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Synopsis

Consider the polynomial ring k[xy,...,z,]|, where k is a field. A binomial in

such a ring is a polynomial of the form
c-x*+d-x",
where ¢,d € k and «, 8 € Z%,. A binomial of the form
x® — x”

is called a pure difference binomial. An ideal in the polynomial ring k[z1, ..., x,]
which has a generating set comprising only of binomials is called a binomial ideal. If
a basis has only pure difference binomials, then the ideal is called a pure difference
binomial ideal. In this thesis, we will be concerned with the computations of various
binomial ideals.

One of the most useful ideas in computational commutative algebra is the notion
of Grobner basis of an ideal in a polynomial ring k[xy,...,z,]. Most algorithms
in commutative algebra are based on the computation of Grobner bases of ideals,
for example equality of ideals, ideal membership, intersection of ideals, elimination
ideals, computing varieties (CLO07; AL94). In most cases, the computational cost
of the problem is dominated by the computational cost of these bases. Computation
of Grobmer basis is very sensitive to the number of variables in the underlying
polynomial ring (MM82). This suggests that computations, if possible, should be
delegated to rings of fewer variables.

This idea has been exploited in the computation of toric ideal by Hemmecke and
Malkin (HM09). Computation of toric ideals, which are a sub-class of pure difference

binomial ideals, involve the computation of saturation. There are several well known



algorithms to compute toric ideals (HS95; CT91; BSR99). In all of these algorithms,
all Grobner basis computations are performed in the original ring k[zq, ..., x,], to
which the ideal belongs. Hemmecke and Malkin proposed the Project and Lift
algorithm in which bulk of the computation is performed in rings of lesser number
of variables, namely, k[zy,...,z;|. In their approach , they use the projection map

™ k[zy, o a] = K[r, ] given by w(f) = f

2ii1=1,...an—1- 10 order to lift the
ideals back to the original ring it is essential that 7 induces an isomorphism of the
relevant class of ideals in the two rings. Their algorithm locates situations, if any,
where such isomorphism exists. There it maps the ideal to an ideal in the lower
ring, computes its saturation and lifts it back to the original ring.

In this thesis, motivated by Project and Lift algorithm, we develop new projection
homomorphisms and apply it to a variety of computations.

In Chapter 2 of the thesis, we present an algorithm for computing toric ideals
where, unlike Project and Lift, we symbolically project the ideal to k[xy, ..., z;]. This
in turn amounts to the computation of one Grébner basis in k[z1, .. ., z;] for each i.
This symbolic projection allows us to compute the saturation of all pure-difference
binomial ideals, not just toric ideals.

In Chapter 3, we further develop the idea of projection into rings with lesser
number of variables using a more sound approach based on localization. The local-
ization of polynomial rings in our case leads to rings which are polynomial rings
over localized rings. As Grobner basis is not defined for ideals in such rings, we
propose the concept of pseudo Grobner basis for binomial ideals in these rings. We
also adopt Buchberger’s algorithm to compute pseudo Grobner basis and generalize
a crucial result about Grobner basis to pseudo Grobner basis. Using this machinery,
we devise a saturation algorithm for homogeneous binomial ideals (not just pure

difference binomial ideals).

A Divide and Conquer Method

In Chapter 4, we further extend the idea of projecting into rings of fewer variables
and propose a general framework to a variety of computation related to binomial
ideals. We propose a divide-and-conquer technique to solve the computational prob-

lems in the domain of binomial ideals.



Figure 1: Reducing the problem in smaller rings.

The essence of the strategy has been described in Figure 1.1. Consider the
polynomial ring R[z1,...,x,], a binomial ideal I C R[zy,...,x,] and A(I) denotes
the object to be computed. Here R is a Laurent polynomial ring. The pseudo
Grobner bases are well defined in R[xy,...,z,]. As the figure suggests, we reduce

the problem into three subproblems —

A(I+ (xy))— Ideal I + ( 21 ) is mapped into the ring R[zs,...,x,] by the nat-
ural modulo map from Rxy,...,z,] — R[zy,...,x,], the computations are
performed in this smaller ring, and the solution is mapped back to the parent

ring.

A(I:x5°) — Ideal I : 25° is mapped into the ring R[z{, 2o, ..., 2,]. The + sign over
the variable z; denotes that we allow negative indices for x;. For the purposes
of the computations involved, we will be treating the ring as polynomial ring

in variables {xy,...,2,} over the Laurent polynomial ring R’ = R[z].

f(I) — This subproblem is to be solved in the original ring R[z1, ..., z,], where the
function f depends on the problem we are tackling. This approach becomes ef-
fective only if f(I) computation does not involve the computation of a Grébner

basis.

Solutions of these subproblems are lifted to the original ring and combined to
compute the solution of the original problem. This combination step depends on

the problem under consideration. The first two subproblems are solved recursively.



In this thesis, we have applied this framework on the following four problems —

radical, minimal primes, cellular decomposition, and saturation of binomial ideals.
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Chapter 1

Introduction

Consider the polynomial ring k[xy, ..., z,], where k is a field. A binomial in such

a ring is a polynomial of the form
c-x*+d-x°,

where ¢,d € k and a, 8 € Z%,. An ideal in the polynomial ring k[z1, ..., x,], which
has a generating set comprising only of binomials, is called a binomial ideal . In

this thesis, we will be concerned with the computations of various binomial ideals.

1.1 Why Study Binomial Ideals?

Binomial ideals, unlike general polynomial ideals, possess rich combinatorial struc-
ture which can be exploited while computing various structures derived from them,
for example Grobner bases, primary decomposition, and associated primes (Tho95;
ES96; Kah10). Pure difference binomials are binomials of the form x* — x°. The
varieties of pure difference prime binomial ideals are exactly the toric varieties.
Hence, such ideals are also known as toric ideals (Ful93). Moreover, quotients of
polynomial rings by pure difference binomial ideals form commutative semigroup
rings (Gil84). There is a large literature studying applications and computations of
toric ideals (Stu95; BSR99).

Apart from a purely academic interest in the subject of binomial ideals, their
study is also motivated by the fact that they are often encountered in interesting

problems in diverse fields. These include solving integer programs (HS95; CT91;
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UWZ97a; TWOIT7), computing primitive partition identities (Stu95, Chapters 6,7),
and solving scheduling problems (TTN95). In algebraic statistics, closures of discrete
exponential families have been identified with nonnegative toric varieties (GMS06).
Primary decomposition of binomial ideals enter algebraic statistics while modelling
conditional independences among random variables (DSS09).

The theory of binomial ideals was developed in a seminal paper by Eisenbud and
Sturmfels (ES96). Their paper not only showed various properties of binomial ideals
— for example, the radicals and associated primes of binomial ideals are themselves

binomial ideals — but they also show how to compute these structures.

1.2 Focus of the thesis

One of the most useful ideas in computational commutative algebra is the notion
of Grébner basis of an ideal in a polynomial ring, say k[zy,...,z,]. It has found
many applications in computations related to these ideals — equality of ideals, ideal
membership, intersection of ideals, elimination ideals, computing varieties, to name
a few (CLOO7; AL94). Presently every non-trivial algorithm for computation of
ideals is based on the computation of some Grobner basis. The first and perhaps the
most popular algorithm to compute a Grébner basis is due to Buchberger (Buc76).
Recently, Faugére (Fau99; Fau02) has presented much faster algorithms to compute
Grobner bases. A more detailed discussion of the properties of Grobner bases and
the Buchberger algorithm can be found in Appendix B.

We now state two crucial observations which motivated this thesis —

e Most of the computations involving binomial ideals compute one or more
Grobner bases (ES96), and

e Any algorithm to compute Grobner basis is very sensitive to the number of

variables in the underlying polynomial ring. (MM82)

So, it would seem judicious if part of the computations can be done in rings having
smaller number of variables, and use this result to arrive at a solution for the original

problem.
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This idea has been exploited in the computation of toric ideal by Hemmecke
and Malkin (HMO09). Computation of toric ideals, which are a subclass of pure
difference binomial ideals, involve the computation of saturation. There are several
well known algorithms to compute toric ideals (HS95; CT91; BSR99). In all of
these algorithms, all Grébner basis computations are performed in the original ring
k[xy,...,z,], to which the ideal belongs. Hemmecke and Malkin (HM09) proposed
the Project and Lift algorithm in which bulk of the computation is performed in

rings of lesser number of variables, namely, k[zq, ..., x;]. In their approach, they use

the projection map 7 : k[zy,..., 2, = klz1,..., 2] given by 7(f) = flaiy1=1,..0n=1-
In order to lift the ideals back to the original ring it is essential that 7 induces an
isomorphism of a relevant class of ideals. Their algorithm locates situations, if any,
where such isomorphism exists. There it reduces the ideal to a lower ring, computes
its saturation and lifts it back to the original ring.

In this thesis, motivated by Project and Lift algorithm, we develop new projection
homomorphisms which can be applied to the computation of a variety of binomial
ideals.

In Chapter 2 of the thesis, we present an algorithm for computing toric ideals
where, unlike Project and Lift, we symbolically project the ideal to k[xy,..., z].
This in turn amounts to the computation of one Grobner basis in k[zy,...,x;] for
cach i. While the algorithm due to Hemmecke and Malkin (HM09) is specifically
designed to compute toric ideals, our algorithm can compute saturation of arbitrary
pure difference binomial ideals.

In Chapter 3, we further develop the idea of projection onto rings with lesser
number of variables using a more sound approach based on localization of polyno-
mial ring. As Grobner basis is not defined for ideals in such rings, we propose the
concept of pseudo Gréobner basis for binomial ideals in localized polynomial rings.
An algorithm to compute the saturation of homogeneous binomial ideals is proposed
based on pseudo Grobner basis.

In the final chapter, a general framework is proposed for a divide and conquer
based algorithm in which a problem on ¢-variable polynomial ring is reduced to
problems in (i — 1)-variable polynomial rings. We apply this approach to compute

radical, prime decomposition, and cellular decomposition of a binomial ideal.
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1.3 Computing Toric Ideals

When it comes to applications, toric ideals are by far the most useful of all binomial
ideals. They are used in model selection tasks and integer programming (Tho95).
The applications of binomial ideals that we have seen earlier, like computing prim-
itive partition identities, and solving scheduling problem have all to do with toric

ideals.

1.3.1 Problem Statement

Let A € Z™*™ be an integer matrix —

a1; a1 an1

Q12  A22 Ap2
A= ]

A1y A2m  °*° QApm

The lattice kernel of such a matrix is defined as —
kerA2{ueZ"|A-u=0}.

i.e., integer solutions of Au = 0. For any u € ker A, we further define the vectors

u, and u_ as —

u, i
+[1 0, otherwise

A {u[i], uli] > 0
u_2u, —u
The toric ideal of a matrix A, denoted by I, is defined to be the ideal
InE2 ({x“ —x"" |uckerA}).

Here, x" for any non-negative integer vector v € Z%, is the monomial xY[I]xg[Q] el

Pure difference binomials are binomials of the form
x® — xP.

So, toric ideals are pure difference binomial ideals. It was shown in (ES96), Corollary

2.2 that over algebraically closed field, toric ideals are also prime.



1.3 Computing Toric Ideals )

Generating sets of toric ideals are known as “Markov Bases” in statistics. Chap-
ter 2 addresses the problem of computing a generating set of 14, which we loosely

call the problem of computing a toric ideal.

1.3.2 Solution

Suppose V' is a lattice kernel basis, i.e., a basis of ker A which generates the kernel

vectors with integer coefficients. Let Jy, be the ideal
Jy=({x"* —a" JueV })
It is easy to show that (Stu95, Chapter 4)
= { feklry,. ..,z [ xf € Jyv,a € Z%, }

The set on the right hand side is an ideal which is called the saturation of J;, with

respect to all the variables in the ring klzy, ..., z,], and is defined as
Jy i (zy-m,)> = { feklry,. ..,z | xf € Jv,a € Z%, }

Then Iy = Jy : (z1---xp,).

We see that the computation of a toric ideal has two steps: computation of
lattice kernel basis, V' and the saturation of Jy,. The first step has a polynomial
time solution by computing the Hermite normal form of A (KB79; CC82). The

more complicated and expensive step is the saturation computation.

1.3.2.1 Previous work

An early algorithm to compute I involved computation of a Grobner basis in a
polynomial ring of m + n + 1 variables (Stu95, Chapter 4), where A is the m x n
matrix.

An algorithm for saturation, working in n variables, is due to Biase and Urbanke
(BU95). It transforms the matrix A to another matrix A’ by negating some columns
such that one of the rows has all non-negative entries. If V' is the lattice basis of
A’, then they have shown that I, = Jy/, i.e. no saturation is required. Now, to

compute the original ideal, they replace one negated column at a time by the original
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one and compute the toric ideal for the corresponding matrix from the generating
set of the previous matrix. Each step involves the computation of one Grébner basis.
Another algorithm which also works in n variables is due to Sturmfels (HS95; Stu95).
It computes the toric ideal iteratively, computing the saturation with z; in the -
th iteration. Each iteration involves the computation of one Grobner basis. The
performances of the two algorithms are comparable, see (HS95). Bigatti et. al.
(BSR99) parallelized the Sturmfels’ algorithm.

As mentioned earlier, Hemmecke and Malkin (HMO09) presented an entirely new

approach called Project and lift. Given o C {1,...,n}, they define a projective map
Ty o L™ — yAd

by setting components in o to 1. Here, 7 is the set {1,...,n} \ 0. Let £ be the
lattice generated by ker A. Their algorithm starts with computing a set ¢ such that

kerm, ()£ = {0} and £ [N = {0} .

The algorithm then perform |7| Grébner basis computations in a ring with || vari-
ables and one Grébner basis computation each in rings with variables |7| + 1, |[7] +
2,...,n, respectively. As it is evident, the bulk of the computation is performed in

rings having less than n variables.

1.3.2.2 Owur Approach

We present an algorithm that requires the computation of one Grébner basis in
klxy,...,z;) for each i. Unlike Project and Lift, we symbolically project the ideal to
klxy, ...,z

While the algorithms due to Biase-Urbanke (BU95) and Hemmecke-Malkin (HM09)
is specifically designed to compute toric ideals, our algorithm can compute satura-
tion of arbitrary pure difference binomial ideals. On the other end of the spectrum,
Sturmfels” algorithm is less efficient but it can compute saturation of arbitrary poly-

nomial ideal.
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1.4 Saturating Binomial Ideal

This problem finds applications in computing the radicals, minimal primes, cellular
decompositions, etc., of a homogeneous binomial ideal, see (ES96). As observed
earlier, it is also the key step in the computation of a toric ideal. Chapter 3 is

devoted to this problem.

1.4.1 Problem Description

Let
b= cx® + dx”

be a binomial, and d € 7%, be a vector. b is a said to be homogeneous w.r.t. d, if
d-a=d- s.

Vector d is called the grading vector. An ideal with at least one homogeneous
binomial basis is called a homogeneous binomial ideal.

We describe a fast algorithm to compute the saturation, I : (zy---x,)*, of a
homogeneous binomial ideal /. Every binomial ideal in a n-variable polynomial ring

can be “homogenized” using an additional variable.

1.4.2 Solution

There are algorithms to compute the saturation of any ideal in k[xy,...,z,] (not
just binomial ideals). One such algorithm is described in exercise 4.4.7 in (CLOO07).
It involves a Grobner basis computation in n + 1 variables. Another solution is due
to Sturmfels (Stu95) which involves n Grébner basis computations in n variables.
Our approach is the same as in the previous case, doing bulk of our computation
in rings with less number of variables compared to the original ring. In this case,
we propose a more sound approach to project an ideal to a ring of lesser number of
variables using localization. We also propose the concept of pseudo Grobner basis for
binomial ideals in localized rings. This generalization of Grobner bases is essential

for our saturation algorithm.
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1.5 A General Framework

In Chapter 4, we extend the ideas of the previous two chapters and propose a
general framework to compute several binomial ideals. We restate the two crucial

observations behind this work

e most of these computations involve computing Grobner basis of some ideals,

and

e Buchberger’s algorithm to compute Grébner basis is very sensitive to the num-

ber of variables in the underlying polynomial ring.

In light of these observations, we propose a divide-and-conquer technique to solve the
computational problems in the domain of binomial ideals. We apply this technique to
the computation of saturation, radical, minimal primes, and cellular decomposition
of binomial ideals.

The essence of the strategy has been described in Figure 1.1. Consider the
polynomial ring R[z,...,x,], a binomial ideal I C R[xq,...,z,] and A(I) denotes
the object to be computed. As the figure suggests, we divide the problem into three

subproblems —

A(I+ ( x1 )) — This ideal is mapped onto the ring R[zs,...,x,] by the natural
modulo map from R[zy,...,x,] — R|xe,...,z,], the computations are per-
formed in this smaller ring, and the solution is mapped back onto the parent

ring.

A (I:x5°) — This ideal is mapped onto the ring R[z}, 2o, ..., 2,]. The + sign over
the variable z; denotes that we allow negative indices for x;. For the purposes
of the computations involved, we will be treating the ring as polynomial ring
in variables {5, ..., x,} over the Laurent ring R[z}]. As we will see, the most
expensive computation in this ring is pseudo Grobner basis and it involves one

less variable.

f(I) — This subproblem is to be solved in the original ring Rz, ..., z,|, where the
function f depends on the problem we are tackling. This approach becomes
effective only if f(I) computation does not involve the computation of any

Grobner basis.
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Figure 1.1: Reducing the problem in smaller rings.

Solutions of these subproblems are lifted to the original ring and combined to com-
pute the solution of the original problem. This combination step depends on the
problem under consideration. The first two subproblems are solved recursively.

In this thesis, we have applied this framework on the following four problems —

Radical Given a binomial ideal I in a polynomial ring k[z1, ..., z,], radical of I,
denoted by VI, is defined as

VIE({f|fmE€klr,..., ] }).

Minimal Primes Given a binomial ideal I in a polynomial ring k[z1, . .., z,], com-

pute the set of minimal primes P such that

Vi= (P

Pep
Cellular decomposition A binomial ideal I C k[xy, ..., z,] is cellular if in
klxy,...,x,]/I every variable is either a nonzero divisor or a nilpotent. We

want to compute a set of cellular ideals € such that

I=)c.

Ccec

Saturation This problem is the same as the problem that has been dealt with in
the previous chapters — given a homogeneous binomial ideal I C k[zy, ..., x,],

we want to compute I : (z1---xp).
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Chapter 2

Generalized reduction to compute

toric ideals

2.1 Introduction

Toric ideals have many applications including solving integer programs (HS95; CT91;
UWZ97b; TWI7), computing primitive partition identities (Stu95, Chapters 6,7),
and solving scheduling problems (TTN95).

