x1, . . . , xk, set rk := y − T (x1 + · · · + xk).
Since ∥y∥ < 2−1, by (3.2) with k = 1 we can choose x1 ∈ BX(0, 2−1) so that ∥r0 − Tx1∥ <
2−2, hence ∥r1∥ < 2−2. Inductively, if ∥rk−1∥ < 2−k, then rk−1 ∈ BY (0, 2−k), and (3.2)
yields an element xk ∈ BX(0, 2−k) with ∥rk−1 − Txk∥ < 2−(k+1), so that ∥rk∥ < 2−(k+1).
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Now the series ∑k≥1 xk converges in X because ∑k≥1∥xk∥ <
∑
k≥1 2−k = 1. Let x :=∑

k≥1 xk; then ∥x∥ < 1, and

∥y − T (x1 + · · · + xn)∥ = ∥rn∥ −→ 0 (n → ∞),

so Tx = y by continuity of T . Hence y ∈ T (BX(0, 1)), proving the claim.

Returning to the original scaling, we conclude that T (BX(0, 1)) contains an open ball
centered at 0, and hence T is open.

3.5 Inverse mapping theorem
A bijective bounded operator need not, a priori, have a bounded inverse, since the inverse is
initially defined only at the algebraic level. The inverse mapping theorem shows that in the
Banach setting algebraic invertibility automatically upgrades to topological invertibility.

It is most natural to formulate the result as an immediate consequence of the open
mapping theorem.

Corollary 3.15 (Inverse mapping theorem). Let X and Y be Banach spaces and let
T ∈ B(X, Y ) be bijective. Then T−1 : Y → X is bounded.

Proof. By Theorem 3.14, T is an open map. Hence T (BX(0, 1)) contains a ball BY (0, r)
for some r > 0. If y ∈ Y and y ̸= 0, write y = ∥y∥ y

∥y∥ and note that r
∥y∥y ∈ BY (0, r), so

r
∥y∥y = Tx for some x with ∥x∥ ≤ 1. Therefore

∥T−1y∥ = ∥∥y∥
r
x∥ ≤ 1

r
∥y∥.

Thus ∥T−1∥ ≤ 1/r.

3.6 Closed graph theorem
Continuity of a linear operator can be difficult to verify directly from its formula, especially
when the operator is defined implicitly. The closed graph theorem provides a powerful
criterion: it is enough to know that convergence of inputs and outputs is compatible with
the graph of the operator.

The theorem below replaces direct norm estimates by a geometric condition on the
graph.
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Theorem 3.16 (Closed graph theorem). Let X and Y be Banach spaces and let T : X →
Y be linear. Then T is bounded if and only if its graph

G(T ) = {(x, Tx) : x ∈ X} ⊂ X × Y

is closed (with respect to the product norm ∥(x, y)∥ := ∥x∥ + ∥y∥).

Proof. If T is bounded and (xn, Txn) → (x, y) in X × Y , then xn → x and Txn → y. By
continuity of T , we also have Txn → Tx, hence y = Tx. Therefore (x, y) ∈ G(T ), so the
graph is closed.

Conversely, assume that G(T ) is closed. Since X × Y is Banach, G(T ) is Banach as a
closed subspace. Consider the projection

P : G(T ) → X, P (x, Tx) = x.

This map is linear, bijective, and bounded because

∥P (x, Tx)∥ = ∥x∥ ≤ ∥x∥ + ∥Tx∥ = ∥(x, Tx)∥.

By the inverse mapping theorem, P−1 : X → G(T ) is bounded. Therefore there exists
C > 0 such that

∥x∥ + ∥Tx∥ = ∥P−1x∥ ≤ C∥x∥ (x ∈ X).

Therefore ∥Tx∥ ≤ (C − 1)∥x∥, so T is bounded.

Remark 3.17 (Why completeness is needed). Completeness is essential in Theorems 3.14–
3.16. For instance, the identity map

I : (ℓ1, ∥·∥1) → (ℓ1, ∥·∥∞)

is bounded, but its inverse is not bounded, because the ℓ1 norm cannot be controlled by
the ℓ∞ norm on ℓ1.

Example 3.18 (Coordinatewise multiplication on ℓp). Let (an) be a scalar sequence with
the property that for every x = (xn) ∈ ℓp, the sequence (anxn) again belongs to ℓp. Define

T : ℓp → ℓp, T (xn) = (anxn).

Then T is bounded.
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Proof. We verify that the graph of T is closed. Suppose x(k) → x in ℓp and Tx(k) → y in
ℓp. Then for each coordinate n,

x(k)
n → xn and anx

(k)
n → yn.

Therefore yn = anxn for every n, so y = Tx. Therefore the graph of T is closed, and the
closed graph theorem implies that T is bounded.

Example 3.19 (Multiplication operators on L1(R)). If φ ∈ L∞(R) and T : L1(R) →
L1(R) is defined by

T (f) = φf,

then T is bounded and
∥T∥ = ∥φ∥∞.

Conversely, if φ is measurable and φf ∈ L1(R) for every f ∈ L1(R), then the same formula
defines a bounded operator on L1(R); in particular, necessarily φ ∈ L∞(R).

Proof. If φ ∈ L∞, then

∥T (f)∥1 =
∫
R

|φ(x)f(x)| dx ≤ ∥φ∥∞∥f∥1,

so ∥T∥ ≤ ∥φ∥∞. To obtain the reverse inequality, fix ε > 0 and consider

Eε := {x ∈ R : |φ(x)| > ∥φ∥∞ − ε}.

This set has positive measure. Choose a measurable subset F ⊂ Eε with 0 < m(F ) < ∞,
and set

fε := χF
m(F ) .

Then ∥fε∥1 = 1, and

∥Tfε∥1 = 1
m(F )

∫
F

|φ(x)| dx ≥ ∥φ∥∞ − ε.

Therefore ∥T∥ ≥ ∥φ∥∞ − ε, and letting ε ↓ 0 gives ∥T∥ = ∥φ∥∞.

For the converse, assume merely that φf ∈ L1(R) for every f ∈ L1(R). Define T (f) = φf .
If fn → f in L1 and Tfn → g in L1, then by passing to a subsequence we may assume
that fn(x) → f(x) and Tfn(x) → g(x) almost everywhere. Thus g(x) = φ(x)f(x) almost
everywhere, so the graph of T is closed. By the closed graph theorem, T is bounded.
Applying the first part now shows that necessarily φ ∈ L∞(R) and ∥T∥ = ∥φ∥∞.
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Remark 3.20 (The general Lp case). The same argument works on Lp(R) for every
1 ≤ p < ∞: whenever multiplication by a measurable function φ maps Lp(R) into itself,
the resulting operator is automatically bounded, and necessarily φ ∈ L∞(R).

3.6.1 Banach–Steinhaus theorem (uniform boundedness princi-
ple)

Pointwise estimates for a family of operators are often straightforward to obtain, whereas
a uniform operator-norm bound is typically much more delicate. The Banach–Steinhaus
theorem shows that completeness bridges this gap and converts pointwise boundedness
into a global statement on bounded subsets.

A family of continuous linear maps can be pointwise bounded without being uniformly
bounded on the whole unit ball if the underlying space is incomplete. Completeness is
precisely the ingredient that rules out this pathology.

Theorem 3.21 (Banach–Steinhaus theorem). Let X be a Banach space, let Y be a normed
space, and let {Ti : i ∈ I} ⊂ B(X, Y ). Define

E :=
{
x ∈ X : sup

i∈I
∥Tix∥ = ∞

}
.

Then exactly one of the following alternatives holds:
(i) supi∈I ∥Ti∥ < ∞;

(ii) E is a dense Gδ subset of X.

Proof. For each n ∈ N, let

En :=
{
x ∈ X : sup

i∈I
∥Tix∥ > n

}
.

Then
X \ En =

⋂
i∈I

{x ∈ X : ∥Tix∥ ≤ n},

which is closed because each Ti is continuous. Hence every En is open, and

E =
∞⋂
n=1

En.

First assume that each En is dense in X. By the Baire category theorem, E = ⋂
n≥1 En is

a dense Gδ set, so alternative (ii) holds.
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Now assume that some En is not dense. Then there exists a ball B(x0, r) such that

B(x0, r) ∩ En = ∅.

Equivalently,
sup
i∈I

∥Tix∥ ≤ n (x ∈ B(x0, r)).

If ∥x∥ < r, then x+ x0 ∈ B(x0, r), and therefore

∥Tix∥ ≤ ∥Ti(x+ x0)∥ + ∥Tix0∥ ≤ 2n (i ∈ I).

Now let y ∈ X be arbitrary, y ̸= 0, and set x = r
2∥y∥y. Then ∥x∥ = r/2 < r, so

∥∥∥∥∥Ti
(

r

2∥y∥
y

)∥∥∥∥∥ ≤ 2n.

Hence
∥Tiy∥ ≤ 4n

r
∥y∥ (i ∈ I),

which implies ∥Ti∥ ≤ 4n/r for all i ∈ I. Thus alternative (i) holds.

Corollary 3.22 (Uniform boundedness principle). Let {Ti}i∈I ⊂ B(X, Y ), where X is
Banach, and suppose that for each x ∈ X,

sup
i∈I

∥Tix∥ < ∞.

Then
sup
i∈I

∥Ti∥ < ∞.

Proof. Under the pointwise boundedness hypothesis, the exceptional set E appearing in
Theorem 3.21 is empty. Consequently, alternative (ii) in that theorem is impossible, and
therefore alternative (i) holds. This is exactly the asserted conclusion.

Remark 3.23 (Failure without completeness). Completeness of X is essential. Consider
the vector space P (R) of all real polynomials, equipped with the norm

∥p∥1 := sup
j≥0

|aj|, p(x) = a0 + a1x+ · · · + adx
d.

For n ∈ N define
Tn(p) :=

n∑
j=0

aj.
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For each fixed polynomial p, the sequence {Tn(p)} is eventually constant, so the family
{Tn} is pointwise bounded. On the other hand, if pn(x) = 1 + x+ · · · + xn, then ∥pn∥1 = 1
and Tn(pn) = n + 1, so ∥Tn∥ = n + 1 → ∞. Thus uniform boundedness fails on this
incomplete normed space.

Corollary 3.24 (Pointwise limits of bounded operators). Let X be a Banach space, let
Y be a normed space, and let (Tn) ⊂ B(X, Y ). Suppose that for every x ∈ X the limit

T (x) := lim
n→∞

Tn(x)

exists in Y . Then T ∈ B(X,Y ) and

∥T∥ ≤ lim sup
n→∞

∥Tn∥.

In particular, if ∥Tn∥ → L, then ∥T∥ ≤ L.

Proof. For each x ∈ X, the sequence {Tnx} converges and is therefore bounded. By the
uniform boundedness principle, there exists M > 0 such that ∥Tn∥ ≤ M for all n. Passing
to the limit in

∥Tnx∥ ≤ M∥x∥

gives ∥Tx∥ ≤ M∥x∥, so T is bounded.

Moreover, for every x ∈ X,

∥Tx∥ = lim
n→∞

∥Tnx∥ ≤
(

lim sup
n→∞

∥Tn∥
)

∥x∥.

Taking the supremum over ∥x∥ ≤ 1 yields the stated bound.

3.6.2 Application: divergence of Fourier series for some continu-
ous functions

One of the strengths of the uniform boundedness principle is that it detects pathological
behaviour from seemingly harmless pointwise formulas. The present application illustrates
this vividly by showing that Fourier partial sum operators cannot remain uniformly
controlled on C([−π, π]).

For f ∈ C([−π, π]), the Fourier coefficients of f are defined by

f̂(k) = 1
2π

∫ π

−π
f(t)e−ikt dt, k ∈ Z,
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and the nth symmetric partial sum of the Fourier series is

Sn(f)(x) :=
n∑

k=−n
f̂(k)eikx.

Using the Dirichlet kernel

Dn(t) :=
n∑

k=−n
eikt =

sin((n+ 1
2)t)

sin(t/2) (t /∈ 2πZ),

we may write
Sn(f)(x) = 1

2π

∫ π

−π
f(s)Dn(x− s) ds.

We now use the uniform boundedness principle to show that the Fourier series of a
continuous function need not converge even at a single point.

Proposition 3.25. For f ∈ C([−π, π]), define

Tn(f) := Sn(f)(0) = 1
2π

∫ π

−π
f(t)Dn(t) dt.

Then Tn ∈ B(C([−π, π]),C) and

∥Tn∥ = 1
2π

∫ π

−π
|Dn(t)| dt.

Proof. The upper bound follows immediately:

|Tn(f)| ≤ ∥f∥∞ · 1
2π

∫ π

−π
|Dn(t)| dt,

so
∥Tn∥ ≤ 1

2π

∫ π

−π
|Dn(t)| dt.

For the reverse inequality, approximate the sign of Dn by continuous functions. For δ > 0
define

fn,δ(t) := Dn(t)
|Dn(t)| + δ

.

Then fn,δ ∈ C([−π, π]) and ∥fn,δ∥∞ ≤ 1. Moreover,

fn,δ(t)Dn(t) = Dn(t)2

|Dn(t)| + δ
−→ |Dn(t)| (δ ↓ 0),
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and the integrands are dominated by |Dn| ∈ L1([−π, π]). By dominated convergence,

lim
δ↓0

Tn(fn,δ) = 1
2π

∫ π

−π
|Dn(t)| dt.

Since ∥fn,δ∥∞ ≤ 1, this shows that ∥Tn∥ is at least the right-hand side. Therefore equality
holds.

Lemma 3.26 (Growth of the L1 norm of the Dirichlet kernel). There exists an absolute
constant c > 0 such that, for all n ≥ 1,∫ π

−π
|Dn(t)| dt ≥ c log(n+ 1).

In particular,
∥Dn∥L1([−π,π]) → ∞.

Proof. Recall that

Dn(t) =
sin((n+ 1

2)t)
sin(t/2) .

For m = 0, 1, . . . , n− 1 set

tm := (2m+ 1)π
2n+ 1 , δ := π

4n+ 2 , Im := [tm − δ, tm + δ] ⊂ (0, π).

The intervals Im are pairwise disjoint. If t ∈ Im, then
∣∣∣(n+ 1

2)t− (n+ 1
2)tm

∣∣∣ ≤ (n+ 1
2)δ = π

4 ,

so ∣∣∣sin((n+ 1
2)t
)∣∣∣ ≥ sin(π/4) =

√
2

2 .

Also, for t ∈ (0, π) we have sin(t/2) ≤ t/2, hence 1/| sin(t/2)| ≥ 2/t. Therefore

|Dn(t)| ≥
√

2
t

(t ∈ Im).

Integrating over these disjoint intervals gives

∫ π

0
|Dn(t)| dt ≥

√
2
n−1∑
m=0

∫ tm+δ

tm−δ

dt

t
≥

√
2
n−1∑
m=0

2δ
tm + δ

.
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A direct computation shows that 2δ
tm+δ = 2

4m+3 . Hence

∫ π

0
|Dn(t)| dt ≥

√
2
n−1∑
m=0

2
4m+ 3 ≥

√
2

2

n∑
m=1

1
m

≥
√

2
2 log(n+ 1).

Doubling the estimate proves the claim.

Theorem 3.27 (A dense set of continuous functions with divergent Fourier series). There
exists a dense Gδ set G ⊂ C([−π, π]) such that for every f ∈ G,

sup
n≥1

|Sn(f)(0)| = ∞.

In particular, the Fourier series of f diverges at 0.

Proof. By Proposition 3.25 and Lemma 3.26,

∥Tn∥ = 1
2π

∫ π

−π
|Dn(t)| dt −−−→

n→∞
∞.

Thus the family {Tn}n≥1 ⊂ B(C([−π, π]),C) is not uniformly bounded. Since C([−π, π])
is Banach, Theorem 3.21 implies that the set

G :=
{
f ∈ C([−π, π]) : sup

n≥1
|Tn(f)| = ∞

}

is a dense Gδ subset of C([−π, π]). But Tn(f) = Sn(f)(0), so the asserted divergence
follows.

Summary: the three fundamental principles
In this chapter we have seen how completeness (via the Baire category theorem) forces
strong operator-theoretic consequences. The uniform boundedness principle controls
operator norms from pointwise bounds; the open mapping theorem upgrades surjectiv-
ity to quantitative openness; and the closed graph theorem turns graph-closedness into
boundedness. These results will be used repeatedly in duality and spectral theory.
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Chapter 4

The Hahn–Banach Theorem and Its
Applications
The Hahn–Banach theorem is one of the decisive structural results of functional analysis.

It shows that bounded linear functionals admit norm-preserving extensions and thereby
makes duality into an effective tool rather than a merely formal notion. From this extension
principle one derives the fundamental geometric consequences of the theory: separation
of points and convex sets, identification of duals of quotient spaces and subspaces, and
the canonical embedding of a normed space into its bidual. The chapter emphasizes both
the abstract mechanism of the theorem and the concrete ways in which it converts local
information into global linear functionals.

