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Abstract. In [2], we proved a relation between the A-invariants of a p-adic measure on Zj and its
I-transform under a strong condition. In this paper, we determine the relation without imposing
any condition. We also determine p-adic properties of certain Mahler coefficients by exploiting some
combinatorial identities.
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1. Introduction

The theory of I'-transform is very useful in studying the Iwasawa invariants of imag-
inary abelian number fields. In [8], Sinnott gave an elegant new proof of the theorem
of Ferrero and Washington that the Iwasawa p-invariant is zero for the cyclotomic
Z,-extension of any abelian number field. Sinnott further showed how to compute the
p-invariant of the I'-transform of a rational function. In [4], Katz showed that the p-
adic L-functions of a totally real number field K do indeed arise from roughly rational
function measures on Z¢, where d = [K : Q).

It was Kida who first obtained a relation between the A-invariant of a measure on
Z,, and its I'-transform [5]. In our paper [2], exploiting certain combinatorial identities
we determined a relation between the A-invariants of a p-adic measure on Z; and its I'-
transform for any n > 1 under some restrictive hypothesis. In this paper, we generalize
the results of [2].

Let p be a fixed odd prime. We have Z¥ =V x U, where V' is the group of (p — 1)st
roots of unity in Z, and U = 1+ pZ,. Then the projections from Z; onto V' and U are
denoted by w and <>, respectively. By u, we will denote a fixed topological generator
of U. Then there is an isomorphism ¢ : Z, — U given by ¢(y) = u¥. Let n > 1. By
fixing a topological generator u; (1 <4 < n) for each copy of Z, in Z}, we obtain an
isomorphism ¢" : Zy — U™ given by (y1,...,yn) = (ui’, ..., ul).

Let O be the ring of integers in a finite extension of Q, with a local parameter 7. It
is well-known that there is an isomorphism between the ring A,, of O-valued measures
on Zy under convolution and the power series ring O[T} — 1,...,T, — 1]]. Explicitly,
for x € Z,, if we put

" = gjo (:1) (T—1)™ e O[T - 1]},
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then the unique power series (77, ..., T,) associated with « is given by

a(Ty,...,T,) = / vt Tordo(y, . ..y )
/

n
P

-3 () ()

m1=0 myp=0
x (Ty — )™ (T, — 1)™". (1.1)
Ifa=(ay,...,a,) € (Z))", we denote by a o a the measure on Z given by oo a(A; x

o x Ay) = a(a Ay X -+ X a,Ay), where A; are compact open subsets of Z,,. Also, for
compact open subsets A; of Z,, we let a|4 denote the measure obtained by restricting
a to A and extending by 0, where A = Ay X --- X A,,.

The I'-transform of « is defined as a function of the p-adic variables sq,...,s, given
by
Co(s1, ..., 8,) = / <xp > <z > da(x, .. 1)
(Zy)"

_ Z Z / <mry > <y > da(may, . aty)

7]1€V n"EVUn
= /x‘il cexprdfB(xy, ..y,
un
where da(mxy, ..., 0pxy,) denotes d(ao (n1,...,1,)) (21, ..., 2,) and
B=> > (@om,....m))|um, (1.2)
a measure on U". By the isomorphism ¢" : Z; — U", one can transport the measure

£ on U™ to a measure 3 on Zy. Tt is clear from (1.1) that the power series ﬁ associated
with 3 interpolates the D-transform of « as

Co(st, ..., 8,) = /(uil)yl e (qu")y”dB(yl, ey Yp) = B(u‘il, coum). (1.3)
Ly
The measure § on U" can be extended by 0 to Zj, and the associated power series
of the extended measure will be denoted by B )

2. IWASAWA INVARIANTS

The Iwasawa u- and A- invariants of a power series

F(T) = N an(T — 1)" € O[[T — 1]]

n=0
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are defined by
w(F(T)) = min{ord.(a,) : n > 0}
AMF(T)) = min{n : ord.(a,) = w(F(T))}.

Analogously, in [2] we defined the Iwasawa p- and A- invariants of a power series

F(Ty,...T) =Y > o, (Tt = D)™ (T, = 1)

m1=0 my=0
in O[Ty —1,...,T, — 1]] as follows:
w(F(Ty, ..., T,)) = min{ord,(am,....

