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Example 1 5.1 (Continued)

As for <rr, namely the other vector in Eq. (b), we note that as seen from
XYZ, a, is a constant vector and so at all times dr, = 0. Hence Eq. (b) can

be written as follows:

<rr = <rr, X trr, \{*r^ $)')- ,0,

This equation is valid at all times and so can be differentiated again. At the

instant of interest as depicted by Fig. 15.9, we have for <b:

6 = 5k x l0l = -SOirad/sec2

To get io, we now differentiate (d) with respect to time. We have

to=(otx(r)2+to,Xcb,
=0+<or X(ro, xto,)

where we have used the fact that 6, = 0 at all times as

62. At the instant of interest, we have

r,r = 5/r x (5k x l0) = *250jrd/sec3

Example 15.2

In Example 15.1, consider a position vector p between tu,o points on the
rotating disc (see Fig. 15.10). The length of p is 100 mm and, ar rhe insranr
of interest, is in the vertical direction. What are the first and second time
derivatives of p at this instant as seen from the ground reference?

It should be obvious that the vector p is fixed to the disc which has
at all times an angular velocity relative to XYZ equal to tor + 6)2. Hence,
at all times we can say: .*!.-{'t ',ruu 

*t

it=(ar+.))xp (a)

At the instant of interest, we have noting that p = i00ft

11 = (5k + 10j) x 100ft = l,@i mm/sec (b)

To get the second derivative of p, go back to Eq. (a) and differentiate:
p = (tbr +62) x p+ (<or + or) x it

(e)

(f)

well as Eq. (c) for

Figure 15. 10. Di splace:*-:lr
in disc.

-

:
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Example 15.3 (Continued)

However, or, is changing direction and, most importantly, is changing

magnitude. Because of the latter, (o? cannot be considered fixed in a refer-

ence or a rigid body for purposes of computing <br. To get around this dif-

ficulty, we fix a unit vector i' onto the platfurm to be collinear with the

centerline of the shaftAB as shown in Fig. 15.11. We know the angular

velocity of this unit vector, it is o, at all times. We can then express o, in
the following manner, which is valid at all times:

@z = azj'

Figure 15.11. Unit vectorj'fixed to platform.

We can differentiate the above with respect to time as follows:

6z=bzj'+ari'

But j' is fixed to the platfbrm which has angular velocity or, relative
XYZ at all times. Hence, we have for the above,

6z = bzj'+ alr(to, x j')

Thus, Eq. (b) then can be given as j'*: \

6 = (brk + rb2i' + oz(nt x j')

This expression is valid at all times and could be differentiated again.

the instant of interest, we can say, noting that j' - 7 at this instant,

ro=-3Ir+2j+6(Zkxj)

(d)

.,.

(e)

At

t

H



Apf-l/tah'an of lhe- t'tud- O
VqLIav Conc*t: /k

;, bL ob*aj'*A' // 
flob - {'xeJ in r$rd'

nl\r

(w* Keference X\zt a neclot A I \

-)I{:-*''i"::-l;:'y) W//
lLrO "'I'^q-*

f nn utx/\ x

Nud ffPtY' V J4'e 6'bero 
,'-,vt-b' ' 

f"dil '

\/exk r fur ; 'flxec) )r'^ fl|d b"'?t

TT- b,,% haa *vanstahonu) 
oe)o *ry E wilt^h''e- 

-[a

nLutreopn*'V+nssrn|P*ACifteoryu-!-etr
wJ.o *tr 4"' rydo** l' XYZ c&/^ -t+e o'-t' q w'('h'a*

try l]^",*: ' Nto'c cla Can d{'fu-

f*t = r")X P*b

N0,r5cCIn,'<tCtL 
, "- r,r<'h*"ru:1"*at*aLbaLo

Sho@tu t

Tcilr*
XYZ

rdl*)l,-l

I dr /xy=
\

= @)/,^

Yo+f-l'i 
{5

me- do-nt'l"hn<' on s6'41 +'*"^

[M\ r (*tlT irL-, \y /*:
l&J -w-vqtn/Lld*/ I

YJ.r



Vl=
No rc

-,-

Va+ (ur. c*vie*l ,o-P
fq, *fr" )