4.1 Sublinear functionals
The Hahn–Banach theorem is fundamentally a theorem about extending linear functionals
while preserving domination by a larger, typically nonlinear gauge. Sublinear functionals
supply exactly the right framework for expressing this domination in a flexible and
geometrically meaningful way.

Throughout this chapter X is a real or complex vector space.

Definition 4.1 (Sublinear functional). A function p : X → R is sublinear if

p(x+ y) ≤ p(x) + p(y), p(αx) = α p(x) for all α ≥ 0.

A seminorm is a sublinear functional satisfying p(−x) = p(x).

Example 4.2 (Norms and Minkowski functionals). If X is a normed space, then p(x) =
∥x∥ is sublinear. More generally, if C ⊂ X is convex and absorbs X, the Minkowski
functional pC(x) = inf{t > 0 : x ∈ tC} is sublinear.
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4.2 The extension step
The proof of Hahn–Banach is built from a deceptively simple local mechanism: extend
the functional by one new direction while maintaining the required bound. Once this
one-dimensional step is understood, the full theorem follows by a maximality argument.

The key local lemma is the following.

Lemma 4.3 (One-dimensional extension). Let M ⊂ X be a linear subspace, let p : X → R
be sublinear, and let f0 : M → R be linear with f0(x) ≤ p(x) for all x ∈ M . Fix x0 ∈ X\M .
Then there exists a linear extension f1 : M +Rx0 → R of f0 such that f1(x) ≤ p(x) for all
x ∈ M + Rx0.

Proof. For m ∈ M set

A := sup
m∈M

(
f0(m) − p(m− x0)

)
, B := inf

m∈M

(
p(m+ x0) − f0(m)

)
.

Sublinearity gives A ≤ B. Choose any α ∈ [A,B] and define f1(m+ tx0) := f0(m) + tα.
Then f1 is linear, extends f0, and the choice α ∈ [A,B] is exactly the condition that f1 ≤ p

on M + Rx0.

4.3 Hahn–Banach theorem
The Hahn–Banach theorem is one of the foundational results of functional analysis. It
ensures that continuous linear functionals are abundant enough to detect geometry, separate
points from subspaces, and provide a workable duality theory even in infinite-dimensional
settings.

We record first the real version, which contains the essential extension argument.

Theorem 4.4 (Hahn–Banach, real version). Let X be a real vector space, let p : X → R
be sublinear, and let M ⊂ X be a subspace. If f0 : M → R is linear and f0(x) ≤ p(x) for
all x ∈ M , then there exists a linear f : X → R extending f0 such that f(x) ≤ p(x) for all
x ∈ X.

Proof. Let F be the collection of pairs (N, fN) where N is a subspace with M ⊂ N ⊂ X

and fN : N → R is linear, extends f0, and satisfies fN ≤ p on N . Partially order F
by extension. Every chain has an upper bound given by the union of domains and the
compatible linear functionals, so by Zorn’s lemma there is a maximal element (Nmax, fmax).

If Nmax ̸= X, pick x0 ∈ X \ Nmax. By Lemma 4.3, fmax extends to Nmax + Rx0 while
preserving the inequality f ≤ p, contradicting maximality. Hence Nmax = X.
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Theorem 4.5 (Hahn–Banach, norm-preserving form). Let X be a normed space over
F ∈ {R,C}, let M ⊂ X be a subspace, and let f0 ∈ M∗. Then there exists f ∈ X∗

extending f0 with ∥f∥ = ∥f0∥.

Proof. First assume F = R. Apply Theorem 4.4 to p(x) = ∥f0∥ ∥x∥. Then f0(x) ≤
∥f0∥∥x∥ = p(x) on M , so we obtain an extension f with f(x) ≤ p(x) on X. Replacing x
by −x yields |f(x)| ≤ ∥f0∥∥x∥, hence ∥f∥ ≤ ∥f0∥. Since f extends f0, also ∥f∥ ≥ ∥f0∥.

For F = C, apply the real version to the real-linear functional ℜf0 and then recover a
complex-linear extension by the standard formula f(x) := ℜf(x) − iℜf(ix). The norm
equality follows from ∥f∥ = ∥ℜf∥.

4.4 Separation and supporting functionals
The power of Hahn–Banach becomes especially visible in its geometric consequences.
Separation theorems show that linear functionals can distinguish points and convex sets,
while supporting functionals encode tangent hyperplanes and furnish sharp norm-attaining
information.

We begin with the separation of a point from a closed subspace by means of a continuous
linear functional.

Theorem 4.6 (Separation from a closed subspace). Let X be a normed space, let M ⊂ X

be a closed subspace, and let x0 /∈ M . Then there exists f ∈ X∗ such that f |M = 0,
∥f∥ = 1, and

f(x0) = dist(x0,M).

Proof. Let δ = dist(x0,M) > 0. Define g on the subspace M + span{x0} by

g(m+ tx0) := t δ (m ∈ M, t ∈ F ).

Then g is linear and g|M = 0. Moreover, for t ̸= 0,

|g(m+ tx0)| = |t| δ = |t| dist(x0,M) = |t| dist
(
x0,−

m

t
+M

)
≤ ∥m+ tx0∥,

while the case t = 0 is trivial. Thus |g(z)| ≤ ∥z∥ for every z ∈ M + span{x0}, so ∥g∥ ≤ 1.

On the other hand, for every m ∈ M we have

δ = |g(x0 −m)| ≤ ∥g∥ ∥x0 −m∥.
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M

x0

m0

f = const

Figure 4.1: Geometric separation: a functional f vanishes on M and separates x0
from M at distance dist(x0, M).

Taking the infimum over m ∈ M yields δ ≤ ∥g∥ δ, and since δ > 0 we obtain ∥g∥ ≥ 1.
Hence ∥g∥ = 1.

By Theorem 4.5, g extends to a functional f ∈ X∗ with ∥f∥ = ∥g∥ = 1. Since f extends
g, we still have f |M = 0 and

f(x0) = g(x0) = δ = dist(x0,M).

Corollary 4.7 (Norming functionals). For every x ∈ X with x ≠ 0 there exists f ∈ X∗

with ∥f∥ = 1 and f(x) = ∥x∥.

Proof. Apply Theorem 4.6 with M = {0} and x0 = x. Since dist(x, {0}) = ∥x∥, the
resulting functional f ∈ X∗ satisfies ∥f∥ = 1 and f(x) = ∥x∥.

4.5 Annihilators, subspaces, and quotients
Once the dual space is available, subspaces of X naturally correspond to orthogonality-type
conditions in X∗. The language of annihilators clarifies this correspondence and explains
how quotient constructions on the primal side reappear as subspaces on the dual side.

For a subspace M ⊂ X define its annihilator

M⊥ := {f ∈ X∗ : f(m) = 0 for all m ∈ M} .

Proposition 4.8 (Dual of a subspace). Let M ⊂ X be a subspace. The restriction map
Res : X∗ → M∗, Res(f) = f |M , is surjective and ker(Res) = M⊥. Consequently, M∗ is
isometrically isomorphic to the quotient X∗/M⊥.
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Proof. Surjectivity of Res is precisely Theorem 4.5. Its kernel consists of those functionals
in X∗ that vanish on M , namely M⊥. Therefore Res induces a well-defined bijection

R̂es : X∗/M⊥ → M∗.

The induced map is isometric because Theorem 4.5 provides norm-preserving extensions
from M∗ to X∗.

Proposition 4.9 (Dual of a quotient). If M ⊂ X is a closed subspace and π : X → X/M

is the quotient map, then the pullback

Φ : (X/M)∗ → M⊥, Φ(φ) = φ ◦ π

is an isometric isomorphism.

Proof. If φ ∈ (X/M)∗, then φ ◦ π vanishes on M , so Φ indeed maps into M⊥. To prove
injectivity, suppose Φ(φ) = 0. Then φ(π(x)) = 0 for every x ∈ X, and since π is surjective,
it follows that φ = 0.

For surjectivity, let f ∈ M⊥. Define

φ(x+M) := f(x).

This is well defined because if x+M = y+M , then x−y ∈ M , and therefore f(x−y) = 0.
It is also bounded, since

|φ(x+M)| = |f(x)| ≤ ∥f∥ ∥x∥

for every representative x, and taking the infimum over all representatives gives

|φ(x+M)| ≤ ∥f∥ ∥x+M∥.

Finally, Φ(φ) = f , and the norm computation shows that ∥φ∥ = ∥f∥. Hence Φ is an
isometric isomorphism.

4.6 The dual of ℓp

Abstract duality becomes much more transparent once it is computed in concrete examples.
The identification of (ℓp)∗ with ℓq is a model result: it exhibits how analytic inequalities
translate into exact descriptions of bounded linear functionals.

Let 1 ≤ p ≤ ∞ and write q for the conjugate exponent (1
p

+ 1
q

= 1, with the convention
q = ∞ if p = 1).
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Theorem 4.10. For 1 ≤ p < ∞, the dual (ℓp)∗ is isometrically isomorphic to ℓq via the
pairing

⟨x, y⟩ =
∞∑
n=1

xnyn.

For p = ∞, the map ℓ1 ↪→ (ℓ∞)∗ given by the same pairing is an isometric embedding, but
not onto.

Proof. Assume 1 ≤ p < ∞. For y ∈ ℓq define fy(x) = ⟨x, y⟩. Hölder’s inequality yields
|fy(x)| ≤ ∥x∥p ∥y∥q, hence fy ∈ (ℓp)∗ and ∥fy∥ ≤ ∥y∥q. Taking x supported where y is
large (standard extremal choice) shows ∥fy∥ = ∥y∥q.

Conversely, let f ∈ (ℓp)∗ and set yn = f(en), where (en) is the standard basis. For x ∈ c00

(finitely supported sequences), linearity gives f(x) = ∑
xnyn. Using boundedness of f on

ℓp and the standard finite-dimensional duality argument shows (yn) ∈ ℓq and ∥y∥q ≤ ∥f∥.
Since c00 is dense in ℓp, f = fy.

For p = ∞, the same construction gives an isometric embedding ℓ1 → (ℓ∞)∗. It is not
surjective because ℓ∞ is not separable whereas (ℓ1)∗ ∼= ℓ∞ is.
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Chapter 5

Duality, Weak Topologies, and
Reflexivity
This chapter develops the weak forms of convergence and compactness that dominate

the modern structure theory of Banach spaces. Beginning with adjoint operators and
annihilators, it introduces the weak and weak∗ topologies as the natural topologies generated
by the dual pairing. The Banach–Alaoglu theorem is then proved carefully through Tychonoff
compactness, showing that bounded sets in dual spaces possess compactness properties
unavailable in the norm topology. The discussion concludes with metrization results in the
separable setting and with the standard criteria and consequences for reflexivity, thereby
clarifying how duality, compactness, and geometric structure fit together.

5.1 Dual spaces and adjoint operators
Duality provides a systematic way to test vectors by functionals and operators by their
action on functionals. The adjoint operator is the natural bridge between these two
viewpoints, and it will reappear repeatedly in the study of weak topologies, quotient spaces,
and spectral theory.

We begin by fixing the basic dual-space language.

Definition 5.1 (Dual space). Let X be a normed linear space over F . The continuous
dual of X is

X∗ := {φ : X → F : φ is linear and bounded}.

It becomes a normed linear space with the operator norm

∥φ∥ = sup{|φ(x)| : ∥x∥ ≤ 1}.

Proposition 5.2. For every normed linear space X, the dual space X∗ is a Banach space.

Proof. Let (φn) be a Cauchy sequence in X∗. Then for each fixed x ∈ X,

|φn(x) − φm(x)| ≤ ∥φn − φm∥ ∥x∥,
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so (φn(x)) is a Cauchy sequence in F . Since F is complete, the limit

φ(x) := lim
n→∞

φn(x)

exists for every x ∈ X.

Since pointwise limits of linear maps are linear, φ is linear. We now show that φ is bounded
and that φn → φ in norm. Since (φn) is Cauchy in X∗, it is bounded: choose M > 0 such
that ∥φn∥ ≤ M for all n. Then

|φ(x)| = lim
n→∞

|φn(x)| ≤ M∥x∥ (x ∈ X),

so φ ∈ X∗ and ∥φ∥ ≤ M .

Finally, fix ε > 0. Choose N such that ∥φn − φm∥ < ε whenever m,n ≥ N . For n ≥ N

and ∥x∥ ≤ 1 we may let m → ∞ to obtain

|φn(x) − φ(x)| = lim
m→∞

|φn(x) − φm(x)| ≤ ε.

Taking the supremum over ∥x∥ ≤ 1 gives ∥φn − φ∥ ≤ ε for n ≥ N . Hence φn → φ in
X∗.

Definition 5.3 (Adjoint (transpose) operator). Let T : X → Y be a bounded linear map
between normed spaces. Its adjoint (or transpose) is the map

T ∗ : Y ∗ → X∗, (T ∗g)(x) := g(Tx).

Theorem 5.4. If T ∈ B(X, Y ), then T ∗ ∈ B(Y ∗, X∗) and

∥T ∗∥ = ∥T∥.

Moreover, if S ∈ B(Y, Z), then
(ST )∗ = T ∗S∗.

If T is invertible, then T ∗ is invertible and

(T ∗)−1 = (T−1)∗.

Proof. For g ∈ Y ∗ and x ∈ X,

|(T ∗g)(x)| = |g(Tx)| ≤ ∥g∥ ∥Tx∥ ≤ ∥g∥ ∥T∥ ∥x∥,
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hence T ∗g ∈ X∗ and ∥T ∗g∥ ≤ ∥T∥ ∥g∥. Therefore ∥T ∗∥ ≤ ∥T∥.

If T = 0, there is nothing further to prove. Assume T ≠ 0. By definition of the operator
norm, for each ε > 0 there exists xε ∈ X with ∥xε∥ = 1 and

∥Txε∥ > ∥T∥ − ε.

By the Hahn–Banach theorem there exists gε ∈ Y ∗ with ∥gε∥ = 1 and

gε(Txε) = ∥Txε∥.

Hence
∥T ∗∥ ≥ ∥T ∗gε∥ ≥ |(T ∗gε)(xε)| = |gε(Txε)| = ∥Txε∥ > ∥T∥ − ε.

Letting ε ↓ 0 gives ∥T ∗∥ ≥ ∥T∥, and so ∥T ∗∥ = ∥T∥.

The identity (ST )∗ = T ∗S∗ is immediate from the definition:

((ST )∗h)(x) = h(STx) = (S∗h)(Tx) = (T ∗S∗h)(x).

If T is invertible, then

T ∗(T−1)∗ = (T−1T )∗ = IY ∗ , (T−1)∗T ∗ = (TT−1)∗ = IX∗ ,

so (T ∗)−1 = (T−1)∗.

5.2 Annihilators and quotient duals
The formal similarities between subspaces of X and subspaces of X∗ become sharper when
one studies annihilators on both sides simultaneously. This viewpoint leads to clean dual
descriptions of quotients and clarifies how geometric constraints are encoded by linear
functionals.

The fundamental construction is the annihilator of a subspace.

Definition 5.5 (Annihilator). If M ⊂ X is a subspace, its annihilator is

M⊥ := {φ ∈ X∗ : φ(m) = 0 for all m ∈ M}.

If N ⊂ X∗ is a subspace, we define

⊥N := {x ∈ X : φ(x) = 0 for all φ ∈ N}.
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Proposition 5.6. Let M be a subspace of a normed space X. Then M⊥ is a closed
subspace of X∗. Moreover, if M is dense in X, then M⊥ = {0}. If M is a proper closed
subspace, then M⊥ ̸= {0}.

Proof. The fact that M⊥ is a linear subspace is immediate. If φn ∈ M⊥ and φn → φ in
X∗, then for every m ∈ M ,

φ(m) = lim
n→∞

φn(m) = 0,

so φ ∈ M⊥. Thus M⊥ is closed.

If M is dense and φ ∈ M⊥, then φ vanishes on a dense set. By continuity, φ = 0 on all of
X, so M⊥ = {0}.

If M is a proper closed subspace and x0 /∈ M , then by the Hahn–Banach separation
theorem there exists φ ∈ X∗ such that φ|M = 0 and φ(x0) ̸= 0. Hence φ ∈ M⊥ \ {0}.

Theorem 5.7 (Dual of a quotient). Let M be a closed subspace of a normed space X.
Then

(X/M)∗ ∼= M⊥

isometrically, via
Λ ∈ (X/M)∗ 7−→ φΛ := Λ ◦ q,

where q : X → X/M is the quotient map.

Proof. Let Λ ∈ (X/M)∗ and define φΛ = Λ ◦ q. Then φΛ is bounded and vanishes on M ,
so φΛ ∈ M⊥.