ANF(Ty, ..., T,)) =min{m; + - +my, : orde(am,...m,) = W(F(T1,...,T,))}.

Definition 1. Let a € A,,. The Iwasawa p- and A- invariants of o are defined as
p(a(Ty, ..., T,)) and ANa(Ty,...,T,)) respectively. Similarly, the Iwasawa invariants
of I'y are defined as the corresponding invariants of the power series B(Tl, T,

Let @ € A,. In case of n = 1, Sinnott in his paper [8] proved that u(T',) =
p(a +a*o(—1)), if &(T) is a rational function of T'. Here o = af,x. It is known that

w(Ly) = n(B) (see for example [3, 8]). It is easy to prove that u(I',) = u(3) for any
n > 1 (see [2, Lemma 2.2]). It would be interesting to extend it to study A-invariants.
The case n = 1 has been studied in [3, 5, 6, 7]. The aim of this paper is to prove the
following main result.

Theorem 2.1. Let a be an O-valued measure on Zy;. Define a measure 3 on U™ by
(1.2) and let B(Tl, ..., T,,) be the power series associated with the measure (3 on U™
extended to 77 by zero. Then A(B) = pA(T'a).

Remark 2.2. The above theorem was proved under some restrictive hypothesis in [2,
Lemma 2.2].

3. Mahler coefficients and proof of the Theorem 2.1

A crucial ingredient in our proof of theorem 2.1 is a relation (see lemma 3.1) between

coefficients of the power series B and 3 via Mahler coefficients. A classical theorem of
Mabhler states that any continuous function f : Z, — O can be written uniquely in the
form

o) = iajm (%), (3)

where a;(f) € O,a;(f) — 0 as j — oo. In fact
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Furthermore, if f : Z} — O is continuous, we may write (by repeated application of

(3.1))
fla, . Z Z s om (:;11) (:;) (3.3)

m1=0

where

()= 3 3oy ey () ()

Jj1=0 Jn=0 J1 In

X f(,]l,;]n) e 0.

The constants @y, . m, (f) are called the Mahler coefficients of the function f.
Let us consider the continuous functions f,, : Z, — Z, and f, _m, : Zy — Zy
defined by

fm<x> - (i) and fml,...,mn(xla . a-rn> = fml (xl) c fmn(xn>

Now, if a,,(fi) are the Mahler coefficients of fi(z) = (%) = 3°0°_ am(fi) (Z), then

k
a’jl:-~~7jn(fm17--~7mn) = aj, (fml) IR (fmn) (34)
Suppose
B(Ty,...,T, Z Z By (T1 — 1) e (T}, — 1)
m1=0 mp=0
and

A(Ty,....T,) Z Z G (T = 1) - (T — 1)

m1=0 mn,=0

Then we have the following important lemma (see lemma 2.3 in [2]) which relates the
coefficients of B\(Tl, T, B(Tl, ..., T,), and certain Mahler coefficients.

Lemma 3.1. Modulo p"t*++kO  we have

mals s mplbp, Sy Z Z Gt resin @it e St )

J1= =0 ]n—o

where aj, i (fmy,..m,) are the Mahler coefficients of fum, . m.(T1,...,2ys).

Note that when ord,(m;!---m,!) <k + .-+ k,, then
k1
b .o.om = Z Z Gjrrsin@itjn (fma,im,) - (mod p"O). (3.5)
Jj1=0 Jn=0
In order to prove the theorem 2.1, we need to investigate p-adic properties of the Mahler
coefficients a;, . (fmi...m.). We shall now study these coefficients using certain com-
binatorial identities.
Let us fix a topological generator u = 1 + t1p + top* + - -+ of 1 + pZ,. Hence t; is
a unit. In fact ¢; is an integer lying between 1 and p — 1. We now state a binomial
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expansion in the following lemma. One can find a simple proof using the fact that
(1+T)" = (14 T") (mod p) for i > 1.

Lemma 3.2. Forn > 1, we have

(L+T)"" = (1+T)(1+TP)" (1 + TP )mm2tnt2 (14 TP )a+7 .. (mod p), (3.6)
where a, j > 0 for all j > 2.

In the following lemma, we prove another binomial expansion.