r[e VeJo;+U {
AA Seeru

bu}.ta- a,
l^

h)w l4'*
t'
boehdu q
l-

4

T'lo H. n

Qs seen

4 a bYoL b'$
14.* w)o* +

seun l*^ XYZ

,t Pa*'J* b -&h"e*

h t"o@h
.r=J.\ q.xnd

-)
e J- ttoo

l'"*

?ifiere,'fi'"h"fi tl O
u,h $t* ++'s- ..,e],J-t.**Lt

U = Qa+ r';xl*L

d+ = Qo, + dX|,'*

farli.la b

XYZ 1*Jt
+AL 'b'* u)

pornk af

a srngle-

-9g. \^ | .

d acce]
s

o

+ cDX ?.t

+ r,cxct!x

d rftcl L

f*)

be-lere!1cr-.

{'!"oo Porv'-t'

frvr-



Shec i ox care
- I --

Crac.^Iqr +ndev' Fotl','t r-sutdtJ #
il4p,v. Y

Po,rrt ol c'nla& :

A t{ +r^q +nde 7 uo'lL 
, /- 

'- | Z\u)
W qyoLt*d, has nslanfun*$2 \;

JA

T; \:I I -\ff ,i 
o 

1o* ^ cb a off h * + ah*t

u,. fisJarvbanLous 
axis 4 zutah'm eb U"t h'*- "t

VeJo u+y 't lo** B'

Vs = Vn + ulXP$S

Vg = ,sx Pae

,Fr.om fh r,s qrohm l ,t is .rea-t tl^ab covnPc'hnl 1+"e-

w,truhr + o|tr p"'* 6v1 +tu_- Wnd"'' e'$e- @'1n w''JL

+ +r*- -Uu^o" 65 t'^yt a*' '* 
potnt -t' conktal "

T" buh'uilct'r

i I tlns 'rs\ 
o L"rfi

d,?x Ri +-&)6t
r'S [4 tnol^rw t Anfi u-taf

vnclw)=tdu- tr \bl4'

V.=
Vt:

t fno=

txJ
Jxk
lcv t'W*hf haa ct

@



Attobher we-.d

+h*t e

&^^rtl n6

t[us f s 1

oxi) '

V I u9 ts +o 2eaJuge, Hre# \\ne-

'Tn o v e s ..ynus t e-1ua-t" t+..- lenS \{- {
rnr-i. Ca4nf@,.* *"[h Fft'e- ffirue\'
rneesqfl? & ]-"^ W X @L;

ry a,o :

- &.ul

- 11"(

f*o +

'S= -K&
0

Vo = R0=

c

Qo* w>< 6x6c,lXPno )

$o 
63

-(Ut = &n+ 05*

.2,

nr
e.1 + _x

q-
-0

J

W

!

&

( rl ,rxRi)

&n = RP J Y Jr+ C-erlrt6J411 o^"

po,nf A rs Occderahn1 U.{.t^.rqr"l *o0ctrd l-t^t-

6pa,l-i et % ++.l- t"cl Q'r '

@-
dm'Favr cl- S

C{rcu m{ererr.,oq

'-+a 1.1.e Y



SECTION I5.5 APPLICATIONS OF THE FIXED-VECTOR CONCEPT 725

Next, let us determine the acceleration vector for the point of contact A
of the cylinder. Thus, we can say for points A and O:

do = aA + <n X pAo+ (,) X (@ X poo)

Therefore.

-ROi = ao + 6k x R7 + 0k x (0k x Rjl

Canying out the products:

-Rdi=ao-n6i-Ro'j
Therefore, cancelling terms. we get

aa = R02j

"\'e see thatpoint A i.s accelerating upw-ard tou,ard the center of tlrc cv-linder.5
,ris information will be valuable for us in Chapter l6 when we stuciy rigid-
- ,,1y dynamics.

iThis conclusion must apply also to a sphere rolling without slipping on a flat surface.