Conversely, if φ ∈ M⊥, define
φ̃(x+M) := φ(x).

This is well-defined: if x + M = y + M , then x − y ∈ M and hence φ(x − y) = 0, so
φ(x) = φ(y). The map φ̃ is linear and bounded, and φ = φ̃ ◦ q.

Thus the correspondence Λ 7→ Λ ◦ q is bijective between (X/M)∗ and M⊥. For norm
preservation, note first that

∥φΛ∥ ≤ ∥Λ∥ ∥q∥ = ∥Λ∥,

since ∥q∥ = 1. Conversely, if ∥x+M∥ < 1, choose m ∈ M with ∥x+m∥ < 1 + ε. Then

|Λ(x+M)| = |φΛ(x+m)| ≤ ∥φΛ∥(1 + ε).

Taking the supremum over ∥x+M∥ < 1 and letting ε ↓ 0 gives ∥Λ∥ ≤ ∥φΛ∥. Hence the
correspondence is an isometry.
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Theorem 5.8 (Dual of a subspace). Let M be a closed subspace of a normed space X.
Then

X∗/M⊥ ∼= M∗

isometrically.

Proof. Define
R : X∗ → M∗, R(φ) = φ|M .

This is a bounded linear map with ∥R∥ ≤ 1, and kerR = M⊥. By the Hahn–Banach
theorem, every g ∈ M∗ extends to some φ ∈ X∗ with ∥φ∥ = ∥g∥, so R is surjective.
Therefore the induced map

R̃ : X∗/M⊥ → M∗, R̃(φ+M⊥) = φ|M ,

is a linear bijection.

For φ ∈ X∗ we have

∥R̃(φ+M⊥)∥ = ∥φ|M∥ ≤ inf
ψ∈M⊥

∥φ+ ψ∥ = ∥φ+M⊥∥.

Therefore ∥R̃∥ ≤ 1. Conversely, given g ∈ M∗, choose by Hahn–Banach an extension
φ ∈ X∗ with ∥φ∥ = ∥g∥. Then

∥φ+M⊥∥ ≤ ∥φ∥ = ∥g∥ = ∥R̃(φ+M⊥)∥.

Thus R̃ is an isometry.

5.3 Weak and weak∗ topologies
Norm convergence is often too strong for compactness arguments in infinite-dimensional
spaces. Weak and weak∗ topologies remedy this by retaining exactly the continuity of
linear functionals, thereby providing weaker but far more flexible notions of convergence.

The two basic weak topologies are defined as follows.

Definition 5.9 (Weak topology). The weak topology on a normed space X is the smallest
topology for which every functional in X∗ is continuous. It is denoted by σ(X,X∗). A net
(xα) converges to x in σ(X,X∗) if and only if

φ(xα) → φ(x) for every φ ∈ X∗.

70



MA543: Functional Analysis 5. Duality, Weak Topologies, and Reflexivity

directed set
(A,⪯)

X
(weak topology) F

net α 7→ xα φ ∈ X∗

xα
σ(X,X∗)−−−−−→ x

⇐⇒ φ(xα) → φ(x) ∀φ ∈ X∗

Figure 5.1: Weak convergence is expressed by testing against all continuous linear
functionals.

Definition 5.10 (Weak∗ topology). The weak∗ topology on X∗ is the smallest topology
for which all evaluation maps

ex : X∗ → F, ex(φ) = φ(x),

are continuous. It is denoted by σ(X∗, X). A net (φα) converges to φ in σ(X∗, X) if and
only if

φα(x) → φ(x) for every x ∈ X.

Remark 5.11 (Comparison with norm convergence). Norm convergence implies weak
convergence, and norm convergence in X∗ implies weak∗ convergence. The converse
implications fail in infinite dimensions.

Proposition 5.12. Every weakly convergent sequence in X is norm bounded. More
generally, every weakly Cauchy sequence in X is norm bounded.

Proof. Let (xn) be weakly Cauchy. Then for each φ ∈ X∗ the scalar sequence (φ(xn)) is
Cauchy, hence bounded. Define

Fn : X∗ → F, Fn(φ) := φ(xn).

Each Fn is a bounded linear functional on X∗, and

∥Fn∥ = sup
∥φ∥≤1

|φ(xn)| = ∥xn∥

by the Hahn–Banach theorem. Since (Fn(φ)) is bounded for each φ ∈ X∗, the uniform
boundedness principle yields

sup
n

∥Fn∥ < ∞.
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Therefore supn ∥xn∥ < ∞.

Proposition 5.13. Let M be a norm-dense subspace of X∗, and let (xn) be a norm-
bounded sequence in X. Suppose there exists x ∈ X such that

f(xn) → f(x) for every f ∈ M.

Then xn → x weakly in X.

Proof. Set C := supn ∥xn∥ + ∥x∥ < ∞. Fix φ ∈ X∗ and ε > 0. Choose f ∈ M such that

∥φ− f∥ < ε

3C .

Then for all n,

|φ(xn)−φ(x)| ≤ |φ(xn)−f(xn)|+ |f(xn)−f(x)|+ |f(x)−φ(x)| < ε

3 + |f(xn)−f(x)|+ ε

3 .

Since f(xn) → f(x), the middle term is < ε/3 for all large n. Hence φ(xn) → φ(x) for
every φ ∈ X∗.

5.4 Banach–Alaoglu theorem
In infinite-dimensional normed spaces the closed unit ball is almost never compact in
the norm topology. The Banach–Alaoglu theorem identifies the correct replacement:
compactness is recovered in the weak∗ topology, and this fact becomes a basic compactness
principle throughout the subject.

The central compactness statement is the following.

Theorem 5.14 (Banach–Alaoglu). For a normed space X, the closed unit ball

BX∗ = {φ ∈ X∗ : ∥φ∥ ≤ 1}

is compact in the weak∗ topology.

Proof. For each x ∈ X define the compact set

Dx := {z ∈ F : |z| ≤ ∥x∥}.

Consider the product space
D :=

∏
x∈X

Dx,
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equipped with the product topology. By Tychonoff’s theorem, D is compact.

Define
Φ : BX∗ → D, Φ(φ) := (φ(x))x∈X .

If φ ∈ BX∗ , then |φ(x)| ≤ ∥φ∥ ∥x∥ ≤ ∥x∥, so Φ(φ) ∈ D. The map Φ is injective, because
if Φ(φ) = Φ(ψ) then φ(x) = ψ(x) for all x ∈ X, hence φ = ψ.

The product topology on D is precisely the topology of coordinatewise convergence.
Therefore, by definition of the weak∗ topology, Φ is a homeomorphism from BX∗ (with its
weak∗ topology) onto its range Φ(BX∗).

It remains to show that Φ(BX∗) is closed in D. Let ξ = (ξx)x∈X belong to the closure of
Φ(BX∗). Then there exists a net (φα) ⊂ BX∗ such that

Φ(φα) → ξ in D.

Coordinatewise convergence means

φα(x) → ξx for every x ∈ X.

Define φ : X → F by φ(x) := ξx. Since pointwise limits of linear maps are linear, φ is
linear. Moreover,

|φ(x)| = lim
α

|φα(x)| ≤ ∥x∥ (x ∈ X),

so φ ∈ BX∗ . Finally,
Φ(φ) = (φ(x))x∈X = (ξx)x∈X = ξ.

Therefore ξ ∈ Φ(BX∗), so the image is closed in the compact space D. Therefore Φ(BX∗)
is compact, and since Φ is a homeomorphism onto its image, BX∗ is weak∗ compact.

Corollary 5.15 (Banach–Mazur embedding). Every normed space X is isometrically
isomorphic to a subspace of C(K) for some compact Hausdorff space K. If X is Banach,
the image is closed.

Proof. Take
K := BX∗

with the weak∗ topology. By theorem 5.14, K is compact Hausdorff.

For each x ∈ X define x̂ ∈ C(K) by

x̂(φ) := φ(x) (φ ∈ K).
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This function is continuous because weak∗ convergence is exactly pointwise convergence
on X. The map

J : X → C(K), J(x) = x̂,

is linear. Also,
∥J(x)∥∞ = sup

φ∈K
|φ(x)| ≤ ∥x∥.

By the Hahn–Banach theorem there exists, for each x ̸= 0, some φ ∈ X∗ with ∥φ∥ = 1
and φ(x) = ∥x∥. Thus

∥J(x)∥∞ ≥ |φ(x)| = ∥x∥,

so ∥J(x)∥∞ = ∥x∥ for every x ∈ X. Hence J is an isometry.

If X is Banach, then J(X) is complete in the supremum norm and therefore closed in the
Banach space C(K).

Theorem 5.16 (Metrization of the weak∗ topology on the dual ball). Assume X is
separable, and let {xk}∞

k=1 be a countable dense subset of the unit sphere of X. Define, for
φ, ψ ∈ BX∗,

d(φ, ψ) :=
∞∑
k=1

1
2k |φ(xk) − ψ(xk)|.

Then d is a metric on BX∗, and the metric topology coincides with the weak∗ topology on
BX∗.

Proof. Because ∥φ∥, ∥ψ∥ ≤ 1 and ∥xk∥ = 1, we have

|φ(xk) − ψ(xk)| ≤ 2,

so the series defining d converges absolutely. The triangle inequality is immediate. If
d(φ, ψ) = 0, then φ(xk) = ψ(xk) for all k. Since the {xk} are dense in the unit sphere
and φ− ψ is continuous and homogeneous, it follows that φ = ψ on all of X. Thus d is a
metric.

First suppose that d(φn, φ) → 0. Then for each fixed k,

|φn(xk) − φ(xk)| → 0.

Let x ∈ X and ε > 0. Choose k such that ∥x/∥x∥ − xk∥ < ε when x ≠ 0. Since
∥φn∥, ∥φ∥ ≤ 1, we obtain

|φn(x) − φ(x)| ≤ ∥x∥ |φn(xk) − φ(xk)| + 2∥x∥ ε.
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Letting n → ∞ and then ε ↓ 0 shows φn(x) → φ(x) for every x ∈ X, i.e. φn → φ weak∗.

Conversely, assume φn → φ weak∗. Then φn(xk) → φ(xk) for each k. Fix ε > 0 and
choose N such that ∑

k>N

2−k+1 < ε/2.

For the finitely many indices 1 ≤ k ≤ N , choose n0 such that

|φn(xk) − φ(xk)| <
ε

2N (1 ≤ k ≤ N, n ≥ n0).

Then for n ≥ n0,

d(φn, φ) ≤
N∑
k=1

1
2k

ε

2N +
∑
k>N

1
2k · 2 < ε

2 + ε

2 = ε.

Therefore d(φn, φ) → 0.

Corollary 5.17. If X is separable, then every bounded sequence in X∗ has a weak∗

convergent subsequence.

Proof. Let (φn) be bounded in X∗, and choose M > 0 such that ∥φn∥ ≤ M for all n. Then
the sequence (M−1φn) is contained in the weak∗ compact set BX∗ . By theorem 5.16, the
weak∗ topology on BX∗ is metrizable; hence compactness implies sequential compactness.
Therefore (M−1φn) has a weak∗ convergent subsequence. Multiplying that subsequence
by M gives a weak∗ convergent subsequence of (φn).

5.5 Reflexive spaces
A space is reflexive when duality does not create genuinely new directions beyond those
already present in the original space. Reflexivity occupies a central position because it ties
together weak compactness, structural finiteness properties, and the geometry of Banach
spaces.

The definition is expressed through the canonical embedding into the bidual.

Definition 5.18 (Canonical embedding and reflexivity). For x ∈ X, define Jx ∈ X∗∗ by

(Jx)(φ) = φ(x) (φ ∈ X∗).

The map J : X → X∗∗ is called the canonical embedding. The space X is said to be
reflexive if J is onto.
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Proposition 5.19. The canonical embedding J : X → X∗∗ is linear and isometric.

Proof. Linearity is immediate. For ∥φ∥ ≤ 1 we have

|(Jx)(φ)| = |φ(x)| ≤ ∥x∥,

so ∥Jx∥ ≤ ∥x∥. Conversely, if x ̸= 0, the Hahn–Banach theorem yields φ ∈ X∗ with
∥φ∥ = 1 and φ(x) = ∥x∥. Then

∥Jx∥ ≥ |(Jx)(φ)| = |φ(x)| = ∥x∥.

Therefore ∥Jx∥ = ∥x∥.

Remark 5.20 (Basic examples and consequences). Every reflexive space is Banach, because
it is isometric to the Banach space X∗∗. Finite-dimensional spaces are reflexive. Moreover,
ℓp and Lp are reflexive for 1 < p < ∞, whereas ℓ1, ℓ∞, c0, and L1 are not reflexive.

Theorem 5.21 (Reflexive spaces have weakly compact unit balls). If X is reflexive, then
its closed unit ball BX is compact in the weak topology of X.

Proof. Under the canonical embedding J : X → X∗∗, the set J(BX) is the closed unit
ball of J(X). If X is reflexive, then J(X) = X∗∗, so J(BX) = BX∗∗ . By Banach–Alaoglu,
BX∗∗ is compact in the weak∗ topology σ(X∗∗, X∗). The weak topology on X is exactly
the topology transported from this weak∗ topology via J , because

(Jxα)(f) = f(xα) (f ∈ X∗).

Therefore BX is weakly compact.

Theorem 5.22 (Goldstine’s theorem). For every normed space X, the canonical image
J(BX) is weak∗ dense in BX∗∗.

Remark. The proof may be obtained from the Hahn–Banach separation theorem. We
record the result here because it is the standard bridge from Banach–Alaoglu compactness
to the characterization of reflexive spaces.

Theorem 5.23 (Kakutani characterization of reflexivity). A Banach space X is reflexive
if and only if its closed unit ball BX is weakly compact.

Proof. One implication is theorem 5.21. Conversely, assume BX is weakly compact. Let
x∗∗ ∈ X∗∗ with ∥x∗∗∥ ≤ 1. By Goldstine’s theorem, J(BX) is weak∗ dense in BX∗∗ . Hence
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there exists a net (xα) ⊂ BX such that Jxα → x∗∗ in the weak∗ topology of X∗∗. Since
BX is weakly compact, the net has a subnet (xβ) converging weakly in X to some x ∈ BX .
For every f ∈ X∗ we then have

x∗∗(f) = lim
β

(Jxβ)(f) = lim
β
f(xβ) = f(x) = (Jx)(f).

Thus x∗∗ = Jx. Hence every element of the unit ball of X∗∗ lies in J(X), so J is onto and
X is reflexive.

Corollary 5.24. Let X be reflexive and let M be a closed subspace of X. Then both M
and X/M are reflexive.

Proof. The closed unit ball of M is

BM = BX ∩M.

Since M is norm closed, it is also weakly closed; therefore BM is weakly closed in the
weakly compact set BX . Hence BM is weakly compact. By theorem 5.23, M is reflexive.

For the quotient, let q : X → X/M be the quotient map. The map q is weak-to-weak
continuous, and

q(BX) = BX/M .

Therefore the closed unit ball of X/M is weakly compact as the continuous image of a
weakly compact set. Another application of theorem 5.23 yields that X/M is reflexive.
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Chapter 6

Spectra of Bounded Linear Operators
This chapter begins the spectral theory of bounded linear operators on complex Banach

spaces. It introduces the spectrum and resolvent, explains their basic algebraic meaning,
and shows that spectral questions are governed by analytic properties of the resolvent map.
The fundamental facts that the spectrum is nonempty, compact, and controlled by the
operator norm are developed with full rigor, culminating in the spectral radius formula. In
this way the chapter establishes the conceptual and technical framework required for the
later study of compact and self-adjoint operators.

6.1 Resolvent and spectrum
In finite dimensions the behaviour of an operator is strongly influenced by its eigenvalues.
For general bounded operators on Banach spaces, the correct replacement is the spectrum,
defined through invertibility of λI − T and encoded analytically by the resolvent.

Let X be a complex Banach space and T ∈ B(X). The resolvent set is

ρ(T ) = {λ ∈ C : λI − T is bijective and (λI − T )−1 ∈ B(X)},

and the spectrum is σ(T ) = C \ ρ(T ).

Proposition 6.1 (Large scalars lie in the resolvent set). If |λ| > ∥T∥, then λ ∈ ρ(T ).
Consequently,

σ(T ) ⊂ {λ ∈ C : |λ| ≤ ∥T∥},

so the spectrum is compact.

Proof. Write
λI − T = λ

(
I − λ−1T

)
.

If |λ| > ∥T∥, then ∥λ−1T∥ < 1, so the Neumann series gives the invertibility of I − λ−1T ,
and hence of λI − T . Since theorem 6.5 below shows that ρ(T ) is open, the complement
σ(T ) is closed; combined with the displayed bound, this proves compactness.
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ℜλ

ℑλ

|λ| ≤ ∥T∥|λ| = r(T )

σ(T )

ρ(T )

Figure 6.1: Schematic location of the spectrum: σ(T ) is compact and contained in
the closed disk {λ ∈ C : |λ| ≤ ∥T∥}, while the resolvent set occupies the complement.

