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Prolate Ellipsoidal Coordinate System

For a given R > 0, define ra =
(
x2 + y2 + (z −R/2)2

)1/2
and rb =

(
x2 + y2 + (z + R/2)2

)1/2
. The prolate

ellipsoidal coordinates are defined as

ξ =
1
R

(ra + rb)

η =
1
R

(ra − rb)

φ = tan−1
(

y

x

)

The inverse transformations are given by

x =
R

2

√
(ξ2 − 1) (1− η2) cos φ

y =
R

2

√
(ξ2 − 1) (1− η2) sin φ

z = −R

2
ξη

The differentials are related by
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R
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R
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)
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R
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−
(

R
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(
R
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)
ξ 0
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where α =
√

1−η2

ξ2−1
and β =

√
(ξ2 − 1) (1− η2)

The basis vectors are given by the three columns of the matrix given above. The system is orthogonal.
The differential vector is given by

ds =
(

R

2

) √
(ξ2 − η2)
(ξ2 − 1)

eξdξ +
(

R

2

) √
(ξ2 − η2)
(1− η2)

eηdη +
(

R

2

) √
(ξ2 − 1) (1− η2)eφdφ

The volume element is given by

dv =
(

R

2

)3 (
ξ2 − η2

)
dξdηdφ