As for acceleration of other points of the cylinder. we do not have a simple formula but

- r: insert data for these points into the acceleration formula vaUd tbr two points ol a rigid body.

Example 15.4

\\'heel D rotates at an angular speed a-t, of 2 rad/sec counterclockwise in
Fig. 15.15. Find the angular speed rou of gear E relative to the ground at
:he instant shown in the dtagram.

l.M

Figure 15.15. Two-dimensional device.

We have information about two points of one of the rigid bodies,
ramely AB, of the device. At B, the velocity must be downward with the

(1-5.e)

(r.5. r 0)

)



726 CHAPTER 15 KINEMATICS OF RIGID BODIES: RELATIVE MOTION

Example 1 5.4 (Continued)

value of (atrXr.r) = 4 ftlsec as shown in Fig. 15.16. Furthermore, since

point A muri t."uel a circular path of radius GA we know that A has veloc-

ity Vo *itt a direction at right angles to GA. Accordingly, since the angle

between GA and the vertical is (90' - 45" - cr) = (45" - a) as can

readily be seen on inspecting Fig. 15.16, then the angle between I and the

horizontal must also be (45' - cr) because of the mutual perpendicularity

of the sides of these angles. If we can determine velocity Vo, we can get the

desired angular speed of gear A immediately.

Figure 15.16. Velocity vectors for two points of a rigid body shown'

Before examining rigid body AB, we have some geometrical steps to

take. Considering triangle GAB in Fig. 15.16, we can first solve for a
using the law of sines as follows:

GA GB
ainG@D - silA

Therefore, since {GBA = 45'

4 _ 1.5

sinzs" - aina

Solving for a, we get
a = 15.37" G)

The angle B is then easily evaluated considering the angles in the triangle

GBA. Thus.

f=180o-a-4GBA
= 180o - 15.31' - 45o = 179.6" (c)

(a)

lllilrrrrtrllru, '61;1g1

Tluurui

lllll lMg -.:tsrl5@

, ,{, l":ltutu

ltU UrLl{[:u"u, ; ,Uq

l{!sl&{llll

t[iliil]fiiilNll,y_ nr -:1[
llttt Ltt _;,, p
fuilmt:;:,,::
ffi:l- l.r fl;; r -
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SECTION 15.5 APPLICATIONS OF TTIE FIXED.VECTOR CONCEPT 727
Exampte 1 5.4 (continued)

Finally, we can determine AB of the triangre, again using the raw of sines.Thus,

AB_GA
sin B - ain?56

AB4
ainttqo6 = io"i

AB = 4.92 ft (d)
We now can consider bar AB as our rigid body. For the points A andB on this body, we can say:

V.s=Vn+@eoxpBo

Noting that the motion is copranar and that .uAB must then be normal to the:lane of motion, we have6 AIr '

I',,[cos(45" - q)i -sin(45" - ")j]- -4j * aork x 4.92\_cos45oi _ sin 45"7)
-rserting the value a = 15.37",we then get the following vector equation:

VA(869)i - VA(.494)i - -4j _ 3.48aori + 3.48rloui (e)

-:re scalar equations are

.869VA = 3.486po,

-.494VA - -4-3.41atou

Ve = -10.66 ftlsec
aAB = -2.66 radlsec

Solving for AB, we get

I 1ring, we getT

(f)

(e)

-}us' pointA moves in a direction opposite to that shown in Fig. 15.16.i-: now can read-ily evaluate at , which clearly must have a value of
,u=? = l0.66rad/sec."

n re counterclockwise direction.

lour practice wi'be to consider unknown angurar velocitie s as pcsitive.The sign for' --known angular velocity coming out of the cJmputations w,l then correspond to the' 
^: .. convention sign for the angular velocitv-By 

having a.ssrlmgd roo, as positive urd th* countercrockwise for the reference .ry' ; r i ed, v're concrude from the presence of the minus sign that the assumption i. *r""g 
"ri- - ' B must be clockwise for the reference used. It is significant to note that as a result of: :: .ral positive assumption, the result oto, = -2.66 radisec gives at the same time the cor-. .\Nention sr6n for the actual angular v:elocity for the reference used.

t
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: E[l

t

x Example 15.5

In the device in Fig
ations of both bars.

