MA4128: Measure Theory

( Assignment 4: Integration)
July - November, 2026

. State TRUE or FALSE giving proper justification for each of the following statements.
(a) Whether L'(X, S, ) has an almost non-zero function for every measure space (X, S, u)?

(b) Let f:(X,S,u) — [0,00] be such that ||f||; > 0. Does there exist some n € N such that
p{r € X |f(x)] <n} > 07

(¢) There exists a Lebesgue measurable function f on (R, M, m) such that [, fdm is finite for
every E € M but f & L'(R, M, m).

(d) For n € N, define f, = X(nnt1)- Then there exists a measurable set £ € M(R) with
m(F) = oo such that f, converges to 0 uniformly on F.

(e) Suppose f,, € LT(R, M, m) converges to f point-wise. If [, fpdm < M < oo, ¥ n < 1.
Then fR fdm = lim fR fndm.

(f) For z € R, define f(z) =min {1, %} . Whether f € L*(R)?

(g) Suppose (X, S, 1) be a finite measure space on the finite set X. Then L'(X, S, i) is a finite
dimensional linear space.

(h) Does there exist a Lebesgue measurable function f on (R, M, m) such that [ f is finite for
E

every proper Lebesgue measurable set E but f ¢ LY(R, M, m)?

. Let p be the counting measure on the measurable space (N, P(N)) and let f : N — [0, 400].
Show that [ fdu = Y f(n) for every E C N and hence, in particular, [ fdu= 3 f(n).
E nekr N =

n=1

. Let 6, be the Dirac measure at x € X on the measurable space (X, P(X)). If f: X — [0, +o0]
| flx) fzeE,
andECX,thenshowthatgfdéx—{ 0 ifzdE.
(Hence, in particular, [ fdd, = f(z).)
X

. Let Hn DE a Sequence OI measures on s . ror S , denne W = on, . <
L b f X,S). For E € S, defi E E). If
n=1

L*(X, S, ), then prove that [ fdu= Y [ fdu,.
X

n=1X
. Let f: R — R be given b = Ly Let g(z) = 27" f(x — r,), then show that the
g y /2 X(0,1) g

function g belongs to L'(R, M, m). e
. Let f,, = X[ 1) Construct an increasing sequence {g,} of measurable functions on (R, M, m,)
in terms of f, such that nh_{{)lo ]{ gndm < oo.
L if # = % for some k,n € N with g.c.d.(k,n) =1,
0 otherwise.
Evaluate the Lebesgue integral [ fdm.
[0,1]

. Let f,g: (X,S,p) = [0,+00] be measurable. If A\(E) = [ fdu for all E € S, then show that
E

A is a measure on (X, S) and that [ gd\ = [ ¢f du. Does A(E) = 0 imply p(E) = 07?
b'e X

. For each x € [0, 1], let f(z) = {

x ifa::%nforsomenéN,

2
. For each z € [0,1], let f(z) =< 2% if = 55 for some n € N,
r! otherwise.

Evaluate the Lebesgue integral [ fdm.
[0,1]
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sin(rz) if x € [0,1]\ C,
Let f(x) = COS(;T[E) if v € (3,1]\C,

x if z € C’
Evaluate the Lebesgue integral [ fdm, where C' denotes the Cantor ternary set in [0, 1].
[0,1]
Evaluate the Lebesgue integrals: (a) [ e 1 dm(z) ) S T dm(x)
[0,+00) (0,1]

o if
Laf@%:{;%l%iig\Q

Evaluate the Lebesgue integral [ fdm.
R

+— ifo<z<1
L —{ =h
et f(@) {% itz > 1.
Evaluate the Lebesgue integral [ fdm.
(0,4-00)
2 2n 1 o
Evaluate the following: (a) lim f Tz dv (b) lim [ (iigfn dx ) [( Z ) d
TL—}OO n—oo
[0,1] 0 n=1
&S n2ze "’
(@ Jim [ e do 2{ ey de () Jim [ e

Let f : (X,S, 1) — R be measurable. Define a set function v : S — R by v(E) = [, fdpu,
whenever E € S. Show that v(X) is finite if f € L'(X, S, u). Does the converse true?

For f € Lt N LYR, M, m), define g(x) = > f(2"x + +). Show that g € L'(R, M, m) and
[ gdm = [ fdm.
R R

Construct a function f € L'(R, M, m) such that limn*m{z € R: |f(x)| > n} =
Let f € L(X, S, ). Suppose there exists an increasing sequence F,, € S such that US| E,, = X
and lim [, |f|du < oo. Show that f € L'(X, S, u).

Suppose fn, f: (X, S, 1) — [0,00] are measurable functions such that f, converges to f point-
wise and f,, < f. Show that [, fdu =lim [, f,dp.

Let f, : (X, S, 1) — R be sequence of “measurable functions that f, increases to f point-wise.
If f, fo € L'(X, S, p), then show that lim [, fodu < [, fdp.

Let f, : X — [0,00] be a sequence of measurable functions and f,, — f point wise. Suppose

there exists M > 0 such that sup [, f, < M. Show that f € L'(X, S, u).

n>1

Let f € L' (X, S, ). Then show that for each € > 0 there exists 6 > 0 and set E € S such that
[ |fldu < €, whenever p(E) < 4.
E

Let f € L}(X, S, ) be arbitrary and let E, = {z € X : |f(z)] > n}. If 0 < p < 1, then show
that lim n? u(E,) = 0.
n—oo

Let f € L*(R, M, m) be such that [ f =0, for any open interval I C R, then show that f = 0.
T

Let u(R) < oo and f,, € L'(X, S, i) be such that f,, — f uniformly. Show that f € L'(X, S, u)
and [ f =lim [ f,.
X X

Let f, : X — [0,00] be a decreasing sequence of measurable functions and f,, — f point wise.
If fi € L'(X, S, p). Then show that [ f =lim [ f,.
X X
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Let f,,g : X — R be measurable functions such that f, < g, Vn € Nand g € L'(X, S, ).
Show that limsup [ f,, < [limsup f,.
X X

Let f, : X — [0,00] be a sequence of measurable functions and f,, — f point wise such that

[ f=1lim [ f, < oco. Show that [ f =lim [ f,, for any E € S.
X X B E

Let f, g, fu,gn € LY (X, S, i) be such that |f,| < g, fn — f and g, — g point wise. Show that

[ g =1lim [ g, implies [ f =1lim [ f,.
X X X X

Let f,, f € L'(X, S, i) be such that f, — f point wise. Prove that lim [ |f, — f| = 0 if and
X
only if [|f| =1lim [ |f,].
X X

Let |f.| < g € L'(R). Let f,, be subsequence of f,, such that f,, — f point wise a.e. on R. If
klim | £ — fl = lim||f, — fll1 < co. Show that f,, — f in L'(R).
— 00 n

f X — [0,00] be a measurable function. Show that f is integrable on (X, .S, ) if and only if
S 2nu{r e X : 2" < f(x) < 2"} < oo

n=—oo

Let u(X) < oo and f : X — [0, 00] be a measurable function. Show that f € L'(X, S, ) if and

o0

only if Y~ p{z e X : f(x) > n} < oo.
n=0



