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Order statistics

• In statistics, the ith order statistic of a 
statistical sample of size n is equal to its ith-
smallest value.

• Important special cases of the order statistics 
are the minimum and maximum value of a 
sample.

• First order statistic is minimum (i=1)

• nth order statistic is maximum (i=n)

• Median is a measure of order statistic.



Median

Median is the halfway point of the set.

• If n = odd median is unique and that is at       

i = (n+1)/2

• If n = even there are two medians occurs at 

i=n/2 and n/2+1

• But for any n medians are occur at               

i = (n+1)/2 and i = (n+1)/2 



Selection Problem

Input: A set A of n (distinct) numbers and a 
number I, with 1 i  n.

Output: The select x  A that is larger than 
exactly i -1 other elements of A.
– The problem can be solved in O(nlg n) time using 

heapsort or merge sort.

– An algorithm of more practical interest that 
achieves an O(n) bound on the running time in the 
average case.

– An algorithm of more theoretical interest that 
achieves the O(n) running time in worst case.   



Minimum and Maximum

• How many comparisons are necessary to 
determine the minimum of a set of n elements 
?

– n-1

• How many comparisons are necessary to 
determine the minimum and maximum 
simultaneous ?

– 2n-2 (independently)

– 3n/2 (simultaneous)



Randomized  Selection

(divide and conquer) Algorithm



Example



Intuition for analysis

• Assume all elements are distinct.

• If  you are 

– Lucky: T(n)= T(9n/10) + Θ(n) = Θ(n) best 

case (Check)

– Unlucky: T(n)= T(n –1) + Θ(n) = Θ(n2) worst 

case (Check) 

• Worst than sorting !!!



Analysis of expected time

• The analysis follows that of randomized 
quicksort, but it’s a little different.

• Let T(n) =the random variable for the running 
time of RAND-SELECT on an input of size n, 
assuming random numbers are independent.

• For k= 0, 1, …, n–1, define the indicator 
random variable.



Analysis (continued)

• To obtain an upper bound, assume that the 

ith element always falls in the larger side of 

the partition:



Calculating expectation



Calculating expectation
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Calculating expectation



Calculating expectation

We solve the recurrence by substitution. 

Assume E[T(n)]  cn for some constant c.



Calculating expectation



Calculating expectation



Summary of randomized 

order-statistic selection

• Works fast: linear expected time.

• Good algorithm in practice.

• But, the worst case is very bad: Θ(n2).

• Is there an algorithm that runs in linear time in 
the worst case ?

Answer: Yes,

– Blum, Floyd, Pratt, Rivest, and Tarjan [1973].

• IDEA: Generate a good pivot recursively.