15.17. find the angular velocities and anguiar acceler-

Figure 15.17. Two-dimensional device.

We shall consider points A and B of bar AB, Note first that at the
instant shown:

YB = -(.300)(arr.)7 mlsec
ve = Q)(.300)i

= .600i m/sec

Noting that <oo, must be oriented rn the Z direction l"recause we have plane
motion in the XI'plane, w,e have fbr Eq. l-5.6:

Yr, = Vn n ,i tn x p,qa

-.3ACtlo ur.i = .600i + (o ttk) x (i + .3007) (c)

-300aBCj =.600i + atRj -.30010_ri

Note .+ie have assumed roo. and a;,o as positive and thus counterclockwise.
The rcalur equalionq irre:

We then get

.600 = .300ro_,,,

--.30t)ot,r = a.0..

aaB = 2 rad/sec
frac = -6'67 rad/sec (e.)

(a)

(b)

(d)
Ill

Therefore, {016- is counterclockr.vise while ror.. nrust be clclckwise.
Let us now turn to thc angular acceleration consiclerations

hars. We consider separateiy notv points A and I of bar AB. -fhus.

at = (ro2 )"t = (.::00i(:t)j = 1.200j m1sec2

a, = pnco2rr-i + porrbrr(*J)

= (.30{)11 *6.67r ii _ .30(}a;o.,t

= l3.3ii _ .300.b8.,r

for the

i[Iililt]ilililililtulllfil

v



r Example 15.5 (Continued)

Again, we have assumed <i.rr. positive and thus counterclockwise. consid-
€nng bar AB, we can sa) tor \. \511 :

eB = aA * 6aa x pou * oar X (.U0ea x peil (f)

Noting that <ilou must be in the Z direction, we have for the foregoing
equation:

13.33i - .300(bBCj

= t.20Cj + rbouk x (i + .3007) + ek) x
The scalar equations are

+ .300j)] (s)

SECTIoN t5.s AppLICATIoNS oF THE FIXED_vECToR coNCEpr 729

rbro must be clockwise and ror. must be

t"t.33

-.300(b BC

*.300(b 
AB

bou

We get

(bAB

brc

Clearly. for the reference used.
counterclockwise.

-57.8 radlsecz

192.6 rad/secz

,4

Example 15.6

(a) In Example 15.5, find the instantaneous ctxis .f rotatic.tn for the
rod AB.

The intersection of the instantaneous axis of rotation with the -ry
plane will be a point E in a hypotheticai rigid-body exrension of bar AB
having zero velocity at the instant of interest. We can accordingly say:

l'e=Ve*@enxp,tr

Therelore.

0 = .60i + (2k) x (Ar, + A-)i) (a)

where A, and Ay are the components of the directed iine segrnent fiom
point A to the center of rotation E. The scalar equations are:

0=.60-24-y
. 0 =ZLr

Clearly, A) = .3 andAr = 0. Thus, the center of rotation is point O.

i

tl
--i

:
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Example 1 5.6 (Continued)

Axis of
rotation

.3m

we could have easily deduced this result by inspectio, in this case.
The velocity of each point of bar AB must be at right angres to a line from
the center of rotation to the point. The velocity of point A is in the hori-
zontal direction and the velocity of point B is in ihe verticar directi.n.
Clearly, as seen from Fig. 15.1g, point O is the only point from which
lines to points A and .B are normal to the velocities at ihere points.

l_
.6 m/sec

ftana = f
[...4 = 73.3.

OD = [.lz + 32 - (2)(.j')(.3)(co,23.3.)1,,, = .6j77 m

v

L-,
Figure 15.18. Instantaneous axis of roration ofAB.