Definition 6.2 (Point, continuous, and residual spectra). Let T ∈ B(X). The point
spectrum σp(T ) consists of the eigenvalues of T , i.e.

σp(T ) = {λ ∈ C : ker(λI − T ) ̸= {0}}.

The continuous spectrum σc(T ) consists of those λ for which λI −T is injective with dense,
proper range. The residual spectrum σr(T ) consists of those λ for which λI −T is injective
but its range is not dense. Thus

σ(T ) = σp(T ) ∪ σc(T ) ∪ σr(T ),

with the three parts pairwise disjoint.

Remark 6.3 (Finite-dimensional versus infinite-dimensional spectra). The decomposition
above is useful for concrete examples. In finite-dimensional spaces the continuous and
residual spectra are empty, so the spectrum reduces to the set of eigenvalues. In infinite
dimensions, however, all three phenomena can occur.

Lemma 6.4 (Neumann series). If ∥S∥ < 1 for some S ∈ B(X), then I − S is invertible
and

(I − S)−1 =
∞∑
n=0

Sn,

with convergence in operator norm.
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Proof. Since ∥S∥ < 1, the series ∑∞
n=0 ∥Sn∥ converges, so the operator series

A :=
∞∑
n=0

Sn

converges in B(X). For each N ,

(I − S)
N∑
n=0

Sn = I − SN+1 =
N∑
n=0

Sn(I − S).

Letting N → ∞ and using ∥SN+1∥ ≤ ∥S∥N+1 → 0, we obtain

(I − S)A = A(I − S) = I.

Thus A = (I − S)−1.

Proposition 6.5. The resolvent set ρ(T ) is open and the resolvent map

RT (λ) := (λI − T )−1

is holomorphic on ρ(T ). Consequently, σ(T ) is closed.

Proof. Let λ0 ∈ ρ(T ). Then

λI − T = (λ0I − T )
(
I − (λ0 − λ)(λ0I − T )−1

)
.

If
|λ− λ0| < ∥(λ0I − T )−1∥−1,

then
∥(λ0 − λ)(λ0I − T )−1∥ < 1.

By theorem 6.4, the factor in parentheses is invertible, so λ ∈ ρ(T ). Hence ρ(T ) is open.

Moreover, in that same neighborhood,

RT (λ) =
(
I − (λ0 − λ)RT (λ0)

)−1
RT (λ0) =

∞∑
n=0

(λ0 − λ)nRT (λ0)n+1,

an operator-norm convergent power series in λ. Thus RT is holomorphic on ρ(T ). Since
σ(T ) = C \ ρ(T ), the spectrum is closed.
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Theorem 6.6 (Non-emptiness of the spectrum). If X ̸= {0} is complex and T ∈ B(X),
then σ(T ) ̸= ∅.

Proof. Assume, for contradiction, that σ(T ) = ∅. Then ρ(T ) = C, so the resolvent

RT (λ) = (λI − T )−1

is an entire operator-valued function.

Fix x ∈ X and f ∈ X∗, and define the scalar entire function

g(λ) := f(RT (λ)x).

For |λ| > ∥T∥, we may write

λI − T = λ
(
I − λ−1T

)
,

hence by the Neumann series,

RT (λ) = λ−1
∞∑
n=0

λ−nT n.

Therefore
∥RT (λ)∥ ≤ 1

|λ|

∞∑
n=0

(∥T∥
|λ|

)n
= 1

|λ| − ∥T∥
(|λ| > ∥T∥),

so g is bounded outside a large disk. Being entire, g is bounded on the whole plane and
hence constant by Liouville’s theorem. Since RT (λ) → 0 in norm as |λ| → ∞, we have
g(λ) → 0, so g ≡ 0.

Because this holds for every f ∈ X∗, the Hahn–Banach theorem implies RT (λ)x = 0 for
every λ and every x ∈ X, a contradiction to invertibility. Hence σ(T ) ̸= ∅.

Proposition 6.7 (Resolvent identity). For λ, µ ∈ ρ(T ) one has

RT (λ) −RT (µ) = (µ− λ)RT (λ)RT (µ).

Proof. Since (λI − T )RT (λ) = I = (µI − T )RT (µ), we obtain

RT (λ) −RT (µ) = RT (λ)
(
(µI − T ) − (λI − T )

)
RT (µ)

= (µ− λ)RT (λ)RT (µ).
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6.2 Spectral radius
The spectrum contains qualitative information about an operator, but one often needs a
single numerical quantity that measures its spectral size. The spectral radius serves this
purpose and, through Gelfand’s formula, links spectral information with the asymptotic
growth of operator powers.

The spectral radius is
r(T ) = sup{|λ| : λ ∈ σ(T )}.

Theorem 6.8 (Spectral radius formula).

r(T ) = lim
n→∞

∥T n∥1/n = inf
n≥1

∥T n∥1/n.

Proof. Set
an := ∥T n∥1/n (n ≥ 1).

Since ∥Tm+n∥ ≤ ∥Tm∥ ∥T n∥, the sequence bn := log ∥T n∥ is subadditive. By Fekete’s
lemma,

lim
n→∞

bn
n

= inf
n≥1

bn
n
,

which is equivalent to
lim
n→∞

an = inf
n≥1

an =: L.

We first prove r(T ) ≤ L. If |λ| > L, choose n such that ∥T n∥ < |λ|n. Then

∥T n/λn∥ < 1,

so by the Neumann series,
I − λ−nT n

is invertible. Since
I − λ−nT n =

n−1∏
k=0

(
I − ωkλ

−1T
)
,

where ωk = e2πik/n, each factor must be invertible. In particular, I − λ−1T is invertible,
i.e. λ ∈ ρ(T ). Thus |λ| > r(T ), proving r(T ) ≤ L.
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For the reverse inequality, let |λ| > r(T ). Then λ ∈ ρ(T ) and

RT (λ) =
∞∑
n=0

λ−n−1T n

converges in operator norm (as the Taylor expansion of the resolvent at infinity). Hence

sup
n

∥λ−nT n∥ < ∞,

which implies
∥T n∥1/n ≤ |λ|C1/n

for some constant C > 0. Letting n → ∞ yields L ≤ |λ|. Since this holds for every
|λ| > r(T ), we obtain L ≤ r(T ).

Combining the two inequalities gives L = r(T ).

83



MA543: Functional Analysis

Chapter 7

Compact Operators and the
Fredholm Alternative
Compact operators form the first major class of infinite-dimensional operators whose

behaviour still resembles finite-dimensional linear algebra. This chapter develops their basic
approximation and continuity properties, emphasizing the extent to which compactness
restores discreteness to spectral phenomena. The central result is the Fredholm alternative,
from which one deduces that every nonzero spectral value of a compact operator is an
eigenvalue of finite multiplicity. The chapter therefore serves as a bridge between abstract
Banach-space operator theory and the more geometric spectral theory that emerges fully in
Hilbert spaces.

7.1 Compact operators
Compact operators are the infinite-dimensional analogue of matrices with finite-dimensional
range, and many of their properties reflect this near-finite-dimensional character. They
form one of the most tractable and useful classes of operators in analysis, especially in
spectral theory and integral equations.

Let X and Y be normed spaces. A bounded linear operator K : X → Y is compact if
K(BX) is relatively compact in Y , where BX = {x ∈ X : ∥x∥ ≤ 1}.

Proposition 7.1. Finite-rank operators are compact. The collection K(X, Y ) of compact
operators is a closed subspace of B(X, Y ), and if K ∈ K(X, Y ) and S ∈ B(Y, Z), R ∈
B(W,X), then SKR ∈ K(W,Z).

Proof. If F : X → Y has finite-dimensional range, then F (BX) is bounded in a finite-
dimensional subspace of Y . In finite dimensions, bounded sets are relatively compact, so
F is compact.

If K1, K2 are compact and α, β ∈ F , then

(αK1 + βK2)(BX) ⊂ αK1(BX) + βK2(BX).
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BX

K K(BX)

finite ε-cover

Figure 7.1: A compact operator carries the unit ball to a relatively compact set;
equivalently, K(BX) is totally bounded in the target space.

The right-hand side is relatively compact because sums and scalar multiples of relatively
compact sets are relatively compact. Hence αK1 + βK2 is compact.

Now let Kn → K in operator norm with each Kn compact. Fix ε > 0. Choose n so large
that

∥K −Kn∥ < ε/3.

Since Kn(BX) is relatively compact, it can be covered by finitely many balls of radius
ε/3. Then K(BX) is covered by the same centers with radius ε. Thus K(BX) is totally
bounded, hence relatively compact; so K is compact.

Finally, if K is compact, then R(BW ) ⊂ ∥R∥BX , so K(R(BW )) is relatively compact in
Y , and applying the bounded map S preserves relative compactness. Therefore SKR is
compact.

7.2 Fredholm alternative for compact operators
For compact perturbations of the identity, injectivity and surjectivity are no longer
independent phenomena. The Fredholm alternative makes this interaction precise and
gives a remarkably clean criterion for solvability of equations of the form (λI −K)x = y.

We first isolate the estimate that drives the argument.

Lemma 7.2. Let K ∈ K(X) and let λ ≠ 0. If λI −K is injective, then there exists c > 0
such that

∥(λI −K)x∥ ≥ c∥x∥ (x ∈ X).

In particular, Ran(λI −K) is closed.

Proof. Assume no such c exists. Then there is a sequence (xn) with ∥xn∥ = 1 and

(λI −K)xn → 0.
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Since K is compact, passing to a subsequence if necessary, we may assume Kxn → y in
norm. Then

λxn = Kxn + (λI −K)xn → y,

so xn → x := λ−1y in norm. By continuity of λI −K,

(λI −K)x = lim
n→∞

(λI −K)xn = 0.

Because λI −K is injective, x = 0, contradicting ∥xn∥ = 1 and xn → 0. Hence the stated
inequality holds.

If (λI − K)xn → z, then the inequality shows that (xn) is Cauchy, so xn → x for some
x ∈ X. Continuity yields (λI −K)x = z, proving that the range is closed.

Theorem 7.3 (Fredholm alternative). Let K ∈ K(X) and let λ ≠ 0. Then either λ is an
eigenvalue of K, or λI −K is invertible. Equivalently,

σ(K) \ {0} = {λ ̸= 0 : ker(λI −K) ̸= {0}}.

Proof. Scaling by λ−1, it suffices to prove the statement for λ = 1. Thus let S := K and
assume I − S is injective. We must show that I − S is surjective.

By theorem 7.2, M1 := (I − S)(X) is closed. Define inductively

Mn := (I − S)n(X) (n ≥ 1).

Since S commutes with I − S, each Mn is S-invariant. Also, I − S is injective on each
Mn, so by the previous lemma applied to the restriction S|Mn , each Mn+1 = (I − S)(Mn)
is closed in Mn, hence in X.

Suppose, for contradiction, that I − S is not surjective, so M1 ̸= X. We now show that
then every inclusion

Mn+1 ⊊Mn

is proper. Indeed, if Mn+1 = Mn for some n ≥ 1, then for y ∈ Mn−1 we have (I − S)y ∈
Mn = Mn+1. Hence (I − S)y = (I − S)z for some z ∈ Mn. Since I − S is injective,
y = z ∈ Mn. Thus Mn−1 ⊂ Mn, and therefore Mn−1 = Mn. Repeating this argument
backward gives X = M1, contradiction.
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Therefore each Mn+1 is a proper closed subspace of Mn. By Riesz’s lemma, for each n we
can choose xn ∈ Mn with

∥xn∥ = 1 and dist(xn,Mn+1) >
1
2 .

If m > n, then xm ∈ Mm ⊂ Mn+1. Also,

xn − Sxn = (I − S)xn ∈ Mn+1.

Therefore
∥Sxn − Sxm∥ ≥ dist(Sxn,Mn+1) = dist(xn,Mn+1) >

1
2 .

Thus the sequence (Sxn) has no Cauchy subsequence, contradicting compactness of S.

This contradiction shows that I − S must be surjective. Since it is already injective and
bounded, the inverse mapping theorem implies that I − S is invertible. Restoring λ gives
the result.

Corollary 7.4. Let K ∈ K(X) and let λ ̸= 0. Then the eigenspace

Eλ := ker(λI −K)

is finite-dimensional.

Proof. If Eλ were infinite-dimensional, then the restriction of K to Eλ would be

K|Eλ
= λIEλ

.

Since K|Eλ
is compact and λ ̸= 0, it would follow that the identity operator IEλ

is
compact. This is impossible on an infinite-dimensional normed space. Therefore Eλ must
be finite-dimensional.

Theorem 7.5 (Schauder theorem). Let X and Y be Banach spaces and let T ∈ B(X, Y ).
Then T is compact if and only if T ∗ : Y ∗ → X∗ is compact.

Proof. First assume that T is compact, and let (gn) be a bounded sequence in Y ∗. Set

K := T (BX) ⊂ Y,
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which is compact. The restrictions gn|K form an equibounded and equicontinuous family
in C(K), because

|gn(y) − gn(z)| ≤ ∥gn∥ ∥y − z∥ (y, z ∈ K).

By the Arzelà–Ascoli theorem, there exists a subsequence (gnj
) such that gnj

|K converges
uniformly on K. Hence, for every j, k and every x ∈ BX ,

|(T ∗gnj
− T ∗gnk

)(x)| = |gnj
(Tx) − gnk

(Tx)| ≤ sup
y∈K

|gnj
(y) − gnk

(y)|.

Taking the supremum over x ∈ BX shows that (T ∗gnj
) is Cauchy in X∗, hence convergent

because X∗ is Banach. Thus every bounded sequence in Y ∗ has a norm-convergent image
subsequence under T ∗, so T ∗ is compact.

Conversely, assume that T ∗ is compact. Then T ∗∗ : X∗∗ → Y ∗∗ is compact by the
implication already proved, applied to T ∗. Let JX : X → X∗∗ and JY : Y → Y ∗∗ be the
canonical embeddings. Since

T ∗∗JX = JY T,

and JX(BX) is bounded, the set JY (T (BX)) = T ∗∗(JX(BX)) is relatively compact in Y ∗∗.
Because JY is an isometric embedding, this implies that T (BX) is relatively compact in Y .
Hence T is compact.

Theorem 7.6 (Riesz–Schauder theorem). Let K ∈ K(X), where X is an infinite-
dimensional complex Banach space. Then the nonzero spectrum of K is at most countable,
every nonzero spectral value is an isolated eigenvalue, each corresponding eigenspace is
finite-dimensional, and 0 is the only possible accumulation point of σ(K).

Proof sketch. By theorem 7.3, every λ ∈ σ(K) \ {0} is an eigenvalue, and by theorem 7.4
its eigenspace is finite-dimensional.

Fix λ0 ∈ σ(K) \ {0} and write
A0 := λ0I −K.

Then kerA0 is finite-dimensional and, by the compact Fredholm alternative, A0 has closed
range. Choose a closed complement

X = kerA0 ⊕ Z.
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The restriction A0|Z : Z → A0(Z) is bijective and bounded below, hence has a bounded
inverse onto its range. A standard finite-dimensional reduction of

Aλ := λI −K = A0 + (λ− λ0)I

now shows that, for λ near λ0, invertibility of Aλ is equivalent to invertibility of a linear
operator acting on the finite-dimensional space kerA0. Consequently, the nonzero spectral
points near λ0 are exactly the zeros of a finite-dimensional determinant, so they form a
discrete set. Hence λ0 is isolated.

It follows that every nonzero spectral value is isolated, and the compactness of σ(K)
implies that 0 is the only possible accumulation point. Finally, for each m ∈ N the set

{λ ∈ σ(K) : |λ| ≥ 1/m}

is finite, because it is a compact discrete subset of C. Therefore

σ(K) \ {0} =
∞⋃
m=1

{λ ∈ σ(K) : |λ| ≥ 1/m}

is at most countable.
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Chapter 8

Hilbert Space Theory
This chapter develops the distinctive geometric structure of Hilbert spaces, where the

presence of an inner product makes orthogonality, projection, and expansion theory available
in a precise and powerful form. After establishing the basic theory of orthonormal systems,
Parseval’s identity, and the Gram–Schmidt process, the chapter turns to bounded operators
on Hilbert spaces and to the special role of adjoints. The principal operator classes—self-
adjoint, unitary, and normal operators—are introduced in a manner that highlights their
geometric meaning and their first spectral consequences. The chapter thus prepares the
ground for the compact self-adjoint spectral theorem proved next.

8.1 Inner product spaces, orthogonality, and projec-
tions

Hilbert spaces refine Banach-space theory by supplying a notion of angle and orthogonality.
This extra geometric structure leads to projection theorems, best approximation results,
and a far more rigid operator theory than is available in general normed spaces.

