
CYK/2007/PH 410/Tutorial 4 Ele
trodynami
s I1. Gri�ths: 3.17(b), 3.18, 3.21, 3.372. Ja
kson: 3.1, 3.2AnswersGri�ths (3.17(b)) Find the potential inside and outside a sphere shell that 
arriesa uniform surfa
e 
harge σ0, using results of Ex. 3.9We know the potential inside and out side must have a form
Φ(r, θ) =

{

∑

∞

l=0 Alr
lPl(cos θ) for r ≤ R

∑

∞

l=0 Blr
−(l+1)Pl(cos θ) for r ≥ R

(1)By 
ontinuity of the potential,
Bl = AlR

2l+1The normal 
omponent of the ele
tri
 �eld is dis
ontinuous by σ/ǫ0,
∞
∑

l=0

(Bl(−l − 1)R−l−2
− AllR

l−1)Pl(cos θ) = −σ(θ)/ǫ0Thus,
∞
∑

l=0

((2l + 1)AlR
l−1Pl(cos θ) = σ(θ)/ǫ0We 
an �nd Al,

Al =
1

2ǫ0Rl−1

∫ π

0
σ(θ)Pl(cos θ) sin θ dθSin
e σ is 
onstant, A0 = Rσ/ǫ0, and is 0 for all other l. Then the potential is given by

Φ(r, θ) =

{

Rσ
ǫ0

for r ≤ R
Rσ
ǫ0r for r ≥ R

(2)Gri�ths (3.18) The potential at the surfa
e of a sphere (radius R) is given by
V (θ) = k cos 3θ (3)where k is a 
onstant. Find the potential inside and outside the sphere,as well as the 
harge density σ(θ) on the sphere. (Assume that there is no
harge inside or outside the sphere.)First, noti
e that V (θ) = k cos 3θ = (k/5)[8P3(cos θ) − 3P1(cos θ)]. Potential is givenby Eq. 1. One 
an �nd Al by 
omparing Φ(R, θ) with V (θ).

Φ(r, θ) =

{

k
5

[

8(r/R)3P3(cos θ) − 3(r/R)P1(cos θ)
] for r ≤ R

k
5

[

8(R/r)4P3(cos θ) − 3(R/r)2P1(cos θ)
] for r ≥ R

(4)1



The 
harge density
σ(θ) = −ǫ0

[

∂Φ

∂r
(R+) −

∂Φ

∂r
(R−)

]

= ǫ0
k

5R
[56P3(cos θ) − 9P1(cos θ)]Gri�ths (3.21) In Prob. 2.25 you found the potential on the axis of a uniformly
harged disk:

V (r, 0) =
σ

2ǫ0
(
√

r2 + R2 − r). (5)(a) Use this, together with the fa
t that Pl(1) = 1, to evaluate the �rstthree terms in the expansion (3.72) for the potential of the disk at pointso� the axis, assuming r > R. (b) Find the potential for r < R by the samemethod, using (3.66).[Note: You must break the interior region up into twohemispheres, above and below the disk. Do not assume the 
oe�
ients Alare the same in both hemispheres.For r > R, on the Z-axis,
V (r, 0) =

σ

2ǫ0
(
√

r2 + R2 − r) =
σ

2ǫ0

[

R2

2r
−

R4

8r3
+ · · ·

] (6)The Eq. 1 must mat
h with this expression at θ = 0. Thus:
V (r, θ) =

σ

2ǫ0
(
√

r2 + R2 − r) =
σ

2ǫ0

[

R2

2r
P0(cos θ) −

R4

8r3
P2(cos θ) + · · ·

] (7)For r < R, the volume is not free of 
harge. Thus must be divided into two 
hargefree regions. The expansion in terms of the Legendre polynomials will be di�erent indi�erent regions. In north hemisphere,
V (r, 0) =