(b) Now using the insrantaneous axis of rotation, find the magni_
tudes of the velocity and accererarion of poinr D (Fig. r5.1g) using iata
from the previous example.

tn Fig. 15.19, we show the velocity vectornormal to line OD. Using
the law of cosines for triangle AoD, we can find oD which is a key distance
for this example. Thus noting from Fig. 15.1g that u" = 73.3".we have

a = 73.3o

Figure 15.19. Velocity vector for point D.

we then say from rotational motion about the instantaneous center of rota-
tron O,

V, = {.6777)(aeil = (.6777)(2) = 1.355 rn/s

t_.
F

.{ence. iori.- _ 
"-'* -s {

't e Can DOr+ ;* ,
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SECTION 15.5 APPLICATIONS OF THE FIXED-VECTOR CONCEPT 73I

For the acceleration, we have (see Fig. 15.20)

", =f@)! * 1o;l)'''
where (ao)" and (ao),, respectively, are the centripetal and tangential com_
ponents of acceleration at pointD. Noting that r for point D is-.6i't7 m. we
get for the above

I r .,. ,2 
^ l,r,i' aD =tt+l *[r'ira^'i]']

= J(t':"' r' 1tt2

- lt 6#J +[t.6277)rs7.sr1]] =3e.26rntsz (b)

We now get the vectors Vo and ar. For this purpose we determine the
angle B of the tinted triangle in Fig. 15.20 by firsiusing the raw of sines
for triangle AOD

.7 .6177
tilOo-r$ = rin 733.

:' 0 = 8'373'

Exampte 1 5.6 (continued)

B
:81.63'

Figure 15.20, Acceleration components of point D.

Hence, looking at the tinted triangle it is clear that y = 90. - g.373. = g 1.63".
We can now give Y, (see Fig. 15.19).

V, = Vr(cos 7i + sin TD = 1.355(cos 81.63i + sin 81.63j)

rl
'I

v

L-,

'Yo = .197Y'* 1.341inr'$

t
Av (90'- I) = 8.373o = f
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Example 1 5.6 (Continued)

For the acceleration vector, we refer back to Eq. (b) for components of cr.
Noting Fig. 15.20, we have

V2
a, = r(dto)[cos7i + sinTj] * +t-cosBr + sinBj)

= (.6777)(-57.8)[cos81.63oi + sin 81.63"j]
1.3552 .+ ffi, [- cos 8.373'i + sin 8.3i3" j)

.Example 15.7

A disk E is rotating about a fixed axis HG at a constant angular
speed ar, of 5 rad/sec in Fig. 15.21 . A bar CD is held by the wheel at D by
a ball-joint connection and is guided along a rod AB cantilevered at A and
B by a collar at C having a second ball-joint connection with CD, as shown
in the diagram. Compute the velocity of C.

We shall need the vector pr.. Thus,

Ppg=rg-ro
= [(.600 - .530 cos 30")i + .530 sin 30.t] - 0.7 j + .300i)
=-.1590i-L7j+.265km

Figure 15.21. Three-dimensional device.



Example 1 5.7 (Continued)

\ou' employ'Eq. 15.6 for rod CD' Thus,

Vr=Vo+<lorpxPs,c

Therefore, assuming C is going from B to A

tc(cos30"i -.sin30"k)

= (5)(.30)k +(o,i+ot,j + r.-k)x (-'1590i -l'7 j + '265k)

l'c(.866, - .500f) = 1.50k - 1..7co,k - .265@,i +'15904r,k

+.265aui -.1590a.r"7 + l'7ro-i)

The scalar equations are:

.866Yc =.265oy+1.7a,
0=-.265a,-.1590ruo,

(a)

(b)

-.500Yc = 1.50 -l'l@, + 'l590ar-, (c)

trrom these equations. we cannot solve for ar.or, and rDrbecause the spin

-.i CD about its own axis (allowed by the ball joints) can have any vatue

; ithout affecting the velocity of slider C' However' we can determine V.'