Hilbert spaces are the setting in which one can speak of angles, orthogonality, and “best
approximation” by closed subspaces in complete generality. The theory begins with the
notion of an inner product.

Definition 8.1 (Inner product). Let X be a vector space over F, where F = R or C. A
map ⟨·, ·⟩ : X ×X → F is an inner product if, for all x, y, z ∈ X and α, β ∈ F,
(i) ⟨x, x⟩ ≥ 0 and ⟨x, x⟩ = 0 if and only if x = 0;
(ii) ⟨x, y⟩ = ⟨y, x⟩ (conjugate symmetry);
(iii) ⟨αx+ βy, z⟩ = α ⟨x, z⟩ + β ⟨y, z⟩ (linearity in the first variable).
The pair (X, ⟨·, ·⟩) is called an inner product space.

Definition 8.2 (Induced norm and Hilbert space). On an inner product space define

∥x∥ := ⟨x, x⟩1/2, x ∈ X.
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A Hilbert space is an inner product space that is complete with respect to the metric
induced by this norm.

Proposition 8.3 (Cauchy–Schwarz and triangle inequality). Let (X, ⟨·, ·⟩) be an inner
product space with induced norm ∥·∥. Then for all x, y ∈ X,

|⟨x, y⟩| ≤ ∥x∥ ∥y∥ (Cauchy–Schwarz),

and consequently ∥x+ y∥ ≤ ∥x∥ + ∥y∥. In particular, ∥·∥ is a norm on X.

Proof. If y = 0, the claim is immediate. For y ≠ 0 and t ∈ F we have 0 ≤ ∥x − ty∥2 =
⟨x− ty, x− ty⟩, hence

0 ≤ ∥x∥2 − t ⟨y, x⟩ − t ⟨x, y⟩ + |t|2∥y∥2.

Choosing t = ⟨x, y⟩/∥y∥2 gives 0 ≤ ∥x∥2 − |⟨x, y⟩|2/∥y∥2, i.e. |⟨x, y⟩| ≤ ∥x∥ ∥y∥. Then

∥x+ y∥2 = ∥x∥2 + ∥y∥2 + 2ℜ⟨x, y⟩ ≤ (∥x∥ + ∥y∥)2,

which yields the triangle inequality.

Proposition 8.4 (Parallelogram law and polarization). In every inner product space,

∥x+ y∥2 + ∥x− y∥2 = 2
(
∥x∥2 + ∥y∥2

)
(x, y ∈ X). (8.1)

Conversely, if a normed space (X, ∥·∥) satisfies (8.1), then the inner product is recovered
from the norm by the polarization identity:

⟨x, y⟩ = 1
4

(
∥x+ y∥2 − ∥x− y∥2

)
(F = R),

and
⟨x, y⟩ = 1

4

(
∥x+ y∥2 − ∥x− y∥2 + i

(
∥x+ iy∥2 − ∥x− iy∥2

))
(F = C).

Proof. If ∥·∥ is induced by an inner product, then expanding ⟨x± y, x ± y⟩ yields (8.1).
Conversely, assume that (8.1) holds. Define ⟨x, y⟩ by the corresponding polarization
identity. A direct verification based on (8.1) shows that ⟨·, ·⟩ is sesquilinear, conjugate
symmetric, and positive definite, and that

∥x∥2 = ⟨x, x⟩.

Hence the given norm is induced by this inner product.
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Definition 8.5 (Orthogonality and orthogonal complement). Let X be an inner product
space. Vectors x, y ∈ X are orthogonal, written x ⊥ y, if ⟨x, y⟩ = 0. For a subset S ⊂ X

define
S⊥ := {x ∈ X : ⟨x, s⟩ = 0 for all s ∈ S}.

If M is a linear subspace, then M⊥ is a linear subspace, and it is always closed (in the
norm topology).

Proposition 8.6. Let X be an inner product space and M ⊂ X a linear subspace. Then:
(a) M ⊂ (M⊥)⊥.

(b) If X is complete (i.e. a Hilbert space), then (M⊥)⊥ = M .

Proof. (a) If m ∈ M and x ∈ M⊥, then ⟨x,m⟩ = 0, hence ⟨m,x⟩ = 0 by conjugate
symmetry; thus m ∈ (M⊥)⊥. (b) The inclusion M ⊂ (M⊥)⊥ follows from continuity of
x 7→ ⟨x, y⟩ for fixed y. For the reverse inclusion, let x ∈ (M⊥)⊥ and consider the closed
subspace M . By Theorem 8.7 below, there is a decomposition x = u+ v with u ∈ M and
v ∈ M

⊥ = M⊥. But x ∈ (M⊥)⊥ implies 0 = ⟨x, v⟩ = ⟨u, v⟩ + ⟨v, v⟩ = ∥v∥2, hence v = 0
and x = u ∈ M .

Theorem 8.7 (Orthogonal decomposition and the projection theorem). Let H be a Hilbert
space and let M ⊂ H be a closed linear subspace. Then for every x ∈ H there exist unique
elements u ∈ M and v ∈ M⊥ such that

x = u+ v.

Equivalently, H = M ⊕M⊥. Moreover:
(a) The element u is the unique minimizer of y 7→ ∥x− y∥ over y ∈ M , and dist(x,M) =

∥x− u∥.

(b) The map PM : H → M given by PMx := u is a bounded linear projection (the
orthogonal projection onto M). If M ≠ {0}, then ∥PM∥ = 1; also P 2

M = PM and
P ∗
M = PM .

(c) Writing QM := I − PM , one has QM(H) ⊂ M⊥, Q2
M = QM , and ∥QM∥ = 1 if

M ̸= H.

Proof. Fix x ∈ H and set d := infy∈M∥x− y∥. Choose (yn) ⊂ M with ∥x− yn∥ → d. By
the parallelogram law (8.1) and the fact that (yn + ym)/2 ∈ M , one obtains

∥yn − ym∥2 ≤ 2∥x− yn∥2 + 2∥x− ym∥2 − 4d2 −→ 0 (n,m → ∞),
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so (yn) is Cauchy. Since M is closed in H, there exists u ∈ M with yn → u. Then
∥x− u∥ = d by continuity, so u is a best approximation to x from M .

Let v := x− u. We now show v ∈ M⊥. For any m ∈ M and t ∈ R, the point u+ tm ∈ M

and minimality of u gives

∥v∥2 = ∥x− u∥2 ≤ ∥x− (u+ tm)∥2 = ∥v − tm∥2 = ∥v∥2 − 2tℜ⟨v,m⟩ + t2∥m∥2.

Thus ℜ⟨v,m⟩ = 0 for all m ∈ M . Replacing m by im (in the complex case) yields also
ℑ⟨v,m⟩ = 0, hence ⟨v,m⟩ = 0 and v ∈ M⊥. Therefore x = u+ v with u ∈ M and v ∈ M⊥.

Uniqueness follows: if x = u1 + v1 = u2 + v2 with uj ∈ M and vj ∈ M⊥, then u1 − u2 =
v2 − v1 ∈ M ∩M⊥ = {0}, so u1 = u2 and v1 = v2.

Define PMx := u. Linearity follows from uniqueness of the decomposition applied to
x1 + x2 and αx. Moreover, since x = PMx + QMx with orthogonality ⟨PMx,QMx⟩ = 0,
we have

∥PMx∥ ≤ ∥PMx+QMx∥ = ∥x∥,

so ∥PM∥ ≤ 1. If M ̸= {0} and 0 ̸= m ∈ M , then PMm = m, hence ∥PM∥ ≥ 1 and
∥PM∥ = 1. The identities P 2

M = PM and Q2
M = QM are immediate; self-adjointness

P ∗
M = PM follows from ⟨x− PMx,m⟩ = 0 for all m ∈ M .

M

x

PMx y

Figure 8.1: Orthogonal projection: PMx ∈ M is the unique point of M closest to x.

8.2 Riesz representation theorem
One of the decisive advantages of Hilbert spaces is that every continuous linear functional
is represented by an inner product against a unique vector. The Riesz representation
theorem converts duality into geometry and is the mechanism behind adjoints, orthogonal
projections, and many variational arguments.

The next theorem identifies the continuous dual of a Hilbert space with the Hilbert
space itself.
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Theorem 8.8 (Riesz representation). Let H be a Hilbert space. For each y ∈ H define
fy : H → F by

fy(x) = ⟨x, y⟩, x ∈ H,

where F = R or C. Then fy ∈ H∗ and ∥fy∥ = ∥y∥. Moreover, for every f ∈ H∗ there
exists a unique y ∈ H such that f = fy.

Proof. For fixed y ∈ H, the Cauchy–Schwarz inequality gives

|fy(x)| = |⟨x, y⟩| ≤ ∥x∥ ∥y∥,

so fy is continuous and ∥fy∥ ≤ ∥y∥. If y ≠ 0, then taking x = y/∥y∥ yields |fy(x)| = ∥y∥,
hence ∥fy∥ = ∥y∥.

Conversely, let 0 ̸= f ∈ H∗ and set M = ker f , a closed subspace of H. Choose x0 ∈ H

with f(x0) = 1 and write the orthogonal decomposition

x0 = m0 + z, m0 ∈ M, z ∈ M⊥.

Then f(z) = f(x0 −m0) = 1. For arbitrary x ∈ H we have x− f(x)z ∈ ker f = M , hence
x− f(x)z ⊥ z. Taking inner products with z gives

0 = ⟨x− f(x)z, z⟩ = ⟨x, z⟩ − f(x)⟨z, z⟩,

so
f(x) = ⟨x, z⟩

∥z∥2 = ⟨x, y⟩ with y = z

∥z∥2 .

Uniqueness follows because ⟨x, y1 − y2⟩ = 0 for all x implies y1 = y2.

Corollary 8.9. If M is a closed subspace of H, then

M = (M⊥)⊥ =
⋂

y∈M⊥

ker fy.

In particular, M is the kernel of a single continuous linear functional if and only if
codimM = 1.

Proof. If x ∈ M , then ⟨x, y⟩ = 0 for every y ∈ M⊥, and therefore x ∈ (M⊥)⊥. Thus
M ⊆ (M⊥)⊥. Conversely, let x ∈ (M⊥)⊥. Since H = M ⊕M⊥, we may write x = m+ n

with m ∈ M and n ∈ M⊥. Because x ⊥ M⊥, we have

0 = ⟨x, n⟩ = ⟨m,n⟩ + ⟨n, n⟩ = ∥n∥2,
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so n = 0 and hence x = m ∈ M . This proves that (M⊥)⊥ = M . The identity

M =
⋂

y∈M⊥

ker
(
x 7→ ⟨x, y⟩

)

is an equivalent reformulation of the condition x ⊥ M⊥.

Definition 8.10 (Orthonormal sets and orthonormal bases). A subset E ⊂ H is called
orthonormal if every e ∈ E satisfies ∥e∥ = 1 and

⟨e, f⟩ = 0 (e, f ∈ E, e ̸= f).

An orthonormal set E is called an orthonormal basis of H if

spanE = H.

Equivalently, E is an orthonormal basis if and only if x ⊥ E implies x = 0.

Proposition 8.11 (Existence of orthonormal bases). Every Hilbert space admits an
orthonormal basis.

Proof. Let F be the family of all orthonormal subsets of H, ordered by inclusion. If C ⊂ F
is a chain, then ⋃E∈C E is again orthonormal, so it is an upper bound for C. By Zorn’s
lemma, F has a maximal element, say E0.

We now show that E0 is complete in the sense that its linear span is dense in H. If not,
then there exists 0 ̸= x ∈ H with x ⊥ E0. After normalization, the set

E0 ∪
{
x

∥x∥

}

is orthonormal, contradicting maximality. Hence spanE0 = H, so E0 is an orthonormal
basis.

Lemma 8.12 (Finite orthogonal expansion and finite Bessel inequality). Let {e1, . . . , en}
be an orthonormal set in H, and define

Snx :=
n∑
j=1

⟨x, ej⟩ej.

Then, for every x ∈ H,
x− Snx ⊥ ek (k = 1, . . . , n), (8.2)
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∥Snx∥2 =
n∑
j=1

|⟨x, ej⟩|2, (8.3)

and
∥x− Snx∥2 = ∥x∥2 −

n∑
j=1

|⟨x, ej⟩|2. (8.4)

In particular,
n∑
j=1

|⟨x, ej⟩|2 ≤ ∥x∥2.

Proof. For each k ∈ {1, . . . , n},

⟨x− Snx, ek⟩ = ⟨x, ek⟩ −
n∑
j=1

⟨x, ej⟩⟨ej, ek⟩ = ⟨x, ek⟩ − ⟨x, ek⟩ = 0,

which proves (8.2). Next,

∥Snx∥2 = ⟨Snx, Snx⟩ =
n∑

j,k=1
⟨x, ej⟩⟨x, ek⟩⟨ej, ek⟩ =

n∑
j=1

|⟨x, ej⟩|2,

so (8.3) holds. Finally, the orthogonality of x − Snx and Snx gives the Pythagorean
identity

∥x∥2 = ∥x− Snx∥2 + ∥Snx∥2,

which, together with (8.3), yields (8.4).

Lemma 8.13. Let E be an orthonormal set in a Hilbert space H. Then for each x ∈ H,
the set

Ex := {e ∈ E : ⟨x, e⟩ ̸= 0}

is countable.

Proof. For each m ∈ N let

Em :=
{
e ∈ E : |⟨x, e⟩|2 > 1

m

}
.

If e1, . . . , er ∈ Em are distinct, then Lemma 8.12 gives

r

m
<

r∑
j=1

|⟨x, ej⟩|2 ≤ ∥x∥2,
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so r < m∥x∥2. Hence each Em is finite. Since every e ∈ Ex satisfies |⟨x, e⟩|2 > 1/m for
some m, we obtain

Ex =
∞⋃
m=1

Em,

which is a countable union of finite sets.

Theorem 8.14 (Bessel inequality). Let E = {eα}α∈I be an orthonormal set in H. Then
for every x ∈ H, ∑

α∈I
|⟨x, eα⟩|2 ≤ ∥x∥2. (8.5)

The sum is well defined because, by Lemma 8.13, at most countably many terms are
nonzero.

Proof. Enumerate the countable set Ex = {e ∈ E : ⟨x, e⟩ ̸= 0} as {en}n≥1. For each k ∈ N,
Lemma 8.12 yields

k∑
n=1

|⟨x, en⟩|2 ≤ ∥x∥2.

Letting k → ∞ proves (8.5).

8.3 Parseval’s identity
An orthonormal basis allows a Hilbert-space vector to be analyzed through its scalar
coordinates, just as in Euclidean space. Parseval’s identity shows that this coordinate
expansion preserves norm exactly, thereby providing the correct infinite-dimensional
analogue of the Pythagorean theorem.

The norm identity associated with an orthonormal basis is the following.

Theorem 8.15 (Parseval’s identity). Let E = {eα}α∈I be an orthonormal basis of a
Hilbert space H. Then for every x ∈ H,

x =
∑
α∈I

⟨x, eα⟩eα, (8.6)

and
∥x∥2 =

∑
α∈I

|⟨x, eα⟩|2. (8.7)

Again, only countably many terms in these expressions are nonzero.
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Proof. Fix x ∈ H and enumerate the countable set Ex = {eα : ⟨x, eα⟩ ̸= 0} as {en}n≥1.
Define

yn :=
n∑
j=1

⟨x, ej⟩ej.

If m > n, then orthonormality gives

∥ym − yn∥2 =
m∑

j=n+1
|⟨x, ej⟩|2,

which tends to 0 as m,n → ∞ by Bessel’s inequality. Hence (yn) is a Cauchy sequence, so
yn → y ∈ H.

For every α ∈ I, continuity of the inner product gives

⟨y, eα⟩ = lim
n→∞

⟨yn, eα⟩ = ⟨x, eα⟩.

Therefore ⟨x − y, eα⟩ = 0 for all α ∈ I. Since E is complete, this forces x − y = 0, and
(8.6) follows. Finally,

∥x∥2 = lim
n→∞

∥yn∥2 = lim
n→∞

n∑
j=1

|⟨x, ej⟩|2 =
∑
α∈I

|⟨x, eα⟩|2,

which is (8.7).

8.4 Gram–Schmidt process
Orthogonality is most useful when one can produce orthonormal systems from arbitrary
linearly independent families. The Gram–Schmidt process is the basic constructive device
that achieves this and thereby connects algebraic bases with the geometric apparatus of
Hilbert spaces.

The constructive orthonormalization procedure may be stated succinctly as follows.

