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Kinematics of Points in Cylindrical coordinates
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Let                               be the cylindrical coordinates moving 
point P at time t

( ), ( ), ( )r t t z t

re is the radial outward unit vector, in 
the direction of increasing r, tangent 
to the radial line r: (        ) constant

e Circumferential unit vector ,in the 
direction of increasing  φ, tangent to 
the circum. Coordinate line φ : (        

) constant
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Right handed triad with 
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Axial unit vector ,in the direction of 
increasing  z, tangent to the axial. 
Coordinate line z: (        ) constant
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Kinematics of Points in Cylindrical polar coordinates
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Kinematics of Points in spherical coordinates
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Let                               be the spherical polar coordinates 
moving point P at time t
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Kinematics of Points in spherical coordinates

sinrv re r e r e     

2 2 2 2( sin ) ( 2 sin cos ) 

       [( 2 )sin 2 cos )] 

ra r r r e r r r e

r r r e





       

    

     

  



Rotation of the arm about O is defined by 

= 0.15t2 where  is in radians and t in 

seconds.  Collar B slides along the arm such 

that r = 0.9 - 0.12t2 where r is in meters.

After the arm has rotated through 30o, 

determine (a) the total velocity of the collar, 

(b) the total acceleration of the collar, and 

(c) the relative acceleration of the collar 

with respect to the arm.

SOLUTION:

• Evaluate time t for  = 30o.

• Evaluate radial and angular positions, and 

first and second derivatives at time t.

• Calculate velocity and acceleration in 

cylindrical coordinates.

• Evaluate acceleration with respect to arm.

Sample Problem 11.6



SOLUTION:

• Evaluate time t for  = 30o.
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• Evaluate radial and angular positions, and first and 

second derivatives at time t.
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Sample Problem 11.6



• Calculate velocity and acceleration.

  

r
r

r

v

v
vvv

rv

srv










122 tan

sm270.0srad561.0m481.0

m449.0











 0.31sm524.0 v

  

     

r
r

r

a

a
aaa

rra

rra












122

2

2

2

22

2

tan

sm359.0

srad561.0sm449.02srad3.0m481.0

2

sm391.0

srad561.0m481.0sm240.0



















 6.42sm531.0 a

Sample Problem 11.6



• Evaluate acceleration with respect to arm.

Motion of collar with respect to arm is rectilinear and 

defined by coordinate r.

2sm240.0 ra OAB 

Sample Problem 11.6
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Sample Problem 2/10

0 430 , 8 10 , 1200 / ,

0.80deg/

r m r m s

s





   



Solution steps

1. Obtain velocity component first then resultant 
velocity

2. Obtain acceleration components and using 
reltions, determine the 
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Components of velocity
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(2 ) =4.60 =-3.61(10 ) /

ra r r

a r r rad s



  

  

  
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Relative Motion (Translating axes)

X-Y is a fixed reference frame and x-y is a 
moving reference frame.

Supposing an axes system is moving with respect to 
other axes system, what is the relationship between 
velocity in two system?

Now consider two particles A and B in a given plane.  
We will arbitrarily attach  the origin of a set of 
translating axes x-y to particle B and observe the 
motion of A

/A Br xi yj  Where A/B means A  relative to B or A with 
respect to B 

The absolute position of A can be written as .

/A B A Br r r 

The absolute velocity and acceleration of A can be written as .

/ /A B A B A B A Br r r v v v    

/ /A B A B A B A Br r r a a a    

Note: rotation of moving frame is not allowed here
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Relative Motion (Translating axes)

One example can be solved here

y

x
Y

X

A

B

O

Ar

Br

/B Ar

/ ,B A B Ar r r  / ,B A B Av v v  /B A B Aa a a 

/ / / / / /,   ,   B A A B B A A B B A A Br r v v a a      

Selection of the moving point B for attachment of the reference coordinate 
system is arbitrary. 
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Sample Problem 2/13

Passengers in the jet transport A flying east at a speed of 
800 km/h observe a second jet plane B that passes under 
the transport in horizontal flight. Although the nose of B 
is pointed in the 45 northeast direction, plane B appears 
to the passengers in A to be moving away from the 
transport at the 60 angle as shown. Determine the true 
velocity of B.

We treat each airplane as a particle.
We assume no side slip due to cross wind.

Assumption:
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Ball thrown vertically from 12 m level in 

elevator shaft with initial velocity of 18 m/s.  

At same instant, open-platform elevator 

passes 5 m level moving upward at 2 m/s.  

Determine (a) when and where ball hits 

elevator and (b) relative velocity of ball and 

elevator at contact.

SOLUTION:

• Substitute initial position and velocity and 

constant acceleration of ball into general 

equations for uniformly accelerated 

rectilinear motion.

