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MA4128: Measure Theory

( Assignment 5: LP-spaces and product measures)
May - November, 2026

. State TRUE or FALSE giving proper justification for each of the following statements.

(a) L*(X, S, n) contains an almost non-zero function for every measure space (X, S, p).
(b) If f:(X,S, ) — R is bounded almost everywhere, then f is measurable.
(c) If for 1 <p < oo, L=(X, S, pu) C LP(X,S, ), then p is a finite measure.
(d) For f € L>®(X,S, 1), it is necessary that u{z € X : |f(z)| = || fll«} = 0.
)

(e) Let S(R) be the space of all continuous functions f on R such that |z|*f(x) is bounded,
for any @« € NU{0}. Then S(R) is dense L*(R).

(f) Let (X, S, u) be a o- finite measure space with p({z}) = 0 for all z € X. Is it possible that
(hxp){(zy) € X x X a=y}) > 07

(g) Let F(z,y) = f(x)g(y), where f € L'(R) and g € L>=(R). Does it imply that F is finite
a.e. m x m?

(h) The set {(x,y) € R*: y =sin 1} belongs to B(R) @ B(R).

.For1 <p<ooand f € LP(X,S, ) and a > 0 show that u{x € X : |f(x)] > a} < (Hf”")p.

«

Further, for 1 < p < oo, show that > u{z € X : |f(z)| > n} is convergent.
n=1
Let 1 <p<ooand f e LT(X,S pu) NLP(X,S,u). Define f,(z) = min{n, f(x)}. Then show
that f,, increases to f point wise a.e. and lim [ |f, — f[Pdp = 0.
TL*)OOX
Suppose f, — fin LP(R) for 1 < p < c0. Let g, € L*(R) and ||g,|| < 1. If g,, converges to g
uniformly a.e., then f,g, — fg in LP(R).

. Suppose f, € LP(X,S,u), for 1 < p < oo, with ||f,||, < 1 and f,, — f point-wise a.e. Show

that f e LP(X,S, ) and || f]|, < 1.

Let (X, S, 1) be a o- finite measure space. Suppose for each € > 0 there exists some p > 1 such
that || f]|, < € for every f € LP(X,S, ). Show that u = 0.

Let (X, S, ) be a measure space and 0 < p < 1. Then for f,g € LT N LP(X, S, 1) show that
1f 49l = 171l + llgllp-

Let {E,} be sequence of disjoint measurable sets. Show that > a;xg, € LP(X, S, ) if and
n=1

only if > |a;|Pu(E;) < oc.

n=1

Let f € LY(R, M, m). Show that @ — 0 a.e. z in R. (Beppo-Levi theorem may be helpful.)

If f & L*°(R, M, m), then show that lim | f|, = oc.
pP—00

Let f and g be disjointly supported functions in LP(X, S, j1). Prove that || f+g|[5 = | f][5+lgl3-

Let 1 <p < oo f € LP(R,M,m). Then show that ||f(z + h) — f(z)|, — 0 as |h| — 0.
For 1 < p < oo, prove that L*(R, M, m)NLP(R, M, m) is a proper dense subspace of LP(R, M, m).
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Let 1<p,g<ocandpl+4q¢gl=r"1t1f fe LP(X,S u) and g € LY(X,S, i), then prove that
fg e LNX, S, u) and ||fgll- < I fllollgll4- (A generalized Holder’s inequality. )

Let 1 < p < q<r <oo. Then prove that LI(X, S, u) C LP(X,S,n) + L' (X, S, ).

Let 1 < p < g < r < oo. Show that LP(X,S,u) N L"(X,S,pn) C LIYX,S,u) and
1£1lg < NAIZNANA, where A € (0,1) is given by ¢~ = Ap~" + (1 = A)r".

Let 1<p<ooand p ' +¢q ' =1 For f e LP(X,S,u), prove that

11l = sup {

/ fgdﬂ' g€ 19X, 5, p) and |lg], = 1} |
X

Let (X, S, u) be a o-finite measure space. Then show that ||f||.c = sup
lglli=1

ffgdu‘-

X

Let A be the monotone class generated by all closed sets in R. If E' and F' are closed subsets
R, then show that E + F' belongs to A.

Let P be a polynomial on R?. Show that S = {(z,y) € R?: P(z,y) =1} € M(R) ® M(R).
Compute m x m ().

Let f: (R, M ® M, m x m) — R be a measurable function. If either of f* or f~ belongs to
L' (R*, M ® M,m x m), then show that [ [ fdmdm = [ fd(m x m).

R R R?
Let f: (X, S, ) = R be measurable. Show that Gy = {(z,y) € X xR, y = f(z)} € S®B(R).
If (X,S,pn) = (R, M,m), then show that m x m(Gy) = 0.

Let(X, S, 1) be a o-finite measure space. Let f: (X, S, u) — [0, 00] be measurable. Show that
A ={(z,y) € X x[0,00], y < f(2)} € S@B(R) and p x m(Ay) = [y f(x)dp(x)

Let (X, S, 1) be a finite measure space and f : X — [1, 0] be a measurable function. Compute
pxm{(z,y) € X xR: y < f(z)}.

Show that D = {(x,y) € R*: y > 2? and y < 1} € M(R) ® M(R). Find m x m(D).

Let f € LY(X,S,pu) and g € LY(Y, T,v). Define o(x,y) = f(x)g(y). Show that ¢ is measurable
and p € LN X XY, SQT,ux v).

Let E,F € M(R) and f: R? — R be defined by f(z,y) = xz(z)xr(z — y). Then show that f
is M(R) ® M(R)-measurable and [ fd(m x m) = m(E)m(F).

RQ

For E,F € M(R), define h(y) = [ xp(x)xr(x — y)dz. Show that h is a Borel measurable
R
function on R.

Let X =Y =[0,1], S=T = BJ0,1] and u = v = m. Define f : [0,1] x [0,1] — R by

1 ifzeqQ,
f(x’y):{ 2y ifzeR\Q.

11 11
Compute [ [ f(z,y)dydz and [ [ f(z,y)dwdy. Whether f € L*(m x m)?
00 00

Let f(x, y) = e sinx and D = [0,00) x [1,00). Show that fxp € L'(R*, M ® M, m x m)
andff (z,y) dydx—fffx y)dxdy.

Let f(z,y) = e —2e 2% and D = [0,1] X [1,00). Show that fxp & L'(R?*, M @ M, m x m).
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Let f € L'(0,a) and define g(z) = [ @dt. Then show that g € L'(0,a) and compute
foag(x)dx.

For f € LY(R, M, m), define F(x) = [ f(t)dt. Show that F' € L'([0,1], M, m) and deduce that
0

1] < ([ £l
Let f € LYR,M,m). If p(z,y) = 29 then show that ¢ is M ® M-measurable, and

1+y27
pe L' R*M® M,mxm).

1+y2

Let T : LY(R) — L'(R) be defined by T(f)(z) = [ I@4) gy Show that T is bounded and
R

satisfies ||T|| = .

Define a linear functional on L'(R, M, m) by T(f) = [ ﬁg‘%. Show that T is bounded and
R

verifies ||T']| < 1.



