MAG6001: Real Analysis -1

( Assignment 5: Surface Integral)
July - November, 2026

Let D={(z,y):a <z <band p(z) <y <¢(x)}, where ¢ and ¢ are continuous functions on
[a,b]. If f is a bounded continuous functions on D, then

f(x,y)dzdy = f(z,y)dy | dz.
/ [ ([ re0m)

. Evaluate the following integral applying Fubini’s Theorem
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. Let f: D =la,b] X [c,d] — R be a continuous function. If f,, f,, fz, and f,, are continuous
then, by using Fubini’s theorem, show that f,, = fy..
. Let f: D =10,1] x [0,1] — R be defined by

1 if 2 € Q°N 10, 1];
flz,y) =<1 ifzreQn[0,1] and y € Q°N 0, 1];
1-— %, if = £ in lowest term and y € QN [0, 1].

1

Then f is integrable and f [ f(z,y)dxdy = 1. Does repeated integral f ( [ f(z y)dy) dx exist?
0
. Evaluate the following 1terated integrals applying Fubini’s Theorem

f f cos(z?)dxdy.
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0 z=y
) fol (tan~! mx — tan~! x)dx.
. Let D be the region in R? bounded by the curves y = 222 and y = 1 + 2. Evaluate the double
integral [[(22* + y)dxdy.

D
. Using double integral, find the area enclosed by the curve r = sin 30 given in polar coordinates.
. Evaluate the integral [[ @ dzrdy over the domain D bounded by the lines x — 2y = 0,

D

20 —y=0and z+y=1.

. Compute lim [[e=@*+¥")dzdy, where
a%ocb(a)

(a) D(a)={(z,y): 2> +9*<da®} and (b) D(a)={(z,9):0<2<a,0<y<a}

o0 o0

Hence prove that (c) /e”‘"2dx = \/7% (d) /xQerdx — 4
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Evaluate [[ zdzdy where R is the region 1 < z(1 —y) <2 and 1 < zy < 2.

R
Using change of variables u = z + y and v = z — y, show that
1
0/
Find the volume of the solid in the first octant bounded below by the surface z = /22 + 1?2

above by 22 + 4% + 22 = 8 as well as the planes y = 0 and y = x.
Let D denote the solid bounded by surfaces y = x, y = 2%, z = x and z = 0. Evaluate

/ g [ ydadydz.

Let D = {(z,y,2) € R®: £ + % +2 <1} and E = {(u,v,w) € R® : u? + v + w? < 1}. Show
that [[[ dedydz = [[[ 24dudvduw.
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Let D denote the solid bounded above by the plane z = 4 and below by the cone z = /2 + 2.

Evaluate [[[ /a2 + y? + 22dxdydz.
D

Let D denote the solid enclosed by the spheres z? + y* + (2 — 1) = 1 and 2% + y* + 22 = 3.

Using the spherical coordinates, set up iterated integral that gives the volume of D.

Find the line integral of the vector field F(z,y,z) = yi — 1] + k along the path c(t) =

(cost,sint, 5=), 0 < ¢ < 27 joining (1,0,0) to (1,0,1).

Show that the integral [ yzdz+ (zz+ 1)dy+ zydz is independent of the path C' joining (1,0, 0)
c

and (2,1,4).
Consider the curve C' which is the intersection of the surfaces 2% + 4% = 1 and z = 2%. Assume

that C is oriented counterclockwise as seen from the positive z-axis. Evaluate [ zdz—zydy—zdz.
c
Let f(z,y,z) = (22, 2y, 1). Show that that there is no ¢ such that V¢ = f.

Let C be a curve represented by two parametric representations such that C' = {Ry(s) : s €
la,b]} = {Ra(t) : t € [e,d]}, where Ry : [a,b] — R? and Ry : [c,d] — R? be two distinct
differentiable one-one maps.

(a) Show that there exists a function h : [¢,d] — [a,b] such that Ry(t) = Ry(h(t)).

(b) If Ry and R, trace out C' in the same direction, then f f.dRy = f f.dRs.

(c) If Ry and Ry trace out C' in the opposite direction, then f f. de — [ f.dR,.
C

Let S be the part of the sphere 22 + y? + 22 = 4 that hes above the cone z = /2% + y2.

Parametrize S by considering it as a graph and again by using the spherical coordinates.

Let S denote the part of the plane 2z + 5y + 2z = 10 that lies inside the cylinder 2% + y? = 9.

Find the area of S.

(a) By considering S as a part of the graph z = f(x,y), where f(x,y) = 10 — 2z — 5y.

(b) By considering S as a parametric surface r(u,v) = (ucos v, usin v, 10—u(2 cosv+5sinv)), 0 <
u<3and 0 <wv < 2.

Find the area of the surface = uv,y = u + v,z = u — v, where (u,v) € D = {(s,t) € R*:

s?+t2 <1}

Find the area of the part of the surface z = 22 4 y? that lies between the cylinders 22 + 3% = 4

and 2% + 3 = 16.

Let S be the part of the cylinder y* + 22 = 1 that lies between the planes x = 0 and x = 3 in

the first octant. Evaluate [[(z + 2zy)do.

s
Find the surface integral [[ zdo, where S it the part of the paraboloid 2z = z* 4+ y* which lies
s

in the cylinder 22 + 3% = 1.
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Let S be the sphere 2 4 y? + 22 = 1. If some a € R satisfies [[(z2 4+ ay® + 2z)do = 5, then
S

find «.
Use Green’s Theorem to compute [(22? — y?)dx + (2* + y*)dy where C is the boundary of the

c
region {(x,y) : z,y > 0& 2% +y? < 1}.
Let f : [a,b] — R be a non-negative continuously differentiable function. Suppose C' is the
boundary of the region bounded above by the graph of f, below by the z-axis and on the sides
b

by the lines z = a and « = b. Show that [ f(z)dz = — § ydz.
a C
Let F = mig, where 7 = 27 + yj'—i— zk and let S be any surface that surrounds the origin. Prove
that ffﬁ -ndo = 4r.
S

Let D be the domain inside the cylinder 22 +3? = 1 cut off by the planes z = 0 and z = = + 2.

If F= (2% + ye*, y* + ze", z + xe?), use the divergence theorem to evaluate [[ F -7 do.
oD

Let F = (ry,yz,zz) and S be the surface z = 4 — 2% — y* with 2 < z < 4. Use divergence
theorem to find the surface integral [[ F.7iidS.
s

Use Stokes’ Theorem to evaluate the line integral [ —y’dx + a*dy — z3dz, where C is the
c

intersection of the cylinder 2% + y? = 1 and the plane # +y + 2z = 1 and the orientation of C
corresponds to counterclockwise motion in the zy-plane.
Let F(z,y,2) = (y,—x,22° + 2%) and S be the part of the sphere 22 + y? + 22 = 25 that lies

below the plane z = 4. Evaluate [[ curl F' - ndo, where 7 is the unit outward normal of S.
s



