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Abstract: In the context of cyclotomic fields, it is still unknown whether there exist
Euler systems other than the ones derived from cyclotomic units. Nevertheless, we first
give an exposition on how norm-compatible units are generated by any Euler system,
following work of Coates. Then we prove that the units obtained from Euler systems and
the cyclotomic units generate the same Z,-module for any odd prime p. The techniques
adopted for the Iwasawa theoreitc proof in latter part of this article originated in Rubin’s

work on main conjectures of Iwasawa theory.

1 Introduction

FEuler systems were introduced by Thaine and Kolyvagin. Later, Rubin used Euler
system of cyclotomic units and elliptic units to prove the main conjecture of Iwasawa
theory in various set-ups. In [Col, Coates gave a definition of Euler systems in the
context of elliptic curves. His definition is somewhat stronger and different from that
of Rubin and Kolyvagin, but it fits more closely with earlier work of Coates and Wiles
([CW 1], [CW 2]). In the context of cyclotomic fields, the definition analogous to [Co]

is as follows. Let S be any finite set of rational primes, always containing 2. Let
Ws={Ce€Q:("=1 with (n,5) = 1}.

DEFINITION : An Euler system is a map ¢ : Wg — Q* which satisfies the following

e (E1) ¢(n°) = ¢(n)° Vo e Gal(Q/Q), and ¢(n~") = ¢(n).

e (E 2) If p is any rational prime not in S, we have

T #¢n) = o(n?) ¥y € Ws.

CELp

e (E 3) Let p be any rational prime not in S. Then, for all n € Wy of order prime
to p, and all ¢ € p,, we have

¢(¢n) = ¢(n) mod p Vp|p. (1)



[Here, p is a prime ideal over p in any field that contains ¢((n)].

The basic example of an Euler system is essentially the classical system of cyclotomic
units. We briefly describe them. Let {2 denote the non-zero integers a4, . . . a, and integers
ni,...,ny such that 377, n; = 0. Let Aq(T) be given by

r

Ao(T) = [T~ — 1%)".
j=1

Let S be the set consisting of 2 and all primes ¢ such that ¢ divides at least one of the
a;. Let ¢q : Wg — Q> be defined as

(i) da(n) = Aa(n) for n € Ws and n 7 1.

(1) ¢a(1) = lim A(T) = jgl aj’.

It is easy to check that ¢ forms an Euler system. Given an Euler system ¢ : Wg — Q*,

there are two ways of constructing new ones:

e If n is any non-zero integer, ¢ o n is again an Euler system provided we enlarge S

to include primes dividing n.

o If { is a primitive h-th root of 1, define ¢¢(n) = [[¢(n€™) where 7 runs over the

elements of the Galois group Gal(Q(£)/Q). Here, we enlarge S by including all the
primes that divide h.

It is still unknown whether there exist Euler systems attached to cyclotomic fields other

than those mentioned above.

2 Euler systems generate global units

In this section, we will explain how Euler systems attached to cyclotomic fields generate
norm-compatible global units in the cyclotomic tower. The next three propositions are
consequences of the axioms (E 1), (E 2) and (E 3), and are cyclotomic analogues of
results in [Co|. For each m > 1, let u,, denote the group of m-th roots of unity. If
N € pm, with (m,S) = 1, then (E 1) shows that ¢(n) € Q(um)t C Q(im), where LT
denotes the maximal real subfield of L. Let Q,, denote the cyclotomic field Q(u,,) and
H,, denote the maximal real subfield of Qy,, i.e., Hy = Q(pm)™.



Proposition 2.1 Let n be an element of p,, with (m,S) = 1. Let p be any prime with
(p,m) =1, and p € S, Then, we have

Nu, 1, 8Cn) = ¢ FO% 1 v ¢ ey n# 1. 2)

Here, Frob, denotes the Frobenius element of p in the Galois group of Hy, over Q, which

is unramified at p.