As described earlier, the key step in the computation of a toric ideal involves
the saturation of a pure difference binomial ideal. Several algorithms are available
in the literature for saturation computation. Since it is an NP hard problem, all
approaches can only solve relatively small problems. We propose a new approach
which improves upon a well known saturation technique. This chapter is based on
the work (KMO09; KM10),

2.1.1 Problem Description

We have come across the definition of toric ideals in section 1.3. Recall that, for a
given matrix A € Z™*", the computation of the toric ideal of A, denoted by I4, has

two steps:

e Computation of a lattice kernel basis of A, which has a polynomial time solu-

tion by computing the Hermite normal form of A (KB79; CC82), and
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e Saturation of a pure difference binomial ideal. This is the more complicated

and expensive step is the saturation computation.

In this chapter we will concentrate on the second step, that is, the saturation of a
pure difference binomial ideal.

So, given an ideal I = ( x* — x ... x% — xPn ) we want to compute a
generating set of

aq «Q o0

(x —xP L xom —xPmy(2ya)

2.2 Surjective ring homomorphism

Let ¢ denote a surjective ring homomorphism from k[z1,...,z,] to kly1, ..., Ym]-

Definition 2.1. Let S C k[z1, ..., z,] be a set of polynomials. Then we define ¢(.5)

as -

o(S)={o(f)| feS}.
Lemma 2.2. Let fi,..., fs € klxy,...,2z,]. Then

¢(< f177fs>:<¢(f1)77¢(fs> >

Proof. Let f" € ¢({ fi,...,fs)). Then 3f € { f1,..., fs ) such that ¢(f) = f'. So

we have
f= Zgifi

(2

= f=¢(f) = Z¢<gi>¢(fi)

Here ¢1,...,9s € k[x1,...,2,]. Hence, f' € { ¢(f1),...,0(fs) )
Conversely, let f' € ( ¢(f1),...,6(fs) ). Then 3gi,...,q. € kly1,...,ym] such
that

f'=2_gi0(f)
= Z ?(g:)0(fi)
= ¢(Z gifz’)
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The last two equalities follow from the fact that ¢ is surjective. Hence f' €

gb(( fla---afs >) u

The kernel of a homomorphism ¢, denoted as ker ¢, is

kerg = { f € kar,..a] | () =0 }.
The first isomorphism theorem states that —

Theorem 2.3 (First isomorphism theorem). Let R and S be rings, and let ¢ : R —

S be a ring homomorphism. Then:

e The kernel of ¢ is an ideal of R.

e The image of ¢ is a subring of S, and

e The image of ¢ is isomorphic to the quotient ring R/ ker ¢.
In particular, if ¢ is surjective then S is isomorphic to R/ ker ¢.

From Theorem 2.3, k[xy,...,x,]|/ker ¢ is isomorphic to k[yi, ..., ym]. We shall
denote this isomorphism by .
Let T be a subset of k[yi, ..., ¥n]. Then we define ¢—* as —

o NT)={f€klrr,....za] | (f) €T }.

Observation 1. Let J be an ideal in klyy, ..., ym|. Then, ¢~1(J) is an ideal. Also,
J and ¢=(J)/ ker ¢ are isomorphic.

Projections are examples of surjective ring homomorphisms. We will use these

maps in all of the algorithms discussed in this chapter.

Definition 2.4. Let the set of variables {z1,...,z,} be denoted by X, and let
X' C X. Then, the map ¢ : k[X]| — k[X \ X'] is said to be a projection map where

¢(f) = f’x:l,VzeX“
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It is easy to verify that projections are surjective ring homomorphisms. Next,
we will define some symbols to denote specific projective maps. We will use 7; to
denote the projection k[zy,...,x,] — k[z1,..., 21, %it1,...,2,). In other words,
in this map, we set z; to 1. We will use 7, for the projective map k[x;, - -, Titj, 2] —
klz;,--- ,z;4;]. Here, weset z to 1. Finally, to denote the projection from k[z1, ..., z,)
to k[xii1,..., 2], we will use the symbol II;. In this case, we set the variables

ry,...,x; to 1.

Observation 2. m;, 7, and Il; are surjective ring homomorphisms.

2.3 Homogeneous polynomials and saturation

2.3.1 Homogenization

Let f € k[xq,...,x,] be a polynomial, and d e Z%, be a vector. We say f is
homogeneous w.r.t. J; if for all monomials x“ appearing with non-zero coefficient
in f, d - a’s are equal. We call the vector d, the grading vector. If f is not
homogeneous, then it can be homogenized using an extra variable z. The new
polynomial, though homogeneous, will belong to the ring k[xq,. .., ,, z].

Let d € N™! be a 0/1 vector such that d,y1 = 1. We define a map hjy :
Elzi,...,xn] = E[z1,...,2,,2] such that hyf) will be homogeneous with respect
to d for every f € k[zy,...,x,]. Let f = Y€ X € klx1,...,x,]. Consider the

polynomial
= Z Ca, X" 2% € k[zy, ..., 20, 2]
i

where b;’s are so chosen that f’ is homogeneous with respect to d. Let m be the
largest integer such that z™ | f’. Then, we define

/

hith) = L

We shall denote h(f) by f when d is known from the context. Observe that 7, (f) =
f. If B ={f;}, is a set of polynomials of k[z1,...,x,], then by homogenization of
B we would mean the set B C k[z1,...,2,, 2] given by {f;};. An ideal is said to be
homogeneous with respect to a grading vector cf, if the ideal has a generating set

which is homogeneous with respect to d.
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2.3.2 Ideal Saturation

Let R be a ring, » € R be a non-zero-divisor and I C R be an ideal. Then,
I:r&{s|srel}.
The saturation of [ w.r.t. r is the ideal
I:r*={s|srel, forsomej>0}.

Let I C k[xy,...,x,] be an ideal. Saturation of I with respect to r = xy -z - - x;,

I:(xy-xg---x;) is equal to
{ fekloy,... ,x,] | x*f €1 for some v € Z% },

which is also an ideal. The following observation is immediate from the definition.

Observation 3. (... ((I :29°) 1 23°)...) a0 =1 (x1---2,).

In general, the computation of I : x{° is expensive, see Section 4 in Chapter 4 of
(CLOO07). It involves computing a Grobner basis in n+ 1 variables. But in a special
case when [ is a homogeneous ideal, an efficient algorithm to compute I : x$° is
known from Lemma 12.1 of (Stu95). The Sturmfels’ algorithm involves computing
a Grobner basis in n variables.

Before going into the details of the algorithm to compute J : 23°, let us define
the following notation. Let f be a polynomial, and a be the largest integer such that
x¢ divides f. Then, we denote the quotient of the division of f by x¢ as f + x°. If
B is a set of polynomials, then B + x° denotes the set { f+~a° | f € B }.

We will define one more notation. This is related to Grobner basis. Let d e VA
be a grading vector for polynomials in the ring k[xq, ..., z,]. Then < 7; denotes the
graded reverse lexicographic term ordering with d as the grading vector and z; as
the least variable. So if I € k[z1,...,z,] is an ideal, then Sﬁm(‘,) denotes a Grobner
basis of I with respect to < Ji

Sturmfels’ lemma follows.

Lemma 2.5. (Stu95, lemma 12.1) Let J C klxy,...,x,] be a homogeneous ideal
w.r.t. the grading vector d. Also let 9<Jj(J) = {fi};- Then {f; + x?o}l is a Grébner

basis of J : x3°.
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Algorithm 2.1: (Sturmfels’ Algorithm) Computation of ( B ) : x2°
Data:

e A finite generating set, B, of an ideal J C k[xy, ..., z,]
e a variable z;
Result: The Grobner basis of ( B ) : x°

d (1,...,1) :
——

n+1 components
Be{f|f€B}/* C kl[zy,..., 2, 2] */
Compute G-, << B)

Gl reaxlres., ((B)}:

return 7, (G).

-

[

w

'y

3]

Algorithm 2.1 computes J : ° for arbitrary ideal J using the following lemma.
The following is a useful lemma which shows the relation between the projection

homomorphism 7; and the saturation of an ideal.

Lemma 2.6. Let I C k[vy,...,2,] be any ideal. Then mi(I : 25°) = m;(J) : x3°.

One can verify this lemma from the definitions of saturation ideals and projec-

tions.

2.4 Shadow algorithms under a surjective homo-

morphism
Let I be an ideal in k[z1, ..., z,) and ¢ : k[z1,...,z,) — k[y1, ..., ym] be a surjective
ring homomorphism. We know from Lemma 2.2 that ¢(1) is an ideal in k[y1, . . ., Y]

In this section, we show how to compute a basis B of I such that ¢(B) is a Grobner
basis of ¢(I).
h

Let o and 8 be two vectors in Z2,, and let «fi] and 3[i] denote their i** compo-
>0

h

nents, respectively. Then, by a V 3, we denote the vector whose i™® component is
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given by -
(v B)[i] = max {afi], Bli]}
This is also called the LCM of a and S.
In this section, we will assume the existence of an oracle which computes any

one element h of ¢~*(m) for any monomial m € k[yy, ..., y,). With an abuse of the

notations, we shall use
h < ¢~ (m)

as a step in the algorithms given below.

2.4.1 Shadow S-polynomial

Let < denote a term order in klyi, ..., yn,]. Consider any two polynomials, hy, hy €
Elyi, ..., Ym]. Let

ay™ =ins (hy), and cy™ = ing (he)

be the leading terms of h; and hs, respectively. Define two vectors §; and [y as —
p1= (a1 Vaz) —ar, and f; = (a1 V az) — as.
Then the S-polynomial of hq, hsy is defined as —
S<(hy, hy) = coay” hy — c1y™2hs.

Observe that, if ing (hy) divides ing (hy), then S_(hq, hs) is the first step in the
reduction of hy by hs.
We will now define S-polynomials over a surjective ring homomorphism ¢, and

refer to it as Shadow S-polynomial.

Definition 2.7. Given two polynomials f,g € k[xy,...,z,], a surjective ring ho-
momorphism ¢ : k[zq,...,z,] = kly1,...,yn|, and a term order < on Ky, ..., Ymnl,
the Shadow S-polynomial is defined as

ShadowSpoly, -(f,9) L i f — hag

where hy, hy € k[z1,...,x,] such that

¢(hif — hag) = S<(o(f), 9(9))-
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Algorithm 2.2: ShadowSpoly(f, g, ¢, <)
Data:

e Two polynomials f,g € k[xq,...,x,] such that ¢(f) # 0 and ¢(g) # 0

e a surjective ring homomorphism ¢ : k[z1, ..., z,] = k[y1,- -, Ym)
e a term order < over klyi, ..., Ynm]

e an oracle that computes any one member of ¢~!(m) for any monomial m of

k[yla s 7ym]

Result: Two polynomials hy, he € [z, ..., x,] such that
hif — hag = ShadowSpoly, _(f, g).

1 Let ciy® =ins (o(f)), and cy*? = inZ (¢(g)) ;
2 01+ (g Vag) —ag;
3 Bo+ (1 Vay) —as;
4 return hy < ¢ Y (coy®), and hy + ¢ (c1y™®) ;

Algorithm Algorithm 2.2 computes hq, hy € k[z1,. .., x,] for any pair of polyno-
mials f, g € k[zy,...,,] such that hy f — hog = ShadowSpoly, _(f, g).

Observation 4. (hy, hy) = ShadowSpoly(f, g, ¢, <) = ¢(h1f—hag) = S<(d(f), ¢(g))-

2.4.2 Shadow division

Let g, g1, , gs be polynomials in k[z1, ..., x,] and < be a term order in k[z1, ..., x,].

Then, the polynomial expression
9= Z ¢igi + 1

is said to be a standard expression for g if

e ins(qigi) Xing(g), Vi
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e No monomial of r is divisible by in% (g;) for any i. More formally, no monomial
of r belongs to the initial ideal { {ins(g;) |1 <i<s}).

Here, r is called the remainder and g¢;’s are called the quotients of the division of
gby {g1,..., s}

Standard expression generalizes the concept of divisoin of a polynomial by an-
other polynomial to the concept of division of a polynomial by a set of polynomials.
The algorithm to perform such a division is well known (CLO07, Chapter 2, Section
3).

Next we define polynomial division over a ring homomorphism ¢. We will call it

Shadow Division.

Definition 2.8. Given a polynomial f and a set of polynomials B = {g, ..., gs} of
klxy,...,x,], a surjective ring homomorphism ¢ : k[z1, ..., z,] = k[y1,. .., ym], and
a term order < in k[yi, ..., yn], the Shadow standard expression of f w.r.t. B is

ff= Z 4%g; + T,
where

L f7Q17"'7QS7T€k[xla"'axn]-

e o(f) = constant.

e The following expression is a standard expression of ¢(f) w.r.t. ¢(B)
o(f) = —= (Z o(a)0(f;) + ¢<r>)

Here, r is called the remainder and ¢;’s are called the quotients of the division of

gby {g1,...,9s}-

Algorithm 2.3 computes the Shadow standard expression of f w.r.t. B.

In step 4, ShadowSpoly(p, g;, ¢, <) is the first reduction step of ¢(p) by ¢(g;), since
in< (¢(g;)) divides in< (¢(p)). Hence, the leading term of ¢(p) strictly decreases after
each pass of the while loop. Combining this with the fact that < is a well-ordering,
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Algorithm 2.3: Shadow-Division(f,{g1,...,9s}, 0, <)

-

N

10

11

12

13

14

Data:

e A polynomial f € k[xy,...,z,]

A set B={q,...

798} € k’[l'l,...,l'n]

A surjective ring homomorphism ¢ : k[zq, ..., 2] = Ely1, ..., Ym]

e A term order < over k[y1, ..., Yml

7ym]

An oracle to compute one member of ¢~ (m) for any monomial m of

Ko, .

Result: Polynomials f,q,...,qs, € k[zy,...,x,] such that

ff:ZQifi+7“

is a Shadow standard expression of f w.r.t. B.

f_<—1; q < 0,...

while ¢(p) # 0 do

else

end
end
r4<—r—+p;

return f,q,...

1qs, T 5

s 0, 70y p f;

if Ji such that ¢(g;) # 0 and in< (¢(g:)) | in< (¢(p)) then
(h1, ha) < ShadowSpoly(p, g;, &, <) ; // ¢(h1) is a constant

f<—f*h1§ G quxhi,oo,qs = qsxhyy =1 x Dby
ppxhy—gixhy;
g < qi +he;

h <« ¢~ (in< (6(p))) ;
r<r+h pp—nh; /% $(p) =0 */
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we observe that the Shadow-Division algorithm terminates. Reduction of ¢(p) by

®(g;) also ensures that ¢(h;) = constant, and consequently

o(f) = constant

One also observes that
F-f=) ag+r+p
J
is an invariant of the while loop. Thus we have the following claim —

Lemma 2.9. Algorithm 2.3, Shadow-Division (f, B, ¢, <), terminates to give
Ff=Yq-g+r
J

and
1
o(f) = (M) (Z ¢(q;)6(g;) + ¢<r>>

is a standard expression for ¢(f) under <, where ¢(f) is a non-zero constant.

2.4.3 Shadow Grobner Basis

We will now present the notion of Shadow-Grobner basis, and an algorithm to com-

pute such a basis.

Definition 2.10. Let B = {f1,..., fs} C klxy,...,z,] be a set of polynomials,
¢ k[ry,...,z] — k[y1,...,ym] be a surjective ring homomorphism, and < be a

term order in k[y1,...,Yn). Then a subset § C k[xy,...,x,]| such that
e (G)=(B), and
e ¢(9) is a Grobner basis of ¢({ B ));

is called a Shadow-Grobner basis of the ideal generated by B.

Algorithm 2.4 to computes Shadow-Grobner basis, which is a modification of the
Buchberger’s algorithm (Algorithm B.2).
The following claims ensure that the algorithm terminates, and that it correctly

computes Shadow-Grobner basis.



22 Generalized reduction to compute toric ideals

Algorithm 2.4: Shadow-Buchberger(B, ¢, <)
Data:

[ ] B:{fl,...7f5}gk[l'1,...7$n]

e a surjective ring homomorphism ¢ : k[z1, ..., z,] = k[y1,- -, Ym)
e a term order < in klyi, ..., Ym]

Result: A Shadow-Grébner basis of ( B )

1 Bhew < B

2 repeat

8 | Boa ¢ DBuew ;

4 for each pair fi, fo € Bpew Such that fi # fo and ¢(f1) # 0,0(f2) #0
do

5 (91, 92) < ShadowSpoly(fi, f2, ¢, <) ;

6 Compute Shadow-Division(g1 f1 — g2 f2, Buew, ¢, <) ;

7 if ¢(r) # 0 then

8 | Buew ¢ Buew U {r}

9 end

10 end

11 until ¢(Bew) = O(Bow);

12 § < Biew ;

13 return G ;

Lemma 2.11. Algorithm 2.4 terminates.

Proof. The repeat loop iterates only if we detect that ¢(Bpew) # ¢(Boa). And this
can only happen if a polynomial r gets added to B, in step 8. The polynomial r
has the property that it is the remainder of Shadow-Division of g1 fi — g2 fo by Buew-

Thus, from Lemma 2.9, we have

in (¢(r)) & ({in<(¢(9)) | 9 € Buew } ).

So, in each iteration of the repeat loop, as r gets added to Bew, the initial ideal of
Biew in the image space grows. But k[y1, ..., yn] is Noetherian so the ideal cannot

grow indefinitely. Hence the repeat loop must terminate. |



2.4 Shadow algorithms under a surjective homomorphism 23

Lemma 2.12. ( B)=(9).

Proof. The remainder 7 is appended to the basis in the successive iterations of the re-
peat loop (step 8). r is the output of the Shadow-Division algorithm (Algorithm 2.3).

So, from Lemma 2.9, we have
flofi = g2fa) = Z%’fi +,

where f;’s are in Bpe,. This shows that r is in the ideal generated by the Bicy.
Hence ( Boa ) = ( Buew ), 1., { Buew ) remains constant throughout the algorithm.
Since initial value of Bpey is Bog and the final valueis G, ( B) = ( §). |

Lemma 2.13. G is the shadow-Grébner basis of ( B ).

