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Polynomial Time Algorithms

• Most of the algorithms we have seen so far 

run in time that is upper bounded by a 

polynomial in the input size

– sorting:  O(n2), O(n log n), …

– matrix multiplication:  O(n3), O(n log
2

7)

– graph algorithms:  O(V+E), O(E log V), …

• In fact, bounded by small polynomials



Polynomial solvable vs. NP-complete

• Shortest vs. longest simple paths
– Complexity to find a shortest paths from a single source in a 

digraph is O(VE).

– Finding the longest simple path between two vertices is 
NP-Complete.

• Euler tour vs. hamiltonian cycle
– Euler tour ss a cycle that traverses each edge of G exactly 

once in O(E), it may visit a vertex more than one.

– HC, is a simple cycle that contains each vertex in V.

• 2-CNF satisfiability vs. 3-CNF satisfiability
– A boolean formula contains variables, is satisfiable if there is 

some assignment of 0 & 1 that causes it to evaluate to 1.

– Ex. 2-CNF: (x1  x2) ( x1 x3) ( x2  x3)  

– Assignment x1 = 1 x2 = 0 x3 = 1



The Satisfiability (SAT) Problem

• Satisfiability (SAT):

– Given a Boolean expression on n variables, can we 

assign values such that the expression is TRUE?

– Ex: ( (x1 →x2) ∨￢((￢x1↔x3) ∨ x4) ) ∧￢x2

– Seems simple enough, but no known deterministic 

polynomial time algorithm exists

• Easy to verify in polynomial time!



Conjunctive Normal Form (CNF) 

and 3-CNF

• Even if the form of the Boolean expression is 
simplified, no known polynomial time algorithm 
exists

– Literal: an occurrence of a Boolean or its negation

– A Boolean formula is in conjunctive normal form, or 
CNF, if it is an AND of clauses, each of which is an 
OR of literals

• Ex: (x1 ∨￢x2) ∧ (￢x1 ∨ x3 ∨ x4) ∧ (￢x5)

– 3-CNF: each clause has exactly 3 distinct literals

• Ex: (x1 ∨￢x2 ∨￢x3) ∧ (￢x1 ∨ x3 ∨ x4) ∧ (￢x5 ∨ x3 ∨ x4)

• Notice: true if at least one literal in each clause is true



Classifying Problems

Coarse categorization of problems:

• Those solvable in polynomial time (worst-case 
running time is upper bounded by a 
polynomial) — call this set of problems P

– "reasonably efficient"

– "tractable"

• Those are solvable or not in polynomial time
– " not easy problem"

– " intractable"



The Class P

Why is it reasonable to consider all problems in P as 
tractable (i.e., "easy")?  What about n5000?

• If it is not in P, then it certainly is not easy

• Polynomial time is mathematically convenient for 
defining a class
– closed under composition

• Model independent notion
– poly time reductions between various formal models

• In practice, exponent is often small



Sample Problems in Class P

• Fractional Knapsack

• MST

• Single-source shortest path

• Sorting

• Others ?



The Class NP

• First, NP does not stand for not-P!!

• NP is the class of problems for which a 

candidate solution can be verified in 

polynomial time

• P is a subset of NP



Sample Problems in NP

• Fractional Knapsack

• MST

• Single-source shortest path

• Sorting

• Others?
» Hamiltonian Cycle (Traveling Sales Person)

» Satisfiability (SAT)

» Conjunctive Normal Form (CNF) SAT

» 3-CNF SAT



Verifying a Candidate Solution

• Difference between solving a problem and 
verifying a candidate solution:

• Solving a problem: is there a path in graph 
G from node u to node v with at most k 
edges?

• Verifying a candidate solution: is v0, v1, …, 
vl a path in graph G from node u to node v 
with at most k edges?



Verifying a Candidate Solution

• A Hamiltonian cycle in an undirected graph 
is a cycle that visits every node exactly 
once.

• Solving a problem:  is there a Hamiltonian 
cycle in graph G?

• Verifying a candidate solution:  is v0, v1, …, 
vl a Hamiltonian cycle of graph G?



Verifying a Candidate Solution 

vs. Solving a Problem

• Intuitively it seems much harder (more time 
consuming) in some cases to solve a problem 
from scratch than to verify that a candidate 
solution actually solves the problem.

• If there are many candidate solutions to 
check, then even if each individual one is 
quick to check, overall it can take a long time



Verifying a Candidate Solution

• Many practical problems in computer 

science, math, operations research, 

engineering, etc. are poly time verifiable but 

have no known poly time algorithm

– Wikipedia lists problems in computational 

geometry, graph theory, network design, 

scheduling, databases, program optimization 

and more..



P vs. NP

• Although poly time verifiability seems like 

a weaker condition than poly time 

solvability, no one has been able to prove 

that it is weaker (describes a larger class of 

problems)

• So it is unknown whether P = NP.



P vs. NP

• What do we mean when we say a problem is 
in P ?

– A: A solution can be found in polynomial time.

• What do we mean when we say a problem is 
in NP ?

– A: A solution can be verified in polynomial time

• What is the relation between P and NP ?

– A: P ⊆ NP, but no one knows whether P = NP



P and NP

all problems

P

NP
or

all problems

P=NP

The Clay Mathematics Institute has offered a 

$1 million US prize for the first correct proof.



NP-Complete Problems

• NP-complete problems is class of "hardest" 

problems in NP.

• They have the property that if any NP-complete 

problem can be solved in poly time, then all 

problems in NP can be, and thus P = NP.



Possible Worlds

all problems

P

NP

or

all problems

P=NP=NPCNPC

NPC = NP-complete



P = NP Question

• Open question since about 1971

• Great theoretical interest

• Great practical importance:

– If your problem is NP-complete, then don't 

waste time looking for an efficient algorithm

– Instead look for efficient approximations, 

heuristics, etc.



NP-Completeness Theory

• Theory is based considering decision problems 

(have YES/NO answers)

• Ex:  Does there exist a path from node u to 

node v in graph G with at most k edges?

– instead of:  What is the length of the shortest path 

from u to v ?  Or even:  What is the shortest path 

from u to v ?



Decision Problems

Why focus on decision problems?

• Solving the general problem is at least as hard as 

solving the decision problem version

• For many natural problems, we only need polynomial 

additional time to solve the general problem if we 

already have a solution to the decision problem

• Lets us use "language acceptance" notions



Languages and Decision Problems

• Language: a set of strings over some alphabet

• Decision problem:  a language consisting of 

exactly those strings that encode YES instances 

of the problem

• Encode??