Proof: By axiom E1 and E2,

NH,p,p/Hm ®(CN) = I1 (¢ = I1 #(¢7n7)
o'EGal(Hmp/Hm) JEGal(@mp/Qm)
€l_[ ¢(En) .
_ S€up _ o(P) _ Froby,—1
= = ety = ¢mTTPT O

Proposition 2.2 Let n be any element of puy, with (m,S) = 1. Let p be any prime with
(p,m) = (p,S) = 1. For each n > 0, let {, be a primitive p"*'-root of 1 such that
¢P .1 = Cn. Then the sequence gb((nnFmb;n)(n = 0,1,...), is norm compatible in the
tower Hyppoo over Hypy.

Proof: By axioms E1 and E2,

N oy $Can™ ) = I G(Can™ TP ) = I o(¢gn" )
mp dEGal(Hmpn+1 /Hmpn) dEGal(Qmpn+1 /Qmpn)
rob= " —n rop—(m—1)
= IT (e ") = o™ ") = (Goan™ ). 0
Epup

Proposition 2.3 For alln € Wg with n # 1, ¢(n) is a unit.
In order to prove the above proposition, we need the following lemma:

Lemma 2.4 Let p be any prime and K/Q be a finite extension. Let « € K be a universal

norm in the tower K (upe). Then every prime ideal in the factorization of a divides p.

Proof: Let q be a prime not dividing p that occurs in the factorization of a. Now, the
Galois group Gal(K (pp=)/K) is a subgroup of Z;. After finitely extending K, we can
assume that the Galois group is Z,. Since q is unramified in the tower, it is enough to
show that its decomposition group in non-trivial. Then, q will be an inert prime, and
infinite power of q will divide the universal norm «, which is absurd. If the decompo-
sition group is trivial, it will imply that the residue fields in the tower K (ppe~)/F are
finite. But, if ( and £ are p-power roots of unity, then ¢ #Z £ modulo g unless q lies above p.



Proof of proposition 2.3: Let 1 be a primitive root of order m = p"*'b, where (p,b) = 1.
Let us denote the number field Q(n)™ by K. We know that ¢(n) € K. Let q be a prime
ideal in K that divides ¢(n). By proposition 2.2, ¢(n) is a universal norm in the tower
Q(ppeen) T over K = Q(n)™. Clearly, ¢(n)? € K is a universal norm in the tower K (i)
over K. Hence, q must divide p by the above lemma. If b is not 1 we are through, as q

must also divide any prime factor of b.

Now consider the case b = 1. Then 1 = (,, and by proposition 2.2, NHpn+1/Hpqﬁ(Cn) =
#(¢o). Now,

[

N, /00(¢0) = (Nog,)/a¢(Co))

(I @)

o€Gal(Q(rp)/Q)

(I )

r€Gal(Q1p)/Q)
56H P()\ L
_< 6(1) )
O
_ (@) —y

Noting that K = ¢((,)™ is totally ramified over Q at p, we have only one prime q of K
above p. But now (¢(n)) = q" for some integer r, and r has to be zero as the norm of
¢(n) is 1. Thus, ¢(n) is a global unit in the ring of integers of K. O

Thus, we can conclude that Euler systems attached to cyclotomic fields generate norm-
compatible global units.
3 Statement of main result

Let p be an odd prime, and ¢, be a fixed p"-th root of unity such that ¢%, | = ¢,Vn > 0.
Let F, denote the number field Q(¢,)". Let

H(p) = the set of Euler systems ¢ : Wg — Q* such that p & S.

By proposition 2.3, above, ¢((,) is a global unit in F,, for any ¢ € H(p). By proposition
2.2,

Npy /7 (Cnt1) = 6(Cn)- (3)
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Let us define
En={9(Cn) | ¢ € H(p)}.