- we shall now demonstrate'

In Eq. (b), solve for al, in terms of al-'

0, = -.600o, (d)

': Eq. (a), soive for ar., in terms of o.:

an = 3.27v, - 6.415ia, (e)

Sibstitute for al, and a;, in Eq. (c) using the foregoing results:

-.500yc = 1'50 - (l'7X-'6004;.) + ('1590)(3'27Vc -6'415a,)

l:lerefore,

'l.OzTVc = 1.5 + l'020a, - 1'020a,

Vc ='l'47 l m/sec

:::nCe,

V" = -1.471(cos 30'i - sin30'k)

.rly, contrary to our assumption C is going from A to B'

*1
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OFAVECTORFORDIFFERENTREFERENCE S 743

f 5"6 GelleraE ReEeegeffismBffi ffie$wreeffi TEffie
Derivatiues eS a nJee€or $mr
Differemt Re$erer?e€s

In Section'15.4, we considered the time derivatives of a vector rt ,.fixed,, in a
reference.,Te moving arbitrarily relative ta XyZ. Our conclusions were:

(+\ -0
\ (lt /r,:

(dA\
\i)r,,=orxA

\\'e now wish to extend these considerations to include time derivatives of a vec-
ior A which is not necessarily fixed in reference r1z. primarily, oirr intention in
:iis section is to reiate time derivatives of such vectors A as seen both from refer_
3nce.1.]Z and from xYZ, two references moving arbitrar.ilv reirtive to each other.

For this purpose, consider Fig. 15.24, where rve show a moving pafiicle
P with a position vector p in reference xyz. Ref.erence 4/z moves aiUitrarity-riative l.o reference XyZwith trannlational velocity n rna ungufr,]*f o.,,, _
:n accordance with chasles' theoreln. we shall now form a relation between
Jpldt_l\,:an.d \dp/dt)*rr. We shall then exte,d this result so as to relate the

:rme denvatrve of any vectorA as seen from any two references.

C.

Figure 15.24..r12 moves relarive to XyZ.

To reach the desired resurts effectiveiy, we shail express the vector p in
terms of components parallel to the xl,z reference;

p=xi+yj+zk (15. I l)
where i, i, and ft are unit vectors for reference ;yz. Differentiating this equa-
rion with respect to time for the ryz reference, we have:8

=ii+yj+2k (1s.12)
( dp\
\T)\ )nz

8Note that i, y, and z are time derivatives of scalars and accordingly there is no identifica-
:ion with any reference as far as the time derivative operation is concerned.
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If we next take the derivative of p with respect to time for the XYZ rcf-
eience, we must remember that i, j, and /< of Eq. 1 5. 1 1 generally will each be

a function of time, since these vectors will generally have some rotational
motion relative to the XYZ reference. Thus. if dots are used for the time
derivatives:

= (i;i + ij + 2k)+ (;ri + yj + zi1 (15.13)

The unit vector i is a vector.fxed in reference xyz, and accordingly i) equals

to X i. The same conclusions apply to j and k. The last expression in paren-

theses can then be stated as

(xi + yj + zi) = r(or x i) +,v(<o x,t) + z(or x ft)

= o) x (xi)+to x (y.i) +ax (zk) (15.14)

=(oX(xi+yi+zk)=otxp

( dp.t
\ d, ),,,

ln i1g
ref'ere"n.

Siltce a ,,

-:.r. I

. r- llfti

-\.,t'

In Eq. 15.13 we can replace (ii
with Eq. 15.12, and (xi + y j +
15.14. Hence,

ik) by (.dpldt),,-, in accordance

t$ \ p, in accordance with Eq.

+ ii+
zbay

+GlXp (1s.1 5

We can generalize the preceding result for any vector A:

+&)xA (t5,i:

where, you must remember, ro without subscripts will always be the angul;'
velocity of the 4,2 reference relative to the XYZ reJerence. Note that Eq. 15 -

is a special case of Eq. 15.16 since for A fixed in qiz, (dA/dt),r, - 0. \1-:

shall have much use for this relationship in succeeding sections.

15.7 RelatioEtshEp Betweem lfelocities of
a Particle fon Oif$erent References

We shall now del'ine the velocity of a particle again in the presen;.
several references:

The velocity of a particle relative to a reference is the derivative as s.rr

froru this reterence of the position vector of the particle in the retereut

( dp\ ( ap.t
\6 )*r, - [ d, ,.,.

( dA\ ( dA\
\dt )xtz \dt )o,,

.=....-

- -i

p"
-- -i

- .:i.-:

:-::_
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