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1. (a) Let O be an open subset of R2. Let f : O → R be such that fx(X) = fy(X) = 0
for all X ∈ O. Does it imply that f is constant on O? 1

(b) Does there exist a linear transformation A : R2 → R2 such that the strict in-
equality ∥A2∥ < ∥A∥2 holds? 1

2. Let f : R2 → R be map f(x, y) =


√

x2 + y2 sin

(
y2

x− y

)
if x ̸= y,

0 if x = y.

Show that f is continuous at (0, 0). Does f differentiable at (0, 0)? 2

3. Let f : R2 → R be map f(x, y) =

{
(x+ y)log(x2 + y2) if (x, y) ̸= (0, 0),

0 if (x, y) = (0, 0).
Show that f is continuous at (0, 0). Find all possible directions v in which the direc-
tional derivative Dvf(0, 0) exist. 1

4. Let D = {(x1, x2) ∈ R2 : x2
1 + x2

2 < 1}. Define a function f : D → R by f(x1, x2) =
sin(x2

1 + x2). Show, by using appropriate MVT, that

|f(X)− f(Y )| ≤
√
5∥X − Y ∥2

for every X,Y ∈ D. 2

5. Show that equation x2 + yz − cos(xz) = 0 can be solved for x in some neighborhood
of (1, 1, 0). Whether it can be solved for y in a neighborhood of (1, 1, 0)? 3
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