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1. Introduction

Let p be an odd prime. The results in this paper concern the units of the infinite

extension of @, generated by all p-power roots of unity. Let

®, =Qp (/‘p"“)

where fi,n+1 denote the p"Tl-th roots of 1. Let g, be the maximal ideal of the ring of
integers of ®,, and let U,, be the units congruent to 1 modulo g,. Let {, be a fixed
primitive p"*1-th root of unity such that ¢ = ¢,—1 Vn > 1. Put m, = ¢, — 1. Thus 7,

is a local parameter for ®,,. Let

G, = Gal (®,/Q,).

Kummer already exploited the obvious fact that every ug € Uy can be written in the

form
up = fo(mo)

where fo(T') is some power series in Zy[[T]]. Here of course, the power series fo(T') is
not uniquely determined. Let
Uy =1lim U,

the inverse limit being with respect to norm maps. Coates and Wiles ( see [3] )

discovered that any unit v = (u,) € Ux has a unique power series f,(T") in Z,[[T]
with f,(7m,) = wu,. The uniqueness of such a power series is obvious by Weierstrass
Preparation Theorem, but the existence is in no way obvious. They worked with the
formal group of height one attached to an elliptic curve with complex multiplication
at an ordinary prime, but their ideas apply to any Lubin-Tate group defined over Z,,.
Almost immediately, Coleman [4] gave a totally different proof of the existence of the
fu(T'), which holds for all Lubin-Tate groups. We refer to such a power series as a Cole-

man power series. In this paper we adopt the same approach as [3]. We first prove the



following result which is stronger than the original one in [3].

THEOREM 1. Given u € Uy, there exists a unique power series f,(T) € R such that
fulCn — 1) =uy, Vn > 0.

Let
Poo = Qp(ﬂp”)a 9o = Gal(q)OO/Qp)-

We define the Iwasawa algebra G, by

where H runs over the open subgroups of §.. Each U, is a Z,-module because it is pro-
p, and so also is Us,. Thus Uy is a compact Zy,-module on which G, act continuously.
We can therefore extend this action to an action of the whole Iwasawa algebra A(Soo).
Let T),(p) be given by

Tp(p) = lim papn i1

where the inverse limit is with respect to the p-power maps or the norm maps
(these are the same on fi,n+1 ) in the tower @, (n =0,1,2,...). Hence Tj,(11) is a free

Zp-module of rank 1 with generator ((,).
In section 3, we define a canonical §.,-homomorphism

loo : Uso — A (Go0)

which is of fundamental importance in the Iwasawa theory of the ®,, (where
n=0,1,2,...). A second aim of the present paper is to show that the original method
of Coates and Wiles can also be used to give a short proof of the following result of
Coleman [4], [5].

THEOREM 2. There is an exact sequence ofA(Qoo)—modules
lOO oo
00— Tp(p) — Uss = (900) — Tp(p) — 0.

For the definition of 7, see section 3. Coleman’s proof ([4], [5]) of Theorem 2 is rather
elaborate, especially his determination of the cokernel of [,,. In addition, there is in-
terest in giving a different and simple proof because of the importance of the result in

the Iwasawa theory of cyclotomic fields. Indeed, the proof of the first part of the “main



conjecture” on cyclotomic fields is the precise determination of the image under [, of
the submodule of Uy, given by the cyclotomic units. This gives by far the simplest proof

of a celebrated theorem of Iwasawa [8].
Notation.

We fix the following notation. We write
P Goo = L
for the cyclotomic character, which is defined by
7 =C¢") Yoe G, VCE ppe.

Since Z; = pp-1 x (1 + pZp), we have the corresponding decomposition under the
isomorphism
S0 = A X T,

where A is cyclic of order p — 1 and I is isomorphic to Z,. Clearly, I' = Gal(@oo / (I>0)
and A is isomorphic to Gal(q)o / @p) under restriction.

Let x be the restriction of ¥ to A, so that xy generates the group of characters of A.
Write e; for the orthogonal idempotent of x in Z,[A], i.e.

_ 1 i -1
el*p_lzX(U)U .

oEA

If A isany Zpy[A]-module, we denote by A® = ¢; A the submodule of A on which A

acts via x’. Then we have the decomposition

A= @A@).

Let R be the ring of formal power series in an indeterminate 7' with coefficient in Z,,.

We fix a topological generator v of I' so that
A(F) ;R, Yo— 14+T.

Suppose C' is a compact Z, module on which I' acts continuously. Then C has a

unique R-module structure such that

Y.r=1+T)x Ve e C.