Proof. Upon termination of the repeat loop, the set of polynomials B, has the prop-
erty that the remainder of Shadow-Division(ShadowSpoly(fi, f2, ¢, <), Buew, @, <) is
zero for every f1, fo € Buew, where Shadow-Division is computed using Algorithm 2.3.
This shows that ¢(9) satisfies the Buchberger’s Criterion (CLO07, Chapter 2, Sec-
tion 7) and hence ¢(9) is a Grobner basis of ( ¢(B) ). This, combined with the fact
that ( § ) = ( B ) (Lemma 2.12), we have that G is the Shadow-Grdbner basis of
( B). [

Here a remark on the time complexity of Shadow-Buchberger algorithm (Algo-
rithm 2.4) is in order. We have assumed that there exists an oracle which gives us
one member of ¢~*(m), for any monomial m. If the computation of ¢ and ¢~ re-
quire times proportional to the size of the input then, Shadow-Buchberger algorithm

and Buchberger's algorithm have the same time complexity.

2.4.4 Shadow reduced Grobner basis

In this section, we will define Shadow reduced Grobner basis, and present an algo-

rithm to compute it.

Definition 2.14. Let B = {f1,..., fs} C klxy,...,z,] be a set of polynomials,
¢ klxy, ...,z = K[y1,...,ym| be a surjective ring homomorphism, and < be a

term order in k[y1, ..., Ym]. A subset § C k[xy,...,x,] such that

e ¢(9) is the reduced Grébner basis of ¢(( B )), and
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Algorithm 2.5: reduced-Shadow-Grébner (B, ¢, <)
Data:

[ ] B:{fl,...7f5}gk[l'1,...7$n]

e a surjective ring homomorphism ¢ : k[z1, ..., z,] = k[y1,- -, Ym)
e a term order < in klyi, ..., Ym]

Result: A set G C k[zy,...,x,], such that it is the reduced
Shadow-Grobner basis of 1.
1 G < Shadow-Buchberger(B, ¢, <) ;
2 Bog < G ;
3 Bhew + G ;
4 for each f € B,y do
5 Compute Shadow-Division(f, Buew \ {f}, ¢, <) ;
6 | Buew < Buew \ {/}:
7 if » # 0 then
8 \ Bhew < Buew U {7} :
9 end

10 end
11 G < Buew ;

12 return G ;

e (§)C(B).
e for each f € ( B) such that ¢(f) # 0, there is h € ¢~1(1) such that hf € (G )
is called a reduced Shadow-Grobner basis .

Algorithm 2.5 shows how to compute Shadow reduced Grébner basis of an ideal

in k[xy,...,z,] from a generating set of the ideal.
Observation 5. Algorithm 2.5 terminates.

Proof. The for loop in the steps 4 through 10 iterates over the fixed finite set Bygq,

hence the algorithm terminates. |

Lemma 2.15. ¢(G) is the reduced Grobner basis of ¢({ B )).
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Proof. Consider an iteration of the for loop in the steps 4 through 10. Let f € Bggq
be the member currently being reduced by Byey \ {f} (step 5). Also, let r be a
member added to Byey (step 8) and y® be any term of ¢(r). Then from Lemma 2.9,
we have y* ¢ ing (¢(Bhew \ {f})). So no term of ¢(r) is divisible by the leading
terms of ¢(Bpew). If in an iteration of the for loop (steps 4 to 10) f is replaced
by r, then ¢(r) is irreducible by @(Bhpey). Since the initial ideal of { ¢(Byew) ) is
an invariant of the loop (¢(Byew) is Grobner Basis), ¢(r) remains irreducible in all
subsequent iterations. After the for loop terminates, this holds for all the members
of Byew. Hence ¢(G) is the reduced Grobner basis of ( B ). |

Lemma 2.16. ( G ) C ( B).

Proof. The initial value of B, is a Shadow-Grobner basis of ( B ), and from
Lemma 2.12, it is a basis of ( B ). In the following for loop (steps 4 through 10), let
f € Bgg be the polynomial that is currently being reduced. We replace f € By
by the 7, which is the result of shadow reduction of f by Bpew \ {f} (step 5). Thus,
Lemma 2.9 implies that the ideal generated by B, before the replacement of f by
r contains the ideal generated by B, after the replacement. The final value of By,
is G and the initial value is a Shadow-Grobner basis of ( B ), s0 (G )C (B ). B

Lemma 2.17. For every f € { B ') such that ¢(f) # 0, there exists h € ¢~*(1) such
that hf € ( G ).

Proof. Consider an arbitrary iteration of the for loop, and let f € B4 be the
polynomial that is currently being reduced, and r is its shadow reduction. Then

using the notations from Lemma 2.9, we have

J?fzzgz’fri‘?"’

where f;’s belong to Bpew \ {f}. Since ¢(f) = ¢ (a constant), the ideal generated by
Bhew after the substitution contains hf where h = f/c € ¢~*(1). [

Combining Lemmas 2.15, 2.16 and 2.17, we have that the output of reduced-

Shadow-Grobner indeed computes reduced Shadow-Grobner basis.
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2.5 Binomial ideals

In this section, we will prove a few useful results about binomials ideals.

Lemma 2.18. Let I C k[zy,...,x,] be an ideal generated by a set of binomials B.

Let a binomial x* —x% in I have an expression
x® — x? = ¢;x" (xa1 — xBl) 4o X% (an — xﬁs) ,
where x% —x% € B for all i. Then, there is an expression for x® — x”
x® — xP = x% (xajl — X’le) oo X (xaﬂ't — xﬁjt)
where the binomials on the R.H.S. are members of the first expression and
(i) x%n - x%1 = x®
(i3) X% - x%t = xP
(iii) x%i - xPi = x% . x%in 1 <4<t
Such an expression for a binomial will be called a chain expansion .

Proof. From the given expression of x® — x”, we construct a weighted undirected
graph (V, E) as follows. The monomials in the R.H.S. of the expression form the
set of vertices V. There is an edge (x%,x”) in the graph if there exists j such that
b; = x* — x”. The weight of the edge is the coefficient of b;. We observe that the
sum of the binomials in the graph with edge weights is equal to x* — x”.

We claim that this graph is connected. If not, it has atleast two disconnected
components. The sum of the coeffiecients of the binomials forming a component is 0.
So, either the polynomial due to a component is 0 or has even number of terms. The
set of vertices of the components are also disjoint. So, the sum of the components
has atleast 4 distinct terms. But this is absurd as the L.H.S. has only two terms.
Thus, the graph is connected.

Now that the graph is connected, a path from x® to x? gives a desired chain

expansion of x® — x”. ]

Lemma 2.19. Let I be a binomial ideal in k[z1, ..., x,]. If f € I, then 3 binomials
x% —xPi € I such that

f= Zc (x% —x") (2.1)

and each x“,x% is a member of f.
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Proof. Consider a monomial x° in the R.H.S. of equation 2.1 such that x° is not a

term of f. Let the number of occurances of x° be I. We can reduce the number of

b 6 _
X

occurances of x° by the following trick. Assume that b; = x° —x7 and b, = x

be two binomials containing x°. Then

f= Zcibi

= Z Cibi + Cj(bj — bk) + (C + d)bk
i#j,k
= Z cibi 4 ¢ (x7 = x7) + (¢ + d)by.
i#j,k
So, we have reduced the number of occurances of x°. We repeat this procedure to

remove all occurances of x° and all occurances of monomials not belonging to f. W

2.6 Projection Homomorphism

From this section onwards, we shall restrict our consideration of surjective ring
homomorphisms to projection maps, and as we have discussed earlier, at the end of
section 2.2, the maps in these cases will be denoted by 7 or II, with suitable indices.

We would also like to state a certain relabeling of the variables in the polynomial
ring k[z1, ..., x,] so that the description of upcoming algorithms and results become
more succint and easy to follow. From now on, we shall partition the set of variables
{z1,...,2,} of the ring k[xy,...,z,] into two sets, one that are set to 1 by the
projection homomorphism, and the other that are not set to 1. Those that are set
to 1 will be denoted by v with suitable indices, and those that are left unchanged
will be denoted by u, again with suitable indices.

For example, let the projection homomorphism considered be II;, as defined in

section 2.2. To recall, II; is a projection map from k[xy, ..., 2z, = k[zi1,. .., 20
Then the variables x1, . . ., z; will be relabelled vy, ..., v;, and the variables x; 1, ..., x,
will be relabelled w1, ..., u,, respectively.

With this notation, we now describe the steps to compute ¢! in the algorithms
ShadowSpoly (Algorithm 2.2, step 4) and Shadow-Division (Algorithm 2.3, step 9).
We will assume that

¢ = 11,.
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So, using the relabelling,
II; : ]{?[’Ul, ey Uiy Uiy 1y - e ,un] — k[uiﬂ, S ,Un].
In algorithm ShadowSpoly, we have

cu™ =ino (¢(f)), u® =in(6(g)), (step 1).

This implies that f and g must contain sub-polynomials of the form p;(v)u® and

p2(V)u®? respectively, such that

d(pi(v)) =c1 P(pa(v)) = co.

Moreover, if f" = f — pi(v)u®, then ing (¢(f’)) is strictly less than ing (¢(f)).

Similar is the case for g — pa(v)u®?. We define step 4 as
hy + pa(v)y”' and hy < pi(v)y™.

In algorithm Shadow-Division, there must exist a sub-polynomial /(v)u® in p(x)
such that

in (¢(p — L(v)u®)) <ins (¢(p))
We then define step 9 as

h <+ I(v)u®.

Some properties of the Shadow algorithms in the context of projection homo-

morphisms are as follows.

Observation 6. If ¢ is a projection homomorphism, f1, fo are homogeneous w.r.t.
a grading vector d and (91, g2) = ShadowSpoly(fi, fa, ¢, <), then g1 f1 — gafe is also

homogeneous w.r.t. d.

If a binomial f = x* — x* is such that ¢(f) is non-zero, then ¢(x*') #
¢(x*2). Thus, in the case of binomials, the polynomials g1, ¢g> in step 4 of algo-

rithm ShadowSpoly, and A in step 9 of Shadow-Buchberger algorithm are monomials.

Observation 7. Let ¢ be a projection homomorphism, and f1, fo be binomials of

klxy,..., ). Moreover, let (g1, g2) = ShadowSpoly( fi1, f2, ¢, <). Then ¢(f191— f292)
is the Shadow S-polynomial of f1 and fs, and fig1 — fage is a binomial.
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Observation 8. Let ¢ be a projection homomorphism, as before, and B be a set
of binomials of klx1,...,x,]. Then f, computed by Shadow-Division(f, B, ¢, <), is
a monomial for f € k[xy,...,x,]. Additionally, if f and each member of B is

homogeneous, then so is the remainder r.

We have earlier seen (Lemma 2.9) that ¢(f) is a non-zero constant, and the above
observation states that f is a monomial. Then in that case, by using the notation
for the variables discussed at the start of the section, we see that f computed by
Shadow-Division algorithm is of the form v, for some a € N¢. Using this fact in the
proof of Lemma 2.17, we get the following lemma which is at the heart of algorithm

proposed in the next section.

Lemma 2.20. If ¢ is a projection homomorphism, B is a set of binomials of
klxi,...,2z,), and G is computed by reduced-Shadow-Buchberger(B, ¢, <), then for
each binomial f € ( B ') such that ¢(f) # 0, there exists a monomial v* such that,

vefe(G).

2.7 A fast algorithm for computing toric ideals

We have discussed earlier (section 1.3) that saturation of an ideal with respect to
the set of variables in the ring is the most important and time comsuming step in
the computation of a toric ideal. Now we present Algorithm 2.6 which takes a set
of pure difference binomials B and computes ( B ) : (z1---x,)>.

In the following, the projection map II; maps k[v, u,y] to k[u,y] by setting each
v; to 1.

To prove the correctness of the algorithm we will use the following notations.
We will index the sets in the end of various iterations of the for loop (steps 1 to 6)
by the counter i of the for loop. For example, in the i iteration the final value of
G will be denoted G;. Therefore initial value of B will be denoted by B,. We will
prove the correctness of Algorithm 2.6 by induction on .

Let I C k[xy,...,x,] be an ideal. A polynomial z{"f will be called Shadow-

Saturated at level 7 if

ai—1, b’

aft-alryff el = aftal Y f e
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Algorithm 2.6: Computation of [ : (z; ---z,)* for a binomial ideal I

Data: a finite set of binomials B C k[xy, ..., z,)]

o

Result: A generating set of ( B ) : (z1...2,)

1 fori=n—-11t 0do

2 | d« | 0,...,0, 1,....1, 1 :
—— —— ~~~

4 components n—i components homogenizing component
s | A{fIren};
4 G < reduced-Shadow-Buchberger(A, I1;, <7, ) ;

5 B 1, (G +x%,) ;
6 end

return B ;

~

for some a; for 1 < j <i—1 and some '. Ideal I will be called Shadow-Saturated
if the above statement is true for all polynomials in 1.
Let G; be the final value of G in the it iteration. Also, let ¢ = ufti'y® (x> — y'x”)

be a binomial in ( G; ). Then, by Lemma 2.18,
c=uit'y° (X" — ybxﬂ) = yu1x%by + - + ymxOmb,,,, (2.2)
where b; = (xaﬂ' — ybﬂ'xﬂi) e G, for all j and R.H.S. is a chain.
Lemma 2.21. If in the chain expansion of ¢, we have
ing

(Hi (yajx5j (chj _ ybjxﬁj))) < inﬁ,m (IL; (¢)) for all j,

dyi+1
i.€., the leading monomial in the image of the R.H.S. is same as the leading mono-

mial of the image of the L.H.S., then ¢ is Shadow-Saturated in { Gy + ugy, ) with

respect 0 Ujy1.

Proof. Recall that <z,., is a graded reverse lexicographic term order with u;,

being the least. So II; (x7y™) IT; (x™2y*2) implies that if ul,, | x*y*2 then
k1

~dit1
Uiy | XMy
It is given that in._ (IL; (yix% (x4 — ybix%))) = in<;. (Il (c)), for all j.

So if ul,, divides ¢ then, ul,, divides all monomials in the chain expansion of c.

Thus c is Shadow-Saturated in { G; + ug?, ). |
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Lemma 2.22. [n the chain expansion of c, let

I1; (X"‘j — ybjxﬁj) =0

for some j and ( G; ) is Shadow-Saturated at level i + 1. The binomial

uiy® (xaybﬂ'xﬂf — ybxﬁxaﬂ') has a chain expansion

YorxPr (Y Xy + -+ Yy X%y ) 4+ XY (Y X% 4+ Y XDy,

ai+1, a

If u iy (x“ybﬂ'xﬁﬂ' — ybxﬁxaﬂ') is Shadow-Saturated at level i in ( G+ u3s, ), then
50 1S C.

Proof. Since II; (x% — yPix%) = 0, x* — ybix% = u"7 (v¥ — v'). Further, ( G; ) is
Shadow-Saturated at level ¢ + 1, this binomial is equal to ul,; (v — v%). Further
aj

x% — yPx% is a member of G;, hence x* = ul, v and y"x% = ul,  v'. Also,

Si t; N 0
(v —vh) e Gy +usy,.
ait1 g Titaj+1, q

As a result u,['y (xo‘ybﬂ'xﬂj — ybxﬁxaﬂ') =wuif Ty (xavtﬂ' — ybxﬁvsﬂ'). It is

given to be Shadow Saturated at level i in ( G; + w4y ), 0
E & q° (xo‘vtj — ybxﬁvsf) € ( G+ Uit )

So B4y TxP Ey = yvli —ytThxfvi = viiyt (x* — yPxP) € ( Gi+ugs, ). Therefore,

c is also Shadow-Saturated at level ¢ in ( G; + u?, ). |

Lemma 2.23. Let the chain expansion of ¢ does not contain any element from
ker IT;. Also let x*y* be the largest monomial (in the image space) in the chain
expansion of ¢ such that T1;(x®y*) is strictly greater than L (IL;(c)). Also, let
the number of occurances of x®y* in the chain be . Then there exists a chain
expansion of ¢ such that either the largest monomial in the chain is strictly less than
xy*, or the largest monomial is still x®y* and the number of its occurances is less
than 1.

Proof. Let x%y* belong to a the binomial b; in the chain expansion of c¢. Without
loss of generality, assume that b; and b;,; share the monomial x*y/*.

Then, y%x%b; + y%+1x%+1b;,; is the Shadow S-polynomial of b;, b; 1, (with some
mulplicative factors). As G; is a Grébner basis, so there exists a Shadow standard
expression for the S-polynomial. Each of the monomials of the Shadow standard

expression is strictly less that x®y*. Let the resulting expression of ¢ be

¢ =y x4 By,
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where F is the Shadow Standard expression for the S-polynomial. But the expres-
sion on the R.H.S. is not necessarily a chain expansion. In that case, we apply

Lemma 2.18 to get the desired chain expansion of c. |

Corollary 2.24. ¢ has a chain expansion in which leading term of the image of ¢

is largest element in the image of the chain expansion.

Theorem 2.25. ( G; +u3Y, ) is Shadow-Saturated at level i.

Proof. Let ¢ = ul{i'y® (x* — y*x?) be a binomial in ( G; ). We will establish that ¢

is Shadow-Saturated at level 4 in G; + u;%,. Let the chain expansion of ¢ be
ity (x = y'x") = ytx® (xM =yl gyt (x| (2.3)

where (Xo‘f — ybfxﬂf) e G, for all j.

We can assume that the chain expansion of ¢ does not contain a kernel element
because all the kernel elements can be removed from the chain expansion by repeated
application of Lemma 2.22 and we will have a binomial ¢’ such that if ¢ is Shadow-

Saturated, then c is also Shadow-Saturated.

From Corollary 2.24 and Lemma 2.21 ¢ is Shadow-Saturated at level i in ( G; +

uy ).
So, all the binomials in G; + g%, is Shadow-Saturated. From Lemma 2.19 ( G; )

is Shadow-Saturated at level 7. [ |

We conclude from Theorem 2.25 that ideal ( B; ) in Algorithm 2.6 is Shadow-

Saturated at level 7. Hence the final output, By, is saturated with respect to x; - - - x,,.

Theorem 2.26. Algorithm 2.6 correctly computes (B) : (1 -+ x,)%.

