X

Time deaivahve onf a veutov B fixed i a velevence,
Ly moving ayf,bitvs_m‘l?. velahve 4 XVZ. our

(55 =
.

,__——-) - £ 3 A
0& XYz

Fxtend these cohgi deyalon 1o \nclde

68 \ﬂ?_t.\—(f‘( A Whada \ S not mecossSay t'i«d er ;Le_cl ,va-\
velevencee  xyz -

Foa Hu's ‘P‘“‘-\m’se) Q MOV-I.‘n‘a PQJJ'!’(“JQ, P wdhh a
velevemer 2 r consicered.

Conculsions L&

Q;I Q. d-Q b’l\!CbF*—l\/E,




D 3 % 4 ud 4 2 E
Whens {,)3,?‘_ Wumjwﬁvﬁ%ﬂfe%@’rwvbz_
Qk_i) ";LT%-%/E'F:ZAV:
M Jogz”

Now Tedeo doivanve of © Wit Yeshod o NN 24

<d_f_) Ol_f_ i Y. (W )(f[\ ) + la(LDX?) + Z.(wxll:-)
dx AFLT ol Yz, |

b O\i 1 Lgx(.xfl\-k-‘jrl\—f-zﬁu‘)
oUF Xz \
f



RdaHonshp  Bauseen Velsedwes o}

o parkide fvr  difterent weferenwn.
) Yelouthes a ‘paﬂ_Hc,\_a, P welahive Yo Yhe XNZ
ond  XZ -’o”e)rwemw ans g m\bujnv‘qlﬁ_

o b
o L 0“ AL ) \/”Jlf Cu)ﬂjl




Accelevation o]f Cl_—P;% — -
dl%ﬁﬁ‘,\(‘w MQJ\/’Q/\/\M -EQT @

X
' 2
el ﬁQXHZﬂXyz: %i%)%?z
a’zudz = @-——t%‘jb)? - (Z{;ﬁ)
v )z
@ \fx -
Yz ’N—UL+ EQ < (ﬁ){‘?/ @

(d Vx\/z)
. - _ [ oW
O‘{j XYZ- - tljz
XYz Qoﬁ )XY2,+ QJrntL G}X)gf
' p .

Oy, = [0V )
gz = [

ol )XVZJF RJMOX@UF)X,; @f—) X P
| | Xyz

ot




Nog (#3)

@Wz) = @_\fﬁ’“) 4o D% Vi
d_} rNZ db Sz

Ay AP

0‘*>7<7z. - Gu ),5?_ £ OxF

@ Subshiul ke obove TR T T @%©

v O N e B e Wiy
"

Oxyz ° Qo
& pul) ¢ BRf
Oxyz = Qngz + 20X Nayz - R4 WX +
LW % (LWOXS )

ubaty \‘FQADU*% o Xz ~olave to ANZ

i = M%
anc devahom & = 4= selevents



Example 15.11 “

A stationary truck is carrying a cockpit for a worker who repairs overhead fix-
res. Al the instant fownm iz, 19230 e hase D WS Tolaing, A angdas speed
, of .\ radisec with @, = 2 rad/sec® relative to the truck. Arm AB is rotating
at angular speed @, of .2 rad/sec with @, = .8 rad/sec® relative to DA. Cockpit
C is rotating relative 10 AR 50 as to alw ays keep the man upright. What are the
velocity and acceleration vectors of the man relative to the ground if o = 45°
and § = 30° at the instant of interest? Take DA = 13 m.

Figure 15.30. Truck with moving cockpit.



Because of the rotation of the cockpit C relative 1o arm AB 1o keep
the man vertical, clearly, each particle in that body mcluding the man has

the same motion as point B of arm AB. Therefore, we shall concentrate our
attention on this point. N :
= Fix xyz to arm DA.
Fix XYZ to truck.

This situation is shown in Fig. 15.31.

@, = .2 rad/sec
X @, = 8 rad/sec?
w, = .1 rad/sec
o, = 2 rad/sec?

Figure 15.31. xyz fixed to DA: X¥Z fixed to truck.

A. Motion of B relative to xyz
p = 3(cos Bi —sin Bj) = 2.60i —1.5j m
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Since pis fixed in AB, which has angular velocity o, relative to xyz, we have
V. = Xp=(2k) X (2.60i - 1.5j)
5204 + 3i m/sec
dw d,
a, = (—d—"] X p+o X (2’!—’)
. ne

xve

As seen from xyz, only the value of @, and not its direction is changing.
Also note that (dp/dt)m = ‘ﬁu. Hence,
a. = (8k)X (2.60i -1.5j)+(.2k) X (.520j + .3i)
= 1.09i + 2.14j m/sec?