2. Existence of Coleman Power Series

We exploit some basic facts about Lubin-Tate groups to prove the existence of Coleman
Power series. For an account of Lubin-Tate groups see [1] , [9] or [10]. Let G be any
Lubin-Tate formal group over Z, which is attached to the local parameter p of Z,. If
a € Zp, we write [a]g(T) for the formal power series in Zy[[T]] corresponding to the

endomorphism [a] of G. Hence
[alg(T) =aT + ...
If G is the formal multiplicative group Gy, we have
plg, (T)=(1+T)" -1

However, it is more convenient for us to use the unique Lubin-Tate group
B such that
plB(T) =17 + pT.

Then it is easy to see (cf. [13])

[EB(X) =X V& € ppa. (1)

(For a proof, see [13].) By Lubin-Tate theory, G,, and B are isomorphic over Z,, and

we fix an isomorphism

Then we have
[a](6(T)) = 0(lal, (1)) (2)

For each n > 0 let Bpn+1 denote the kernel of the endomorphism [p"]p of B. We

put v, = 6((, — 1) so that v, is a generator of Bjnt1.

LEMMA 2.1. Let x be the restriction of the cyclotomic character ¢ to A. Then
vy = x(o)vg Vo € A.

Proof. Since vg = 6(¢o — 1) = v{ = 6(¢J — 1), by the definition of x we have
vg = 9([X(0)]Gm (o —1)). Then the assertion follows using (1) and (2).



The main idea of our proof of Theorems 1 and 2 is to use certain explicit elements

of Us, which were first written down in [3].

LEMMA 2.2. Let 8 denote the unique (p — 1)-th root of (1 — p) satisfying 5 = 1 mod p.
Then Ny pn(B — vm) = B — v, and ((ﬂ - ’Un)> € Uso.

Proof. The minimal polynomial of (8 — v,) over ®,_; is
(B =2)" +p(B—x) = vn1.
Noting that p is odd, we get
Nn,nfl(ﬁ —vp) =B +pB—vp1=0—vp1.

We stress that it is quite miraculous that one can write down such explicit element

of Us. From now, we will denote this element by «, i.e.
a= ((ﬁ - Un)> € Uwo, a; =a € Uo(? (3)

It is very useful to us because of the following :
PROPOSITION 2.3. US) = Raj,  i#0,1mod (p—1).

This is very well known and is given in detail in [3]. Hence we only sketch the proof

before turning to the more delicate case of i = 0,1 mod (p — 1).

Let M,, denote the maximal abelian p-extension of ®,,. Let
Moo = Up>0My,.
Then M, is the maximal abelian p-extension of ®,,. Put
X, = Gal(M,/®,), Xoo = Gal(Ms/Ps).
By local class field theory, we have an exact sequence of Galois modules for all n > 0
1 —U, — X, —Z,—1 (4)
Passing to the projective limit, we have an exact sequence of G,.,-modules



By definition, I',, acts on X, by conjugation and it is easy to see ( cf [9] ) that (’ygn —1) X

correspond to the commutator subgroup of Gal(M,/®,) . Hence
Xoo/( = 1)Xoo = Gal(M, /@) (6)
We have an exact sequence of Galois groups
1 — Gal(M,/®s) — Gal(M,/®),) = X, — Gal(®eo/Pp) — 1 (7)
But A acts trivially on Gal(®o/®y). By (4), (5, (6) and (7)
U ~UQ /(" - 1)UY, i # 0mod (p—1). (8)

For ¢ 20,1 mod (p — 1), UL is a free Zp-module of rank p”. It follows easily from the
structure theory of R-modules that ché) is a free R-module of rank 1. Then one can use
logarithmic derivatives mod p ( as explained in [3] ) to show that that «; generates Ug,)

as an R-module.
We will now find suitable generators for UC%) and Uég).
PROPOSITION 2.4. U = Tp(p)Ra.

By (8), we have Uc%)/(’yo - 1)U£) o~ Uél). By Nakayama’s lemma, it suffices to produce
elements in Uc%) that project down to Zj,-generators of Uél). We know that Uél) is a Zy-
module of rank 1 and torsion p,. Logarithmic derivative mod p of (3 — v)®' is nonzero
(its value is —%, as deduced in [3] ), so it is not a p-th power in Uél). If (B —v)* is
not a p-th root of 1, then the p-th roots of unity and (5 — vp)¢* will generate Uél) as a

Zp-module. All we need now is the following :
LEMMA 2.5. (ﬂ —v0)° is not a p-th root unity.