The advantage of the new algorithm is as follows. In this algorithm, the number
of variables in the image space is 1 in the first iteration, 2 in the second iteration, and
so on. Symbolically let #(7) denote the time complexity of the Biichberger’s algorithm
in ¢ variable problem. Then, the cost of the proposed algorithm is > " (i) against
the Sturmfels’ algorithm’s cost n - t(n).
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Table 2.1:
Number of | Size of basis | Time taken (in sec.) | Speedup
variables | Initial | Final | Sturmfels | Proposed
6 2 5) 0.0 0.00 -
4 51 0.001 0.00 -
8 4| 186 0.12 0.02 6
6 597 6.58 0.64 10.3
10 6| 729 18.16 0.50 36.3
8 357 2.68 0.29 9.2
12 6 423 4.04 0.27 14.9
8 1 2695 822.12 27.21 30.2
14 10 | 1035 127.97 4.24 30.1

2.8 Experimental Results

In this section we present the results on performance of the new algorithm and com-
pare it with the existing algorithm by Sturmfels (Stu95). In these experiments we
randomly generated binomials and computed J : (z7...x,)>. The programs were
written in C. There are cases where one can ignore certain S-polynomial reduction
in the Biichberger algorithm for Grobner basis computation. There is a significant
literature on criteria to select such S-polynomials. We only applied one such crite-
rion, referred as criterion tail in Proposition 3.15 of (BSR99) in the implementation
of the new algorithm as well as to Sturmfels’ algorithm. Since every such criterion
can be applied to both algorithms, we believe the performance gains shown here will
remain same after the implementations are fully optimized.

Table 2.1 shows performances of the two algorithms. Although only a few cases
are shown in the table we ran an extensive experiment and in each and every case the
proposed algorithm was faster. Also, as expected the performance ratio improves as

the number of variables increase.
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Chapter 3

A Saturation Algorithm for

Homogeneous Binomial Ideals

3.1 Introduction

Let k[xy,...,x,] be a polynomial ring in n variables, and let I C k[zy,...,z,] be a
general homogeneous binomial ideal. In this chapter, we describe a fast algorithm
to compute the saturation, I : (zy---x,)>. This chapter is based on the work

(KM11la; KM11b),

3.1.1 Problem Description

Let

b= cx® + dx”
be a binomial, and de 7%, be a vector. b is a said to be homogeneous w.r.t. cf, if
d-a=d- s.

The vector d is called the grading vector.
We describe a fast algorithm to compute the saturation, I : (zy---x,)>, of a

homogeneous binomial ideal I.
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3.1.2 Owur Approach

Definition 3.1. (Eis95) Given a ring R, and a multiplicatively closed subset U C R
not containing zero, we define the localization of R at U, written as R[U '], to be the
set of equivalence classes of pairs (r,u) with » € R and u € U with the equivalence
relation (r,u) ~ (r',u') if there is an element v € U such that v(u'r — ur’) = 0 in
R. The equivalence class of (r,u) is denoted by r/u. Addition an multiplication

operations are defined on R[U™'] as follows:

for r,7" € R, and u,u’ € U. It can be seen that under these operations R[U™] is a

ring.

We begin by defining some notations. U; will denote the multiplicatively closed

ai a;
set {z{' - af

:a; > 0,1 <j<i}. <; will denote a graded reverse lexicographic
term order with z; being the least. The grading vector will become clear from the
context. ¢; : k[x1,...,2,] = Kk[z1,...,2,][U; "] will be the natural localization map

]

r 7/l

Algorithms 3.1 and 3.2 gives the skeletal structure of two algorithms that com-
pute saturation of homogeneous binomial ideals. Algorithm 3.1 describes the sat-
uration algorithm due to (Stu95, Lemma 12.1) To compute I : (x;---x,)>, the
algorithm computes n Grobner bases in n variables. Algorithm 3.2 describes the
proposed algorithm. The primary motivation for the new approach is that the time
complexity of Groébner basis is a strong function of the number of variables. In
the proposed algorithm, a Grobner basis is computed in the i-th iteration in n — ¢
variables. To do this, the algorithm requires the computation of a Grobner basis
over the ring k[zy,...,2,|[U; "], for 1 < i < n. The Grobner basis over such rings
is not known in the literature. Thus, we propose a generalization of Grébner basis,
called pseudo Grdobner basis, and appropriately modify the Buchberger’s algorithm

to compute it.
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Algorithm 3.1: Sturmfels’ Algorithm

Data: A homogeneous binomial ideal, I C k[xq,...

Result: [ : (zy---x,)™
1 for 7+ 1tondo
2 G < Grobner basis of I w.r.t. <; ;
s | I ({fra@|feah);
4 end

5 return [ ;

Algorithm 3.2: Proposed Algorithm

Data: A homogeneous binomial ideal, I C k[z1, ...

Result: I : (21 2,)®
1 fori+ ntoldo
2 G < Pseudo Grobner basis of ¢;(I) w.r.t. <; ;
s | T ({o'(f:aX)|feqG});
4 end

5 return [ ;

, Tn)-
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3.1.3 Refined Problem Statement

Let R be a commutative Noetherian ring with unity, and U C R be a multiplicatively
closed set with unity but without zero. Let the set Ut be defined as

Ut={u : ueU or —ueU, oru=0}.

Let S denote the localization of R w.r.t U, i.e., S = R[U!]. Define a class of

binomials, called U-binomials, in the ring S[z,...,z,] as follows

Z—,ixo‘l + Z—ZXO‘Q,
where u; € UT,u; € U.

We will address the problem of efficiently saturating a homogeneous U-binomial
ideal w.r.t. all the variables in the ring, namely x4, ..., z,.

This problem is a generalization of some well studied problems. If R is a field,
then this problem reduces to saturating a binomial ideal in the standard polynomial
ring. The class of problems we have by restricting R to a field and U to {+1, —1} in-
cludes the problem of saturation of pure difference binomial ideals and computation
of toric ideals.

The rest of the chapter is arranged as follows. Sections 2 and 3 deal with “chain
binomials” and “chain sums” for general binomial ideals. Section 4 deals with re-
ductions of a U-binomial by a set of U-binomials. In section 5, we will present the
notion of pseudo Grébner Basis for S[zy, ..., z,], and a modified Buchberger’s algo-
rithm to compute it. In section 6, we present a result similar to Sturmfels’ lemma
(Stu95, Lemma 12.1). The final saturation algorithm is presented in section 7. Fi-
nally, in section 8, we present some preliminary experimental results comparing our
algorithm applied to toric ideals, to that of Sturmfels’ algorithm and Project and
Lift algorithm (HMO09).

3.2 Chain and chain-binomial

In this section we shall describe the terminology we will need to work with general

binomials in the ring S[x1,...,z,]. Since this polynomial ring is over a ring, S =
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R[U™1], rather than over a field k, we will revisit the terminology used for general

polynomial rings and restate them in the context of S[zy, ..., z,].
Symbols u, v, w, ... will denote elements of U™ and «’,v',w’, ... will denote the
elements of U. A term in the polynomial ring S[zy,...,z,] is the product of an S

element with a monomial, for example, (r/u’)x]*...x% where r € R and v’ € U.

To simplify the notations, we may also write it as (r/u')x®, where « represents the
vector (ay,...,a,). If r € UT, then we will call it a U-term . A binomial is a

polynomial with at most two terms, i.e.,

)

uy Uy
If both the terms of a binomial are U-terms, then we will call it a U-binomial . A

U-binomial of the form
U2
u! X7 JXQ
1 2

U

will be called balanced . Since U is not necessarily closed under addition, a balanced
U-binomial ((uy/u}) + (uz/ub))x* need not be a U-term in general. A binomial b is
said to be oriented if one of its terms is identified as first (and the other second). If
b is oriented, then b denotes the same binomial with the opposite orientation.

In the above notations, one of the coefficients of a binomial or U-binomial may
be zero. Hence, the definition of binomials (rep. U-binomials) includes single terms
(resp. U-terms). To be able to handle all binomials in a uniform manner, we shall

denote a single term (r/u/)x® as

(r/u')x" + (0/1)x",

where x

is a symbolic monomial. This will help in avoiding to consider a separate
case for single terms in some proofs. We shall refer to such binomials as mono-
binomials . In a term-ordering, x" will be defined to be the least element. Coefficient

of x" in every occurrence will be zero.

Definition 3.2. A sequence of oriented binomials

T T2 T
—x"by, =xPby, ., LxPib,
uly A )

possibly with repetitions will be called a chain if the second term of (r;/u})x"ib;

cancels the first term of (r;11/u}, )x"+1b;yq, for each 1 < i < q. Let B be a set
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of U-binomials. If each b; in the chain belongs to B, then we will call the chain a

B-chain . The sum of the binomials of the chain (respectively, B-chain)

q
~ T )
b= Z; u—;xﬂ b,
which is itself a binomial, will be called the corresponding chain binomial (respec-
tively, B-chain binomial ). It is the first term of (1 /u})x”1b; plus the second term
of (rq/ul)x"1b,, because all the intermediate terms get canceled. We will call any

two chains equivalent if their corresponding chain-binomials are the same.

In the later sections, we will be interested in the “shape” of a chain. Given a
term ordering we will call a chain ascending if the first monomial is strictly less
than the second monomial in each binomial of the chain with respect to the given
term-order. Similarly, descending chains chains are also defined. Another shape
of significant interest is the one in which there are three sections in the chain: first
is descending, second is horizontal (all binomials in it are balanced), and the final
section is ascending. Any of these sections can be of length zero. Such chains will
be called bitonic .

Suppose we have a sequence of oriented U-binomials such that the monomial of
the second term of the i-th binomial in the sequence is equal to the monomial of
first term of the (i + 1)-st binomial in the sequence. Then we can multiply suitable
coefficients to these U-binomials to turn this sequence into a chain such that its

chain-binomial is also a U-binomial. Let
X%y, xPby, .., X’quq

be a sequence of oriented U-binomials such that the first ¢ — 1 binomials are not

mono-binomials. Let

U; v;
X’Bibi — xPBi (_:Xai,l + _jXOém) 7
i Ui
where (u;/uj)x®* is the first term for each i. Let 3; + ;2 = fisv1 + g1y for
all 1 < i < g. Consider the sequence (..., (d;/d})x%b;,...),1 < i < ¢ where

dy/dy =1/1 and
d; i1 U1 UH Vo U U3 Vi U
B e e B e R

U / / / )
d; V] U Vy U3 Vs UL Uy
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for 2 > 1. It is easy to see that it is a chain of U-binomial and its chain-binomial is

the U-binomial
d

ﬂxal,l + _qﬁxaqz
/ 1 a0y
uh dy vy,

which will be denoted by B(x”'by,...,x"%b,). Note that if b, is a mono-binomial,
then the second term will be (0/1)x".

Observation 9. Let (x%1by,...,xb,) be a sequence of oriented U-binomials where
b; € B and none of which are mono-binomials. Furthermore, the second monomial
of x%b; and the first monomial of x%+b; 1 are same for all 1 < i < k. Then
B(xP1by, ..., xPrby, xPebre, . xP1beY) = 0.

3.3 Decomposition into chains

If B is a finite set of pure difference binomials, then every binomial in (B) is a
B-chain binomial (Lemma 2.18). This property is used in the computation of a
toric ideal. In case B has general binomials this property does not hold. But in
the following theorem, we will show that in ideals generated by U-binomials every
polynomial can be expressed as the sum of some B-chain binomials. This result is
used in the proof of theorems 3.10 and 3.11. For any polynomial f, mon(f) will

denote the set of monomials in f.

Theorem 3.3. Let B be a finite set of U-binomials in S|xy,...,x,]. For every
polynomial f in I = (B), there exists a set of B-chain binomials b; such that f =
S°. b; where both monomials of every b; belongs to mon(f) |J{x"}.

Proof. Let B = {by,...,b,}. Consider an arbitrary polynomial f € (B). So
T )

where (r;/w!)x% € S[z1,...,x,)], for all i. Define an edge-weighted graph G' (multi-
edges and loops allowed) representing this expression in the following manner. The
vertex set of this graph is the set of distinct monomials in (r;/w])x%b;, for all i.

Vertices corresponding to mon(f) [J{x"} will be called terminal vertices.
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There is one edge for each binomial in the sum-expression for f. The i-th edge
is incident upon the two monomials associated with x%b;, if they are distinct. Oth-
erwise it forms a loop on that monomial. Weights are assigned to two halves of each
edge separately. Suppose b; = (u;/u})x** + (v;/v;)x“2. Then we associate weight
(3 /w!)(u;/u}) to the end incident on x%ix%:! and weight (r;/w])(v;/v}) to the end
incident on x%x®2,

It should be clear from the construction that the sum of end-weights incident
upon a non-terminal vertex must be zero. Hence the degree of non-terminal vertices

O

can never be one. Each end-weight incident on x- is zero, so their sum is also zero.

See example in figure 3.1.

N

Figure 3.1: An example of chain decomposition graph

Consider any connected component, C, of G. The polynomial corresponding to
C' is the sum of its monomials, weighted with the sum of end-weights incident on it.
This is also the sum of binomials corresponding to the edges in C'. So the polynomial
associated with G is the sum of polynomials of all components of GG, which is f.

If a component does not contain any mon(f) vertex, then the corresponding
polynomial will be zero. So we can delete it from the graph without affecting
the total polynomial. Similarly any isolated mon(f) vertex with no loop-edge also
contributes zero and can be deleted from the graph. So we can assume that every
connected component of G has at least one mon(f) vertex and degree of all terminal
vertices is at least 1 and as observed earlier, the degree of non-terminal vertices is
at least 2.

We will establish the claim of the theorem by induction on the number of edges
in the graph. If the graph has one edge, then the corresponding expression is a
trivial B-chain binomial with both monomials from mon(f)J{x"}. Next we will
consider the graphs with more than one edge.

If there is a component with at least two terminal vertices, then select a shortest

path w between two different vertices of mon(f)(J{x"} in the component. In case
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all components have only one mon(f) node, then from lemma 3.4 given below, we
conclude that a closed walk w exists passing through the terminal vertex and has
at least one edge on it which is traversed only once.

In either case, the walk w has at least one edge on it which is not traversed more
than once and both its end-vertices (the two end-vertices may be same if w is a
closed walk) are terminals. Furthermore, if one of the end-vertices is x7, then w

must be a path, not a closed walk. Hence, all edges on it are traversed only once.

In particular, the edge incident on x" is traversed only once.
Let
T T Tj
ixﬁjlb, ixﬁhb. . ixﬁjkb
,w/. Ji ’LU,- J29 ) ’ Ik
J1 J2 Jk

be the sequence of the binomials associated with the successive the edges of the
walk. Orient these binomials such that walk proceeds from the first to the second
term of each binomial. Then the second monomial of ¢-th binomial is same as the
first monomial of (¢ 4+ 1)-st binomial of the walk/sequence.

Suppose the ¢t-th edge in the walk is traversed only once. In case the walk ends
in x”, take ¢ to be the edge incident on x". Let the ¢ edge of the walk has index

[,i.e. g, = [. Consider the chain binomial

! !
b=B (;—l;d—zxﬁhb]’u cee %g—zxﬁjkbjk) )
where d;/d; is as defined in the end of section 3.2. Observe that in the chain
expression of b the t-th binomial is (r;/w};)x”b; and all the remaining binomials
correspond to other than [-th edge of the graph. From the definition of binomial b,
both its monomials are from the set {mon(f)J{x"}.

Let f' = f—b. Express f as a sum expression by combining the sum expressions
of f and b. The coefficients of a given binomial in the sum expression of f and of b
combine to a single coefficient of the form r/u’. Hence, we get a sum-expression for
f" where the binomials are the same as in the expression of f but their coefficients
may change. The coefficient of x%b; in f’ sum-expression is zero. So the number
of addend binomials in f’ expression is at least one less that that in f expression.
Therefore the graph corresponding to f” will have at least one fewer edge then in the

graph of f. This establishes the induction-step and hence the proof is complete. W

Following is a graph theoretic result which was used in the above theorem.
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Lemma 3.4. Let H be an undirected connected graph (possibly with loops and multi-
edges) with n vertices. Let s be a specified vertex. Also, let the degree of every vertex
other than s be greater than one and deg(s) > 1 (so if n = 1 then s has a loop).
Then, there exists a closed walk passing through s which has at least one edge that

occurs only once in it.

Proof. The number of edges in H is half of the sum of degrees of its vertices, so it
is at least [(1+2(n —1))/2] = n. A tree on n vertices has n — 1 edges. So there
must exist a cycle in H. Since the graph allows loops and parallel edges, the cycles

in the graph include 1-cycles (loop) and 2-cycles (due to parallel edges).

/

Suppose this cycle is vy i (1 S Um—1 ely”—? vg, m > 1. Furthermore, sup-
pose v; is one of the nearest vertices of the cycle from s and let ej,es,..., ¢ be
a shortest paths from s to v;. So this path only touches the cycle at v; and the
sets of the edges of the path and the cycle are disjoint. Then the desired walk is

/ / / / /
€152, vy €ty €y Ci 1y ey €0y € w ey €51, €y €1, ..., Cl. |

3.4 Reduction of U-binomials

Let B be a finite set of non-balanced U-binomials (which may include mono-binomials)
and a term order <. In this section, we will formally describe the reduction of any
U-binomial by B with respect to the given term order. We will assume that each
binomial of B is oriented by setting the leading term as the first term. We will
denote the leading term of a binomial b by in(b).

Given an arbitrary U-term (u/u')x®, Algorithm 3.3 computes a descending B-
chain

v
P Bpp .
X bjp

/ J1y ,
’Up

with corresponding B-chain binomial

p
Vi g U w
§ :_/Xﬂlbji = _,Xa - _,X7>
- (% U w
i=1 7

where x7 is not divisible by the leading term of any member of B. The term (w/w')x”
will be denoted by (u/u’)XaB.
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Algorithm 3.3: Division algorithm for a U-monomial by a set of non-

balanced U-binomials
Data:

e A finite set, B, of non-balanced U-binomials
e A U-term (u/u')x”

Result: A U-term (w/w’)x” which is irreducible by B and a B-chain
corresponding to binomial (u/u")x* — (w/w")x".
(w/w)x7 = (u/u')x*;

2 140

[uny

w

while some leading monomial in B divides x” do

a | Select b= (pu1/p})x° + (p2/ph)x% from B such that the leading
monomial x°! divides x” :

5 1 1+1;

6 xPii ¢ x7 /x% ;

T | /v (w/w) (/)

8 | w/w < (vi/vp)(pa/p3) ;

9 X7 xPii . x%

10 end

11 return (w/w)x7, ((v1/v)xb;,, ..., (v;/v})x"b;,) ;

Any initial sub-chain
YV1_p Yp .5
—X bj17 e —,X pbjl
V] (8

is called a reduction of (u/u')x“ and if the corresponding chain-binomial is

u w1
—x% — —x"

u’ wj
———B

then (u/u')x® is said to have B-reduced to (w;/w})x". In particular, (u/u’)x®
is the irreducible B-reduction of (u/u')x*. If p = > .(w;/uj)x* and (w;/w})x" be
some B-reduction of (u;/u})x* for each 7, then ) (w;/w})x" is a B-reduction of p.