Let E, and C,, denote respectively the global units and the cyclotomic units in F),. Let
pn be the unique maximal ideal of F;, above p. We denote the completion of F), at p,
by ®,,. Let U,, be the principal local units of ®,, i.e., the local units in ®,, congruent to
1 mod p,. Let E, 1, Cy 1 and &, 1 denote respectively the subgroup of principal units
in E,, C, and &,. These subgroups can be canonically embedded in U,,. Let Eml, C’ml
and éml be respectively the closure of E, 1, Cp1 and &, in U,. Let E, = Zp @ Ey,
C, = Zp @ C, and &, = Zyp @ Ey. By Leopoldt’s conjecture, which is proved to be true
for the abelian extensions F}, of Q, we have E,, = ~n,1, C, = ~n71 and &, = én,l. Hence
we have a natural inclusion

C,Cé&,CE,.
The main result of this paper is the theorem below:

Theorem 3.1 The Z,-module generated by the global units derived from Euler systems
attached to p-power cyclotomic fields is the same as the Zyp-module generated by the

cyclotomic units. In other words, &, =0C,.

Note that the index of C,, in E,, equals h,,, where hy,, denotes the p-part of the class
number of F,, = Q(¢,)". Vandiver has conjectured that hy,o = 1 (which is equivalent
to saying that h,, = 1 for all n = 0,1,2,...). If one can show that [Eo : &) = 1,
then it will imply Vandiver’s conjecture by virtue of theorem 3.1. Of course, even to
attempt this approach to Vandiver’s conjecture, one would certainly require an Euler

system which is not derived from cyclotomic units.

Another interesting point to note here is the connection of theorem 3.1 to Greenberg’s
conjecture. Greenberg’s conjecture is equivalent to the statement that the only universal
norms in Fjy is the group Cy. Since the values of Euler systems are universal norms, the-
orem 3.1 gives evidence for Greenberg’s conjecture. One can raise the question whether

the only universal norms in each F,, are those coming from Euler systems.

We will prove the above theorem by establishing a relation involving Iwasawa modules,

and then by descent.



4 Iwasawa theoretic set-up

Let us consider the infinite extension
Foo = UnZOFna

where F, = Q(¢,) " and ¢, is a primitive p™*!-th root of unity such that ¢? ; = (,. Let

us define the Galois groups
G, =G(F,/Q), Iy, = G(F,/Fy).

Let G be the Galois group of F, over Q and I' be the Galois group Gal(F/Fp).

Clearly,
Go = G(F/Q) = A x T, where A ~ G(F1/Q).

We have the following field diagram:

Gn FO = (@(CO)Jr

Let R,, be the group ring of G, with coefficients in Z,. These group rings form an inverse
system under the canonical maps from R, to R,. We define

R = im Z,[Go).

n
A R,.-module N is called a torsion R,.-module if it is annihilated by a non-zero-divisor
in Ry. If N is a finitely generated torsion R..-module, then there is an injective Roo-
module homomorphism

P Reo/giRoc = N (4)

=1



with finite cokernel. The elements g; are not uniquely determined, but the ideal [] g;i R
i
is. We call the ideal [ [ g; R the characteristic ideal of N and denote it by char(N). The

1
characteristic ideal is multiplicative in exact sequence: if 0 — N’ — N — N" — 0

is an exact sequence of torsion R,.-modules then
char(N) = char(N’)char(N").

From now on, M will always denote a fixed power of p. We denote the group ring of G,,

with coefficients in Z, modulo M by R, u, i.e.,
Ryv = (Z/MZ) |Gy) = R, /MR,

We denote the p-part of the ideal class group of F,, by A,. These groups form an inverse

system under the norm maps and we denote the inverse limit by A..

Now, the Z,-modules U, C,, &, and E,, defined in the previous section are equipped
with an R,,-module structure. They form an inverse system of R,,-modules with respect

to the norm maps. Thus, we define the inverse limits

Uoo:liLnUm Eoo:liLnEna goo:liLném Coo:lﬂlén

n n n n

These inverse limits have the natural structure of a Roo-module. We will first determine
a relation between the Iwasawa modules €., and C,. Then, we will descend to the n-th

layer.