Theorem 8.16 (Gram–Schmidt orthonormalization). Let x1, . . . , xn be linearly indepen-
dent vectors in a Hilbert space H. Define

ν1 := x1, νk := xk −
k−1∑
j=1

⟨xk, gj⟩gj (k ≥ 2),

and set
gk := νk

∥νk∥
(k = 1, . . . , n).
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Then {g1, . . . , gn} is an orthonormal set and, for every k ≤ n,

span{x1, . . . , xk} = span{g1, . . . , gk}.

Proof. We argue by induction on k. Since x1 ≠ 0, the vector g1 = x1/∥x1∥ is well defined
and has norm one. Assume that g1, . . . , gk−1 have already been constructed and are
orthonormal. Because xk /∈ span{x1, . . . , xk−1} = span{g1, . . . , gk−1}, the vector νk is
nonzero. By construction,

⟨νk, gj⟩ = ⟨xk, gj⟩ −
k−1∑
i=1

⟨xk, gi⟩⟨gi, gj⟩ = 0 (j = 1, . . . , k − 1),

so gk = νk/∥νk∥ is orthogonal to g1, . . . , gk−1 and has norm one. Moreover,

xk = νk +
k−1∑
j=1

⟨xk, gj⟩gj ∈ span{g1, . . . , gk},

which shows that span{x1, . . . , xk} ⊆ span{g1, . . . , gk}. The reverse inclusion is immediate
from the definition of the gj.

Example 8.17 (Hermite functions). Applying the Gram–Schmidt process to the sequence
1, t, t2, . . . in the Gaussian-weighted setting leads to the Hermite functions

hn(t) := cnHn(t)e−t2/2, n ≥ 0,

where Hn denotes the nth Hermite polynomial and cn is the normalizing constant. The
family (hn)n≥0 is an orthonormal basis of L2(R).

Sketch of completeness. Suppose g ∈ L2(R) is orthogonal to every hn. Equivalently,∫
R
g(t)e−t2/2tn dt = 0 (n ≥ 0).

Define
G(z) :=

∫
R
g(t)e−t2/2eitz dt, z ∈ C.

Then G is entire, and all derivatives of G at 0 vanish because the moments above are zero.
Hence G ≡ 0. By uniqueness of the Fourier transform, this implies g = 0. Therefore the
Hermite functions are complete.

Theorem 8.18. Every infinite-dimensional separable Hilbert space is isometrically iso-
morphic to ℓ2.
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Proof. Let {en}n≥1 be a countable orthonormal basis for H. Define

F : H → ℓ2, F (x) := (⟨x, e1⟩, ⟨x, e2⟩, . . . ).

By Bessel’s inequality, F (x) ∈ ℓ2 for every x ∈ H, and by Parseval’s identity,

∥F (x)∥2
ℓ2 =

∞∑
n=1

|⟨x, en⟩|2 = ∥x∥2.

Thus F is an isometry. To see that F is onto, let y = (yn) ∈ ℓ2. Then the series ∑∞
n=1 ynen

converges in H because
∥∥∥∥∥

N∑
n=m

ynen

∥∥∥∥∥
2

=
N∑

n=m
|yn|2 −−−−−→

m,N→∞
0.

If we set x := ∑∞
n=1 ynen, then

F (x) = (y1, y2, . . . ) = y.

Therefore F is a surjective linear isometry.

8.5 Adjoint operators and basic spectral constraints
On a Hilbert space the adjoint packages the interaction between an operator and the
inner product. This additional symmetry makes it possible to distinguish special classes of
operators—such as self-adjoint, unitary, and normal operators—whose spectral behaviour
is far more rigid than in the general Banach-space setting.

The adjoint in a Hilbert space is the Hilbert-space counterpart of the transpose map on
general normed spaces. Its existence is a direct application of the Riesz representation
theorem.

Theorem 8.19 (Existence and uniqueness of the adjoint). Let H be a Hilbert space and
let T ∈ B(H). Then there exists a unique operator T ∗ ∈ B(H) such that

⟨Tx, y⟩ = ⟨x, T ∗y⟩ (x, y ∈ H).

Moreover, ∥T ∗∥ = ∥T∥, (S + T )∗ = S∗ + T ∗, (αT )∗ = αT ∗, and (ST )∗ = T ∗S∗.

Proof. Fix y ∈ H. The map x 7→ ⟨Tx, y⟩ is a bounded linear functional on H, with

|⟨Tx, y⟩| ≤ ∥T∥ ∥x∥ ∥y∥.
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By the Riesz representation theorem, there exists a unique vector zy ∈ H such that

⟨Tx, y⟩ = ⟨x, zy⟩ (x ∈ H).

Define T ∗y := zy. Linearity of T ∗ follows from the uniqueness clause in Riesz representation,
and the bound above gives ∥T ∗y∥ ≤ ∥T∥ ∥y∥. Hence T ∗ ∈ B(H) and ∥T ∗∥ ≤ ∥T∥.
Applying the same argument to T ∗ yields ∥T∥ ≤ ∥T ∗∥. Thus ∥T ∗∥ = ∥T∥. The remaining
identities are immediate from the defining relation.

Proposition 8.20 (Basic norm identities). For every T ∈ B(H),

∥T∥2 = ∥T ∗T∥ = ∥TT ∗∥.

If T is normal, then ∥Tx∥ = ∥T ∗x∥ for every x ∈ H. If U is unitary, then ∥Ux∥ = ∥x∥
for every x ∈ H.

Proof. For x ∈ H,

∥Tx∥2 = ⟨Tx, Tx⟩ = ⟨T ∗Tx, x⟩ ≤ ∥T ∗T∥ ∥x∥2,

so ∥T∥2 ≤ ∥T ∗T∥. The reverse inequality follows from submultiplicativity: ∥T ∗T∥ ≤
∥T ∗∥ ∥T∥ = ∥T∥2. Replacing T by T ∗ gives ∥TT ∗∥ = ∥T∥2. If T is normal, then

∥Tx∥2 = ⟨T ∗Tx, x⟩ = ⟨TT ∗x, x⟩ = ∥T ∗x∥2.

If U is unitary, then U∗U = I, so ∥Ux∥2 = ⟨U∗Ux, x⟩ = ∥x∥2.

An operator T is self-adjoint if T = T ∗, unitary if T ∗T = TT ∗ = I, and normal if
T ∗T = TT ∗.

Proposition 8.21 (Characterizations of the basic classes). Let T ∈ B(H).
(a) T is self-adjoint if and only if ⟨Tx, x⟩ ∈ R for every x ∈ H.

(b) U is unitary if and only if U is surjective and norm preserving.

(c) If T is normal, then eigenvectors corresponding to distinct eigenvalues are orthogonal.

Proof. (a) If T = T ∗, then ⟨Tx, x⟩ = ⟨Tx, x⟩, so the scalar is real. Conversely, assume
⟨Tx, x⟩ ∈ R for every x. Polarization applied to the sesquilinear form b(x, y) = ⟨Tx, y⟩ −
⟨x, Ty⟩ shows that b(x, x) = 0 for every x forces b ≡ 0, hence T = T ∗.
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(b) Every unitary operator is surjective and norm preserving by definition and the previous
proposition. Conversely, if U is surjective and ∥Ux∥ = ∥x∥ for every x, then the polarization
identity shows that ⟨Ux, Uy⟩ = ⟨x, y⟩ for all x, y. Therefore, for every y = Uz,

⟨Ux, y⟩ = ⟨Ux, Uz⟩ = ⟨x, z⟩,

which implies U∗y = z = U−1y. Hence U∗U = UU∗ = I.

(c) Suppose Tx = λx and Ty = µy with λ ̸= µ. Then

λ⟨x, y⟩ = ⟨Tx, y⟩ = ⟨x, T ∗y⟩.

Since Ty = µy, we have (T −µI)y = 0. The operator T −µI is normal, so by theorem 8.20,

0 = ∥(T − µI)y∥ = ∥(T ∗ − µI)y∥,

which gives T ∗y = µy. Therefore

λ⟨x, y⟩ = ⟨x, T ∗y⟩ = ⟨x, µy⟩ = µ⟨x, y⟩.

Therefore (λ− µ)⟨x, y⟩ = 0, and since λ ̸= µ we conclude that ⟨x, y⟩ = 0.

Proposition 8.22. If T is self-adjoint then σ(T ) ⊂ R. If U is unitary then σ(U) ⊂ {z ∈
C : |z| = 1}.

Proof. First assume that T = T ∗ and let λ = a+ ib ∈ C with b ̸= 0. For any x ∈ H,

ℑ⟨(λI − T )x, x⟩ = ℑ
(
λ∥x∥2 − ⟨Tx, x⟩

)
= b ∥x∥2,

because ⟨Tx, x⟩ ∈ R for self-adjoint T . Hence

|b| ∥x∥2 ≤ |⟨(λI − T )x, x⟩| ≤ ∥(λI − T )x∥ ∥x∥.

Therefore
∥(λI − T )x∥ ≥ |b| ∥x∥ (x ∈ H).

So λI − T is injective with closed range. If its range were proper, choose 0 ̸= y orthogonal
to the range. Then

0 = ⟨(λI − T )x, y⟩ = ⟨x, (λI − T )y⟩ (x ∈ H),
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which implies (λI−T )y = 0. Applying the inequality above to λ gives y = 0, a contradiction.
Thus λI − T is surjective, hence invertible. Therefore λ ∈ ρ(T ), and so σ(T ) ⊂ R.

Now let U be unitary. If |λ| ̸= 1, then

∥Ux− λx∥2 = ∥Ux∥2 + ∥λx∥2 − 2ℜ⟨Ux, λx⟩ = ∥x∥2 + |λ|2∥x∥2 − 2ℜ
(
λ⟨Ux, x⟩

)
.

Since |⟨Ux, x⟩| ≤ ∥Ux∥ ∥x∥ = ∥x∥2, we get

∥Ux− λx∥2 ≥ (1 − |λ|)2∥x∥2.

Therefore U − λI is injective with closed range. If its range were proper, choose 0 ̸= y

orthogonal to the range. Then

0 = ⟨(U − λI)x, y⟩ = ⟨x, (U∗ − λI)y⟩ (x ∈ H),

so (U∗ − λI)y = 0. But U∗ is also unitary, and the same lower bound shows y = 0,
a contradiction. Therefore U − λI is surjective and hence invertible. Thus λ ∈ ρ(U)
whenever |λ| ̸= 1, which proves σ(U) ⊂ {z ∈ C : |z| = 1}.
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Chapter 9

The Spectral Theorem for Compact
Self-Adjoint Operators
This chapter culminates the Hilbert-space portion of the course with the spectral theorem

for compact self-adjoint operators. The theorem shows that such operators admit a complete
orthonormal set of eigenvectors and therefore possess a convergent diagonal representation
relative to a Hilbert basis. Beyond its immediate consequences, the result provides the
clearest model of how geometry, compactness, and self-adjointness combine to produce an
exact spectral decomposition. It is both a definitive theorem in its own right and a prototype
for the broader spectral theory developed in more advanced settings.

9.1 Spectral theorem
The spectral theorem is the culmination of the compact self-adjoint theory. It shows that
such operators admit an orthonormal basis of eigenvectors and can therefore be diagonalized
in a manner closely analogous to Hermitian matrices, but now in an infinite-dimensional
Hilbert space.

We can now state the central structural theorem of the chapter.

Theorem 9.1 (Compact self-adjoint spectral theorem). Let H be a Hilbert space over C
(or R) and let K ∈ B(H) be compact and self-adjoint. Then there exist an orthonormal
family (en)n≥1 ⊂ H and real numbers (λn)n≥1 such that

Ken = λnen (n ≥ 1),

λn ̸= 0 for all n, and λn → 0 if the family is infinite. If M = span{en : n ≥ 1}, then
K|M⊥ = 0 and for every x ∈ H,

Kx =
∞∑
n=1

λn⟨x, en⟩ en,

with convergence in norm. In particular, H admits an orthonormal basis consisting of
eigenvectors of K (with eigenvalue 0 on kerK).
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Proof. We use two standard facts:

(F1) Weak compactness of the unit ball. The closed unit ball of H is compact in the
weak topology.

(F2) Compact operators are weak-to-strong continuous. If K is compact and
xα → x weakly with supα∥xα∥ < ∞, then Kxα → Kx in norm.

For completeness, we justify (F2): since {Kxα} is relatively compact, every subnet has a
further subnet converging in norm to some y. For any z ∈ H,

⟨y, z⟩ = lim⟨Kxα, z⟩ = lim⟨xα, Kz⟩ = ⟨x,Kz⟩ = ⟨Kx, z⟩,

using weak convergence of xα and self-adjointness of K in the middle identity. Hence
y = Kx. Therefore every subnet of Kxα has a further subnet converging to Kx, which
forces Kxα → Kx in norm.

If K = 0 there is nothing to prove. Assume K ≠ 0 and consider the continuous functional

Φ(x) := ⟨Kx, x⟩ (∥x∥ = 1).

Let α = sup{Φ(x) : ∥x∥ = 1}. Choose a net (xβ) on the unit sphere with Φ(xβ) → α. By
(F1) there is a subnet (still denoted xβ) converging weakly to some x ∈ H with ∥x∥ ≤ 1.
By (F2), Kxβ → Kx in norm, and since xβ → x weakly we obtain

Φ(xβ) = ⟨Kxβ, xβ⟩ −→ ⟨Kx, x⟩ = Φ(x).

Thus Φ(x) = α. In particular α ̸= 0 implies x ≠ 0. Replacing x by x/∥x∥ (which does not
change Φ because Φ(tx) = t2Φ(x)) we may assume ∥x∥ = 1.

Claim. The maximizer x is an eigenvector of K.

Let v ∈ H with ⟨v, x⟩ = 0 and consider f(t) = Φ
(

x+tv
∥x+tv∥

)
for real t near 0. Since t = 0 is a

maximum of f , we have f ′(0) = 0. A direct computation (using ⟨v, x⟩ = 0) gives

0 = f ′(0) = 2 ℜ⟨Kx, v⟩,

and replacing v by iv in the complex case shows ⟨Kx, v⟩ = 0 for all v ⊥ x. Hence
Kx ∈ span{x}, so Kx = λx for some λ ∈ R (real because K is self-adjoint). Setting
e1 := x and λ1 := λ, we obtain Ke1 = λ1e1.
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Now let H1 = e⊥
1 and consider the restriction K1 := K|H1 : H1 → H1. Then K1 is compact

and self-adjoint. If K1 ̸= 0 we repeat the argument to obtain an eigenvector e2 ∈ H1

with eigenvalue λ2 ∈ R. Proceeding inductively yields an orthonormal family (en) with
Ken = λnen, where at each step λn ̸= 0 and |λn+1| ≤ |λn| (choose at each stage an
eigenvalue of maximal modulus on the orthogonal complement; apply the above argument
to either K or −K on that complement to realize the extremum).

If the construction stops, we have K = 0 on the remaining orthogonal complement and
we are done. If it does not stop, compactness forces λn → 0: otherwise there exists
ε > 0 and infinitely many n with |λn| ≥ ε, but then the sequence Ken = λnen has no
norm-convergent subsequence (since (en) is orthonormal), contradicting that K(BH) is
relatively compact.

Let M = span{en : n ≥ 1}. By construction, M is K-invariant and K is diagonal on
span{en}. If x ∈ M⊥ and Kx ≠ 0, then K|M⊥ is a nonzero compact self-adjoint operator
and the above argument would produce an eigenvector orthogonal to all en, contradicting
maximality of the family. Hence K|M⊥ = 0.

Finally, for arbitrary x ∈ H write x = xM + x⊥ with xM ∈ M and x⊥ ∈ M⊥. Then
Kx⊥ = 0 and, for partial sums SNx := ∑N

n=1 λn⟨x, en⟩en,

∥Kx− SNx∥ = ∥
∑
n>N

λn⟨x, en⟩en∥ ≤ sup
n>N

|λn|
(∑
n>N

|⟨x, en⟩|2
)1/2

−−−→
N→∞

0,

since supn>N |λn| → 0 and (⟨x, en⟩) ∈ ℓ2 by Bessel’s inequality. This establishes the
expansion and norm convergence.
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Problem Sets
These problem sets are intended to reinforce the principal concepts, examples, and proof
techniques developed in the main chapters. They are arranged with a deliberate progression:
early problems test command of definitions and examples, the middle range emphasizes
standard theorem-proof mechanisms, and the later problems encourage the reader to
synthesize ideas drawn from several chapters at once. Some exercises are routine, some are
conceptual, and a number are deliberately phrased so as to train the reader in reusable
abstract arguments rather than one-off computations.

Problem Set 1
Focus: norms, completeness, density, quotient spaces, separability, and the classical
sequence and function spaces.