B. Motion of xyz relative to XYZ
R = 13(.707i +.7075) = 9.19i + 9.19j m

Since R is fixed in DA, and since DA rotates with angular velocity o, rel-
ative to XYZ, we have

R=w, xR =(1j)x(9.19 +9.19j)

= —919k m/sec

R=6é,xR+o, xR
(.25) X (9.19i +9.19/) + (.1j) X (-.919k)
—1.838% — .0919i m/sec?
w, =.]1jrad/sec

"

w
w

®, = .2j rad /sec?

Hence,

Viz =V * R+ Xp

520j + 3i — 919k + (.1j) X (2.60i - 1.5§)

Vyyz = -3i + .520j - 1.179k m/sec

Ay, =@, +R+20xXV _+6Xp+oX(wXp)

1.09i + 2.14j — 1.838k - .0919i
+2(.1) X (520 + 3i) + (2) % (2.60i — 1.5j)
+(1j) X [(.1f) X (2.60i - 1.5j)]

Bz = 978i + 2.14j — 2.42k m/sec?

Notice that the essential aspects of the analysis come in the consideration
of parts A and B of the problem, while the remaining portion involves
direct substitution and vector algebraic operations.




E Example 15.12 ﬁ

A wheel rotates with an angular speed @, of 5 rad/sec on a platform
which rotates with a speed @, of 10 rad/sec relative to the ground as
shown in Fig. 15.32. A valve gate A moves down the spoke of the wheel,
and when the spoke is vertical the valve gate has a speed of 20 ft/sec, an .
acceleration of 10 ft/sec? along the spoke, and is 1 ft from the shaft cen- o o —Valve gate A
terline of the wheel. Compute the velocity and acceleration of the valve . 2 Yy
gate relative to the ground at this instant.

@, = 10 rad/sec

x| to the platform.

. Bk xyz o wheel. Figure 15.32. xyz fixed to wheel: X¥Z
’ﬂ’m to ground. fixed to ground.




A. Motion of particle relative to xyz

p=kfi
e = —20k ft /sec

—10k ft /sec? '

[l

a
oz

B. Motion of xyz relative to XYZ
R =35jft

Since R is fixed to the platform:

R =uw, X R=(-10k) % (5j) = 50i ft /sec

E=® XR+w, x R

= 0+ (—10k) x (50i) = —500j ft /sec?
L =@y W = 5i — 10k rad /sec
B =, +e, =

Note thar @, is of constant magnitude but, because of the bearings of the
wheel, @, must rotate with the platform. In short, we can say that w, is
fixed to the platform and 50 @, = @, X w,. Hence,

G =w Xw, +0
= (—10k) % (5§) = —50j  radfsec?

We then have
Vig =V, +R+axp
= —20k + 50i + (5i — 10k) X k
~ 50 — 57 — 20k f
Also,
B =a_w_+Ié+2m)~:Vm+¢xP+mx(mxﬂ)

2 ; . . e K
10k — S00j + 2(5i — 10k) % (-20k) + (-50j) X
. +(5i — 10k) X [(5i — 10k) % k)
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In Example 15.12, the wheel accelerates at the instant under discussion
with @, = 3 rad/sec?, and the platform accelerates with @, = 10 rad/sec?
(see Fig. 15.32). Find the velocity and acceleration of the valve gate A,

If we review the contents of parts A and B of Example 15.12, it will
be clear that only K and @ are affected by the fact that @, = 10 rad/sec?
and @, = 5 rad/sec®. In this regard, consider w,. It is no longer of con-
stant value and cannot be considered as fixed in the platform. However we
can express w, as @i’ at all times, wherein i’ is fixed in the platform as
shown in Fig. 15.32. Thus, we can say for w:

w = o,i +w,
Therefore,
6 = i’ + o,i’ + 6,
=5i’ + 5(w; X i) - 10k
= 5i" + 5(=10k) X i’ - 10k

At the instant of interest, i = i. Hence,

Hence, we use the above @ in part B of Example 15.12 to compute V, ..

and @, .. The computation of R is straightforward and so we can compute
a,. accordingly. We leave the details to the reader.




r Example 15.14" \

To simulate the flight conditions of a space vehicle, engineers have devel-
oped the centrifuge, shown diagrammatical ly in Fig. 15.33. A main arm, 40 ft
long, rotates about the A-A axis. The pilot sits in a cockpit, which can rotate
about axis C-C. The seat for the pilot can rotate inside the cockpit about an
axis shown as B-B. These rotations are controlled by a computer that is set
to simulate certain maneuvers corresponding to the entry and exit from the
earth’s atmosphere, malfunctions of the control system. and so on. When a
pilot sits in the cockpit, his/her head has a position which is 3 ft from the seat
as shown in Fig. 15.33. At the instant of interest the main arm is rotating at 10
rpm and accelerating at 5 rppm?, The cockpit is rotating at a constant speed
about C—C relative to the main arm at 10 rpm. Finally, the seat is rotating at a
constant speed of 5 rpm relative to the cockpit about axis B~B. How many g’s
of acceleration relative to the ground is the pilot’s head subject to?'2 Note that
the three axes, A-A, C-C, and B-B, are orthogonal to each other at time ¢.