Proof. We have
(B —vo)? = H (8 — ,Uo)p%lx(cr)a—l

cEA

=TI (1 25x@8  xte ™) mod pich
oEA

P
= H(l— jﬂ ') mod p@(QJ
oEA p

= 1-6"'puy mod p.



Hence (8 — v9)' cannot be a p-th root of unity.

So (¢,) and «a; generate Ug) over R.

Now we find R-generator for Uég):

€|
PROPOSITION 2.6. <<Cgfll> O) generates Uég) as an R-module.

Proof. Clearly,
DX =U, x W x (¢ — 12

where W is the group of roots of unity in ®,, of order prime to p.

Let i),f denote th p-adic completion of the multiplicative group of @ . Then,
DX ~ U, X Zp.
Using the snake lemma for the exact sequence (5), we have
1—>U£o—>X£O—>Zp—>(UOO)F—>(XOO)F—>Zp—>1.
Since X1, =0 ( cf [6] ) we have
1 — 2, — UQ /(0 - WU — XQ/(0 - DXQ Lz, —1 (9)

Let U’ be the units in U,, with norm 1 to @Q,. It is an easy exercise in
n P Yy

local class field theory to show that
U ={up:Vm>n Jum € Uy Npp(tm) =un}
But (4) implies that we have an exact sequence of Galois modules
1 — Uy — Gal(My/Po0) — Zp — 1

and by (6),

1— U0 — X0/ -1)Xx© L7, —1.

o0

But f is an isomorphism as U’(()O) = 1. Then (9) tells us that

Zp = U /(v = UK.



It is enough to find the image of 1z, in Ul /(vo0— 1)Uég). We have the following diagram

1 Un 2 ;; valuation Zp 1
’Yo—ll “/0—1l ’Yo—ll
1 Un (i) 7>L< valuation Zp 1

By the snake lemma, the image of 1z, in Uy, /(y0 — 1)U, is Cgf __11. Hence the image of

lz, in U§2>/(70—1) 52) is ((Qﬁ)eo) By Nakayama’s lemma, ((%?:f)e())

generates Uég) as a R-module. This proves the proposition.

Theorem 1 is almost an immediate consequence of propositions (2.3), (2.4) and (2.6)

as follows. These propositions tell us that Uy, is generated over R by a = ((ﬂ —

vn)), T = (C’Zo_l), x9 = (¢,). But a,x1,x9 clearly all have Coleman power series,

Cn—1
namely fo(T) = 8 — 0(T), fo (T) = LFLIT01

and fy,(T) = (1 +T). Also, it is easy to see that

Juruy (T) = fu (T)fUQ (T)

fur(T) = fu(L+ TP — 1) Vo € Gu.

Thus all the units in Uy, have a Coleman power series.

It is useful to note that

fulQ+ TP =1) Jr=go1 = fulbam1—1)
—
= Non-t1fu(Cn—1)
= ]I futnéa—1)

nE€Up

= Hfu 1+T)=1) |r=¢,—1

nE€up

and so the Weierstrass Preparation Theorem implies that

o+ TP =1) = [ fuln@+T)=1).  (10)

n€up



3. Coleman’s Lemma

Measures and Power Series

It is well known and almost obvious that the elements of A(Go,) are just the Z,-valued
measures on oo =~ Z; ( see [11], [12] ). On the other hand, we can identify the Z,-
values measures on ZX ie. A(Z)) with a subset of R = Z[[T]] as follows. There is a
1-1 correspondence between Z,-valued measures on Z, and power series in R. If ;1 is a

Zy-valued measures on Zjp, the corresponding power series in R is given by

=S (= £ o7) s

n=0
The fact that this is a bijection follows from Mahler’s theorem for continuous functions
on Z, (see [9] for details). On the other hand, there is a topological isomorphism of

Z,-algebra
¢ M(Zp) = limZ,[Z,/p" "' 2] — R

gb(lzp) — 14+ 7.

It is well known that ¢(u) = hy(T) for all pin A(Z,).

ProrosIiTION 3.1.
A(Z;) ={pe A(Zp)|W(h#) = hu}.

where

Proof. Any measure p on Z,; can be extended to a measure ji on Zj, as follows. Let

C, be the completion of an algebraic closure of Q,. If f : Z, — C, is a continuous

[ sai= | flodu
Zp s

Conversely, if we have a measure y on Z, we get a measure p* on Z, .

function, we define

If g : Z; — C} is a continuous function and €, is the characteristic function of Z;
P

then
/ gdp” = / gegxdp
Ly Zp

Here g is any continuous extension of g to Z,,.