The reduction of binomials is of special interest here. Suppose we have a non-
balanced U-binomial
Uy U
_IX 1 + _IX 2
uy U

b:
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and a finite set B of non-balanced U-binomials in which the first term is greater than
the second term. Let (w;/w])x" and (ws/w})x"? be the reductions of (u;/uj)x™
and (ug/uh)x™ respectively. So
b = Ex'ﬂ + %X"/Z
wy wh

is a reduction of b. Adjoining the reduction chain of (u/u})x* with o' (if it is
non-zero) followed by the reverse of the reduction chain of (us/ub)x*? results into
a bitonic chain called a reduction chain of b with respect to B. Obviously, its
chain-binomial is b.

In case b is a balanced U-binomial
Uy u
—X + =X,

! /
Uy Uy

we only need to reduce x®. Let a reduction chain and the reduction monomial be

Cy and (w/w})x" respectively. Then

po— Wy U2 Wiy
- / / /
Uy Wy Uy Wy

is a B-reduction of b and the corresponding reduction chain is
Uy ;U2 ey
_/017 v, _/Cl :
uy U

For any binomial b, any B-reduction chain which reduces it to ¥/, is a B J{b'}-
chain and it is bitonic. In particular, if &’ is zero then the reduction chain will be a
B-chain.

Lemma 3.5. Let C' be a B-chain and b € B. Let B' = B\ {b} and b’ be some
B'-reduction of b. Then there is a B'|J{V'}-chain which is equivalent to C'.

Proof. If b does not occur in C, then C'is also a B'|J{b'}-chain.
The reduction chain of b by B’ is a B’ J{¥'}-chain. In case b occurs in C, plug

this reduction chain in places of b in C. So the resulting chain is equivalent to C'
and itself a B’ [ J{V'}-chain. |
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3.5 Pseudo-Grobner Basis

In section 3.1.2, we saw that the saturation of an ideal in k[xq, ..., z,] can be com-
puted by first computing a suitable Grobner basis for it, as described in Sturmfels’
lemma (Stu95, Lemma 12.1). Unfortunately, Grobner basis is only defined for ideals
in klxy,...,z,|, where k is a field, not for S[xq,...,x,] as is the case here. In this
section, we will describe a type of basis for U-binomial ideals in S|z, ..., z,] which
closely resembles a Grobner basis. In section 3.6, we will also prove a theorem sim-
ilar to the Sturmfels’ lemma which will allows us to compute the saturation of such

ideals.

Definition 3.6. For every finite U-binomial set G, G; and G5 will denote its par-
tition, where the former will represent the set of non-balanced binomials and the

latter will represent the set of balanced binomials of G.

Definition 3.7. Let

u v
bl = _}Xal _|_ _}Xﬂl,
uy U1
u v
by = —?x‘” + —?X’BQ
2 U2
be non-balanced U-binomials belonging to S[xy,...,x,]. Let < be a term order and

x% < x% for i = 1,2. Further, let

w w
bg = (—,1 + —?) x“.
wy Wy
We define two types of S-binomials as follows: First one for a pair of two non-

balanced binomials —

o WV gyiy—ay  UV1Y2 g1 ty—ay
= X X ,
Y v
172 172

S<(b17 b2)

where x7 is the LCM of x®' and x“2. The second type is for a balanced and non-

balanced binomial. In this case —

S_<(bg, bl) é (w—/l + w—?> Xﬁ1+’y—a1’
1 W

where x7 is the LCM of x* and x®'. Observe that if " and 0" are both U-binomials,

then S, (¥',b") is also a U-binomial in both cases of S-binomial definition.
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Assume a fixed term-order. In a chain

V; )
< y —jxﬁlbi, )7
Ui

two consecutive binomials will be said to form a peak if at least one is non-balanced
and the monomial at their junction is greater than or equal to the other two mono-
mials. Further suppose x%-1b;_; and x”+i b;+; are non-balanced binomials and all
the intermediate binomials are balanced, then the binomials x%b,, i < k <i+4+j—1
are called plateau if at least one of (i — 1)-st and i-th binomials or (i + j — 1)-th
and (i + 7)-th binomials form a peak. See figure 3.2.

/ NN

Figure 3.2: Types of peaks

Suppose
C = ( cee %X’Bi*lbi_l, u—:Xﬂzbl, . )
U;
is a chain where (i — 1)-st and i-th binomials form a peak. In case b;_; and b; both
are non-balanced, then there exists a term (w/w’)x" such that following chain is

equivalent to C"

Ui—2 g, w Ui+l g,
( cee /—Xﬁl 2bi727 —/X’YS< (bifl, bl> y 7 XB'”Jrl bi+17 c. .
Ui—2 w Uit

In the second case, when b;_; is balanced and b; is non-balanced, then there exists

a constant wy /w} and a term (wq/wj)x” such that the following chain is equivalent
to C"

Ui—2 8. w1 _g. Wa Uil g,
( ey /—X'BZ 2b; 9, —/XB’bi, —x7S, (bi—la bl), X'BH'le_l, e

/ !
U; 9 wy Wy U;ipq

The third case where b;_; is non-balanced and b; is balanced, is same as the second
case with initial chain reversed. Observe that in these cases the original peak is

removed, see figure 3.3.

Lemma 3.8. Let G be a finite set of U-binomials and assume a fized term-ordering
<. If for every S-polynomial S<(by,bs), where by, by € G, has a G-chain in which
each monomial is less than or equal to at least one monomial of S<(by,bs), then

every G-chain has an equivalent bitonic G-chain.



3.5 Pseudo-Grobner Basis 49

\ b2 —> \ e
s(b1,b2)

b1
b2
—> s(bl b2)

Figure 3.3: S-polynomial reductions

Proof. Consider any arbitrary G-chain. If it has no peak, then it must be bitonic.
Otherwise locate one of the highest (in terms of the ordering) peaks. Replace the
two binomials forming the peak by the S-polynomial or the combination of the S-
polynomial and the non-balanced binomial as described in the previous paragraph.
Now replace the S-binomial by the corresponding G chain. The reduction chain does
not have any monomial higher than both the monomials of the S-binomial so no
new peaks can form which is above both the monomials of S-binomial. Substitution
also turns the entire chain into a G-chain and it is equivalent to the original chain.
But it has one less peak or plateau at the level of the selected peak. Iterate over this
step till there is no peak left. Since term-ordering is well-ordering, these iterations

will have to terminate. [ |

A functional definition of Grobner basis for any ideal in the ring k[, ..., x,]
is that it is a basis of the ideal which reduces every member of the ideal to zero.
We will define pseudo Gréobner basis in a similar fashion. In the previous section
we described the reduction of a U-binomial by a set of non-balanced U-binomials.

Hence the reduction of a U-binomial by set GGy is well defined.

Definition 3.9. A U-binomial basis G of the ideal I = ( G') will be called a pseudo
Grobner basis with respect to a given term-order if every binomial of I reduces to

(mod < G2 >) by Gl.

Algorithm 3.4 is modified Buchberger’s algorithm which computes a pseudo
Grobner basis for any ideal having a U-binomial basis B. The first loop of the
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algorithm terminates since the initial ideal of (G1) strictly increases in each itera-
tion and the underlying ring is Noetherian.

Let us now focus on the second part of the algorithm. In line 23, r is added to
H if no monomial in H divides r. So, each addition to H strictly increases the ideal
generated by H. Once again ring being Noetherian, this expansion of H must stop.

Hence the algorithm terminates.

Theorem 3.10. Algorithm 3.4 computes a pseudo Gréobner basis of (B) with respect

to the given term ordering.

Proof. Let (G1,G3) be the output of algorithm 3.4. Let G = G;|JGs2. The S-
polynomials of a pair of binomials in the ideal also belong to the ideal. Similarly
the G reduction of a binomial of the ideal also belongs to the ideal. Hence the ideal
remains fixed during the computation, i.e., (B) = (G).

In order to show that (G,Gsq) is a pseudo-Grobner basis of (G) we need to
show that G reduces every polynomial of (G) to a polynomial in (G5). Due to
Theorem 3.3 it is sufficient to show that GGy reduces every G-chain binomial to a
polynomial in (Ga).

Let S<(b1,b2) be the S-polynomial of some by,by € G. Then it is itself a
G U {Sx(by,bg)}-chain (i.e., a chain of only one binomial). The reduction chain
of S-(b1,b2) is a G-chain since mG

G-chain has an equivalent bitonic G-chain.

" belongs to G. From Lemma 3.8 every

Consider an arbitrary G-chain binomial b = (uy /u})x* + (uz/ub)x**. From the
previous paragraph we know that there is a bitonic G-chain with b as its chain
binomial. Let C7,Cy and C3 be its descending, horizontal, and ascending sections.
So the C} and Cf (reverse of C3) are reduction chains of (uy/u})x* and (ug/uf)x*?
respectively. Let their reduced terms be (v;/v])x” and (vy/v})x?? respectively.
Then the chain-binomial of Cy is b = (—wvy /v})x' + (—vy/v})x?2. Since all balanced
binomials of G belong to Gs, Cy is a G3-chain and b’ € (G3). [ |

3.6 Saturation with respect to z;

In this section, we we will prove a result similar to Lemma 12.1 of (Stu95) which

will result into an algorithm to compute (B) : x° efficiently.
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ol

Algorithm 3.4: A;: Modified Buchberger’s algorithm

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

Data: B = {by,...,bs} C S[xy,...,x,| be a set of U-binomials; A term

Result: A pseudo Grobner basis (G, Gs) for ( B ) with respect to <.

order <

G « balanced members of B; G < B\ G ;

repeat

Gl,old — Gy ;
for each pair by, by € G o4 such that by # by do

P S
if r 1s non-balanced then
| G+ GiU{r}
else
if » # 0 then
| Ga GoUfr)

end

end

end

until Gy 4 = G;
HQ < @,
for each b in G5 do

H « {b};
repeat
Hoq < H;
for each b € H,;; and b; € G; do
r < S<(b, bl)Gl;
if no any monomial of H divides r then
| H <« HU{r};
end
end
until H,; = H;
Hy, «+ Hy|J H,
end

return (G, Hs) ;
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Theorem 3.11. Let (G1,G2) be the pseudo Grobner basis of a homogeneous U -
binomial ideal I in S[xq,...,x,] with respect to any graded reverse lexicographic
term order in which x; is least. Then (G} = Gy + x°, Gy = Go + x5°) is a pseudo

Grobner basis of I : x5°.

Proof. From Theorem 3.3 we know that every polynomial f in I can be expressed
as a sum of G-chain binomials and their monomials are monomials of f. So it
is sufficient to show that for each G-chain binomial b, i = b <+ x° is a G'-chain
binomial.
Let
Uy U

_ Mo
b—u,x o
1 2

Qa2

be a G-chain binomial. From Lemma 3.8, there is a bitonic G-chain for b, say,

v v
(—}Xﬁlbl, e —fjxﬁkbk> .

Hence every monomial in the chain is less than either x** or x*2. Let a be the largest
integer such that z{ divides b, i.e., z¢ divides x** and x“2. Since the term ordering
is graded reverse lexicographic with z; least, ¢ must divide every monomial of the
chain. Hence there exists £} such that (x%b;) <+ x§ = xPi(b; <+ x2°). So

braX=bral =Y Ix% (b ),
v

%
j J

and (U_}Xﬁi (b1 +2), ..., U_fxﬁlg (0 = xf°)>
v Uy

is a chain with chain-binomial equal to b=+ 2°. Thus b+ 27° is a G'-chain binomial.
[

3.7 Final Algorithm

Let Ry be a commutative Noetherian ring with unity, and Uy C Ry be a multiplica-

tively closed set with unity but without zero. Let the set U be defined as

Uf={ulu€l, oo —u€cU, oru=0}.
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Let Sy denote the localization of Ry w.r.t Uy, i.e., Sy = Ro[U;']. Here we define a
few notations to simplify the description of the algorithm. Let U; be the set of all
monomials in a1, ...,z; and S; = Syzy,. .., 2] [U; ).

Let f(x) be a polynomial in S;[z;i1,...,z,]. Let r be the largest integer such
that z! occurs in the denominators of one or more terms of f. Then z5° % f(x)
denotes 2] * f(x). If B is a set of polynomials of S;[x;1,...,z,], then 2° %« B
denotes {z° * f(x) : f(x) € B}.

We will be dealing with several polynomial rings simultaneously. In case of
ambiguity about the underlying ring, we will denote the ideal generated by a set of
polynomials B in a ring S[z1,...,2n] by (B)s[e,...zn]-
Our algorithm is based on the following identities. Here B is a finite set of

polynomials in Sp[zq,...,x,] and B; be the generating set of
< B >Sn m Si[ajiJrl? s 7xn]7 Vi.

S0[x1 50 Tn] : (1‘1 .. 'In)oo = <B>Sn m So[$1, Ce ,xn].
(i) (B)s, (Si-1[Tis- -, ] = (5 * Bi)s,_[wiea] * (T)%

Proof. (i) Let f € {( B )s, [)So[z1,--.,2s). Hence,

F= Zu xﬁﬂ

Lemma 3.12. (i) (B)

where b; € B. So

X(51+52+ f Z( aj+51+ ABj—1+Bi+1+) | b]) c < B >So[a:1 7777 Zn]-

Since f € Sp[x1, ..., Tul, f € (B)sylwr,mn] (X1 20)%.

Conversely, let f € ( B )sylar,...on] - (Z1---25)7 . Then,

where b; € B. So f = >_.(x% /x?)b; € (B)s,. Hence, f € (B)s, () Solx1,. .., T

(ii) From the definition of S;_1[zj,..., x|, we have

B >Snmsi—1[xi)-"axn] Q < B >5nﬂ5i[xi+1,...,xn].



o4

A Saturation Algorithm for Homogeneous Binomial Ideals

Now, let f € ( B )g, () Si-1]xi, ..., xy], then

So,

=3

where b; € B; and x% are monomials in zi,...,7;. Let m be the largest
exponent of x; in the denominators in the sum-expression. So there are integers
t;’s such that

mf Z X’BJ €Z; b]) .

This sum belongs to (5° * B;)s, 1jzi,..zn]- S0 f € (5% % Bi)s, 1jws,mn] * (25).

Now the converse. We have

(%% B;) C( B )s, ﬂsifl[%,---,iﬁn]

—= (27" * B; )s,_1zi,an] © (B )s, ﬂ Si1[iy ..o, Tn).

)

Now we will show that the ideal on the right hand side is saturated with

respect to x;. Let 2¥f € (B)s, () Si_1|7s, ..., x,] where x;, ..., x, are not in
the denominators in f. So (1/2%¥)(z¥f) € (B)s, or f € (B)s,. Since f does
not have z;, ..., x, in the denominators, f € (B)g, () Si—1[Zi, - - ., Tn].

|

o0

Using Theorem 3.11, we compute the saturation (x° * B;)s, [w;,..2n] & (%)

Hence the final algorithm is as follows.

The graded reverse lexicographic term order requires a homogeneous ideal, hence

we require homogenization for n > ¢ > 1 cases. In case of ¢+ = 1, the ideal is given

to be homogeneous.

Theorems 3.10, 3.11 and Lemma 3.12 establish the correctness of this algorithm.

Theorem 3.13. Let Ry be Noetherian commutative ring with unity. Let Uy C Ry

be a multiplicatively closed set. Let B be a finite set of homogeneous Uy-binomials

in So[r1,...,xs). Then algorithm Ay computes a pseudo-Grébner basis of (B) :

(21 -

X))
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Algorithm 3.5: Ay:Computation of (B)g;z,,...en] © (T1- - 2n)™

Data: Finite set B of homogeneous Up-binomials in Sy[z1, ..., x,].
Result: A pseudo-Grobner basis of ( B )soiay,..an] & (T1 - Tn)
G1 < { b€ B bisnon-balanced } ;

Gy < { b€ B bis balanced } ;

3 for i <—n to 1 do

4 if 7 > 1 then

[uny

N

5 ‘ Homogenize G using a new variable z ;
6 end
7| (G, GY) = (2 x G aft x Ga)
/* pseudo Grébner Basis */

8 (G1,G3) < A; (G1,Gs, rev. lex order with i least );
9 (G1,Gs) + (Gh +x°,Gy +15°) 5

10 (G1,G2) < (Gil.=1, Galz=1)

11 end

12 return (G, Go).

3.8 An Application: Computing kernels

In this section, we will present an algorithm to compute the kernel of a class of
polynomial homomorphisms.

Consider the polynomial ring homomorphism

&kl m] = Ry, Y], eyt ytim

where k is a field. The kernel of ¢’ is called a toric ideal and, as we have seen in
Chapter 2, the computation of a toric ideal is a well studied problem.

In this section, we study the problem of computing a more general kernel. Let
Ry, Uy and U be as before, and Sy = Ry[U;']. Consider the ring homomorphism

U; @
o SO[xla---vxn] — So[ylw--;ym], Tit— Jyl"

where u; € Uy, u, € Uy. The problem is to devise an efficient algorithm to compute
ker ¢, the kernel of ¢.
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By permuting indices we can assume that there exists r such that u;/u} # 0 for
i <rand u;/u, =0 for i > r + 1. Define

U; o
Or 2 Solxe, -] = Solyas oy Yml, T Y
Then, it is easy to see that
ker ¢ = (ker ¢,) + (Tyy1, ..., Tn). (3.1)

So the non-trivial part of the problem is to compute ker ¢.. Hence from now on-
wards, we will assume that w;/u; # 0 for all 1 < ¢ < n. Note that, since Uy is a
multiplicatively closed set without zero, ¢-image of any monomial is non-zero.

Now, consider the following derived homomorphism
& k[re, . 1] = Ky, Y], T YO

Since ker ¢ does not contain any monomial, it can be shown that there is a one to
one correspondence between the binomials of ker ¢ and those of ker ¢’. Hence one
way to compute ker ¢ is to compute a basis of the toric ideal ker ¢’ and then compute
a basis of ker ¢ from it. Here we will describe an alternative method.

To compute the toric ideal, a set of pure difference-binomials By, is computed
from ¢ such that ker ¢’ = (Bio) : (21 2,)”". Bior is computed as follows.

Let A be a matrix in which the columns are «;’s, i.e.