Lemma 3.3. For k> 1, let m = Lp* + lp_1p" ' + -+ lLip+ o, where 0 < 1; < p for
allt=20,1,..., k. Then we have

(1 + T)um = (1 + T)(l + Tp)lotl(l =+ Tp2)lltl+l0t2+am,2(1 + Tpg)l2t1+l1tz+lot3+am,3 -
(1 + Tpk)lk—1t1+lk—2t2+"~+l1tk_1+lotk+am,k (1 + Tp’”l )lkt1+lk_1t2+~--+l1tk+lotk+1+am7k+1
- (1 + Tpk+j)lktj‘kaltj#—l+"'+lltk+j*1+lotk+j+am,k+j e (mod p)7 (3_7)

where a, ; > 0 for all j > 2.
Furthermore, for j >0,

Ay P+l g japP i1 petliplo k+1 = Qg ph=14 4l p+o k41 (3.8)

Proof. One can easily deduce (3.7) from (3.6). We now give a proof of (3.8). Let
my =l p* 4 +lip+1. (From (3.7), the exponent of (1 +T7’k+1) in the expansion

R oty pPpmy

of (1+T)*"" and (1 + T)“lk“p are, respectively
lp—1ta + -+ + Lty + lotig1 + Qmy g1 (3.9)
Ity + l—ate + -+ + ity + lotgr + Qg phts o typhom ot 1 (3.10)
Again,

o S k
gl P Pt lktlpkH 4o

Hence,

okt k
WP A

(1+7) = (1+T)1+T7" ) ... (mod p).

This implies that modulo p, the exponent of (1 + TpkH) in the expansion of (1 +

T)ulk+jpk+j+“'+lkpk+m1 ”

Lty + lg—1to + - - - + Litg + lotgs1 + Gy k1 (3.11)
JFrom (3.10) and (3.11), we complete the proof of the lemma. O
In [1], we proved the following two theorems.
Theorem 3.4. For non-negative integers n,t, k, we have

zn:(—l)”"' (ZL) (ti Z k) =t". (3.12)

=0
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Theorem 3.5. For non-negative integers n,t, k, 7 withn > 7 > 1, we have

i(—l)"‘i <7z> (IZ ff) =0. (3.13)

=0
We now state a result from [9].

Result 3.6. Suppose that n > m satisfy

n=ag+ap+ap® + -+ app”
m = by + bip+byp® + - + bep”

where a;,b; € {0,1,...,p—1}. Then

n Qo aq Qg
= d p).
()= () G) = ) oot
Lemma 3.7. Let [,m > 0. Suppose that | = ly + lip+ -+ + Lip* with 0 < I; < p for
1=1,2,..., k. Then

0 mod p, if m < pl;
az(fm)z{ p fm <p

tl1°+ll+"'+l’“ mod p, if m = pl.

Proof. Since m < pl, we can write m = mg +mp + - - - +my1p"t, where 0 < m; < p.
From (3.2), we have

Qo411 pt--+Hlgpk (fm)
lo+lip+-+lgp"

= ¥ (= 1)lothap+Haph = (lo + lLp too lkpk) (UJ) ' (3.14)

j=0 J mn

But, (*) is the coefficient of 7™ in the expansion of (1 + T)* . Clearly from (3.7), the
coefficient of 7™ modulo p in (14 T)* is zero if 1 < mg < p. Also, the coefficients
of T™ modulo p in (1 + T)“jare equal for mg = 0,1. So, we can assume that mgy = 0.
Letting j = ixp* +ip_1p" ' + -+ +41p+ip and using (3.7) and then (3.8), we find that
modulo p,

u’
m
(iotl) (iltl + ioty + Gj,2> o (iktl + g1ty + - F ity + dotpr + aj’k+1>

my mao M1

(’iotl) (’iltl —+ igtg + (Iio’2> NI (’iktl 4+ 4+ iltk + iOthrl + aiklpk1+,,,+io7k+1)
my my M1
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We now use result 2.6 to simplify (3.14) and deduce that

alo-‘rhp-‘r HlpF (fm1p+ '+mk+1pk+1)

. I . .
= lO 10 Zotl) % |: -1 li—i1 (ll) (thl + tot2 + aio,Z)
=y () () < [ ()