Proposition 4.1 The characteristic ideal of A contains the characteristic ideal of
Es/Ex.

Proof of theorem 3.1 assuming proposition 4.1 : Our main result follows easily from

proposition 4.1. We have the following exact sequence of R.,-modules

0 — €x/Cox —Ex/Coo — Ex/Ex — 0.
= char(Es/Cx) =char(Ex/Eoo)char(€o/Coo). (5)

By “main conjecture” of Iwasawa theory for cyclotomic fields, we have
char(As) = char(E /Cx) (6)

Then proposition 4.1 combined with (5) and (6) imply that char(€s/Co) = Roo. That

tells us that €,,/Cx is a finite Ry submodule of Uy /Cs. However, it is well-known



that Us/Co ~ Rs/(g). For instance, the results in [Sa] gives an explicit proof of
this fact. Hence, Uy /Co has no non-trivial finite Roo-submodule. Thus, €+, /Cs = 0,
and (Cx)r,, = (€co)r,,- However, by the Ro.-module structure of Cs, we know that
(Coo)r,, = Cy. Moreover, (€x0)r,, — €,. Thus, the canonical injection C,, — &, is also

surjective, and we have our main result.

Our approach to proposition 4.1 will be as follows. We will use the units generated by
Euler systems to construct new elements (called Koyvagin class), which factorize non-
trivially. We will then determine the factorization of these new elements (proposition
6.2). This gives us a systematic way of obtaining relations in the ideal class group.
These relations will be recast in Iwasawa theoretic set-up, and we will obtain a suitable
ideal which annihilates the Iwasawa module of class groups. This approach originated
in Rubin’s work. In the remaining sections, we will closely follow Rubin’s proof of the

main conjectures of Iwasawa theory.

5 Kolyvagin class

From now on, we fix n and refer to F;, simply as F, dropping the subscript. In this
section, we will construct elements in F'* using the global units derived from any Euler
system. The factorization of these elements can be easily determined, which will be
shown in the following section. Let M be a fixed power of p. Let Sp; be the set of
square-free integers s such that each prime factor g of s splits in F'/Q and ¢ = 1 mod M.
For the rest of this paper, ¢ will always denote a rational prime in Sy;, and q will be a
primes of F' above g. Let 7, be a fixed primitive g-th root of 1. We write F'(g) for the
field F(ny) and G(q) for the Galois group G(F(nq)/F). Clearly, q is totally ramified in
F(q)/F and the ramification index is (¢ — 1). Suppose o, in G(q) sends 74 to n}, where

t is a primitive root mod ¢. Then G(q) is cyclic and generated by o,.

As in [Ru 4], let us now define the following operators:

q—2 q—2
_ L) _ _ %
D, = g iog, Ds= | | Dy, and N, = E og
i=1 als i=0

It is easily seen that
(0g —=1)Dg = (¢ — 1 — Ny). (7)



From (2) of pp. 3, it follows that

NoDr¢(Catirg) = DrNp(eg)/pry®(Cnlirg)

(8)
= (Frobg — 1) Dr¢(Cunr)-

Proposition 5.1 Dy¢((nns) is an element of ((F(s)x)/(F(s)X)M)G(s). In other words,
[(o— I)Dsqﬁ(Cnns)]ﬁ is a well defined element of F(s)* for all o in G(s).

PROOF : We use induction on the number of primes dividing s. Suppose ¢|s and s = gr.
Then

(0g = 1)Ds¢(Cans) = (04 — 1) DgDrd(Crns)
= (¢ = 1)Dr¢(Gnns)/ (Frobg — 1) Dy ¢(Cuny) (by (7) and (8)).