A
Z

40° *:L‘) 5 rpm?

Figure 15.33. Centrifuge for simulating flight conditions.

HBRvamat vr s s
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In Fig. 15.34 the arm of the centrifuge rotates relative to the ground
at an angular velocity of @,. The cockpit meanwhile rotates relative to the
arm with angular speed w,. Finally, the seat rotates relative to the cockpit
at an angular speed w,. For constant al2 we see that, because of bearings
in the arm, the vector «, is “fixed” in the arm. Also, for constant ,,
because of bearings in the eockplt the vector w, is “fixed” in the cockpit.
Before we examine the acceleration of the pllot s head, note that at the
instant of interest:

Figure 15.34. Centrifuge listing w's.

@, = w, = 10 rpm = 1.048 rad/sec
@, = 5 rpm? = .00873 rad/sec?
@, = 5 rpm = .524 rad/sec

We shall do this problem using three different kinds of moving’
references xyz.

ANALYSIS I

Note in Fig. 15.35 that xyz and the arm to which it is fixed are shown dark.

Note also that the axes xyz and XYZ are parallel to each other at the instant
of interest.
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A

Figare 15.35. Centrifuge with xyz fixed to arm,
A. Motion of particle relative to xyz

p = 3k ft
Note that p is “fixed” to the seat and that the seat has an angular velocity
of (w, + w,) relative to the arm and thus to xyz. Hence,
"}n':. = (wl i 0)3) x P
= (1.048) + .524i) X 3k = 3.14i - 1.572 ft/sec

dv,

e X A dp

e = (‘J,—‘J o [_—d:“_ (e, + m_!)} X p+(w, +w,) X (-[17) w
vz o 0

Clearly, relative to the arm, and thus to xyz, w, is constant. And w, is fixed in
the cockpit that has an angular velocity of w, relative to xyz. Thus, we have
B = 0+w, X w,) X p+(w, +w,) X Vm
= (1.048) X .524i) x 3k + (1.048 + .524i) X (3.14i — 1.572j)
= —4.12k ft/sec?
B. Motion of xyz relative to XYZ
R = —-40j ft

Note that R is fixed in the arm, which has an angular velocity w, relative
to XYZ. Hence,

R=w X R=1048k x (-40j) = 41.9i ft/sec
R=w xR+a XR

1.048k X 41.9i + .00873k X (—40j)
43.9j + .349i ft/sec?

w = o, = 1.048k rad/sec

00873k rad/sec?

]

Il

@ = o,
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We can now substitute into the following equation:
ay, =a,, +R+20 XV +dXp+oX(®xp)

Therefore,
@yy, = 3.64i +50.5] — 4.12k ft/sec?

o, = S+ 051412
Xzl 322

ANALYSIS IT

Fix xyz-
Fix X

This situation is shown in Fig. 15.36.

Figure 15.36. Centrifuge with xyz fixed to cockpit.

A. Motion of particle relative to xyz
p = 3k ft

Note that p is fixed to the seat, which has an angular velocity of w, rela-
tive to the cockpit and thus relative to xyz. Hence,

Vryz =w, X p=.524i X 3k = —1.572] ft/sec

dm d,

P 3 P

a-‘-"f_[df) Xp+m3x[—dfj
xyz Ay

But w, is constant as seen from the cockpit and thus from xyz. Hence,
a,=0xXp+w, XV, =.524i X (-1.572j)
= — 824k fi/sec?
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B. Motion of xyz relative to XYZ. The origin of xyz in this analysis has
the same motion as the origin of xyz in the previous analysis. Thus, we use
the results of analysis I for R and its time derivatives.

= —40j ft
R = 41.9i ft/sec

R = 43.9j + .349i ft/sec?
® = @, +w, = 1.048) + 1.048k rad/sec

B =0+,
We are given @, about the Z axis and W, is fixed in the arm, which is
rotating with angular velocity w, relative to the XYZ reference. Hence,
@ =0, +w X, =.00873k + (1.048k x 1.048 )
= —1.098i + .00873k rad/sec?