Q1 Qo1 - Qp
A— CY‘12 Qg2 - Om2
Q1p Qop - Qpp
Let uj, us, ..., u; be a complete set of integer solutions of Ax = 0, i.e., all integer

solutions of these equations can be expressed as linear combination of u;’s with
integral coefficients. The u;’s can be computed in polynomial time by computing

Hermite normal form of A. Let uj+ and u; be defined as follows:

+[k] ry u;lk], if u;[k] >0
0, otherwise
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We define u; éu;r—u. Let
+ - )
Btor:{x“j—x“j|1§j§k‘}.

Then it is shown in (Stu95, Chapter 4) that kernel of ¢y iS (Bior) : (21 -+ ).
Note that the only non-trivial step in the computation of a toric ideal is the satu-
ration of (Bior).

Continuing with the computation of ker ¢, consider the set

U1 —V9
B = {—, XM —=x* | XM — x € Bior,
v v
1 2
()

o(x) = 2gf(x1), 6(x°7) = ﬂ¢'<xa2>} .

U v
Observe that B is a set of U-binomials and that it has no mono-binomials. Now we
will show that B is the desired initial basis, i.e., ker ¢ = (B) : (21 - - z,)*.

From the construction of B it is clear that every binomial of B is in the kernel of
¢. Further, the ¢-image of every monomial is non-zero, so (B) : (x1 - - x,)> C ker ¢.

To show the converse, we will first establish that ker ¢ is a binomial ideal (i.e.,
it can be generated by a set of binomials), thus it would be sufficient to show that
every binomial in ker ¢ is in (B) : (zq -+ - x,)%.

Assume that ker ¢ is not a binomial ideal. Then there must exist a polynomial
b,

p=cxX™ - ex™, § > 2

which cannot be expressed as a linear combination of kernel-polynomials with fewer
than k terms. Let ¢(x*) = (d;/d})y” which is non-zero. So there must be another
term in the polynomial whose ¢-image has monomial y*. Without loss of generality
assume that ¢(x°2) = (dy/d,)y®. Then p is the sum

B S I Y
p X Cld’ d X + Co +Cld’ d X2 4 e3x ™ 4 + cpx .
1 42 1 42

Both polynomials are in the kernel and their sizes are smaller than j so the assump-
tion must be incorrect.
Consider an arbitrary binomial b = ¢;x* + cox*? € ker ¢. We need to show that

it is in (B) : (z1 - - - x,)™ to complete the proof.
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As b € ker ¢, the monomials of ¢(x*!) and ¢(x*?) must be same. So x** —x* €
ker ¢'. Since ker ¢’ is known to be equal to (Bio,) : (71 -+ - 2,)>, there exists x* such
that x¥(x* — x*?) € (Byo). Every member of By, is a pure difference-binomial, so

every binomial in (By,,) is a Bio-chain binomial. Let
x* (x* —x??) =B (xﬁl (xort —x2) o xP(xonr — XO‘“)) ,

where (x%1 — x%2) € By So xPx = xox and xPrx2 = x*x*2. From the
construction of B we know that for each i there exist v;1/v}; and vy /v), such that
(Vi JV])xXY1 + (= /viy)x*2 € B. Let us denote the Up-binomial (vj/v};)x%! +

(—via/Vly)x*2 by b;. So the chain binomial

/ /

c1v c1v

B Lbipy, oo, =20, ) = ¢ x2x + ¢, x*x2
V11 V11

belongs to (B), for some c.

We have seen that (B) is contained in ker ¢ so (¢;x*x*' 4+c4x*x*?) and (¢;x“x* +
c2x?x*?) both belong to ker ¢. Hence their difference (¢ — ¢ )x*x*2 must also belong
to the kernel. Since ¢-image of a monomial is non-zero, co—c, = 0. Thus we conclude
that x*-be (B) or b€ (B) : (x1---x,)>.

Lemma 3.14. Given ¢ and B as defined in the discussion above, ker¢p = ( B ) :

(xl ce wn)oo.

Thus the problem of computing ker ¢ reduces to the computation of (B) :
(1 -+ x,)> which can be computed by Algorithm 3.5.

3.9 Preliminary Experimental Results

In the table given below, we present some preliminary experimental results of the
application of the proposed algorithm in computing toric ideals. To apply our general
algorithm to this specific case, we choose Ry to be a field k, and U, to be {1}. Thus,
So = k and the polynomial ring Sy[z1, ..., x,] is simply k[z1,. .., x,].

We compare our algorithm with Sturmfels’ (Stu95) and the Project and Lift al-
gorithm (HMO09), the best algorithm known to date to compute toric ideals. As
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expected, the table shows that our algorithm performs much better than the Sturm-
fels” original algorithm, as our algorithm is specifically designed for binomial ideals.

To compare with Project and Lift algorithm, we implemented it as reported on
page 19 of (HMO09), without optimizations reported subsequently. 4ti2 (HMO09) is
the optimal implementation of their algorithm. Similar optimizations are applicable
in our algorithm and it too is implemented without the same. The typical results

are presented in the table given below.

Number of | Size of basis Time taken (in sec.)
variables | Initial | Final | Sturmfels’ | Project and Lift | Proposed
8 4 186 30 0.12 0.10
6 297 2.61 .6 0.64
10 6 729 3.2 1.1 0.50
8 357 24 40 0.29
12 6 423 1.7 90 0.27
8| 2695 305 60 27.2
14 10 | 1035 10.5 4.2 2.5

Table 3.1: Preliminary experimental results comparing Project-and-Lift and our

proposed algorithm

Our intuition as to why our algorithm is doing better compared to Project and
Lift is that, though Project and Lift does a large part of its calculations in rings of
variables less than n, it still uses Sturmfels’ saturation algorithm as a subroutine,
though the extent it uses the algorithm depends on the input ideal. On the other

hand, our algorithm computes all saturations by the same approach.
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Chapter 4

A Divide-and-Conquer Method to

Compute Binomial Ideals

4.1 Introduction

The symbolic projection introduced in Chapter 2 was refined in Chapter 3 by using
localized rings. We continue to refine this approach in this chapter. We develop a
divide and conquer technique in which an ideal is mapped to ideals in lower (less
variable) rings and then the results computed from those ideals are lifted back to
the original rings and combined to compute the result of the original problem. This
method is applied for the computation of saturation, radical, minimal primes, and
cellular decomposition of binomial ideals.

This chapter is based on the work (KM12). The chapter has been arranged as
follows. Section 2 deals with some basic facts about rings and ideals, and discusses
irreducible and primary decompositions in the context of Noetherian rings. In the
next section, we define two maps from ideals of k[xy,...,z,]| to the ideals of the
derived rings in n — 1 variables, and state some useful properties. These two maps
form the basis of the reduction of the problem into the subproblems. Section 4
contains the main contribution of this chapter — discussion of the proposed divide-
and-conquer framework. In Section 5, we use this framework to compute radical,

cellular decomposition, minimal primes, and saturation of binomial ideals.
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4.2 Rings and Ideal Basics

In this chapter, we will only consider commutative rings with unity. In this section,
we review a few well known definitions and results about rings and ideals which will
be used later in the chapter. Also, note that k will denote an algebraically closed
field.

Definition 4.1. An ideal I of a ring R is prime, if [ is a proper ideal, and fg € I
implies f € I or g € I.

Definition 4.2. Radical of an ideal [ is an ideal given by
VIi={r|rmel, m>0}.
An ideal is said to radical, if it is its own radical.
We now have two simple observations regarding radical ideals.
Observation 10. Prime ideals are radical.
Observation 11. I, C I, implies that /I, C \/Is.

Definition 4.3. A ring is said to be Noetherian if every strictly ascending chain
of ideals in the ring
LCLCI;C ...

terminates.
The next observation presents an alternate view of Noetherian rings.

Observation 12. A ring is Noetherian if and only if every ideal of the ring is
finitely generated.

Definition 4.4. The quotient ring

k[xlw"axnayl?"'aym]/( -Ilyl_l?"'axmym_l >7

for 1 < m < n, is called a partial Laurent polynomial ring and it is denoted by

kloy, ... zn, 27", ..., x7t], where ;! corresponds to y; for 1 < i < m. If m = n,

rYm

then it is called a Laurent polynomial ring.
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We now make an observation associating localization and Laurent polynomial

rings.

Observation 13. Let R = k[xy,...,x,] and U be the set of all monomials generated
by the variables {x1,...,Tn}, 1 < m < n. Then, RU™'| is isomorphic to the

1 -1

partial Laurent polynomial ring k[zy, ..., 2,21, ...,z t]. It is also isomorphic to

R'[Zmi1, ..., Tn] where R is the Laurent polynomial ring k[, ..., T, 2zt ... 2}

Lemma 4.5. (Fis95, Corollary 2.3) A localization of a Noetherian ring is Noethe-

rian.

The above lemma and the fact that polynomial rings are Noetherian imply that
partial Laurent polynomial rings are also Noetherian.

For convenience in describing the algorithm in section 4.4, we present an alter-
native notation for partial Laurent polynomial rings. Let V be the set of variables
{z1,29,...,2,}, and L = {x;,,z4,,...,x;, } be asubset of V. Then, we will denote

the partial Laurent polynomial ring k[xq, . .., z,, [L’i_ll, o ,mz_ml] by the tuple (k,V, L).

4.2.1 Irreducible decompositions

Definition 4.6. (CLO07) Let R be a ring. An ideal I C R is said to be irreducible
if
I=nL(\h = I=Lorl=1I.

Definition 4.7. An irreducible decomposition of an ideal [ is an expression of [

as the intersection of irreducible ideals.

Lemma 4.8. If an ideal I does not have an irreducible decomposition, then 3 an

ideal J 2 I which also does not have an irreducible decomposition.

Proof. Let I be an ideal which does not have an irreducible decomposition. This
also means that I is not irreducible. Consider the set of decompositions of I as the
intersection of two ideals. This is certainly non-empty as it has /() R. Since [ is
not irreducible, it has a decomposition I = I; () I such that both of them properly
contain I. Moreover, at least one of I and Iy, call it J, does not have an irreducible
decomposition, otherwise I will have an irreducible decomposition. J is the desired
ideal. [ |
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Theorem 4.9. Every ideal in a Noetherian ring has an irreducible decomposition.

Proof. If not, then using Lemma 4.8, we can build an strict ascending chain of ideals,
each of which is not expressible as the intersection of irreducible ideals. But this is

not possible as the ring is Noetherian. [ |

4.2.2 Primary Ideals

Definition 4.10. An ideal I in a ring R is said to be primary if fg € [ implies
either f € I or g" € I, for some n > 0. Equivalently, I is primary if fg € I implies
that either f™ € I or g" € I for some m,n > 0.

Lemma 4.11. Let I be an ideal in a Noetherian ring R. If fg € I, then there exists
ann >0 such that ( f Y()(g" ) C I

Proof. As R is Noetherian, In > 0 such that [ : g" =1 :¢9>®. Let he { f)({ ¢" ).
This implies h = rog™ = r1 f, where 71,75 € R. Here, hg = rog"™ = r,fg € I. This
shows that 7o € I : ¢"*! = I : ¢" and hence h € 1. |

Lemma 4.12. FEvery irreducible ideal in a Noetherian ring is primary.

Proof. Let I be an irreducible ideal, and fg € I, where f ¢ I. Using Lemma 4.11,

we know that

I+ (fNE+ (") =1
Since f ¢ I, I+ ( f ) is strictly larger than /. Hence I + ( ¢" ) = I, which implies
that ¢g" € I. u

Definition 4.13. A primary decomposition of an ideal [ is an expression of [ as

an intersection of primary ideals

I={Qu
=1

where ();s are primary ideals. It is called minimal or irredundant if the \/Q); are all
distinct and Q; 2 ,; Q-

Theorem 4.14. Fvery ideal in a Noetherian ring has a primary decomposition.

Proof. This follows from Theorem 4.9 and Lemma 4.12. |
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Lemma 4.15. Radical of intersection of ideals is intersection of radicals of the

1deals.

Proof. Let the ideals involved be I, I, ..., I,, and we want to show that

ViNEN--NL=vVEOVEN--- NV

Let f € v/, L;- This implies that for some m >0, f" € (, I, = f™ € [;,Vi =
f € VI;,Vi. Thus, f € N, VI;- So, we have

ViNEN-- LS VIOVEN. V.

To show the converse, let f € (), v/1;. Then, it is easy to see that there exists an
m > 0, such that f™ € (), I;. This implies that f € y/[), /;- Thus, we have

VEOVEN--VE S IO LN 1

Lemma 4.16. An ideal is primary iff its radical is prime.

Proof. (if) Let I be an ideal such that /T is prime. Let fg € I, so fg € VI. So,
either f € VI or g € V/I. Hence, either f™ € I or ¢" € I, for m,n > 0. Thus,

I is primary.

(only if) Let I be a primary ideal. Let fg € VI and f ¢ v/I. So for some n > 0,
frg® € I and f* ¢ I for all k. As I is primary, there is some m such that
¢"™ € I. Hence g € V1.

[

Lemma 4.17. If I and J are primary and I = \/J, then I J is also primary.

Proof. Let fg € I()J, and f/ ¢ I()J for all 5 > 0. We need to show that
g" € I J, for some n > 0. We claim that f ¢ I,Vi > 0. Otherwise, f € VI=+V1J
or f™ e I J for some m > 0, which contradicts the assumption. As f? ¢ I, Vi and
I is primary, we deduce that ¢"* € [ for some n; > 0. From a similar argument
g™ € J for some ny > 0. Hence the proof. [ |

Theorem 4.18. Every ideal in a Noetherian ring has a minimal primary decompo-

sition.
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Proof. Theorem 4.14 gives us a primary decomposition for any ideal. Repeated ap-
plication of Lemma 4.17 gives us a primary decomposition such that all the radicals
are distinct. Lastly, we can eliminate all the redundant ideals in the intersection to

get a minimal primary decomposition. ]

Theorem 4.19. FEvery radical ideal in a Noetherian ring has a prime decomposition.

Proof. Let I be a radical ideal in a Noetherian ring. From Theorem 4.14, I has a

I=Qi( Q) --[)@n

Then, applying Lemma A.3, we have

ViGNV

Now, observing that /@;s are prime (Lemma 4.16), we have the proof. |

primary decomposition

4.3 Two Ring Homomorphisms

4.3.1 Modulo Map

Let r be an element of a Noetherian ring R. Then 6 : R — R/( r ) denotes the
natural homomorphism

O(a)=la]=a+ (r), Ya€eR.

This induces a map © from the ideals in R containing r and the ideals of R/(r) as

follows -
o)={lal |ael},

where I C R is an ideal containing r.
Similarly, we define a map ©~! from the ideals of R/{ r ) to the ideals of R
containing r as follows

O () ={=z|l]e]},
where J C R/( r ) is an ideal.
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Lemma 4.20. O is a bijection.

Proof. We will first show that for any ideal I C R containing r, ©~1(0([)) = I.
From the definitions, we observe that I C ©71(©(I)). Now let z € ©71(O(I)). So
[z] € ©(I) and hence, there exists s € [ such that © — s = tr, for some t € R. Since
r,sel,xel.

To show that ©(©~!(J)) = J for every ideal J in R/{ r ), observe from the
definitions that J C ©(©7!(J)). Now, let [z] € ©(07(J)). So for some t € R,
r+rt € ©7YJ). Hence [z +rt] € J. But, as [z] = [z + rt], so [z] € J. |

It is directly verifiable from the definitions that © and ©~! preserve set inclusion.
Lemma 4.21. © and ©~! map primes to primes.

Proof. Let I be a prime ideal of R containing r. Also, let [z][y] € ©(I). So [xy] €
©(I) and hence zy € I (Lemma 4.20). Being a prime ideal, I contains either x or
y. Without loss of generality, let us assume that « € I. So [z] € ©(). This implies
that ©(]) is prime.

Let J be any prime ideal in R/{ r ). Let I = ©7'(J). Also, let zy € I. Then,
[zy] = [z][y] € J. Since J is prime, without loss of generality we can assume that

[z] € J. Hence, « € I, establishing that [ is also prime. |

Lemma 4.22. © distributes over finite intersections. Similarly, ©~! also distributes

over finite intersections.

Proof. Let R be aring and I, I, ..., I, C R be ideals, each containing . We would

like to show that
C] <ﬂ1i> =(ew).

Let [f] € ©(N), ;). This implies that 3g € (), ; such that [g] = [f]. Thus, f =
g + hr, for some h € R. So, f € (,I; or f € I,,Vi. Hence [f] € ©(I;) or
1€ N0 ).

As for the other direction, let [f] € (), © (I;). Hence [f] € © (I;), for all ¢ which
implies that f € I;, for all i (Lemma 4.20). So, [f] € © (", Li)-

To prove the second claim, consider the ideal

E=0"'"(A()A() )
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where J; are ideals in R/{ r ). Let I; = ©~(J;). So, we have

E=0" (@(11) New))- )

=0! (@ ([1 ﬂ I ﬂ o )) preceding discussion
=1, ﬂ I ﬂ .
=o' (A) O (L)) Lemma 4.20

Lemma 4.23. In a Noetherian ring O(v1) = \/O(I)

Proof. From Theorem 4.19, we have I C /1 = (; P;, where P;s are primes. So, we
have

o) ceW1) =o( R =(er)

Using Lemma 4.21 and the fact that intersection of prime ideals is radical, we know
that ©(+/T) is a radical ideal. So, we have \/O(I) C O(\/I).

Conversely, as \/©(I) is radical, we have
Vo) =~

where the P;’s are some primes in the modulo ring. So, we have ©7!(1/O([)) =
N; © ' (P,). Once again, from Lemma 4.21 and the fact that intersection of primes
is a radical, we conclude that ©~!(,/O([)) is radical. Since I C ©~1(,/O(1)),

VI CO7(\/O(I)) or O(VI) C /O(). |
Lemma 4.24. O~ (( [fi],.. ., [l )= f1,- s fu )+ (1)

Proof. Let f € ©7Y( [fi],.--,[fa] ). So, we have [f] € ( [fi],---,[fa] ). So, f can
be expressed as ) . ¢;fi + gr, for some g;’s and r in the ring. This shows that f

belongs to the R.H.S. The other direction can be shown in a similar fashion. |

4.3.2 Localization map

Let r be a non-zero-divisor of a Noetherian ring R. Let U denote the set of all

powers of r

U={r]i>0}.
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Since r is not nilpotent, U does not contain zero. U is also multiplicatively closed.
Therefore R[U 1] is well defined.
Let ¢ : R — R[U™'] be the natural homomorphism given by

¢(a) = %, Va € R.