Since ¢ is in 8ps7, M|(¢—1). As Frob, € G(r), the induction hypothesis implies that the

denominator in the last expression above is in (F(r)*)™. Therefore,

(7g = DD (Cuns) € (F(s))M.
Since the o4 generate G(s), this completes the proof of the proposition. O
As o runs over the elements of G(s), o — [(0 — 1)Ds¢(Cnns)]ﬁ gives an element of

H'(G(s), F(s)*). By Hilbert 90, this cohomology group is trivial. Therefore, there is
an element (4 in F(s)* such that

[(0 = 1)Ds(Guns)] ¥ = (0 — 1)B5 - (9)

Clearly, (s 4 is unique up to multiplication by an element of F*. We can now make the

following definition.

DEFINITION : For s € 8y, Kolyvagin class is defined as

o(s) = DAG) ¢ oy, (10)
LR

where ¢ is an Euler system in H(p) and (s 4 is given by (9).



6 Factorization of Kolyvagin class

In the previous section we constructed certain elements, called Kolyvagin classes, in
the F* modulo Mth powers, where F' = Q(¢,)". Here we will describe how one can
determine the factorization of those elements. Such a factorization should be seen as
a relation in the ideal class group of F. This process will lead to construction of an

annihilator of the class group of F in the group ring 1% [Gal(F/Q).

Let Of be the ring of integers of F' and

Ir=1=(PZq

be the group of fractional ideals of F' written additively. Let
Ipg=1,=EZa.
alg

For any x € F'*, let (x) € I be the principal ideal generated by z, and (z)4, [z]um, and
[x]q ar the projections of (x) to I,, I/MI, and I,/M]I, respectively. When there is no
ambiguity, we drop the subscript M and simply write [z] or [z],. Note that [z] and [z],
are well defined for 2 € F* /(F*)M . The next two propositions are cyclotomic analogues

of lemma 13 and theorem 14 in [Col:

Proposition 6.1 There is a Galois equivariant isomorphism

Ag (OF/qOF)X/((oF/qu)X)M — I/ M1,

PROOF : Let q be the unique prime of F'(q) above the prime q of F' and 7(q) be a local
parameter at q. The residue fields of ¢, q and g will be denoted by k(q), k(q) and k(q)
respectively. As ¢ splits in F' and q is totally ramified in F'(q)/F, the residue fields are

all isomorphic. We have an isomorphism
G(g) — k@), o~ m(@'" 7 modq.

Note that since G(q) is the inertia group in F(q)/F, the above isomorphism does not
depend on the choice of the parameter 7(q). If o, maps to v(q) under the above isomor-
phism, then clearly v(q) is a generator of k(q)*. By our identification above, v(q) can
be regards as a generator of k(q)*. For any w € ((f)p/q(f)p) * we have

w = ~v(§)“% mod q for some integer a(q) mod (g —1).

10



Let us define

Ag(w) = (a(q) mod M) q.

dlg
Galois equivariance and surjectivity follow easily. Since both sides have the same cardi-
nality, we have a Galois equivariant isomorphism. O

Note : Since ¢ splits in F', we have a Galois equivariant map

E (OF/QOF)X/<(OF/QOF)X)M — Z/MZ [G]
given by
Ag(w)g = Ag(w), (11)

where we fix a q above q.

Proposition 6.2 For gs € Sy, we have

(Z) [H¢,M(S)]q = 0.
(i1) [rg,n(sq)], = Ag(Kg,1(s)).

PRrROOF : Recall that
/€¢7M(8) _ D@(J\C;ns) c FX/(FX)M_
s,
Since ¢(Cpns) is a unit in F(s), so is Dy¢((ns). Hence, the ideal generated by kg ar(s)
in F'(s) is determined by [, 4. Note that ¢ does not divide s, because ¢s is a square-free

integer.

(i) ¢ is unramified in F'(s), and ﬁéwd) is an M-th power in F(s).