1. State whether each assertion is true or false, giving a complete justification in each
case.
(a) {x ∈ ℓ1 : ∥x∥2 ≤ 1} is a bounded set in the Banach space (ℓ1, ∥ · ∥1).
(b) {x ∈ ℓ1 : ∥x∥1 < 1} is an open set in the normed linear space (ℓ1, ∥ · ∥2).
(c) {x ∈ C[0, 1] : ∥x∥∞ < 1} is an open set in the normed linear space (C[0, 1], ∥ · ∥1).
(d) If (xn) is a sequence in a Banach space X such that

∞∑
n=1

n2∥xn∥2 < ∞, then the

series
∞∑
n=1

xn must be convergent in X.

(e) Is it possible that the quotient space ℓ∞/c0 contains a Schauder basis?
(f) Is the set {x ∈ ℓ∞ : ∥x∥1 < 1} separable in (ℓ∞, ∥ · ∥∞)?
(g) Suppose (xn) is a Cauchy sequence in a normed linear space X and ∥xn∥ → 1.

Does it follow that
(

xn

∥xn∥

)
is a Cauchy sequence in X?

2. Determine whether ∥ · ∥ defines a norm on Rn, where

(a) ∥(x1, . . . , xn)∥ =
(

n∑
i=1

|xi|p
) 1

p

for all (x1, . . . , xn) ∈ Rn (n ≥ 2 and 0 < p < 1).

(b) ∥(x1, . . . , xn)∥ = (x2
1 + 1

2x
2
2 + · · · + 1

n
x2
n) 1

2 for all (x1, . . . , xn) ∈ Rn.

3. Determine whether ∥ · ∥ defines a norm on C[0, 1], where ∥x∥ = min{∥x∥∞, 2∥x∥1} for
all x ∈ C[0, 1].
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4. Suppose f : Rn → R is a convex function which vanishes at most at one point in Rn

and satisfies f(αx) = |α|f(x), for each (α, x) ∈ R × Rn. Show that f is a norm on Rn.

5. Let X be a normed linear space and let x ∈ X. Show that
∥x∥ = inf

{
1

|α| : α ∈ K \ {0}, ∥αx∥ ≤ 1
}
.

6. Let M be a proper closed subspace of a normed linear space X. Define a map f : X → R
by f(x) = inf

m∈M
∥x+m∥. Show that f is a uniformly continuous function on X.

7. Let x = (x1, . . . , xn) ∈ Rn. For 1 ≤ p < q ≤ ∞, prove that

∥x∥q ≤ ∥x∥p ≤ n( 1
p

− 1
q )∥x∥q.

8. Let Q = {r1, r2, . . .} be an enumeration of the rational numbers. Define a sequence of
functions fn : [0, 1] → R by

fn(x) =
 1, if x ∈ {r1, r2, . . . , rn} ∩ [0, 1],

0, otherwise.

Show that (fn) is a Cauchy sequence in (R[0, 1], ∥ · ∥1) but it does not converge to a
function in R[0, 1]. Does (fn) converge in L1[0, 1]?

9. Let C1[0, 1] denote the space of all continuously differentiable functions on [0, 1]. For
f ∈ C1[0, 1], define ∥f∥ = ∥f∥∞ + ∥f ′∥∞. Show that the space (C1[0, 1], ∥ · ∥) is a
Banach space.

10. Let X = {f ∈ C1[0, 1] : f(0) = 0} . For f ∈ X, define ∥f∥1 = ∥f∥∞ + ∥f ′∥∞. Prove
that ∥f∥1 ≤ 2∥f ′∥∞.

11. Let X = {f ∈ C1[0, 1] : f(0) = 0}. Then ∥f∥ =
(∫ 1

0 |f ′|2
) 1

2 defines a norm on C1[0, 1].
Is (X, ∥ · ∥) a Banach space?

12. Suppose α > 0. For f ∈ L∞[0, 1], write ∥f∥ = min{∥f∥∞, α∥f∥1}. Then ∥ · ∥ is a norm
on L∞[0, 1] if and only if α ≤ 1.

13. Show that X = {(xn) ∈ ℓ1 : ∑∞
n=1 n|xn| < ∞} is a proper dense subspace of ℓ1.

14. Show that Lp[0, 1] is a proper dense subspace of L1[0, 1], whenever 1 < p < ∞.
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15. Let C0 denote the class of all continuous functions f : R → R such that for each ϵ > 0,
there exists a compact set K ⊂ R such that |f(x)| < ϵ, for all x ∈ R \K. Show that
(C0, ∥ · ∥∞) is a Banach space.

16. Let Cc(Rn) denote the space of all compactly supported continuous functions on Rn.

(a) Prove that Cc(R) is a proper dense subspace of Lp(R), whenever 1 ≤ p < ∞.

(b) Is Cc(R) dense in L∞(R)?
(c) Prove that Cc(R) is a dense subspace of (C0, ∥ · ∥∞) .
(d) Prove that L1 ∩ Lp(Rn) is dense in Lp(Rn), whenever 1 < p < ∞.

17. Let 1 ≤ p < q < ∞. Prove that Lq[0, 1] is a dense proper subspace of Lp[0, 1].

18. Let S(R) be the space of simple functions on R. Prove that S(R) is dense in Lp(R), for
1 ≤ p < ∞. Why is S(R) not dense in L∞(R)?

19. Let (xn) be a sequence in a normed linear space X which converges to a non-zero vector
x ∈ X. Show that x1+···+xn

nα → x if and only if α = 1. If the sequence xn → 0, prove
that x1+···+xn

nα → 0, for all α ≥ 1.

20. Let M be a subspace of a normed linear space X. Show that M is closed if and only if
{y ∈ M : ∥y∥ ≤ 1} is closed in X.

21. Let D = {z ∈ C : |z| < 1}. Let X be the class of all functions f which are analytic
on D and continuous on D̄. Define ∥f∥∞ = sup{|f(eit)| : 0 ≤ t ≤ 2π}. Prove that
(X, ∥ · ∥∞) is a Banach space.

22. Let M be a closed subspace of a normed linear space X. Prove that projection π : X →
X/M defined by π(x) = x̃ is a continuous map.

23. Let c be the space of all convergence sequences on C. Prove that the quotient norm on
c/c0 is given by ∥(̃xn)∥ = lim

n→∞
|xn|. Deduce further that c/c0 ∼= C.

24. Prove that Lp(R) is separable for 1 ≤ p < ∞ but L∞(R) is not separable.

25. Let M be a closed subspace of a normed linear space X. Then show that X is separable
if and only if M and X/M both are separable.

26. For each n ∈ N, let xn = 1+ (−1)n

n
. Determine all p with 1 ≤ p ≤ ∞ for which (xn) ∈ ℓp.

27. Let 1 ≤ p < q ≤ ∞. Show that
(a) ℓp ⊊ c0
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(b) ℓp ⊊ ℓq

(c) ∥x∥q ≤ ∥x∥p for all x ∈ ℓp

28. Can you find an element in c0 which does not belong to ℓp for any 1 ≤ p < ∞?

29. Prove the following:
(a) If x ∈ Rn, then lim

p→∞
∥x∥p = ∥x∥∞.

(b) If x ∈ ℓq for some 1 ≤ q < ∞, then lim
p→∞

∥x∥p = ∥x∥∞.
(c) If x ∈ C[a, b], then lim

p→∞
∥x∥p = ∥x∥∞.

30. Prove that c00 is dense in (c0, ∥ · ∥∞) and also in (ℓp, ∥ · ∥p) for 1 ≤ p < ∞.

31. Show that
{

(xn) ∈ c00 :
∞∑
n=1

xn = 0
}

is dense in (c0, ∥ · ∥∞).

32. Show that {(xn) ∈ ℓ2 : |xn| ≤ 1
n

for all n ∈ N} is a compact convex subset of ℓ2 with
empty interior.

33. Let X be a metric space. Prove that the normed linear space (Cb(X), ∥ · ∥∞) is finite
dimensional if and only if X is finite.

34. Let X be a nonzero normed linear space, let x, y ∈ X and let ε, δ > 0. If Bε[x] = Bδ[y],
then show that x = y and ε = δ. Does the result remain true if X is assumed to be
only a metric space?

35. Let Y be a subspace of a normed linear space X. Show that
(a) Y 0 ̸= ∅ if and only if Y = X.
(b) Y is nowhere dense in X if and only if Y is not dense in X.

36. Let X be a nonzero normed linear space. Show that {x ∈ X : 1 < ∥x∥ ≤ 2} is neither
an open set nor a closed set in X.

37. Let A be a subset of a normed linear space. Show that A = ⋂
r>0

(A+Br(0)).

38. Let A be a nonempty subset of a nonzero normed linear space X. Show that
A+BX = {x ∈ X : d(x,A) ≤ 1}.

39. Show that ∥(αn) + c0∥ = lim sup
n→∞

|αn| for each (αn) ∈ ℓ∞.
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40. If K is a compact set in the Banach space (ℓ∞, ∥ · ∥∞), then show that {x+ c0 : x ∈ K}
is a compact set in the Banach space ℓ∞/c0 with the quotient norm.

41. Show that a normed linear space X is separable if and only if SX is separable.

42. Let (X, ∥ · ∥) be an infinite-dimensional separable Banach space. Show that there is a
norm ∥ · ∥0 on X such that (X, ∥ · ∥0) is nonseparable.

43. Let (xn) be a sequence in a Banach space X. Which of the following conditions ensure(s)
that (xn) is convergent in X?
(a) ∥xn − xn+1∥ → 0.
(b)

∞∑
n=1

∥xn − xn+1∥ < ∞.

44. Let Y be a subspace of a normed linear space X. If for every sequence (yn) in Y and
for every x ∈ X satisfying

∞∑
n=1

yn = x, we have x ∈ Y , then show that Y is closed in X.

45. If a normed linear space X has a complete subspace Y such that X/Y is complete,
then show that X is a Banach space.

46. If 1 ≤ p < q ≤ ∞, then examine whether (ℓp, ∥ · ∥q) is a Banach space.

47. Show that (c0, ∥ · ∥) is not a Banach space, where ∥(xn)∥ =
∞∑
n=1

1
2n |xn| for all (xn) ∈ c0.

48. Consider the normed linear space (ℓ∞, ∥·∥), where ∥(xn)∥ =
∞∑
n=1

1
2n |xn| for all (xn) ∈ ℓ∞.

Examine whether (ℓ∞, ∥ · ∥) is a Banach space.

49. If ∥(xn)∥ = sup
n∈N

∣∣∣∣ n∑
i=1

xi

∣∣∣∣ for all (xn) ∈ ℓ1, then show that ∥ · ∥ is a norm on ℓ1.

Also, examine whether the normed linear space (ℓ1, ∥ · ∥) is a Banach space.

50. Let X =
{
x ∈ C[0, 1] :

1∫
0
x(t) dt = 0

}
. Prove that (X, ∥ · ∥∞) is an infinite-dimensional

Banach space.

51. Consider the normed linear space (C[0, 1], ∥ · ∥), where ∥x∥ = sup{t|x(t)| : t ∈ [0, 1]}.
Show that (C[0, 1], ∥ · ∥) is not a Banach space.
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52. Let (X, ∥ · ∥) be a normed linear space and let p be a seminorm on X. Show that
p : (X, ∥ · ∥) → R is continuous if and only if there exists α > 0 such that p(x) ≤ α∥x∥
for all x ∈ X.

53. Let (X, ∥ · ∥) be a normed linear space and let p be a seminorm on X. Show that
p : (X, ∥ · ∥) → R is continuous if and only if {x ∈ X : p(x) = 1} is closed in (X, ∥ · ∥).

Problem Set 2
Focus: bounded operators, Banach-space structure, Baire-category methods, and the three
fundamental principles.

1. State whether each assertion is true or false, giving a complete justification in each
case.

(a) Let P(R) be the space of all polynomials with coefficients in R. Does there exist a
norm ∥ · ∥ on P(R) such that (P(R), ∥ · ∥) is a Banach space?

(b) Let Cc(R) denote the class of all compactly supported continuous functions on R.
Is the linear functional given by T (f) =

∫∞
−∞ f(t) dt continuous in (Cc(R), ∥ · ∥∞)?

Is T continuous in (Cc(R), ∥ · ∥1)?

(c) Let X and Y be normed linear spaces. If T : X → Y is a linear map such that
inf{∥Tx∥ : ∥x∥ = 1} > 0, does it follow that T is injective?

(d) Let X and Y be normed linear spaces. Suppose T ∈ B(X, Y ) is open and injective.
Does it follow that T is invertible?

(e) Is the identity map I : (ℓ1, ∥ · ∥1) → (ℓ1, ∥ · ∥∞) a closed map?

2. Show that every infinite-dimensional separable normed linear space contains a countable
linearly independent dense subset.

3. Let X be a separable Banach space. Prove that there exists a closed subspace M of ℓ1

such that X is isomorphic to ℓ1/M.

4. Prove that an infinite-dimensional Banach space X cannot be expressed as the countable
union of compact subsets of X.
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5. Let f ∈ C∞(R) be such that for each t ∈ R, there exists nt ∈ N satisfying f (nt)(t) = 0.
Show that there exist an interval (a, b) and polynomial p(x) such that f(t) = p(t) for
all t ∈ (a, b).

6. Let X, Y be normed linear spaces and let T : X → Y and S : X → Y be linear maps.
Let x0 ∈ X and r > 0 such that Tx = Sx for all x ∈ Br(x0). Show that T = S.

7. Let X, Y be normed linear spaces and let T : X → Y be linear such that {Tx : x ∈
X, ∥x∥ < 1} is an open set in Y . If G is an open set in X, then show that T (G) is an
open set in Y .

8. Let X and Y be normed linear spaces, and let T : X → Y be a linear map. Show that
the following statements are equivalent.
(a) T is bounded.
(b) For every Cauchy sequence (xn) in X, (Txn) is a Cauchy sequence in Y .
(c) For every nonempty bounded open subset G of X, T (G) is a bounded subset of Y .

9. Let X, Y be normed linear spaces and let T : X → Y be a linear map. If T (G) is
bounded in Y for some nonempty open subset G of X, show that T is continuous.

10. Let X, Y be normed linear spaces and let T : X → Y be a linear map such that
{x ∈ X : ∥Tx∥ < 1}0 ̸= ∅. Show that T is continuous.

11. Let X, Y be normed linear spaces and let T : X → Y be linear. If T (K) is a bounded
set in Y for every compact set K in X, then show that T is continuous.

12. Let Tn : ℓ1 → ℓ1 be a sequence of linear transformations such that for each x = (xn) ∈ ℓ1,

we have Tn(x1, x2, . . .) = (xn+1, xn+2, . . .). Show that ∥Tn(x)∥ → 0 but ∥Tn∥ = 1.

13. For f ∈ C1[0, 1], define its norm by ∥f∥ = max {∥f∥∞, ∥f ′∥∞} . Show that the linear
map T : (C1[0, 1], ∥.∥) → (C[0, 1], ∥.∥∞) given by T (f) = f ′ is continuous and ∥T∥ = 1.

14. Let X, Y be normed linear spaces and let T : X → Y be a linear map. If for every
absolutely convergent series

∞∑
n=1

xn in X,
∞∑
n=1

Txn is a convergent series in Y, then show
that T is bounded.

15. For 1 ≤ p ≤ ∞, define a linear map on ℓp(N) by T (x) =
(
x1,

x2
2 ,

x3
3 , . . .

)
. Find ∥T∥.
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16. Let X = (C[0, 1], ∥ · ∥∞) . For f ∈ C[0, 1] define K(f)(t) =
t∫

0
f(s)ds. Show that

(a) K is one-to-one but not onto.
(b) For each n ∈ N, the power of operator K satisfies ∥Kn∥ = 1

n! .

(c) Operator T = I +K is invertible.

17. Let X = (C[0, π], ∥ · ∥∞) . For f ∈ C[0, π] define T (f)(x) =
∫ x

0 sin(x+ y)f(y)dy. Find
∥T∥.

18. Let T : (L1[0, 1], ∥ · ∥1) → (C[0, 1], ∥ · ∥∞) be the linear transformation defined by
T (f)(x) =

x∫
0
e−t2f(t)dt. Show that T satisfies the condition 1

3 ≤ ∥T∥ ≤ 1.

19. Let X be a Banach space. If the sequence Tn ∈ B(X,X) converges to T such that T−1
n

exists and bounded in B(X,X). Then show that T is invertible.

20. Let X and Y be two Banach spaces and T : X → Y is a continuous linear bijection.
Then show that inf{∥x∥ : x ∈ X, ∥Tx∥ = 1} ≤ ∥T−1∥. Does equality hold?

21. Let ϕ ∈ L∞(R). For 1 ≤ p < ∞, define an operator on Lp(Rn) by Mϕ(f) = ϕf. Show
that ∥Mϕ∥ = ∥ϕ∥∞. Is the conclusion still true for p = ∞?

22. Let M be a closed subspace of a normed linear space X. Show that the projection
π : X → X/M defined by π(x) = x+M is a continuous linear surjective open map
with ∥π∥ < 1. If M ⊊ X then ∥π∥ = 1.

