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N.B. Answers without proper justification will receive no credit.

1. (a) Do there exist infinitely many uncountable nowhere dense subsets of R whose
union has Lebesgue measure zero? 1

(b) Does there exist a nonconstant continuous function f : R → R which zero every-
where except on a set of Lebesgue measure zero? 1

(c) Let C be the Cantor set in [0, 1]. Is every function f : C → R necessarily Borel
measurable? 1

(d) For A,B ⊆ R, define A−B = {x− y : (x, y) ∈ A×B}. If m∗(A−B) > 0, does
there exist (x, y) ∈ A×B such that x− y ∈ R∖Q? 1

(e) Is the continuous image of a closed subset of R necessarily a Borel set? 1

2. Let E = N × {0} and, for each n ∈ N, let On =
{
x ∈ R2 : d(x,E) < 1

n

}
. Show that

lim
n→∞

m(On) = ∞ and m

(
∞⋂
n=1

On

)
= 0. 3

3. Suppose (fn) is a sequence of Lebesgue measurable functions fn : R → R. Show that
the set {x ∈ R : lim inf

n→∞
fn(x) exists} is Lebesgue measurable. 3

4. Let E ⊂ R satisfy 0 < m(E) < ∞. For x ∈ R, define f(x) = m
(
E ∩ (−∞, x)

)
. Show

that f is uniformly continuous and that, for every α with 0 < α < m(E), there exists
x ∈ R such that f(x) = α. 4

5. Let (X,S, µ) be a finite measure space and let f : X → R be measurable. Prove that,
for every ϵ > 0, there exists M > 0 such that µ

(
{x ∈ X : |f(x)| > M}

)
< ϵ. 4

6. Let A ⊂ R satisfy m∗(A) > 0. Prove that there exists a bounded interval I such
that 0 < m∗(A ∩ I) < ∞. Further, show that there exists an interval J such that

m∗(A ∩ J) ≥ 3

4
m(J). 4

7. Let E ⊂ R be Lebesgue measurable and suppose that m
(
E ∩ (x− 1, x+ 1)

)
= 1 for

every x ∈ R. Show that m(E) = ∞. 3

8. Let f : [0, 1] → [0, 1] be a Lebesgue measurable bijection, and assume that f−1 is
also Lebesgue measurable. Determine whether it necessarily follows that m(f(E)) =
m(E) for every Lebesgue measurable set E ⊆ [0, 1]. 4
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