10=0
2 I\ [iot1 + irts + iols + ippsi e l
X |:Z(_1)l2_i2 <2> ( 241 102 03 up—i—zo,?)) NI, {Z(_l)lk_ik <k)
4 12 ms : 33
19=0 i, =0
y (iktl +ig—1ty + -+ it + tolpgr + aiklpk1+~~-+i1p+io,k+1)1 .. H . (3.15)
M1

If m < pl, then there exists j such that m; < [;_y with j € {0,1,...,k+ 1} and
m; = l;—1 for i > j. Using (3.12) in (3.15), we obtain

Alo+1yp+--+lp* (fm1p+--~+mk+1pk+1 )

lO . ll . .
L+, lo—io {10\ (ot i (11 (01t + aig2 + oo
= —1)lo~io _1)hh
[Z< ) (@0) <m1) ) [Z< ) (@1) < My

10=0 11 =0
2 I\ (igty + irts + Qi prios + dot & l;
% )iz [ 2 2l1 102 i1p+i0,3 083 ) o ..« )l [ 9
|:Z( ) (7‘2) ( mg Z ( ) ’l.j,1
12=0 Zj,1=0
y <ij_1t1 + et atio + (i _opi=24tiyptio,j + iotj)} .. }:|:| . (3.16)
m;

But, m; = l;_; — ({1 —m;) with [,_; —m; > 0. Using (3.13), we have

al0+l1p+“'+lkpk(fm1p+"‘+mk+1pk+1> =0 (mOd p)

If m = pl, then m; =1;_; foralli=1,... k+ 1. Hence from (3.12), we have

_ ot
Wty p-o+1iph (Sopttap2 4t typrt) = 8 T (mod p).
This completes the proof of the theorem. O
Lemma 3.8. Let j;,,m; >0 fort=1,...,n. Then
o ) = 0 mod p, if m; < pj; for some i;
Qi \Jma . | a p-adic unit mod p, if m; = pj; for all i.
Proof. The proof follows from the lemma 3.7 and the fact that
a.717 oJn fmh - Ha’Jz fml
=1

Proof of Theorem 2.1: Recall that

A(Ty,....T, Z Z by (T — 1)™ - (T}, — 1)

m1=0 mn=0
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and
B(Th‘"v ):Z'“ngl ----- mn(Tl_l)ml"'(Tn_l)mn-
m1—0 mn=0
We know that u(I',) = u(ﬁ), that is, M(B(Tl, o ,T )) = p(B). For any power series
F(Ty,...,T,) € O[Ty - 1,...,T, — ]] lfﬂ"F( T,) then (' F(T},...,T},)) =
A(F(Ty,...,Ty)). So, we may assume that ,u(ﬁ(Tl , 1)) = 0.
Suppose that A(I'y,) = k, that is, )\(ﬁ(Tl, . )) =k. If k=0, then gy oandbg, o

are units in O and hence A(I',) = 0 = p)\(ﬁ) If £ > 1, then there exists a partition
ky + --- + k, of k such that gy, is a unit in O and for every m; > 0 satisfying
my + - +mn<k, ..., mnEO(mOdﬂ'). Let » < pk. Let r = r; + -+ +r, and
k =i+ --- +1i, be any partitions of r and k, respectively. If [; = ord,(r;! ) then from
(3.5) we get

,,,,, = Z Z it ein@iecin (1) (O ). (3.17)

J1=0 Jn=0

Ifj1+---4+j, >k, then pj; +- - - +pj, > pk > r. Hence r; < py; for some ¢ and lemma
3.8 implies that

ajyoin(frrmn) = 0 (mod 7). (3.18)

Again if j; 4+ --- 4+ j, < k, then g,
(3.17) imply that

.....

bry...., = 0 (mod 7) (3.19)

for every partition r =ry + - - 4+ 7.

Now let r = pk. Consider the partition ky + --- + k,, of k. Then pk; + --- + pk, is a
partition of pk such that ord,((pk;)!) = ord,(r;!) = l; > k;. From (3.5) and lemma 3.8,
we find that

= Gky oo Oy kn(fpkl ..... pk,) (mod ), (3.20)
which is a unit in O. This proves that A\(8) = pk,+- - -+pk, = pk = p)\(B(Tl, 5 Th)).
This completes the proof of the main theorem. O
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