23. Let X = {f ∈ C[0, 1] : f(0) = 0} and M =
{
f ∈ X :

∫ 1
0 f(t)dt = 0

}
. Show that

(a) M is an infinite-dimensional closed subspace of X.

(b) There does not exist any f ∈ X with ∥f∥∞ = 1 such that dist(f,M) = 1.

24. Let X and Y be two Banach spaces and T ∈ B(X, Y ). Show that the following are
equivalent:

(a) T is injective and has closed range.
(b) There is k ≥ 0 such that ∥x∥ ≤ k∥T (x)∥ for all x ∈ X.

25. Let X and Y be two normed linear spaces and T : X → Y such that dimT (X) < ∞
and kerT is closed. Then show that T is bounded.
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26. Suppose X can be made into a Banach space with respect to the norms ∥ · ∥1 and ∥ · ∥2.

If there exists m > 0 such that ∥x∥1 ≤ m∥x∥2 for all x ∈ X. Then both norms are
equivalent.

27. Let X be a Banach space and Y be a normed linear space. Suppose Tn ∈ B(X, Y )
such that lim

n→∞
Tn(x) exists for each x ∈ X. Write T (x) = lim

n→∞
Tn(x). Show that T is

bounded.

28. Let (an) be a sequence of real numbers such that for each x = (xn) ∈ ℓ2, the sequence
(anxn) belongs to ℓ2(N). Define an operator T on ℓ2 by T (x1, x2, . . .) = (a1x1, a2x2, . . .) .
Show that T is bounded.

29. Let X and Y be two normed linear spaces and Tn, T ∈ B(X, Y ) such that Tn → T.

Suppose xn → x. Then show that Tnxn → Tx in Y.

30. Let X be a Banach space and let T ∈ B(X) with ∥T∥ < 1. Then show that I − T is
invertible and (I − T )−1 =

∞∑
n=0

T n ∈ B(X).

31. Let (Tn) be a sequence of bounded linear operator on a Banach space X such that
∥Tn − T∥ → 0. If T−1

n exists, ∀ n ∈ N and ∥T−1
n ∥ < 1, then prove that T−1 ∈ B(X).

32. Let X and Y be two normed linear spaces and T ∈ B(X, Y ) sends each open subset in
X to an open subset in Y. Prove that T is onto.

33. Let T : (C1[0, 1], ∥ · ∥∞) → (C[0, 1], ∥ · ∥∞) be a linear transformation that defined by
Tf(s) = f ′(s) +

s∫
0
f(t)dt. Show that the graph of T is closed but T is not continuous.

Problem Set 3
Focus: Hahn–Banach extension, separation, duality, weak topologies, and reflexivity.

1. State whether each assertion is true or false, giving a complete justification in each
case.

(a) If f((xn)) =
∞∑
n=1

xn√
n

for all (xn) ∈ ℓ1, then the linear functional f : (ℓ1, ∥ · ∥2) → K
is continuous.

(b) If X is a normed linear space and f ∈ X∗, then {x ∈ X : f(x) ̸= 1} must be
dense in X.
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(c) Let X be a Banach space and fn → 0 in the weak∗ topology of X∗. Is it necessary
that fn is bounded in X∗?

(d) Let M be a proper dense subspace of normed linear space X. Does it imply that
every continuous linear functional on M has a unique Hahn–Banach extension to
X?

(e) Suppose (xn) ∈ ℓ2. Does it imply the sequence
(
xn√
n

)
∈ ℓ1?

2. Let f be a linear functional on a normed linear space X. Then f is bounded if and only
if ker f is closed.

3. Let X∗ denote the dual space of a normed linear space X. For x ∈ X, show that
∥x∥ = sup{|f(x)| : f ∈ X∗ and ∥f∥ = 1}.

4. Let 1 ≤ p < ∞. Define a linear map T : ℓp → ℓp by T (x1, x2, . . .) = (0, x1, x2, . . .). Find
the adjoint operator T ∗ of T.

5. Show that the linear map T : (C1[0, 1], ∥ · ∥) → (C[0, 1], ∥ · ∥) defined by (Tf)(t) = f ′(t)
does not have a bounded adjoint.

6. Let X and Y be two normed linear spaces. Suppose T ∈ B(X, Y ). Show that T ∗ ∈
B(Y ∗, X∗) and ∥T ∗∥ = ∥T∥.

7. Let 1 ≤ p < ∞ and 1
p

+ 1
q

= 1. For f ∈ Lp(R), prove that

∥f∥p = sup
{∣∣∣∣∫

R
f(x)g(x)dx

∣∣∣∣ : g ∈ Lq(R) and ∥g∥q = 1
}
.

8. Define a family of linear functionals fn : c0(N) → C by fn(x) = 1
n

∑n
j=1 xj. Show that

lim
n→∞

fn(x) = 0 but ∥fn∥ = 1.

9. Let M = {(x1, x2, . . .) ∈ ℓ1 : x1 + x2 = 0}. Define a linear functional f on M by
f(x1, x2, . . .) = 2x1. Find a norm preserving extension of f to ℓ1.

10. Let M = {(x, y) ∈ R2 : 2x−3y = 0}. Define a linear functional f on M by f(x, y) = x.

Find all possible Hahn–Banach extensions of f to (R2, ∥ · ∥2).

11. Let C be an open subset of a normed linear space X and 0 ∈ C. For x ∈ X, define
p(x) = inf{t > 0 : t−1x ∈ C}. Show that there exists M > 0 such that p(x) ≤ M∥x∥
for all x ∈ X.
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12. Let c0 be the space of all sequences on C that converges to 0. Show that the dual of
(c0, ∥ · ∥∞) is isomorphic to (ℓ1, ∥ · ∥1)

13. Let Y be a a proper dense subspace of a normed linear space X. Show that the identity
operator on Y cannot be extended as a continuous operator from Y to X.

14. Let M be a proper subspace of a normed linear space X. Suppose dist(xo,M) = δ > 0
for some xo ̸∈ M. Prove that there exists f ∈ X∗ such that ∥f∥ = 1, f(xo) = δ and
f(x) = 0 for all x ∈ M. Does such f exist uniquely?

15. Let T : ℓ2 → ℓ2 be a linear map such that T (x1, x2, . . .) = (x2, x3, . . .). Find the adjoint
T ∗ of T.

16. Let M = {(y1, y2, . . .) ∈ ℓ2 : 2y1 − y2 = 0} and xo =
(
1, 1

2 ,
1
3 , . . .

)
. Find yo ∈ M such

that dist(xo,M) = ∥xo − yo∥2.

17. Let {e1, e2, . . . , en} be a linearly independent set in an infinite-dimensional normed
linear space X. For (a1, a2, . . . , an) ∈ Cn, prove that there exists f ∈ X∗ such that
f(ej) = aj, for j = 1, 2, . . . , n.

18. Suppose the sequence gn ∈ L2[0, 1] is defined by

gn(t) =


√
n if 0 ≤ t < 1/n,

0 if 1/n ≤ t ≤ 1.

Show that ∥gn∥2 = 1 and gn converges weakly to 0.

19. For f ∈ L2[−π, π], define a sequence (φn) of linear functionals by φn(f) =
1

2π
∫ π

−π f(t)e−intdt. Show that ∥φn∥ = 1 and φn(f) → 0.

20. Let c0 be the space of all sequences converging to zero. Show that (c0)∗ = ℓ1 and
(c0)∗∗ = ℓ∞. Further, show that the map x 7→ ∑∞

1 xn is weakly continuous on c0 but
not weak∗ continuous.

21. Let X and Y be two Banach spaces and Tn, T ∈ B(X, Y ). If Tn → T weakly, show that
sup ∥Tn∥ < ∞.

22. Let X = (C[0, 1], ∥ · ∥∞) . Define a map T : X → C by T (f) =
1∫
0
tf(t)dt, for all f ∈ X.

Find a vector f ∈ X such that T (f) = ∥T∥.
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23. Suppose X and Y be two Banach spaces and T : X → Y such that f ◦ T ∈ X∗ for all
f ∈ Y ∗. Show that T is continuous.

24. Let X and Y be two normed linear spaces. For T ∈ B(X, Y ), define T ∗ : Y ∗ → X∗ by
T ∗(f) = f ◦ T, for all f ∈ Y ∗. Show that
(a) kerT ∗ = (ImT )⊥ .

(b) T is bijective then T ∗ is bijective.

25. Let X and Y be two Banach spaces. Suppose S : X → Y and T : Y ∗ → X∗ be linear
maps satisfying f ◦ S = T (f) for all f ∈ Y ∗. Show that S is continuous. (Hint: use the
closed graph theorem.)

26. Let X and Y be two Banach spaces and T ∈ B(X, Y ) be such that the range R(T ) is
closed. Prove that R(T ∗) = (kerT )⊥, where M⊥ = {f ∈ X∗ : f(x) = 0, ∀x ∈ M}, for
M ⊆ X.

27. Let X be a reflexive Banach space and f ∈ X∗. Show that there exists x ∈ B(0, 1)
such that f(x) = ∥f∥.

28. Let K be a closed bounded convex subset of a reflexive Banach space X. Prove that K
is weakly compact.

29. Suppose M is a subspace of a Banach space X. Then M⊥ is a weak∗-closed subspace
of X∗.

30. Let X be a normed linear space and let f ∈ X∗ with f ≠ 0. If x0 ∈ X and if α ∈ K,
then show that d(x0, {x ∈ X : f(x) = α}) = |f(x0)−α|

∥f∥ .

31. Let Y = {(x, y) ∈ R2 : 2x− y = 0} and let g(x, y) = x for all (x, y) ∈ Y . Determine all
the Hahn-Banach extensions of g to (R2, ∥ · ∥2).

32. Let (xn) be a sequence in a Banach space X and let (fn) be a sequence in X∗. Prove
the following:
(a) If xn w−→ x ∈ X, then (xn) is bounded and ∥x∥ ≤ lim inf

n→∞
∥xn∥.

(b) If fn w∗
−→ f ∈ X∗, then (fn) is bounded and ∥f∥ ≤ lim inf

n→∞
∥fn∥.

33. Let X be a Banach space, let x ∈ X and let f ∈ X∗. If (xn) is a sequence in X

such that xn → x and if (fn) is a sequence in X∗ such that fn w∗
−→ f , then show that

fn(xn) → f(x).
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Problem Set 4
Focus: spectrum, compact operators, Hilbert spaces, adjoints, and the spectral theorem.

1. State whether each assertion is true or false, giving a complete justification in each
case.
(a) Every orthonormal set in a Hilbert space H must be closed in H.
(b) In any infinite-dimensional Hilbert space, there exists a convergent series which is

not absolutely convergent.
(c) If (xn) is a sequence in a Hilbert space H such that

∞∑
n=1

∥xn∥2 < ∞, then the series
∞∑
n=1

xn must converge in H.

(d) If (un) is an orthonormal sequence in a Hilbert space H and if x ∈ H, then the
series

∞∑
n=1

⟨x, un⟩un must converge in H but not necessarily to x.

(e) If {un : n ∈ N} is a countably infinite orthonormal basis of a Hilbert space H and
if x ∈ H, then the series

∞∑
n=1

⟨x, un⟩un in H must be absolutely convergent.

(f) If, in a Hilbert space H, every weakly convergent sequence is norm convergent,
then H must be separable.

2. Let (X, ⟨., .⟩) be an inner product space. Prove the following generalized parallelogram
law. ∑

ϵk=±1

∥∥∥∥∥
n∑
k=1

ϵkxk

∥∥∥∥∥
2

= 2n
n∑
k=1

∥xk∥2 .

3. Let ω be a primitive nth root of unity and n > 2. Then Show that for x, y in an inner
product space X following holds.

⟨x, y⟩ = 1
n

∑
ωp ∥x+ ωpy∥2 .

4. Let X be an inner product space, let x ∈ X and let (xn) be a sequence in X such that
∥xn∥ → ∥x∥ and ⟨xn, x⟩ → ⟨x, x⟩. Show that xn → x in X.

5. Let X be an inner product space and (xn) and (yn) be sequences in B(0, 1) such that
∥1

2(xn + yn)∥ → 1 as n → ∞. Show that ∥xn − yn∥ → 0 as n → ∞.

6. Let X be an inner product space and let y, z ∈ X. If Tx = ⟨x, y⟩z for all x ∈ X, then
show that ∥T∥ = ∥y∥∥z∥.
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7. Consider CR[0, 1] with the usual inner product. Let S = {pn : n = 0, 1, 2, . . .}, where
pn(t) = tn for all t ∈ [0, 1] and for n = 0, 1, 2, .... Prove that the orthogonal complement
of S in CR[0, 1] is {0}.

8. Let M be a closed subspace of a Hilbert space H. If x ∈ M and if (xn) is a sequence
in M , then show that xn w−→ x in H if and only if xn w−→ x in M .

9. Using Riesz representation theorem, show that {(xn) ∈ ℓ2 :
∞∑
n=1

1√
n
xn = 0} is not a

closed subset of the Hilbert space ℓ2.

10. Determine ∥f∥ for the linear functional f : (ℓ2, ∥ · ∥2) → C, defined by f(x) =
∞∑
n=1

xn√
n(n+1)

, for all x = (x1, x2, . . .) ∈ ℓ2.

11. Let {en : n ∈ N} be an orthonormal basis of a Hilbert space H. If f(x) =
∞∑
n=1

1
3n ⟨x, en⟩

for all x ∈ H, then determine ∥f∥.

12. Let H be a Hilbert space and let (Tn) be a sequence in B(H,H) such that for each
x, y ∈ H, lim

n→∞
⟨Tnx, y⟩ exists. Show that sup{∥Tn∥ : n ∈ N} < ∞.

13. Let (X, ∥ · ∥) be a separable Hilbert space with an orthonormal basis {en : n ∈ N}. If
∥x∥0 =

∞∑
n=1

1
2n |⟨x, en⟩| for all x ∈ X, then show that ∥ · ∥0 is a norm on X which is not

equivalent to ∥ · ∥.

14. Let T : L2[0, 1] → L2[0, 1] be a linear map which is defined by (Tf)(x) =
x∫
0
f(t)dt.

Define ⟨Tf, g⟩ = ⟨f, T ∗g⟩. Find the adjoint operator T ∗ of T.

15. Let T be linear operator on a Hilbert space H such that ⟨Tx, y⟩ = ⟨x, Ty⟩. Show that
T is continuous.

16. Let H be a Hilbert space and let T : H → H be linear. If ⟨T 2x, x⟩ ≥ 0 and ⟨Tx, x⟩ = 0
for all x ∈ H, then show that T = 0.

17. If A is a subset of an inner product space such that A0 ̸= ∅, then show that A⊥ = {0}.

18. If A is a dense subset of an inner product space, then show that A⊥ = {0}.
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19. Let {en : n ∈ N} be an orthonormal basis for a separable Hilbert space H. Define a
linear map T : H → H by T (en) = anen, n = 1, 2, . . . . Show that T is bounded if and
only if sequence {an} is bounded.

20. Let T be a normal operator on a Hilbert space H. Show that ∥T 2∥ = ∥T∥2.

21. Let M be a closed subspace of a Hilbert space H and let x ∈ H \ M . Prove that
d(x,M) = sup{|⟨x, y⟩| : y ∈ M⊥, ∥y∥ ≤ 1}.

22. Let {en} be an orthonormal basis for a Hilbert space H and (α1, α2, . . .) ∈ ℓ∞. Define
a linear map T : H → H by T (x) =

∞∑
n=1

⟨x, en⟩αnen. Prove that T is continuous and
∥T∥ = sup |αn|.

23. Let φ be a bounded function on R. Define T : L2(R) → L2(R) by T (f)(t) = φ(t)f(t).
Show that T is a bounded operator. Find the adjoint operator T ∗ of T.

24. Suppose T is a bounded linear operator on a complex Hilbert space H such that
⟨Tx, x⟩ = 0, for all x ∈ H. Show that T = 0.

25. Let T be a bounded and self-adjoint operator on a Hilbert space H. Suppose there
exists k > 0 such that ∥Tx∥ ≥ k∥x∥, for each x ∈ H. Prove that the equation Tx = y

has a unique solution for each y ∈ H.

26. Let E = {eα : α ∈ I} be an orthonormal basis of a Hilbert space H. For each x ∈ H,

show that the set
{
eα ∈ E : |⟨x, eα⟩|2 >

(
2
n

− e−n
)

∥x∥2
}

is a finite set for each fixed
n ∈ N.

27. Let M be a proper closed subspace of a Hilbert space H. Define π : H → H/M by
π(x) = x + M. Show that ∥π∥ = 1. Further, if there exists 0 ̸= x ∈ H such that
∥π(x)∥ = ∥x∥, then there exists a unique 0 ̸= z ∈ M such that ∥z∥2 = 2Re⟨x, z⟩.
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