(ii) Let Q be a prime of F(sq) above the prime q of F. The ramification index of Q in
F(sq)/F is (¢ — 1). By definition of k¢ r(sq),

a1 (50) = = 06(Bug) (12

Since F(sq)/F(q) is unramified at Q, the local parameter 7(g) at the prime ideal § of
F(q) is also a local parameter at Q. We have the following diagram of fields and prime

ideals:

11



F(nsq), 9

Q, F(ns) :F(WQ)v El
2
% F—"G(g)
q, Q

Let vy (Bsq,¢) = b. Then,

Bsgs = m(d)%u, where u € F(sq) is prime to Q.

q
1-04 ~ o —0
:>ﬁsq7¢ = (q)(l q)b =7
q

= ~(§)" mod Q (as o, acts trivially on u modulo Q).

(0 — 1) Dag(Gatsg)] ¥

«b(Gats) @) /DG ) TP M by (7) and (8)]
«b(Gattsq) @D /(B2 FEOP) AT [y (9)]
«b(Gans) ) /(B2 FrOP A mod @ [by (1))
«B(Gus)/BM] T mod @ [since Frobg(x) = 29 mod Q)]

= 9@ = kem(s)™ mod Q [by definition of g (s)]. (13)

If \y(ko,m(5)) = Zc”q(a’(q) mod Mg,

koM (s) = 7()%9 mod q [by definition of \,]
_— ~valq) =L
= (@) = 1@"V modq [by (13)]

12



Since ~(q) is a generator of k(q)*, we have

Q
|
—_
<
—
R
~—
I

—bmod (¢ — 1).

= vg(kgm(sq)) = a(g) mod M by (12) O

7 Kolyvagin sequence

By standard Iwasawa theory, (As)r,, = An (see [Wa] for a proof). Since A,, is finite, A

is a finitely generated torsion R..-module by Nakayama’s lemma. By structure theory

of Rso-modules, there is an exact sequence of Ry.,-modules

0 — P Roo/(fi) — Ase — D — 0,

=1

(14)

where D is finite. By definition, char(A«) = [] fiReo- Let y; € As be the image of
i

1 € Reo/(f;) and A% = >~ R.oy;. Suppose J is the annihilator of D = A, /A% . Then

1=

1
J is of finite index in Ry. Let M be a fixed power of p.

From (14), we obtain an exact sequence

D" — P Rn/(f;) — An — Dp, — 0.
=0

It follow that R, /char(Ax )R, is finite. Let

Ry,

N, =| A, || — |,
n =l | ‘Char(Aoo)Rn’

M' = MN,.

DEFINITION : Let 0 < k < r. A Kolyvagin sequence of length k is a k-tuple Q =

(91,92, ...,qk) of primes in F' such that

e the q; lie above distinct rational primes in Sy, and

e Frob,, = 0|r,, where 0; € G(Lo/Fx) corresponds to y; € A under Artin

reciprocity [where y; are as defined immediately after (14)].

For a Kolyvagin sequence , we define the square-free integer s(Q) as

k
s(Q) = Hqi, where ¢; = qi|o.
i=1

13



8 Key proposition

In this section, we work out the details of the proof of proposition 4.1. It is a simplified
version of Rubin’s arguments in (see [Ru 1], [Ru 2], [Ru 3], and [Ru 4]) together with
ideas of Coates [Co].

Let I1(k,n, M) be the set of all Kolyvagin sequence of length k. Let ¥(k,n, M) be the
ideal in R, v = Ryn/M R,, generated by
{(kp,m(s5(Q))) | Q € H(k,n, M),¢ € Homp, (Rymke,m(s(Q)), Ru,m)}-
In order to prove 4.1, we need the following key proposition.
Proposition 8.1 JY(k,n, MNy)Ry v C fror1V(k+1,n,M).
The following result is from Rubin [Ru 4]:

Lemma 8.2 Let B be a p-torsion free finitely generated Z,[G]-module where G is a
finite abelian group. If f € Z,[G] is not a zero divisor, b € B, and

{1(b) - ¥ € Homg,1c)(B, Zy|G]) } C fZp|G],
then b € fB.