σ

2ǫ0
(
√

r2 + R2 − r) =
σ

2ǫ0

[

R − r +
r2

2R
−

r4

8R3
+ · · ·

] (8)Thus
V (r, θ) =

σ

2ǫ0
(
√

r2 + R2−r) =
σ

2ǫ0

[

R − rP1(cos θ) +
r2

2R
P2(cos θ) −

r4

8R3
P4(cos θ) + · · ·

](9)For southern hemisphere, Pl(cos π) = (−1)l, hen
e
V (r, θ) =

σ

2ǫ0
(
√

r2 + R2−r) =
σ

2ǫ0

[

R + rP1(cos θ) +
r2

2R
P2(cos θ) −

r4

8R3
P4(cos θ) + · · ·

](10)Gri�ths (3.37) A 
ondu
ting sphere of radius a, at potential V0, is surrounded bya thin 
on
entri
 spheri
al shell of radius b, over whi
h someone has glued asurfa
e 
harge
σ(θ) = k cos θ (11)2



where k is a 
onstant, and θ is a usual spheri
al 
oordinate.(a) Find potential in ea
h region: (i) r > b (ii) a < r < b.(b) Find the indu
ed 
harge density σi(θ) on the 
ondu
tor.(
) What is the total 
harge of this system? Che
k that your answer is
onsistent with the behaviour of V at large r.The form of potential is
Φ(r, θ) =

{

∑

∞

l=0(A1lr
l + B1lr

−(l+1))Pl(cos θ) for a ≤ r ≤ b
∑

∞

l=0 B2lr
−(l+1)Pl(cos θ) for r ≥ b

(12)Now for ea
h l, we have to determine three 
onstants A1l, B1l, B2l. We have three
onditions of potential: (i) At r = a, potential is V0. (ii) At r = b, potential must be
ontinuous. (iii) At r = b, normal 
omponent of ele
tri
 �eld must be dis
ontinuous by
σ/ǫ0.

Φ(r, θ) =







aV0

r + k
3ǫ0

(

r − a3

r2

)

cos θ for a ≤ r ≤ b
aV0

r + k
3ǫ0

b3−a3

r2 cos θ for r ≥ b
(13)The 
harge density on the 
ondu
ting surfa
e

σ(θ) = − cos θ + V0ǫ0/a (14)Ja
kson (3.1) Two 
on
entri
 spheres have radii a, b (b > a) and ea
h s divided intotwo hemispheres by the same horizontal plane. The upper hemisphere of theinner sphere and the lower hemispheres of the outer sphere are maintainedat potential V . The other hemispheres are at zero potential.Determine the potential in the region a ≤ r ≤ b as a series of Legendrepolynomials. In
lude terms at least upto l = 4. Che
k your solution againstknown results in the limiting 
ases b → ∞ and a → 0.Begin with a general solution
Φ(r, θ) =

∑

∞

l=0(A1lr
l + B1lr

−(l+1))Pl(cos θ) for a ≤ r ≤ b (15)Apply boundary 
onditions at both the surfa
es:
Al =

(2l + 1)V (bl+1 + al+1)

2(b2l+1 − a2l+1)

∫ 1

0
Pl(x) dx (16)

Bl =
(2l + 1)V al+1bl+1(bl + al)

2(b2l+1 − a2l+1)

∫ 1

0
Pl(x) dx (17)(18)Ja
kson (3.2) A spheri
al surfa
e of radius R has 
harge uniformly distributedover its surfa
e with a density Q/4πR2, ex
ept for a spheri
al 
ap at thenorth pole, de�ned by a 
one θ = α.(a) Show that the potential inside the spheri
al surfa
e 
an be expressed as

Φ =
Q

8πǫ0

∞
∑

l=0

1

2l + 1
[Pl+1(cos α) − Pl−1(cos α)]

rl

Rl+1
Pl(cos θ) (19)3



where, for l = 0, Pl−1(cos α) = −1. What is the potential outside?(b) What is the magnitude and the dire
tion of the ele
tri
 �eld at the origin?(
) Dis
uss the limiting form of the potential(part a) and ele
tri
 �eld (partb) as the spheri
al 
ap be
omes (i) too small, and (ii) so large that the areawith the 
harge on it be
omes a very small 
ap at the south pole.First we 
al
ulate potential at the points on the z axis.
Φ(z) =

1

4πǫ0

∫

σR2 sin θ dθ dφ

(R2 + z2 − 2zR cos θ)1/2
(20)

=
σR2

2ǫ0

∞
∑

l=0

(

rl

Rl+1

)

∫ cos α

−1
Pl(x)dx (21)Sin
e, ∫ cos α

−1 Pl(x)dx = [Pl+1(cos α)−Pl−1(cos α)]/(2l +1) by re
urren
e relation. Thus,
Φ(z) =

Q

8πǫ0

∞
∑

l=0

1

2l + 1
[Pl+1(cos α) − Pl−1(cos α)]

rl

Rl+1
(22)The required result is immediate.For part b,

E =
σR2

4ǫ0
sin2 αk̂ (23)
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