• Substitute initial position and constant 

velocity of elevator into equation for 

uniform rectilinear motion.

• Write equation for relative position of ball 

with respect to elevator and solve for zero 

relative position, i.e., impact.

• Substitute impact time into equation for 

position of elevator and relative velocity 

of ball with respect to elevator.

Sample Problem 11.3



SOLUTION:

• Substitute initial position and velocity and constant 

acceleration of ball into general equations for uniformly 

accelerated rectilinear motion.
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Sample Problem 11.3



• Write equation for relative position of ball with respect to elevator 

and solve for zero relative position, i.e., impact.

    025905.41812 2  ttty EB

 

s65.3

smeaningles  s39.0





t

t

• Substitute impact time into equations for position of elevator and 

relative velocity of ball with respect to elevator.

 65.325Ey

m3.12Ey

 

 65.381.916

281.918



 tv EB

s

m
81.19EBv

Sample Problem 11.3



24



25



• Position of a particle may depend on position of one or more 

other particles.

• Position of block B depends on position of block A.  Since 

rope is of constant length, it follows that sum of lengths of 

segments must be constant.

 BA xx 2 constant  (one degree of freedom)

• Positions of three blocks are dependent.

 CBA xxx 22 constant (two degrees of freedom)

• For linearly related positions, similar relations hold between 

velocities and accelerations.

022or022

022or022





CBA
CBA

CBA
CBA

aaa
dt

dv

dt

dv

dt

dv

vvv
dt

dx

dt

dx

dt

dx

Constrained  Motion  of Connected Particles

One example can be solved here
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Pulley D is attached to a collar which is 

pulled down at 75mm/s.  At t = 0, collar 

A starts moving down from K with 

constant acceleration and zero initial 

velocity. Knowing that velocity of collar 

A is 300 mm/s as it passes L, determine 

the change in elevation, velocity, and 

acceleration of block B when block A is 

at L.

SOLUTION:

• Define origin at upper horizontal surface with 

positive displacement downward.

• Collar A has uniformly accelerated rectilinear 

motion.  Solve for acceleration and time t to 

reach L.

• Pulley D has uniform rectilinear motion.  

Calculate change of position at time t.

• Block B motion is dependent on motions of  

collar A and pulley D.  Write motion 

relationship and solve for change of block B

position at time t.  

• Differentiate motion relation twice to develop 

equations for velocity and acceleration of block 

B.

Sample Problem 11.4
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SOLUTION:

• Define origin at upper horizontal surface with positive 

displacement downward.

• Collar A has uniformly accelerated rectilinear motion.  

Solve for acceleration and time t to reach L.
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Sample Problem 11.4



• Pulley D has uniform rectilinear motion.  Calculate 

change of position at time t.
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• Block B motion is dependent on motions of  collar A and 

pulley D.  Write motion relationship and solve for change 

of block B position at time t.  

Total length of cable remains constant,
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• Differentiate motion relation twice to develop equations for 

velocity and acceleration of block B.
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SOLUTION:

• Define origin at upper horizontal surface with positive 

displacement downward.

• Collar A has uniformly accelerated rectilinear motion.  

Solve for acceleration and time t to reach L.



• Pulley D has uniform rectilinear motion.  Calculate 

change of position at time t.
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• Block B motion is dependent on motions of  collar A and 

pulley D.  Write motion relationship and solve for change 

of block B position at time t.  

Total length of cable remains constant,
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• Differentiate motion relation twice to develop equations for 

velocity and acceleration of block B.
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Sample Problem 2/16
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Relative Motion (rotating axes)

y

x

Y

X

A

B

O

Ar

Br

/A Br

Let us consider axes system xy which rotates with respect to XY.

i

j

d

d di d j

dj d i 

Angular Velocity ω=   

di
j

dt


dj
i

dt
 

Angular Velocity    

Relative Velocity    

A B relV V r V   
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Relative Motion (rotating axes)

The relative acceleration may be obtained by differentiating the
Relative velocity 

A B rela a r r V      

Now, using previous relation

relr r V  

Thus Finally 
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Relative Motion (rotating axes)

r is the tangential acceleration, since it is perpendicular to 
unit vector  and k r

is normal acceleration, since it is directed 
towards B

( )r  

is the Coriolis acceleration2 relV
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Relative Motion (rotating axes)
Example

Car B is rounding the curve with constant speed of 15 m/sec and car 
A is approaching car B in the intersection with a constant speed of 
20 m/sec. The distance separating the cars is 40 meters at the 
instant depicted.

At the instant

This is the velocity of car A as seen by the driver in car B
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Relative Motion (rotating axes)

Suppose the axes system is attached to A

Thus, we see that observations of both drivers are not the negative of 
each other
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Sample Problem 5/19
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