Proposition 4.1 can be deduced from proposition 8.1 and lemma 8.2 as follows :

For k =0, II(0,n, M) has just the empty sequence and
{(kgm(1)) mod M | 2 € Hompg, (E,, R,)} C ¥(0,n, M).
In other words,
{1(¢(¢n)) mod M | 4 € Homp, (En, Ry)} C W(0,n, M).
If we use proposition 3.4 recursively, we obtain

J"U(0,n, MN;)Ry v C char(As)¥(r,n, M) C char(As) Ry, M
= J"(p(Cn)) Rnr C char(Ax)Ry V9 € Hompg, (En, R,) VM
= J"Y(¢((n)) Ry C char(Ax) Ry,

Substituting F,, for B in the lemma above, we get

J"(¢(¢n)) C char(As) En.

14



Taking inverse limit as n goes to infinity, we find that
J" "€ C char(Ax)Foo-
There is an obvious exact sequence
0— Eoo/J € — Foo/J €xo — Eoo/Ecc — 0.

Since J" is an ideal of finite index in Ry, €oo/J € is finite and so its characteristic

ideal is trivial. Thus,

char(Fo/Eco) = char(Es/J " Exo). (16)

The exact sequence of Ry-modules
0 — char(Ax)Ex/J € — Ex/J € — Eoo/char(Ax)Es — 0

implies that
char(E /char(As) Exo)|char(Eo /J " Ex). (17)

It is clear from the structure theorem of Ro.-modules that char(As) | char(Es/char(Ax)Eso).
Therefore, (16) and (17) imply that

char(A)|char(Ex/Eoo)-

In order to facilitate the proof of proposition 8.1, we need the following lemma.

Lemma 8.3 Let 0 < k <r and
Q= (q1,92, .- - qks1) € (k4 1,n, MN,)

be a Kolyvagin sequence. Let q be the rational prime below qix+1 = q and g; be the rational
k

prime below q; for 1 <i < k. Let s = [] ¢;. Then there is a Galois equivariant map
i=1

Y Ry kg (5q) — R,

such that for any p € J, we have

P (Ko 017 (8)) = frr1¥ (k01 (5q)) mod M.

15



PROOF : Let G; be the class of q; in A, = A. Let A, be the quotient of A, by the
Rp-submodule generated by classes of Cq,Cg,...Cp. Let A% = Z?:o Reoyi € AY. In
the exact sequence (14) of pp. 13, the ideal J of R, annihilates D. Let J,, be the image
of J in R,. From the exact sequence (15) of pp. 13, it is clear that .J,, annihilates the

kernel of the map

Let A be the annihilator of the image C, of the ideal class of q in A,. The annihilator
of the class of q in (4%, /4% ® R, is fr+1Rn. So we have
InA C fry1Rn. (18)
By proposition 6.2 (i), we have
(ko (59)) = (Ko (sq)]g mod (M'I, R,C1+ R,Co+ ...+ R,Cy). (19)
Since |A| divides M’ = MN,, [k¢m(59)]q € ARy g, and by (18), plkg m(sq)]q €

fr+1Rp ar- Since fi4q is not a zero divisor , we have a well defined map

fo1 © ferrRuvr — R,
fxr19 — h, where h is given by
frs19 = frerh+ MNyh
(=g = h+M.f ! \Noh, note that fr1 divides N,.)

We define a map

¥ Ry arkgn(sq) — R, by
kg (s0))a = frliplksnr (sa)lg (20)

and extend by linearity to the whole of R, kg a(sq). We have to verify that ¥ is
well-defined. Let g p(sq)” = o™ for some 7 € R,,. We want to show that