We can now substitute into the key equation, 15.24:

By =@, +R+20XV, +OXp+eX(wxp)

= 3.64i + 50.5j — 4.12k ft/sec?

= 1578

la,,,|

ANALYSIS I

- Fix XYZ to ground.

This situation is shown in Fig. 15.37.

40"

Cockpit

Figure 15.37. Centrifuge with xyz fixed to seat.
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A. Motion of particle relative to xyz

p = 3k ft
Since the particle is fixed to the seat and is thus fixed in xyz, we can say:
. =10
A¥Z
a =10

AVE

B. Motion of xyz relative to XYZ. Again, the origin of xyz has identically
the same motion as in the previous analyses. Thus, we have the same
results as before for R and its derivatives.

R = -40j ft

R = 41.9i ft/sec

R = 43,95 + .349i ft/sec?

® =0 +0, +w,; = 1.048k +1.048j + .524i
@ =0 ta, +o,

Note that @, is given. Also, w, is fixed in the arm, which rotates with
angular speed @, relative to XYZ. Finally, w; is fixed in the cockpit, which
has an angular velocity w, + o, relative to XYZ. Thus,

D=0, tw Xu,t(w +u,)Xo, \J
= 00873k + (1.048k X 1.048)) + (1.048k + 1.048)) X (.524i)
= —1.098i + .549j — 540k

We now go to the basic equation, 15.24.

Gy, =0, tR+20 XV, +dXptroXx(wXp)

Substituting, we get
3.64i + 5057 — 4.12k ft/sec?

Axyz

|ay.| = 215788
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A submersible (see Fig. 15.38) is moving relative to the ground reference
XYZ so as to have the following motion at the instant of interest for point
A fixed to shaft CD which in tumn is fixed to the submersible:

V=3+.6jmhs
a =2 +3j - Skm/s?

r\fB—F

B=21ls
25m —~ B=.50

gd =.3rls

) ﬁ‘ o o N T
Figure 15.38. Rotating device inside a moving submersible. CD is fixed to
the submersible,

At the instant of interest, the vessel has an angular speed of rotation @ =
3 rad/s about the centerline of CD as scen from the ground reference. A
horizontal rod EB has the following angular motion about CD:

&= 3radls 6= 4rad/s?

Two spheres, each of mass 1 kg, are mounted on a rod turning about EB
with the following angular motion

B=2radls B =.5radis?

Also, the rod and the attached spherical masses advance toward CD at the
following rate:

F=-3m/ls F = -2m/s?

at a time when r = .25 m. Finally, at the instant of interest, the horizontal
rod EB moves up along vertical rod CD with a speed of .5 m/s and a rate
of change of speed of .2 m/s?. What force must rod EB exert at point G at
this instant due only to the morion of the two spheres?




E Example 15.15 (Continued) ﬂ

We will first consider the motion of the center of mass of the rotat-
ing spheres which clearly must be G. We now proceed to get the accelera-
tion of G relative to XYZ (see Fig. 15.39).

A. Motion of G relative to xyz (using cylindrical coordinates). Use Figs. — x
15.38 and 15.39.

p=.25¢, =.25jm
VvV, =re, + Fle, + e, = -3¢, + (25)(3)e, + S€,

iz

= -3j — 075i +.5k = -.075i - 3j + Skm/s

Fi .39, Ref pz fixed t
= (F - ,.92)6 (FU + 270) Ye, + Z€, 1111525‘;:553 eference xyz fixed to

= [-2 - (25)(3)%Je, +[(:25)(4) + (2)(=3)(3)]e, + 2€
= -2.023¢, - 1.7¢, + .2¢€, = 1.7 — 2.023j + .2k m/s?

B. Motion of xyz relative to XYZ

R=3i+.6jmls

R = 2i + 3j — .Sk m/s?
w = 3krad/s

& = 0 rad/s?

We may now express a,.,., for point G. Thus
ay, =a, +R+20%xV _+oXptwX(wXp)
= (1.7i = 2.023j + .2k) + (2i + 3f — 5k) +2(.3k)

X (=075i —3j +.5k) + 0 X p + (3k) X (3k X .25))
= 5.5i +.9095j — .3k m/s’

Now we apply Newton’s law to the mass center G at the instant of inter-
est. Denoting the force from the rod AB onto G as Fy,, we get

an-zmgk_ssn 9095 — .3k 1
Foop = (2)(1X(98DK + 5.5i + 9095 — .3k

Frop = 55i + 9095 + 1932k N

This is our desired result.
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