We define a map, ®, induced by ¢, from the ideals in R saturated w.r.t. r to the
ideals of R[U™!| as follows

o(I) = ({a/l |acl})

where I C R is an ideal saturated w.r.t. r, i.e., I : > = I. We now present some

properties of ®.

Lemma 4.25. For any ideal I C R saturated w.r.t. v, x/r™ € ®(I), for somen >0
implies © € 1. Conversely, x € I implies x/r™ € ®(I),¥n > 0.

Proof. Let x/r" € ®(I). Then, by the construction of ®(I), there exists b;’s in [
such that z/r" = ,(c;/r*)(b;/1) for some ¢;’s in R and non-negative k;’s. As r is
a non-zero-divisor, the above identity implies that r™z — ), rkic;b; € 1, for suitable
m, ki’s € N. This implies that vz € I, and using the fact that [ is saturated with
respect to r, we have x € I.

To prove the converse, let © € I. Then we have ¢(z) = z/1 € ®(I) and hence,
z/r" € ®(I), Vn € N. |

Now, we will define a map, ®~1, from the ideals in R[U™!] to the ideals in R

which are saturated with respect to r.
1 . a
o (J)f{a\ﬁeJ, kzo}.

From their respective definitions, it is trivial to see that ® and ®~! preserve set

inclusion.

Observation 14. @~ is a map from the ideals of R[U™Y] to the ideals of R which

are saturated with respect to r.

Proof. Suppose rc € ®~1(J). So from the definition of the map r™c/r* € J, for
some k > 0. Since J is an ideal in R[U™!], ¢/1 € J. Hence, from the definition of
d~!, we have c € d~1(J). [ ]
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We will now establish that ® is a bijection.
Lemma 4.26. ®(®~1(J)) = J for all ideals J in R[U™].

Proof. Let a/r* € J. Then, a € ®~*(J) and hence a/1 € ®(®~1(J)). But ®(®1(J))
is an ideal in R[U™!], so a/r* € ®(®~1(J])).

Now suppose a/r* € ®(®~1(J)). From Lemma 4.25, we have a € ®~1(J) or
a/r™ € J, for some n € N. So a/r* € J. |

Lemma 4.27. @ 1(®(I)) = I for all ideals I in R which are saturated with respect

to r.

Proof. If a € I, then a/1 € ®(I). So, a € & 1(P(1)).
Now, suppose a € ®~H(®(I)). So a/r* € ®(I) for some k € N. From Lemma
4.25, we have a € I. |

Lemma 4.28. ® and &' map primes to primes.

Proof. Let I C R be a prime ideal which is saturated with respect to r. We want
to show that ®(I) is prime. Let (z/r™) (y/r™) = (zy)/r™™™ € ®(I). So zy €
O~1(®(I)) = I. Since I is prime, I contains x or y. Without loss of generality, let
us assume that x € I. Hence, from Lemma 4.25, we have z/r™ € ®(1).

Now suppose J is a prime ideal in R[U™']. Let zy € ®~(J). So for some m, we
have (zy)/r™ € J or (x/r™)(y/1) € J. As J is prime, without loss of generality, let
us assume that x/r™ € J. This implies x € ®~1(J). [

Lemma 4.29. ® and ®~! distribute over intersections.

Proof. Let I, I,... be ideals in R, each saturated with respect to r. Then,
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Next consider the ideals Jy, Jo, ... in R[U™]. So,
! (ﬂ Ji> = ¢! (ﬂ o (<I>1(Ji))>

= ¢! (@ (ﬂ (I)‘l(Ji)>)

= m (I)il(']l)?
where the second equality is due to the result in the previous paragraph. |
Lemma 4.30. ®(1 : ) = &(I) : x*, for any v ¢ U.
Proof. 1t follows directly from the definitions. [ |
Lemma 4.31. In a Noetherian ring ®(\/I) = \/®(I)

Proof. The proof is identically same as that of Lemma 4.23 when O is replaced by
® and references are suitably replaced. |

Lemma 4.32. 1 (( fi/r .. fu/r™ )= fi, .., fn) 7™
Proof. Let

fecpl<<£ ..,ﬁ>)

Ta1" ran
@ée(i,...,ﬁ ), for some k
r rat ran
= ik = g—bzﬁ, for some k
r - i rai

—r"f = E gifir™ for some m,m;’s

7

= fe( fi,o.o fu):r™.

4.4 The Algorithm

In this section, we focus on the main objective of this chapter. We present a general

algorithm (Algorithm 4.1) based on divide-and-conquer technique which is useful
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Algorithm 4.1: A framework for computing binomials ideals - A

10

11

12

13

14

15

Data: A ring (k, X, L), where k is algebraically closed, and char(k) = 0;
forbidden set V' C X \ L; a binomial generating set S of an ideal in
the ring.

Result: A(( S))

if X = ¢ then // The ring is a field

‘ Nothing to do ;

else if X = L then // Laurent polynomial ring
‘ Compute A({ S )) and return ;

else if V= X \ L then // No more reductions
‘ Compute A({ S )) and return ;

end

Let z € (X \ L)\ V;

/* computing A(O(( S )+ ( = ))) and lift */

Call A with ideal ©(( S ) + ( z )), ring (k, X \ {2z}, L) and forbidden set

v

Compute ©7H(AO(( S ) + ()))) ;

/* computing A(®(( S ):x*)) and lift */

(
Call A with ideal ®(( S ) : ), ring (k, X, L{J{x}) and forbidden set V" ;
(S

<),
)

Compute &~ (A(D(( S ) : 2%)))) ;

/* computing A(f(( S ):x>)) */
Call A with ideal f({ S )), ring (k, X, L) and forbidden set V' | J{z} ;

/* Computing A({ S )) */

Combine O 1 (AO(( S)+(x)))), D AP S):2*)))) and
A(f({S))) toget A({S)) ;

/* Return */
return A(( S )) ;
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in computing several binomial ideals associated with a given binomial ideal. The
algorithm takes as input the following 3 objects (i) A ring (k, X, L), (ii) A set of
binomials, S, generating an ideal I, and (iii) A set of variables V' C X \ L called
forbidden set. The objective of the algorithm is to compute A({ S }), where A is some
object associated with the binomial ideal /. In this chapter, we demonstrate how
to use Algorithm 4.1 to solve the following 4 problems (i) Radical of I, (ii) Cellular
decomposition of I, (iii) Minimal Primes of I, and (iv) Saturation of / w.r.t. all the
variables in the ring.

We will restate, from the introduction, the two crucial observations behind this
algorithm — (i) most computations involving binomial ideals compute Grébner ba-
sis of certain ideals, and (ii) Buchberger’s algorithm to compute Grobner basis is
very sensitive to the number of variables in the underlying polynomial ring. The
motivation behind the algorithm is to divide the problem suitably into smaller sub-
problems, solve these subproblems in rings with less variables than the original ring,
and combine these results to solve the original problem.

Let x € (X \ L)\ V, and consider the maps (i) © : (k, X, L) — (k, X \ {z}, L)
induced by 6(y) =y + (x ), (ii) ®: (k,X,L) — (k, X, L{J{x}) induced by ¢(y) =
y/1, and U = {z'|i>0}, and (iii) f : (k,X,L) — (k,X,L) which depends
on the problem A(). The reduction step involves the solutions of the subproblems
(i) AO( + (z))), in ring (k, X \ {z}, L) and forbidden set V, (ii) A(O(I : x*)),
in ring (k, X, L|J{x}) and forbidden set V', and (iii) A(f({)) in ring (k, X, L) and
forbidden set V U {z}. The first subproblem is in a ring with one less variable
compared to the original ring. In the case of the second subproblem, Grobner bases
are not defined in the context of partial Laurent polynomial rings (k, X, L). But
pseudo Grobner bases (section 3.5), briefly restated later in this section in terms
of partial Laurent polynomial rings, can effectively substitute for Grébner bases for
binomial ideal computations. The time complexity of the algorithm to compute
pseudo Grobner basis was shown to be dependent on the number of variables in
X \ L. Hence, this subproblem is also justifiably “smaller”.

The role of the forbidden set of variables is that reduction must not be done
with respect to these variables. If V' = X \ L, then the computation A(I) must
be either trivial or be possible through other method without the need for further

reduction. In addition, the third subproblem should be such that it does not require
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the computation of a pseudo Grobner basis since in this case the ring is same as in the
original problem and involves no reduction in ring size. Here is a motivating example
to justify the use of forbidden set. Suppose we want to compute the saturation,
I: (xy---2,)®, while I is already saturated w.r.t. z7,z9. Then reduction with
these variables is futile. Hence we can put these variables in the forbidden set.

Next, the algorithm computes the inverse images of A(©(/ + ( = ))) and A(P(7 :
x)) in the original ring (k, X, L). In the applications discussed in the next section,
A(I) is either an ideal (as in the case of radical of I) or a set of ideals (as in the case
of minimal primes of I). Hence these inverse images are well defined. Abusing the
notations, we denote these inverse images respectively by © 1(A(O(1 + ( z ))) and
OLHA(P(I : ).

Finally in step 14, A(I) is to be constructed from these inverse images and
A(f(I)). One can easily observe that the algorithm terminates, as in each step
either cardinality of X decreases, or that of L or V increases. This algorithm is a
general method and can be tuned to a particular problem by specifying the following

three steps in the context of that problem.

(steps 4, 6) Give the method to compute A(I) in the base cases, i.e., when V =
X\ L.

(step 13) Specify function f.
(step 14) Show how to combine the results of the subproblems.

In the next few subsections we show how to compute ©, ®, and their inverses

using a generating set of the input ideal.

4.4.1 Computing Modulo

Let L ={y1,....ytand X = {z1,...,z} J{z} U L. Maps 6 and © from (k, X, L) —

(k,X \ {z},L) are computed as follows. Consider an arbitrary polynomial in

(k, X, L),
f= Zxaiyﬁi + Zxajyﬁjzcj.
i J
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Then, 0(f) = >, x*y"%. Further, suppose S C (k,X,L) is a set of binomials.
Then, O(( S )) = (6(f) | f € S ). Conversely, if " C (k, X \ {z},L), then
O~ 1((S))=(S"U{z}), from Lemma 4.24.

4.4.2 Computing Localization

Consider the ring (k, X, L) as defined in the previous subsection. If f € (k, X, L),

then 6(f) = f/1.
Computing ® and ®~! is also easy. For any S C (k, X, L),

o( SN =({s1fest)c (kX o).

In the reverse direction, for any S’ C (k, X, L|J{z}), we define ®~1((.S")) as follows.

Let . .
() ()]

where f; has no z-monomial in the denominator. Then

(S ) = froeo S 2 € (X LJLRY).

Hence, a saturation computation is required to compute the basis of ®1(S’). The
correctness follows from Lemmas 4.25 and 4.32.

To see how we can compute saturation with respect to z in a partial Laurent
polynomial ring, we briefly revisit the results on pseudo-Grobner basis in section 3.5.
The results from that section are restated in the context of partial Laurent polyno-

mial rings.

4.4.3 pseudo-Grobner Basis

Grobner bases are defined for ideals in rings k[z1, .. ., z,] (Appendix B). This notion
has been generalized for binomial ideals in partial Laurent polynomial rings, called
pseudo-Grobner bases in section 3.5. Here we reproduce some relevant results in

terms of partial Laurent rings.

Definition 4.33. A binomial ax® + bx” € (k, X, L) is said to be balanced if z; €
X \ L implies «; = ;.
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Definition 4.34. For every finite binomial set G, G; and G5 will denote its partition,
where the former will represent the set of non-balanced binomials and the latter will

represent the set of balanced binomials of G.

Definition 4.35. A binomial basis G = (G1,G2) of a binomial ideal I will be
called a pseudo Grobner basis with respect to a given term-order if G; reduces every
binomial of I to 0(mod(G5)).

Theorem 4.36 (Theorem 3.10). Fvery binomial ideal in (k, X, L) has a Grébner

basis with respect to any term-order.

The Buchberger’s algorithm to compute Grobner basis has been adopted to com-
pute pseudo-Grobner basis in Algorithm 3.4. Finally, the following theorem shows

that saturation can be computed in similar way as in k[zq, ..., x,].

Theorem 4.37 (Theorem 3.11). Let (G1,G2) be a pseudo Gréibner basis of a homo-
geneous binomial ideal in (k, X, L) with respect to a graded reverse lexicographic term
order with the variable x; ¢ L being the least. Then (G| = G1 +x2°, Gy = Go + 5°)

s a pseudo Grobner basis of I : x3°.

Here S +— 2 is the result of the division of each polynomial in S by the largest

possible power of x.

4.5 Computing A(])

As mentioned in the previous section, we will describe the steps 4, 6, 13 and 14 of the
algorithm in context of four problems — (i) radical of a binomial ideal, (ii) cellular
decomposition of a binomial ideal, (iii) the minimal prime ideals of a binomial ideal,

and (iv) the saturation of a binomial ideal with respect to all variables in the ring.

4.5.1 Radical Ideal

Theorem 4.38. Let R be a Noetherian ring, r € R a nonzero divisor, and I C R

\/I+<r>ﬂ\/1:r‘>°:\/f,

be an ideal. Then,

for some r € R.
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Proof. From Theorem 4.19, we know that every radical in a Noetherian ring has a

prime decomposition. Let the prime decomposition of v/I be

Vi=pP(O\P()---[)Pe

Let the collection of the primes in the decomposition be denoted by P. Define two

()7 (0]

It is easy to see that I 4+ ( r ) C P,. Hence, \/I+ (r) C P,. Next, we want to
show that /T : ro° C ?Tn

Let f € I : r>*. Then, rf € I for some n > 0. This implies that for all
P &P, r"f € P. In particular, if r ¢ P, then f € P. We deduce that [ : r>® C P,
and hence VT : 7> C P,. Putting the two observations together we have

\/[+(r>ﬂ\/I:r°°§fPrm?#T:\/.7

The converse containment T C /T + (7 ) (V1 : r* is obvious. |

ideals

This theorem leads to the following result which will help us in the execution of
step 14.

Theorem 4.39. Let R be an Noetherian ring, r € R a nonzero divisor, and I C R
be an ideal. Then,

i=o (BT T Ve (VAT

Proof. From Lemmas 4.20 and 4.23,
1+<r>:@—1(@( I+(r>>) :@—1( @(1+<r>)).
From Lemmas 4.27 and 4.31,
VI = ¢! <<I> (m)) . ( o (1 r°°)> .
So, from Theorem 4.38, we have

Vi=e ' (VoI (r) e (VET ).



78 A Divide-and-Conquer Method to Compute Binomial Ideals

Note that we will not use the f(I) branch of the reduction for this problem.
Thus, Theorem 4.39 shows that the combine step (step 14) is the computaton of
an intersection. Also, we will have V' = (). The base case computation in step 4 of
the algorithm is trivial because all binomial ideals in a Laurent polynomial ring are

already radical as shown below.

Theorem 4.40. (ES596, Corollary 2.2) Let J be a binomial ideal in the ring (k, X, ¢).
Then, if k is algebraically closed and char(k) =0, then J : (Ilexx)* is radical.

Corollary 4.41. Let k be an algebraically closed field, with char(k) = 0. Then, all

binomial ideals in (k, X, X) are radical.

Proof. Let J be a binomial ideal in the ring (k, X, X), where X = {xy,...,2,}.
Consider the ideal localization map, ®,, from (k, X, X \ {z,}) to (k, X, X). Under
this map, we know that ®_1(J) is saturated w.r.t z,,. Similarly, if we consider the
map ®,,_; from (k, X, X\{x,_1,7,}) to (k, X, X\{z,}), then the ideal ®_*, (®;1(.J))

is saturated w.r.t. z,,_1. So we have

O ()=o) 2

n

= 0,0 (®, () = ®,04(8, () : 7)
=& 1 (D 1)) 2 ( Lemma 4.30)
Thus, ®,',(®;%(J)) is saturated w.r.t. {x, 1,2,}. Continuing this argument we

see that ®;1(--- (®,;1(J)) ), in the ring (k, X, ¢), is saturated w.r.t. {z1,...,7,}.

n

From the previous theorem ®; (- (®;1(.J))) is radical. Now, by repeated applica-

n

tion of Lemma 4.31 we deduce that J is radical too. [ ]

4.5.2 Cellular Decomposition

In this section we will generalize the notion of cellular ideals to partial Laurent
polynomial rings, establish that every ideal has a cellular decomposition, and use
our framework to compute such a decomposition.

Let (k, X, L) be a partial Laurent polynomial ring. For a given set of variables
& C (X \ L) and a vector d = (d;)ie(x\1)\s, we define the ideal M (&)@ as

M(E)D = ({af [ie (X\L)\& }).

Now, we are ready to generalize the definition of cellular ideals.
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Definition 4.42. An ideal I of (k, X, L) is said to be cellular, if for some & C
(X \ L), we have I = I : ([[,ce )", and I contains M (&)@ for some vector d.

Next, we will state a trivial observation characterizing cellular ideals.

Observation 15. An ideal I is cellular iff 36 C (X \ L) and d = (d;)ic(x\p)\&» Such

that -
I=(I+M(&)"): (H x) .

€8

In such a case, we will denote I by I(Epd).

This observation helps us to make the following claim regarding cellular ideals
and ¢~

Lemma 4.43. ®~! preserves cellular ideals.

Proof. Let ®~1 be a map from (k, X, L) to (k, X, L\ {z}), where z € L, and consider
the cellular ideal I = ]((gad) in (k, X, L). As ®1(I) is saturated w.r.t. z, it is a cellular

ideal with ®~!(7) = @_I(I)C(;&{z}, where d’ is the same vector as d, except that it

does not contain the component corresponding to x. |

Lemma 4.44. Let s € N be such that I : r® = I : r>° in some Noetherian ring R.
Then,

I=(T+(r)[)T:r).

Proof. Let h € (I + (r°))()({:7°). Then

h=i+4+gr*el:r®forsomeiecl,ge R
= hr® =ir* +gr* ¢ I.
— gr¥cl
—gecl:r*=1:r°
= griel
— hel
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Now, we are ready to state how to compute a cellular decomposition of I. The
computation will not use A(©(I)) branch of the reduction. f(I) is defined as I +
( x° ), where s € N is such that I : 2® = I : 2. We see that in this case, we add =
to the forbidden set. This is done because z is a nilpotent in +( z° ). So, whenever
a variable is added to the forbidden set, it is ensured that it is a nilpotent. By using
Lemmas 4.29 and 4.43, we see that cellular decomposition of ®(I : 2°°) gives us a
cellular decomposition of I : x*.

To combine the decompositions of A(I : z*) and A(f(/)), we use Lemma 4.44.
In other words, cellular ideals for I are the union of those for I : 2> and I + (r° ).