(kg0 (sq)) € MRy .
By (19),
(a) = [a]q mod (Npl, R,C1 + RnCa+ ...+ R,Cy).
Recall that M’ = MN,, where N, is divisible by the order of A,,. Therefore, [a], €
AR, yrq and by (18),
pledg € fev1 Ry g
U(koae(s9)7)a = Tfih plio.n (sa)lq
= f];.:lpM[a]q C MRy pp-
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Hence ¢ is well defined. Now, proposition 2.3 (i), (20) and (11) imply that

fes1®(rgar(s0) = phg(oar(s) mod M. O

PrROOF OF PROPOSITION 8.1 : Let us consider any Kolyvagin sequence of length & in
II(k,n, MN,), say Q = (q1,92,...q;) and let s = s(Q). Suppose ¥ is an arbitrary
element in Hompg, (R, pmkg nr(s), Ry ). We want to show that

p?/)(lﬁd)’M/(S))RmM C fk+1\I/(k + 1, n, M) Vp e J.

We will extend the above Kolyvagin sequence to one of length k+1. We apply Cebotarev

density theorem in the following way:

Let
W = Rarkgnn(s) C FX/(FM — Flune)* /(F(uar))™ .

See the proof of proposition 15.47 in [Wa] for the second injection above. Let F’ =
F(pyr), L = Ly, (the maximal unramified abelian p-extension of F') and H = F'(upy, Wﬁ)
We have the following diagram of fields:

HZF(MMUWﬁ)

L F'=F(ur)

N

F
We have a Kummer pairing
GH/F') x W — pap,
and G(F’/Q)-isomorphism

G(H/F') <> Hom(W, uar).
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Complex conjugation acts trivially on the ideals of the real field F', therefore it acts
trivially on G(L/F') by global class field theory. It clearly implies that complex con-
jugation acts trivially on G(LF’/F’). However, complex conjugation acts non-trivially
on Hom (W, pps7), and hence on G(H/F'). Thus, LF' N H = F'. Then ramification

consideration tells us that L N H = F. If we ignore the Galois structure, then we have

G(H/F") ~ Hom(W,Z/M'Z). (21)
Let

7 (Z/M'Z)[G) — Z/M'Z, > agg— ar.
We can define a map 7 o ¢ by composition:
rot: W - Ry = (Z/M'Z) [G] = Z/M'Z.

Let v in G(H/F'") C G(H/F) correspond to 7 o ¢ under (21). Let o in G(LH/F) be
such that

olt=0kt1lL,  ola=7
It is possible to find such a ¢ because L " H = F. By Cebotarev Density Theorem,
there are infinitely many degree 1 primes in F' such that the corresponding Frobenius in
G(LH/F) is in the same conjugacy class as 0. We pick one such q which is unramified
in H/F'. Since only finitely many primes are ramified in the finite extension H/F', such
a choice is possible. Let g be the rational prime below gq. As g is an unramified prime of
degree 1, ¢ splits in F'. Hence, Np/gq = q. Since o fixes F'(up), Frobg fixes the residue
field of F'(ups) at q. Therefore,

Nr/gq=¢=1mod M.

Thus, ¢ is a prime in 8y (recall that M’ = M N,,). We can now extend 9 to a Kolyvagin
sequence 9" = (q1,...qk, q) of length k + 1. Clearly, s(Q') = sq. By lemma 3.6, there is

a Galois equivariant map

Y Ro vk (8q) — R,
such that
PAg(rg 1 (5) = frr1d(rga(sg)) mod M. (22)
Let g be a prime of H above q such that Frobg = 0. Let w € W. Then vg(w) =
0 mod M’. Now,

To(w)=0 & v(wﬁ)

& w isa M’ —th power mod gN F = g.

18



Suppose Ay(w) = 3" ayg. By definition of Ay, 70 Ay(w) = 0 iff w is M’-th power mod .
Thus,

7o N (w) =04 w is a M'-th power mod q < 7o ¢(w) = 0.

Then,
Y = udg, u € (Z/M'Z)*.

(The above statement can be easily proved, as shown in lemma 15.49 of [Wal).

From (22), it is now obvious that

(g (5)) = upAg(.000(5)) = U1 (kigar(50)) mod M.
It is now clear that

JU(k,n, MN,) C frs1¥(k+1,n,M). O
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