We have
A(Zy) = {p € MZyp) |p" = p}-

9



It is well known that pj = pw ) ( see [9] or [12] ) where py, is the measure associated

with the power series h € R. So the proposition is proved.

Given a unit u in Uy, let f,(T') be its Coleman power series. Define

L(u)(T) = log fu(T) — ;log fu<(1 + TP - 1). (11)

Using (10), it is easy to see that L(u)(T) € R and W (L(u))(T) = L(u)(T).
Thus L(u)(T') gives us a measure pr,y on Z,. We get a corresponding measure lo(u)

on Gu, via the isomorphism 1) : Goo — 7 where

fo)dloc(u)(o) = [ @~ (@)dnrwy(@). (12)

Soo Zy

This gives us a map
lo @ Uso —>A(900).

LeMMA 3.2. Ker(loo) = Tp(p).

Proof. Given £ € T},(11), we have & = ((,)* for some a in Zy, and f¢(T') = (1+7)*. Hence
Le(T) = log(1 4+ T)* — 1 log(1 + T)® = 0. Thus, Tp(1) C Ker l.

Conversely, suppose o (u) = 0. Then L(u)(T) = 0. Therefore, f,(T)? = f,((14+T)P—1).
Substituting 7' = ¢, — 1, we find that u}, = u,_1. With T' = 0, we get

fu(0)? = f,(0) = mod p = v = f,(0) = 1.

Hence we have Ker lo C Tp,(p).

We can define a map
T - A(goo) . Tp(:“’)

by the formula
Poo(i) = (Gl V(.

We now proceed to show that Im(lo) =Ker(rs) using the ideas of logarithmic deriva-

tives as introduced in [2].

Logarithmic Derivatives

10



Let G, be the formal additive group with parameter Z. We have the logarithm map

ém — G,
T2
Zzlog(l—l—T):T—?—l-...
Clearly, we have diz = (1+T)+. Let D be the operator (1 —i—T)diT on R ( see [3] ). The

k-th logarithmic derivative of a unit u € Uy, is defined as
or(u) = D*log fu(T) |7—=0, k=1,2,3,...

It is obvious that 6y : Us, — Zj, is a homomorphism of Z, modules, and one sees easily
that 0 (u”) = ¥ (o) (u).

For any element h € R, we have ( see [9] )

/ a*dpy, = D*h(0)

Zyp

Hence, by (11) and (12)

. M (0)dloo(u) = D L(u)(T) |(r=g) = (1 = p* )bk (u). (13)

By (13), we have

g Y(0)dloo (uso) = (1 _plil)él(uoo) =0.

and hence Im (lo) C Ker (7). The difficult part of the proof of the Theorem 2 is to
show that Im (Io,) = Ker (r«). The key to our approach is the following result. Recall
that a € Uy is our special unit defined by (3).

PROPOSITION 3.3. d(ax) is a unit for k =1,2,...p —1, and dp(or) = p X a unit.

Logarithmic derivatives are intrinsic, i.e., they do not depend on the Lubin-Tate group
we use to calculate them. We will calculate logarithmic derivatives of the unit « using
the Lubin-Tate group B which we introduced in section 2.

Let A : B =5 G, be the normalized logarithm map and ¢ : G, = B be the
exponential map. We have ( as shown in [13] ) Z = A(X) = X + b, XP + ... and

X=¢Z)=Z+apZP +... . AlsoD:%: )\,(1)()%
and A\(¢(Z)) = Z. Therefore, ﬁ = ¢'(2).

11



We need the following lemma to calculate 6,(«) :
LEMMA 3.4. With notation as above, pb, = 1 mod 2.

Proof. We know (see [13] ) that

1 _ Lyr

p[p](X) X+ X0

p12[p2](X) = X+;(1+pP1)XP+

plg[p?’](X) = X+;(1+pp‘1+pzp—2)xp+
plz;[p“](X) = X+;(1+p”‘1+p2’”‘2+p3p—3)xp+

It is clear that if the coefficient of X7 in ]%[ "]B(X) is cp, then ¢, = }D mod pP~2.

n D
But ¢, — b, as n — oo. Thus, b, = 1 mod (p?~2), i.e. pb, =1 mod (p?~'). This

P
proves the lemma.