What remains is to specify the computations at the base cases, i.e., X = L|JV.
Ideals in the base cases are already cellular because the ring is localized with respect
to L-variables and the variables of V' = X'\ L are nilpotent of the ideals. Thus there

is no computation required in steps 4 and 6.

4.5.3 Prime Decomposition

In this case, as in the computation of a radical, the A(f(I)) branch will not be used.
We will first handle the base case, i.e. how to compute the minimal primes of a
binomial ideal in a Laurent polynomial ring (step 4). To do this, we will mention

(without proof) a set of results from (ES96).

Definition 4.45. A partial character on Z" is a homomorphism p from a sublattice
L, of Z" to the multiplicative group k*. A partial character will always refer to the
tuple (p, L,).

For a proper binomial ideal I in (k, X, X), let us define a partial character
(p, L(I)), where
L ={a|x*—cel}.

It is easy to verify that L(I) is a lattice. The function p is given by
p(a) = ¢, where x* —c € I.
Conversely, given a partial character (p, L), we will define a binomial ideal as

I{p)=({x"—clacLpl@)=c})
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Theorem 4.46. For any proper binomial ideal in (k, X, X), there is a unique partial
character p on Z" such that I = 1(p).

Definition 4.47. If L is a sublattice of Z", then the saturation of L is the lattice

Sat(L)={meZ" | dn € L for somed € Z }.

We can compute Sat(L) for any lattice L by simple change of variables in
(k, X, X) (Swall).

Definition 4.48. If (p, L,) is a partial character, any partial character (o', Sat(L,))

is called a saturation of (p, L,) if p' coincides with p when restricted to L,.

Theorem 4.49. (ES96, Corollary 2.2) If g is the order of the group Sat(L,)/L,,

then there are g distinct saturations of p: p1,...,p,. Also
9
I(p) = () 1(py)-
j=1

Theorem 4.50. (ES96, Corollary 2.6) The radical of a cellular ideal is of the form
I(p) + M(&)D (d is vector with all 1s), where p is a partial character. Moreover,

its minimal primes are the lattice ideals with the saturations of (p, L,).

In the base case, we have a Laurent polynomial ring. To determine the set of
minimal primes of a binomial ideal I = I(p), all we need to do is to compute the sat-
urations of p. The lattice ideals corresponding to these saturations are the associated
primes of I(p). The minimal of these ideals constitute the prime decomposition.

Let us discuss how we can combine the results from the modulo and the localiza-
tion branch (step 14). From the recursive calls of the algorithm we have computed
the minimal primes of ©(1 + ( r )) and ®({ : *°). Let the set of minimal primes be
denoted by Pg and Pg, respectively. So, we have

Ve+{r)=r

PePgo

Vel :re)= () P

PePs
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From Theorem 4.39, we have

Vi=e (Vo (rn)Net (VauT{r))
— ( N @1(P)> N ( N <I>1(P>>

PET(_) PE{P@

We know that © and ® map primes to primes (Lemmas 4.21 and 4.28). The desired
set of prime ideals is { ©1(P) | P € Po }J{ @ (P) | P € Py }. We just need to

remove the redundant ones.

4.5.4 Saturation

Suppose [ is saturated with respect to {%‘1, ceey a:i].} then we begin the computation
with V = {961'1, e ,xij}. For this problem, we only use the A(/ : ) branch of
the reduction. The base case for this algorithm will be X \ L =V (step 6). As ®
preserves saturation (Lemma 4.30), the ideal is already saturated in this ring. Since

the algorithm uses only one branch of the reduction, step 14 is redundant.
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Appendix A
Ring Basics

In this chapter, we will review a few basic definitions and results about rings and
ideals. We will avoid proving the simple observations and lemmas, and give a proof
sketch for the more involved results. For a more detailed discussion on the subject,
the reader is advised to consult (CLO07) and (Eis95).

A.1 Rings

A ring is defined as an abelian group R with an operation (a,b) — ab called multi-

plication and an “identity element” 1, satisfying, for all a,b,c € R:

a(bc) = (ab)c (associativity)
a(b+c)= ab+ ac
(distributivity)
(b+ c)a= ba+ ca
la=al=a (identity)

The ring is commutative if, in addition, ab = ba for all a,b € R. Unless other-
wise stated, in the rest of the discussion, the word ring will be used to denote a
commutative ring with identity.

A subset I of a commutative ring R is said to be an ideal in R if it satisfies
e 0 € [ (where 0 is the zero element of R).

o Ifabel thena+bel.
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e lfaeclandre R, thenr-ael.

An ideal I is said to be generated by a subset S C R if every element ¢t € I can be

written in the form

n
t= E TS
i=1

with r; in R and s; in S. We shall write ( S ) for the ideal generated by a subset
S CR.
A ring is said to be Noetherian if every ideal of the ring is finitely generated.

The following observation gives another criterion for a ring to be Noetherian.

Observation 16. A ring is Noetherian if every strictly ascending chain of ideals of

the ring terminates.

Proof. Let R be a ring, and I C R be an ideal. We want to establish that I is
finitely generated. We will prove by contradiction.
Let I be such that it is not finitely generated. Consider the ascending chain of

ideals
{O}g<f1>g<f17f2>g<f17f27f3>g
where f; € I'\ ( fi,..., fi_1 ). Such an f; can always be found, as I is not finitely

generated. Thus, we have an infinite ascending chain of ideals, which is absurd as
R is Noetherian. ]

A.2 Ideals

In the previous section, we have seen what ideals are. We are now going to define
a few ideals. These are the kind of ideals we will be dealing with in this thesis. All
the ideals are defined in the context of a commutative ring, R, with multiplicative
identity

An ideal I is said to be irreducible if

I=1()Limplies I =T, or I = I,.

Later we will prove(Theorem 4.9) that any ideal can be expressed as the intersection

of irreducible ideals.



A.2 Ideals 87

An ideal I is said to be radical if f € I for any integer m > 1 implies that
f € I. The radical of I, denoted by v/I, is the set

VI={f| f™el for some integer m >1}.

We state two simple properties of radicals. They follow directly from the definitions.

Lemma A.1. If I is an ideal in R, then /I is an ideal in R containing I. Further-

more, /I is a radical ideal.
Lemma A.2. Radical preserves set inclusion.
The next lemma deals with the relationship of radicals and intersections.

Lemma A.3. Radical of intersection of ideals is intersection of radicals of the ideals.

Proof. Let the ideals involved be Iy, I, ..., I,,, and we want to show that

ViNEN--NL=vVEOVEN--- NV

Let f € \/(; ;- This implies that f™ € N, I, = f™ € I,,Vi = f € I;,Vi.
Thus, f € (), VL. So, we have

ViNEN-- L. VEOVEN- Vi

To show the converse, let f € ();v/I;. Then, it is easy to see that there exists an
m > 0, such that f™ € (), ;. This implies that f € y/(), I;. Thus, we have

VIOVEN. VL S L L) L

An ideal I in a ring R is said to be primary if fg € I implies either f € I or
g" € I, for some n > 0. The next lemma gives an alternate definition of primary

ideals.

Lemma A.4. [ is primary if fg € I implies that either f™ € I or g" € I for some

m,n > 0.
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An ideal I is said to be proper if I C R. An ideal I is prime if [ is a proper
ideal and if f,g € R and fg € I implies f € [ or g € I. Prime ideals will be used

extensively to study radical ideals.
Observation 17. Prime ideals are radical.

We now define saturation of an ideal. Chapters 2 and 3 will deal with the
saturation of a special kind of ideal, namely homogeneous binomial ideal. Let I is

an ideal, and r be an element of k. We define the following sets —
(I:r)y={feR|frel}
(I:r)=JI:") R
d=1

The set (I : 7*°) is called the saturation of I with respect to r.
Observation 18. Both of the sets defined above are ideals.
Observation 19. (I :r*)={ fe R | frrel,meN }.

A.3 Rings homomorphisms

If R and S are rings, then a ring homomorphism is a function from ¢ : R — S,
such that

o ¢(a+b) = ¢(a)+ ¢(b) for all a,b € R.
o ¢(ab) = ¢(a)p(b) for all a,b € R.

e $(1)=1.
A homomorphism ¢ is said to be surjective , or a surjection , if every element
s in S has a corresponding element r in R so that ¢(r) = s. A homomorphism
is injective , or an injection , if for v, in R ¢(r) = ¢(r') = r =1". A
homomorphism is bijective , or a bijection , if ¢ is both injective and surjective. If
the ring homomorphism is bijective, then it is also called an isomorphism . Kernel

of a homomorphism ¢, denoted as ker ¢, is defined as -

kerg={ f€R|6(f)=0}.
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Grobner basis

B.1 Introduction

As we have discussed earlier, Grobner bases are central to all computational problems
encountered in polynomial rings. In this chapter, we will a brief introduction to
Grobner basis and present the Buchberger’s algorithm (Buc76) to compute Grobner
Basis. For a more detailed discussion on the subject, the reader is advised to consult

(ALO4).

B.2 Polynomial Rings

In this section, we define a special kind of a commutative Noetherian ring with iden-
tity, called the polynomial ring. All computations that are discussed in this thesis
are done on ideals of this ring. To start with, we define some basic terminologies
related to elements of the ring, and then define one of the key computational tools

used in the ring, namely the Gréobner basis.

B.2.1 Basics
A monomial in z4,...,x, is a product of the form

Qn

aq
xl ...xn’



90 Grobner basis

where all of the exponents «q, ..., «a, are nonnegative integers. For simplicity, we
will denote z{* - - - x&™ by x.

Let k£ denote a field. A polynomial in the variables z1, ..., z, with coefficients in
k is a finite linear combination (with coefficients in k) of monomials. We will write

a polynomial f in the from

where the sum is over a finite number of n-tuples a = (o, ..., ;). The set of all
polynomials in xy, ..., 2, with coefficients in k, denoted by k[x1,...,x,], is called

the polynomial ring.

Theorem B.1 (Hilbert Basis Theorem). Fvery ideal I C klz1,...,x,] has a finite

generating set.

Let f =), a.Xx" be a polynomial in k[z4,...,x,]. We have the following ter-

minologies —
e We call a, the coefficient of the monomial x“.
o If a, # 0, then we call a,x“ a term of f.

We next define an ordering on all the monomials in k[zy,...,z,]. We will see
that an ordering forms an essential part of any algorithm in polynomial rings. In
almost all cases, the termination of algorithms will be ensured by the monomial

ordering.

Definition B.2. A monomial ordering on k[z1, ..., z,] is any relation < on ZZ,
satisfying:

e < is a total (or linear) ordering on ZZ,.
o If a < B and vy € Z, then a +v < 3,.

e < is a well-ordering on Z%,. This mean that every nonempty subset of Z%,

has a smallest element under <.

Monomial orderings are also sometimes referred to as term ordering .
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Lemma B.3. An order relation < on Z% is a well-ordering if and only if every

strictly decreasing sequence in 75
all) < a(2) < a(3)---
eventually terminates.

We provide a few examples of monomial orderings. Let @ = (ay,...,a,) and

B=(Br,-..,0n) € ZL,.

Lexicographic Order This monomial order is denoted by =.x. We say a >0

if the vector difference a — 8 € Z%, the left-most nonzero entry is positive.

Graded Lexicographic Order Let d be a vector in N*. We say a > (3 if

cz-oz>ci-ﬂ, orcf-ozzf@and&%lexﬁ.

Graded Reverse Lexicographic Order Let d be a vector in N*. We say a > if
cf-oz>cf-ﬁ, orcf-oz:ci-ﬁ
and, in a — 3 € ZY, the right-most nonzero entry is negative.

In each of these orderings, one can show that they are monomial orders. We abuse
the notation and say x* < x” if we have o < 3. As a special mention, a graded
reverse lexicographic term order with grading vector d and with z; as the least
variable will be denoted as <7,

Let f = ), a.x" be a nonzero polynomial in k[zy,...,z,| and let < be a

monomial order.

1. The leading monomial of f is
inm_(f) = max { x° | aq #0 }
2. The leading coefficient of f is

inc<(f) = cﬁa

where x? = inm_(f).



92 Grobner basis

3. The leading term of f is

in..

dyit1 (f> - inc<<f> ) inm<(f)

Sometimes, the word “initial” is used instead of “leading”, hence the abbreviation

Wr 0

n

Definition B.4. We define the initial ideal of an ideal I C k[z1, ..., z,] other than
{0} as the ideal

i (D= ({iney () 1 el })
In general, if B is any subset of k[xq,. .., z,], then we define
in.,  (B)= { in., ()| feB }

Only in the case of an ideal, say I, in (I) will represent an ideal.

B.2.2 Polynomial Division

Let g, g1, , gs be polynomials in k[z1, ..., x,] and < be a term order in k[z1, ..., x,].

Then, the polynomial expression -
9= agitr

is said to be a standard expression for g if
b In-<(qlgl) j in'<¢f,z‘+1 (g)a Vi

e No monomial of r is divisible by in<o (g9;) for any i. More formally, no

monomial of 7 belongs to ( { ing, (g) |[1<i<s } ).

Here, r is called the remainder and ¢;’s are called the quotients of the division of
g by {g1,---, 9}

Expressing a polynomial g as a standard expression in terms of a set of polyno-
mials G = {gi,...,9s} is also known as the division of g by G or, the reduction
of g by G. This is denoted by g¢. Theorem B.5 establishes that for every pair of
polynomial and set of polynomials, standard expression exists. Algorithm B.1 gives

an algorithm to compute such an expression.
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Theorem B.5 (Division Algorithm). Fiz a monomial order < on Z%,, and let

F = (f1,..., fs) be an ordered s-tuple of polynomials in klx1,...,x,]. Then every

f € klxy, ..., x,] can be written as
f=afi+ - +asfs +r, (B.1)
where a;,r € klxy,...,x,]|, and either r = 0 or r is a linear combination, with

coefficients in k, of monomials, none of which is divisible by any 0fin<dmrl (f1),---,
LIPS (fs). Furthermore, if a;f; # 0, then we have

in<(£i+1 (f) = in<dj,.+1 (azfz)

Algorithm B.1: Division(f,{f1,..., fs}, <)
Data:

e A polynomial f

e Aset B=A{f1,...,fs} Cklxy,...,z,]

e a term order < over k[xy, ..., T,)
Result: 73
1p [
2174+ 0;
3 while p # 0 do
4 if Ji such that in. | (f:) | in<. (p) then
5 D<= ms(% fi, <)
6 else
7 resring (p);
8 pp—ing,.  (p);
9 end
10 end

11 return r ;
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B.2.3 Grobner Basis

We will now discuss one of the most important tools used to compute numerous
ideals in the polynomial ring — the Grobner basis. In almost all of the computations,
we would find that computing Grobner basis is the most time consuming step. As a
consequence, there has been numerous efforts to speed-up Grébner basis computa-
tion (Fau99; Fau02). In this section, we will discuss one of the most popular ways
of computing Grobner basis, namely Buchberger algorithm. For a more detailed

discussion on the subject, the reader is directed towards (AL94).

Definition B.6. For a given monomial order <, a finite subset G of an ideal I is
said to be a Grobner basis if

(ine,  (G))=ins, ().

Grobner basis of an ideal I w.r.t. the monomial order < will be denoted by

5<(1)
Lemma B.7. Grobner basis for an ideal I is a basis of I.

Before describing the algorithm to compute Grobner basis, we will need a few

more definitions. Let a and S be two vectors in N, and let afi] and f[i] denote

their ¢ components, respectively. Then, by a V 3, we denote the vector whose ‘"

component is given by -

(a v B)[i] = max {ali], Bli]} -
This is also called the LCM of o and 5. With a little abuse of notation, we will use

x@\ xP & x(@vh),

Let < denote a term order in k[zi,...,z,]. Consider any two polynomials,
hl, hQ S k[l’l, e ,[L’n]. Let

ax® =ing,  (h1), and x™ = in<. (hs)

be the leading terms of hy; and hs, respectively. We now define two vectors ; and

By as —

p1= (1 Vag) —aq, and B = (a1 V ag) — as.
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Then the S-polynomial of hq, hsy is defined as —
S(hl, hg) = CQXBlhl - clxﬂQhQ.

Observe that, if in. . (he) divides in<; (h1), then S(hq, ho) is the first step in
the reduction of hy by ho.

We now state a criterion, known as the Buchberger’s Criterion (Theorem B.8),
which a basis of an ideal must satisfy to be a Grobner basis. This criterion will
also form the cornerstone of the algorithm to compute Grobner basis, namely the
Buchberger’s algorithm (Algorithm B.2).

Theorem B.8 (Buchberger’s Criterion). Let G = {g1,...,9:} be a basis of an ideal
I C klxy,...,2z,]. The basis G is a Grébner basis of I if and only if for all pairs
i # j, the remainder on division of S2(gi, g5) by G is zero.

Algorithm B.2: Buchberger(B, <)
Data:

® B:{fl,...,fs}gk‘[:[l,...,xn]

e a term order < in k[zy,...,x,]

Result: §.(( B ))

1 G+ B;

2 repeat

3 Goq +— G ;

4 for each pair f1, fo € G such that, f; # fo do
s || re SR

6 if » # 0 then

7 | G+ GU{r}

8 end

9 end

10 until G = G ,4;

11 return G ;
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B.2.4 Grobner basis in action

From computational perspective, Grobner basis is a very versatile structure. In this
section, we will quote a few results highlighting this fact. This results also has a

bearing on the discussion that is to follow in the subsequent chapters of the thesis.

Theorem B.9 (The Elimination Theorem). Let I C k[xy,...,x,]| be an ideal and
let G be a Grobner basis of I with respect to lex order, =, where x1 = To > jes
o 1oz Tn. Then for every 0 <1 < n, the set

Gl = Gmk[wl+17"'7xn]

is a Grébner basis of the I (\klxi1,...,x,]. This is called the ™" elimination ideal
[l Of I.

Theorem B.10 (Ideal Membership). Let G be a Grébner basis of I C klxy, ..., x,],
f € klzy,...,x,]. Then, f € I if and only z'fTG =0.

Theorem B.11 (Ideal Intersection). Let I = ( fi,...,fs ) and J = g1,...,9¢ ) be

ideals in klxy,...,z,]. Then,

I =(yf-ufe A =9)gr, -, (L= y)g ) [kl 2],

Theorem B.12 (Ideal Saturation). Let I = ( f1,..., fs) be an ideal in k[xy, ..., x,].
Then,

I:xl‘?o:(fl,...,fs,l—xiy>ﬂk[x1,...,xn].
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