CYK/2007/PH 410/Tutorial 4 Electrodynamics I

1. Griffiths: 3.17(b), 3.18, 3.21, 3.37

2. Jackson: 3.1, 3.2

Answers

Griffiths (3.17(b)) Find the potential inside and outside a sphere shell that carries
a uniform surface charge o0, using results of Ex. 3.9
We know the potential inside and out side must have a form

) R At Py(cos 6) forr <R
(P(T) 0) - { Zl Bl,r, l+1)_Pl(COS 9) for r 2 R (1)

By continuity of the potential,
By = AlR*!

The normal component of the electric field is discontinuous by o /e,

S (Bl = 1)R™2 — AR P(cos0) = —a(0) /eo
1=0
Thus,
o0
Z((Ql + DARTIP(cos 0) = o(6) /e
1=0
We can find Ay,
1 ™
Al = W /0 U(Q).PZ(COS 9) sin 6 df
Since o is constant, Ay = Ro/€p, and is 0 for all other [. Then the potential is given by
Ro
= forr <R
=< g N
o(r;6) { g)—i forr > R 2)

Griffiths (3.18) The potential at the surface of a sphere (radius R) is given by
V(0) = k cos 30 (3)

where k£ is a constant. Find the potential inside and outside the sphere,
as well as the charge density o(f) on the sphere. (Assume that there is no
charge inside or outside the sphere.)
First, notice that V(0) = kcos 30 = (k/5)[8P3(cos ) — 3P (cosf)]. Potential is given
by Eq. 1. One can find A; by comparing ®(R, §) with V().
B(r, 0) = { [8(r/R)3Ps(cos 0) — 3(r/R)Py(cosf)] forr <R (4)
’ [8(R/r)*Ps(cos0) — 3(R/r)*Py(cosf)] forr >R

ot o



The charge density

o) = —o| (R~ 2R )

k
— v P —_9p
€07 [56P5(cos0) — 9Py (cos 0)]

Griffiths (3.21) In Prob. 2.25 you found the potential on the axis of a uniformly

charged disk:
V(r,0) = Qi(\/ruR? —7). (5)
€0

(a) Use this, together with the fact that P)(1) = 1, to evaluate the first
three terms in the expansion (3.72) for the potential of the disk at points
off the axis, assuming r > R. (b) Find the potential for » < R by the same
method, using (3.66).[Note: You must break the interior region up into two
hemispheres, above and below the disk. Do not assume the coefficients A4,
are the same in both hemispheres.

For r > R, on the Z-axis,

V(T,O):Qi(\/rum—r):i [RQ R—4+---] (6)

€0 260 ; B 87“3
The Eq. 1 must match with this expression at § = 0. Thus:

T (/r2 2 o |1 R!
V(T’H):Q_( T +R _T):— gPO(COSH)_@PQ(COSH)—i— (7)

€0 260

For r < R, the volume is not free of charge. Thus must be divided into two charge
free regions. The expansion in terms of the Legendre polynomials will be different in
different regions. In north hemisphere,

V(TO)_i(\/TQ-i-RQ—T)_i R—T—l-i—i"F (8)
T 2¢ 26 2R 8R3
Thus
o o 72 r
V(r,0) = —(Vr2+ R2—r) = — |R — rPi(cos0) + —=Py(cos ) — —== Py(cosf) + - - -
260 260 2R 8R3
(9)
For southern hemisphere, Pj(cos ) = (—1), hence
V(r,0) = i(\/ 2+ R2—r)= 2 |R+rP (cos ) + ﬁP (cosB) — T—4P (cosB) +
AR A 2R’ 8R!

(10)

Griffiths (3.37) A conducting sphere of radius a, at potential 1}, is surrounded by
a thin concentric spherical shell of radius b, over which someone has glued a
surface charge

o(0) = kcos (11)




where k is a constant, and ¢ is a usual spherical coordinate.

(a) Find potential in each region: (i) » > b (ii) a <r <b.

(b) Find the induced charge density o;(f) on the conductor.

(c) What is the total charge of this system? Check that your answer is
consistent with the behaviour of V' at large r.

The form of potential is

(12)

(r,0) = S o(Ayrt + Byr=H)Py(cos ) for a <r < b
| X2 Bur~ Y Py(cos 6 for r > b
1=0

Now for each [, we have to determine three constants Ay;, By, By, We have three
conditions of potential: (i) At r = a, potential is Vj. (ii) At r = b, potential must be
continuous. (iii) At » = b, normal component of electric field must be discontinuous by

o/e€o.
r.9) aV0_|_360 %)cos@ fora<r<b (13)
T =
aVO + 3120 b 7}“ cos 6 forr > b
The charge density on the conducting surface
o(0) = —cos B+ Vpeop/a (14)

Jackson (3.1) Two concentric spheres have radii a,b (b > a) and each s divided into
two hemispheres by the same horizontal plane. The upper hemisphere of the
inner sphere and the lower hemispheres of the outer sphere are maintained
at potential V. The other hemispheres are at zero potential.

Determine the potential in the region a < r < b as a series of Legendre
polynomials. Include terms at least upto [ = 4. Check your solution against
known results in the limiting cases b — co and a — 0.

Begin with a general solution

(r,0) = %0 (Ayrt + Byr~ ) P(cosf) fora <r <b (15)

Apply boundary conditions at both the surfaces:

2+ D)V (b + al+1)
A = (2T — g20+T) / Pz (16)
(20 + D)Va (b 4 at)
B = QT — @) /0 P(z)dx (17)
(18)

Jackson (3.2) A spherical surface of radius R has charge uniformly distributed
over its surface with a density Q/4mR?, except for a spherical cap at the
north pole, defined by a cone 6 = .

(a) Show that the potential inside the spherical surface can be expressed as

Tl
RI+1

Q Z 5T le cos o) — P,_1(cos a)]=— F;(cos 0) (19)
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where, for [ =0, P,_i(cosa) = —1. What is the potential outside?

(b) What is the magnitude and the direction of the electric field at the origin?
(c) Discuss the limiting form of the potential(part a) and electric field (part
b) as the spherical cap becomes (i) too small, and (ii) so large that the area
with the charge on it becomes a very small cap at the south pole.

First we calculate potential at the points on the z axis.

d(z) =

1 oR?sinf df d¢
/1 (20)

R2 4 22 — 2zRcos 0)1/2

O_R2 e Tl cos o
= 25— P(z)d 21
e Z;) (R”l)/l 1(z)dz (21)

Since, [“T® Pj(x)dz = [Pi41(cos o) — P_1(cos )] /(20 + 1) by recurrence relation. Thus,

4mreq

!
r
871'60 Z Pz+1 cos ) — P (cos OO]W (22)
The required result is immediate.
For part b,
R? ~
E=""sin2ak (23)
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