Proof of the Proposition 3.3. Recalling that X = ¢(Z), fo(X) = f — X and % =

1 1 :
T){)W, we obtain

d 1 -1
7708 fa(X) = NX)F- X
Ly o(2)  9(2)’
= ——¢(2)|1+——=+ +...
= ha(Z) (say).
Since §(Z) = Z + apZP + ... , we have ho(Z) = —5[1 +pap ZP~" + .. ]x
1+ (Z+a”ﬁzp+"') + (Z+a”522p+”')2 +...]. It follows that
k—1)!
op(a) = ( Bk) for k=1,...p—1
On the other hand,
Sp(a) = The coefficient of ZP~'in hy(Z) x (p—1)!
(p—1)! 1
= — 3 [pap+ﬁp—1]'

12



We have X = ¢(A(X)) = A(X)+ap(A(X))”+... . Substituting the expression for A(X)

in terms of X, we get X = X+prp+ap(X—|—prp—|— . ..)p—i— ... . Now it is clear that
ap = —b,. Hence
(p—1)! 1
opla) = — —pbp + ——
P( ) ﬂ [ p 1__p]

= unit X [(—1—|—multiple of pp_1)+1—|—p+p2—|—...]
p X unit mod (p?).

This proves the proposition (3.3).

As
p—2 p—2
Zp|A] = @me]ez = L
i=0 i=0

where the map from Z,[Ale; to Z, is given by evaluation at X', we obtain

A(Soo) = Zy[A][[T]] =~ Zp[[T)], with yg +— 14 T. (14)

ﬂ,
o

Explicitly, the last isomorphism is given as follows :

Let € A(Sc0) correspond to hu(T) = Y00 ¢, T™ in Z,[A][[T]], then hy(T) =
> 023 hi(T)es, where hy(T) = 3702 X () T™.

Recall that « is the special element of Uy, defined by (3). Let lo () in A(Goo) correspond
to g(T) = > 07 g cnT™ in Zy[A][[T]]. Under the isomorphisms in (14),

loo(@) — g(T) — (..., q:(T),...)

where ¢;(T) = >0, X ()T

LEMMA 3.5. Fori=10,2,3,...p—2, ¢i(T) is a unit in R and g1(T) can be written as
(1+T —(%))h1(T), where hi(T) is a unit.

Proof. For k =i mod (p — 1),
9: (@ () —1) = > xXen)(@* () —1)"
n=0

= [ Wit

oo

= (1-p""oe(e) by (13)

13



Then it follows from proposition (3.3) that for i =2,3,...p—2, g¢; (W (70) — 1) is a unit.
Hence ¢;(T) is a unit. With ¢ = p — 1, we have

9o (VP () — 1) = (1 — pP72) Sp1(a) = a unit.

This implies that go(7") is also a unit. We have
g1(¥(0) = 1) = (1 = p*)d1() = 0.

So g1(T) can be written as (1 + T — ¥(y0))h1(T). But g1(¢P(y0) — 1) is p x unit by
proposition (3.3). It is clear that ¥P(y9) — ¥(7) = p X a unit . But

h1 (9P (v0) — 1) (¥P(70) — ¢(70)) =p X a unit.

Hence hi(T") is a unit in R.
Now we can finish the proof of Theorem 2 with the following lemma :
LEMMA 3.6. Ker roo C Im .

Proof. Consider ro(p) = 0. By definition, fgw pdp = 0. Let 4 € A(Gso) correspond to
(for f1s- -+ fo2) in @F~C Z,[[T)] under (14). Then

/9 by = f1($(0) — 1) = 0.

This tells us that f1(T) = (14T — (7)) M (T) for some X\ (T) € Z,[[T]]. Since hy(T)
is a unit, we have A (T) = A{(T)h1(T). Thus

N(T) = A +T = ¢(0)M(T)h(T) = A (T)g1(T).

Also, ¢;(T) is a unit for i = 0,2,3,...,p — 2. Hence f;(T) = \(T)g;(T) for some
Xi(T) € Zy[[T]]. Then,

(1) = Z)\i(T)gi(T)ei

But A(Goo) — @f:_g Zp|[T)] is a Zp-algebra isomorphism. Hence
pf = loo(a)

14



where z is some element of A(Gs). But Uy is a A(Ge) module and Iy is a A(Gxo)-

homomorphism from Uy, to A(Sx). So,

f = loo(a®).

This shows that

Ker roo CIm ly.

But we already saw that Im [, C Ker r,. So we have completed the proof of Theorem 2.

Remark. This method should work for any Lubin-Tate group of height 1. When the
height is greater than 1, one would require measure theory on the local ring of integers

not isomorphic to Zj,.
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